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Fountain Pressure Measurements in Liquid He II} 
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(Received August 14, 1961) 


New observations of the fountain pressure Py are described for slits of width 0.28 uw and 3.364 and for 
temperature differences up to 1.0°K. The measuring technique employs a commercially available strain 
gauge pressure transducer, the low-temperature characteristics of which are discussed. The results show that 
some of the fountain pressure phenomena previously observed by the authors and believed to be anomalous 
could be ascribed to experimental difficulties. In particular, in the present work no “excess P;” (i.e., greater 
than given by the London equation) values were found and no hystetesis in P; at large heat currents in the 
wide slit was observed. However, an anomalous lowering of the \ point with pressure and ideal Py's for large 
heat currents have been obtained as previously. The validity of associating the heat of transport Q*=pST in 
the thermomechanical effect with the calorimetric entropy is demonstrated up to 2.16°K. 


I, INTRODUCTION 


E have previously reported measurements! of 

heat conduction and fountain pressure in liquid 

He II in slits between 0.28u and 3.36 wide. At that 

time several apparently anomalous effects were ob- 

served for the fountain pressure P; when measurements 

were made involving large temperature gradients. These 
observations were summarized as follows: 


1. For the smallest slit P,’s are found larger than the 
maximum predicted by theory (integrated H. London 
equation). 

2. For the larger slits maximum, or slightly larger 
than maximum P,’s are observed even for very high 
heat currents. 

3. For the wider slits P; shows a marked increase 
near 7). 

4. For the 0.276-y slit an anomalous (d7)/dP)siit is 
observed. 

5. For the 3.36-y slit an hysteresis in Py appears at 
high heat currents (Q) with no discernible effect on 
(the) Q (vs AT curve). 


Measurements of Py which displayed the above 
anomalies were made by observing the volume change, 
of a given known volume of liquid He II, produced by 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


1 W. E. Keller and E. F. Hammel, Jr., Ann. Phys. 10, 202 (1960). 


the compressive action of the fountain pressure. At the 
time of publication of reference 1 no spurious effects 
attributable to the apparatus or to the method of data 
reduction were discernible, and the anomalies were 
believed to be manifestations of the non-linear nature 
of the thermohydrodynamics of liquid He II. In order 
to further test these findings a series of additional 
experiments has been performed using a different 
method to measure P;, namely by introducing a pres- 
sure transducer directly in the heated reservoir in which 
the fountain pressure is developed. The purpose of the 
present communication is to describe these new experi- 
ments and, using the results therefrom, to clarify and 
amend some of the conclusions reached in the earlier 
work concerning the nature and the magnitude of the 
fountain effect. 


II. APPARATUS AND PROCEDURE 


Figure 1 shows schematically that part of the appa- 
ratus immersed in the liquid He bath. The copper can 
C is evacuated through a thin-walled stainless steel tube 
V, the lower 20 cm of which is copper and the bottom of 
which is capped off to form a radiation trap. Ther- 
mometers Ty and T¢ probing the hot and cold cells, 
respectively, are } w, 33ohms (nominal) Allen-Bradley 
resistors, one lead of each (ground) being soldered 
directly into the liquid reservoirs on either end of the 
superleak S. The filling tube F is of 1 mm i.d. glass 
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Fic. 1. Schematic diagram of the low temperature section of the 
apparatus used for measuring fountain pressures with a pressure 
transducer. 


tubing and terminates via a glass-Kovar seal at the cold 
cell. The cap B is finned to provide a large area for heat 
transfer, thereby ensuring that the cold-cell temperature 
is that of the bath. The heater H is wound around the 
circumference of the hot cell and is of #36 (B&S) 
manganin wire with a resistance of 100 ohms. Two 
power-input and two potential leads are fixed to the 
heater. Since heat conduction by the stainless steel slit 
assembly is poor, a liquid He II exchange tube? E con- 
necting the bath and the copper plate of the hot cell is 
employed for initial cool-down and for calibration of the 
thermometers. The bottom of the hot cell is formed by 
the pressure sensitive diaphragm of the pressure trans- 
ducer P (Consolidated Electrodynamics Corporation 
pressure pickup type 4-325, 0-15 psia.) Two power- 
input and two voltage-output leads are attached to the 
transducer. A seal leak-tight to He II is effected with a 
Cerroseal-35 O ring G compressed in place by 8 screws 
around the retaining ring R. To ensure that the trans- 
ducer assembly reaches isothermal conditions rapidly, 
a flexible copper rod L of 3 mm diam is soldered to the 
top of the hot cell and to the retaining ring. Electrical 
lead wires of #40 copper from the heater, transducers 
and thermometers are taken to a terminal strip (not 
shown) inside the can; from the strip the insulated 
wires (#40 constantan except the input leads to the 
heater and the transducer, which are #40 copper) are 
wound several times around the base of tube V and 
attached with G. E. 7031 adhesive, thence led through 


2 W. E. Keller, H. S. Sommers, Jr., and J. G. Dash, Rev. Sci. 
Instr. 29, 530 (1958). 
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port W up the center of tube V and finally to a ten- 
prong Stupakoff seal at room temperature. 

The slits used in these experiments had gap widths of 
0.276u and 3.36u and were the same ones designated in 
reference 1 as slits II and III’, respectively. 

The C. E. C. pressure transducer is a strain-sensitive 
electrical bridge entirely encapsulated in a stainless 
steel pill-box, the cover of which is a thin diaphragm. 
Attached to this diaphragm is a four-member yoke upon 
which the identical arms of the bridge are wound. 
Movement of the diaphragm deforms the yoke in such 
a way as to place two arms of the bridge in tension and 
the other two in compression. The total impedance of 
the bridge remains essentially constant (350 ohms) 
during deformation, but the voltage output Zo for a 
given voltage input £,, varies linearly with the pressure 
upon the diaphragm. According to the manufacturer 
the pickup was tested and temperature-compensated 
only to —60°C with 5.0v dc or ac rms excitation 
recommended. 

For use in the present experiments the power dissi- 
pation by the transducer was required to be maintained 
below about 50 uw. Hence excitation voltages of 0.03 to 
0.12 v dc were employed, yielding sensitivities dEo/dP 
of the order of 1 uv/mm Hg. For given £; the sensi- 
tivity of the transducer increased by about 3% on 
reducing the temperature from 300° to 2°K, and once 
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Fic. 2. Integrated fountain pressure Py vs temperature T ob- 
tained with slit II (gap width 0.276) for three different 7 ’s. 
Solid curves are calculated from the H. London equation. 
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at the low temperature dEo/dP remained constant to 
better than 1%. Temperature cycling had no adverse 
effect upon the mechanical or electrical performance of 
the pickup except that the zero of the instrument 
shifted irreproducably from cycle to cycle. At the lowest 
pressures and power-inputs some erratic response of the 
transducer was encountered; these effects while not 
understood were easily recognized and the results 
discarded. 

Before and after each run the transducer was cali- 
brated for the zero as well as for dEo/dP. Changing 
the temperature between 1°K and 2°K did not alter the 
electrical response, so that calibration of the transducer 
was generally carried out at the reference temperature 
T» of each run, even though during the run the trans- 
ducer was operating at T>7T . The pressure standards 
for determining the P—Epy relation were (1) the vapor 
pressure of the bath (as the temperature was lowered 
from 7) to T)) as measured on an oil manometer with a 
cathetometer; and (2) a Wallace and Tiernan gauge 
(either 0-100 mm or 0-800 mm range, previously 
calibrated against a mercury manometer) in communi- 
cation with the filling line—used generally with the 
filling line pressured above the vapor pressure. For all 
pressure readings appropriate corrections were made 
for the hydrostatic head of liquid He above the trans- 
ducer diaphragm as determined by the liquid level 
viewed in the glass filling tube. 

Various excitation voltages were obtained from a 
voltage divider powered by a 2-v storage battery. Drift 
in £; during a given run remained less than 0.2%. Eo 
was read on a Leeds and Northrup type K-3 potenti- 
ometer which is capable of being read to 0.1 pv. 

Temperatures were obtained by measuring the resis- 
tance of T¢ and Ty on separate dc bridges employing 
Hewlett-Packard null-indicators (sensitivity 10— amp/ 
mm). In all cases thermal emf’s were balanced out by 
reversing the direction of the current. The thermometers 
were calibrated against the vapor pressure of the He 
bath at the same time the transducer was calibrated. 

Following calibration of the thermometers and the 
transducer, the liquid was pumped from the liquid 
exchange tube (thermal switch). Successive increments 
of heat were then applied to the hot cell, pressure and 
temperature measurements being made at each step. 
Equilibrium times varied from 3 to 15 min, but reliable 
results could be obtained from the system at near- 
equilibrium conditions since ?; was found to follow 
temperature changes very closely. This was established 
from data taken with rising and falling hot-cell tem- 
peratures, the results lying on the same curve. 

It is difficult to assign to each experimental point a 
precise figure for the probable error arising from cali- 
bration, nonlinearity, and hysteresis in the response of 
the transducer. However, a figure of 1 to 2% of P seems 
reasonable, the percent error at high pressures being 
less than at low pressures. 
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III. RESULTS 


The results of experiments with the smaller slit run 
at To=1.502°K, 1.724°K, and 1.875°K are shown in 
Fig. 2. For comparison the integrated London equation 


= Sr."p SAT 


is drawn as the solid curve for each 7’. All the measured 
points, except the triangles, were obtained with a trans- 
ducer sensitivity of 0.50 uv/mm Hg. The triangles 
for To=1.724°K were obtained with a sensitivity of 
1.04 nv/mm Hg to test the effect upon the results of 
changing the input voltage. The agreement between 
the two sets of data for this J» is well within the limits 
expected to arise from calibration errors. The run 
designated by squares for T7)>=1.502°K showed in the 
beginning an erratic zero; for this run only, the zero 
was determined by normalizing the data for the lowest 
pressure point (P;=48 mm) to the theoretical curve. 

A detailed examination of the fountain pressure 
behavior near the \ point was made for Ty>=1.502°K. 
The measurements for three separate runs are shown in 
Fig. 3. 

For the 3.36-u slit data obtained at 7)=1.143°K, 
1.414°K, 1.582°K, 1.767°K, 1.924°K, and 2.048°K are 
given in Fig. 4, where the heavy solid curves represent 
the integrated London relation. During the course of 
the experiments, after runs at 7)=1.414°, 1.767°, 
1.924°, and 2.048°K were completed, the transducer 
was irreparably damaged by an inadvertently applied 
overpressure. The transducer was replaced by a new one 
and the T7)>=1.767°K run repeated, with the result that 
the former measurements were reproduced. Sensitivities 
employed in experiments with slit IIL’ ranged from 
1.06 pv/mm Hg to 3.39 uwv/mm Hg. 
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Fic. 3. Details of the Py vs T measurements near the d point for 
slit II, To=1.503°K, showing an apparent \ point shift to lower 
temperatures of about 13 mdeg. 
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Fic. 4. Integrated fountain pressure Py vs temperature T ob- 
tained with slit ITI’ (gap width 3.36 yu) for six different To's. Heavy 
solid curves are calculated from the London equation. 


IV. DISCUSSION AND CONCLUSIONS 


With reference to the five anomalous characteristics 
enumerated in Sec. I, the present results appear to 
corroborate some of the previous findings and seriously 
disagree with others. Since the transducer experiments 
are direct and give results more in agreement with 
expectation than the volume-change measurements, 
there is the temptation to give preference to the former. 
However, up to this point a reasonable basis is lacking 
for considering either set of data more reliable. As an 
attempt to provide such a basis a new set of experiments 
was performed using a modification of the volume- 
change apparatus described in reference 1. 

The slit assembly was replaced by a thin-wall inconel 
tube 0.3 cm i.d., 12 cm long, all other components of the 
apparatus remaining the same. The liquid level in the 
glass capillary in the filling line was again observed as 
the heat current was varied. In the wide heat conduc- 
tion tube both AT and Py; were expected to be small, 
even with large Q, so that an appreciable change in 
liquid level could not be associated directly with the 
fountain pressure. We recall that a drop of the meniscus 
was interpreted as an increase in P;. At low Q no effect 
was discerned ; but for a given reference temperature at 
a certain power, which seemed reproducible, the liquid 
level began to fall, and continued to do so in increments 
corresponding to steps of increased power. Sometimes 
the change in meniscus position was instantaneous, 
sometimes delayed. This behavior, together with that 
when the power was interrupted, reduced, or shut off 
entirely was indeed very reminiscent of the hysteresis 
effects mentioned in item 5 Sec. I. Considerable time 
was spent in studying the characteristics of this be- 
havior until a very careful observation of the filling tube 
revealed that a small drop of liquid was collecting at the 
point where the viewing capillary (i.d.=0.05 cm) flared 
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out into the wider filling tube (i.d.=0.4 cm); this drop 
increased in size as the liquid meniscus in the capillary 
fell. 

These observations clearly indicate the source of the 
“excess” fountain pressure anomalies observed pre- 
viously with the volume-change apparatus at the larger 
heat currents. Since no ambiguous effects were obtained 
using the transducer, we now have good reason to prefer 
the results from the present experiments wherever the 
two sets of data diverge. In particular, we conclude from 
the data shown in Figs. 2 and 4 that (1) nowhere are P; 
values observed larger than those predicted by the 
London relation; (2) no hysteresis effects are obtained 
for the 3.36-u slit; and (3) near 7, the fountain pressure 
does not show a marked increase for the wider slit, but 
instead P; flattens off and even decreases slightly for 
runs at the lower To's. On the other hand, Fig. 3 demon- 
strates that for the 0.276-y slit the apparent anomalous 
shift of A-point temperature with pressure is still ob- 
served, the value of (d7\/dP).:; being in reasonable 
agreement with the earlier measurements. Furthermore, 
the data on the 3.36-y slit again indicate that even for 
very large heat flows and temperature gradients the 
ideal integrated fountain pressure is obtained. This 
phenomenon is especially striking for the run at JT» 
=1.143°K where P; remains ideal for AT’s almost as 
large as 500 mdeg. Under these conditions the heat 
current density is about 1.5 w/cm® corresponding to 
relative normal fluid and superfluid velocities V.—V: 
as high as 230 cm/sec at the cold end of the slit. 

In the analysis of the present data we are primarily 
concerned, as in reference 1, with determining the 
extent of agreement of the measurements with the 
linear thermohydrodynamic theory of liquid He II, 
leaving for a later paper a treatment of nonlinear 
effects. However, it is useful to interject into the follow- 
ing discussion pertinent results of some calculations 
we have made based on the nonlinear theory of Gorter 
and Mellink’ in which the values of the mutual friction 
parameter A are taken from the work of Vinen.‘ 

The nonlinear calculations for the smallest slit indi- 
cate that for the T7>=1.502°K curve the deviation from 
London relation due to dissipative effects should be 
less than 0.5% even for T near the \ point. Hence the 
experimentally observed fountain effect for this slit can 
be used as a critique of the calorimetrically determined 
entropy Sea. A paper by Brewer and Edwards® sum- 
marizes the previous comparisons between the thermo- 
mechanical effect and S,,; and provides new data for the 
heat of transport Q*, which by London’s theory® is 
equivalent to pST. The result is that the correspondence 


3C. J. Gorter and J. H. Mellink, Physica 15, 285 (1949). 

4 W. F. Vinen, Proc. Roy. Soc. (London) A240, 114 (1957); 240, 
128 (1957). 

5D. F. Brewer and D. D. Edwards, Proc. Phys. Soc. (London) 
71, 117 (1958). 

6H. London, Proc. Roy. Soc. (London) A121, 484 (1939). 
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between Q* and Svai, as determined by Kramers, 
Wasscher, and Gorter’ and by Hill and Lounasmaa,® is 
well established up to 1.8°K. Above this temperature 
the Q* measurements of Brewer and Edwards are about 
5% higher than expected from the calorimetric data. 
The indirect measurements of Q* by van den Meyden- 
berg et al.® deviate up to about 7% above 2.0°K. In 
Fig. 5 we have plotted the percent deviation of the 
observed P;’s from those calculated, using the London 
relation and the Kramers entropy values,” versus the 
temperature for the three curves shown in Fig. 2. It is 
seen that within our expected experimental ‘error the 
agreement is good up to 2.16°K and indicates that the 
London relation between Q* and Svqi is valid to better 
than 2% above 1.8°K as well as below (as shown 
previously by others), when the comparison is made 
using Kramers’ values of entropy. 

We have already pointed out two striking effects 
displayed by the curve for 7)>=1.143°K obtained with 
the 3.36-u slit, namely the large AT over which P; 
remains ideal and the maximum in the curve. The 
former effect implies that for these conditions a large 
critical velocity exists which must be exceeded before 
dissipation effects appear. The Gorter-Mellink type 
calculations made without inclusion of a critical velocity 
give results which at small AT slowly diverge from the 
linear theory and at AT=500 mdeg lie only 5% below 
the linear theory and the measurements. This seems to 
indicate that the effect of the critical velocity, when 
included in the calculations, should enter in a rather 
subtle and complex manner. It is rather disturbing in 
this connection that the heat flow measurements! were 
observed to follow the linear London theory over a 
considerable range of temperatures, but for T7»<1.5°K 


7H. C. Kramers, J. D. Wasscher, and C. J. Gorter, Physica 18, 
329 (1951). 

§R. W. Hill and O. V. Lounasmaa, Phil. Mag. 2, 1943 (1957). 

°C. J. N. van den Meydenberg, K. W. Taconis, J. J. M. Been 
akker, and D. H. N. Wansink, Physica 20, 157 (1954). 

© The values actually used here are those of Kramers corrected 
to the temperature scale Tz55 [H. van Dijk and M. Durieux, 
“Helium Vapor Pressure Scale 7'z55,’’ Kamerlingh Onnes Labora- 
tory, Leiden, Holland (1955)]. The data of Hill and Lounasmaa 
are based on the scale 755g. The difference between the two sets of 
data is not sufficient to be distinguishable in comparison with the 
present P; results. 
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Fic. 5. Percent deviation of experimental points plotted in 
? 


Fig. 2 from the theoretical curves obtained using the entropy 
values of Kramers et al. @ Tp=1.502°K; @ 7)=1.724°K; a To 
= 1.875°K. 


the Q vs AT data showed as much as 20% larger heat 
conduction than predicted by the theory. As yet we 
have found no satisfactory explanation for this be- 
havior, nor for the difference in character between the 
heat flow and fountain pressure measurements when 
both are compared to the linear theory below 1.5°K. It 
should be noted, however, that the heat conducted by 
the stainless steel of the slit becomes large in this tem- 
perature region and at about 1.25°K exceeds that 
carried by the liquid helium (cf. Table II of reference 1). 
It is possible that errors in accounting for the heat flow 
through the stainless steel provide the source of the 
above-mentioned effect. The fountain pressure meas- 
urements are independent of such corrections. 

With respect to the maximum in the P; curves for low 
To and the 3.36-u slit, sufficient care was exercised in 
the obtaining of the data to give confidence that the 
effect is indeed real. Additional support for the possi- 
bility of such a maximum is given by some of the 
Gorter—Mellink type calculations, which exhibit max- 
ima and place them at 7’s and Py,’s approximately 
where they are observed. However, these effects are not 
as yet understood. 
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Quantum Fluctuations and Noise in Parametric Processes. I. 
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A quantum mechanical model for parametric interactions is used to evaluate the effect of the measuring 
(amplifying) process on the statistical properties of radiation. Parametric amplification is shown to be 
ideal in the sense that it allows a simultaneous determination of the phase and number of quanta of an 
electromagnetic wave with an accuracy which is limited only by the uncertainty principle. Frequency 
conversion via parametric processes is shown to be free of zero-point fluctuations. 


I. INTRODUCTION 


ARAMETRIC interactions, which were first studied 

by Faraday and Lord Rayleigh in the nineteenth 

century, are now receiving renewed attention which is 

probably due to their successful utilization as microwave 
amplifiers. 

The classical characterization of parametric processes 
is that of singly or multiresonant systems in which an 
energy storage parameter is harmonically modulated. 
This modulation can cause a periodic energy exchange 
between the resonant systems or a continuous transfer of 
energy from the modulation source to the resonant 
systems. 

When the resonant systems are electromagnetic 
modes the second of the two processes described above 
can be used for coherent amplification of radiation, i.e., 
amplification in which both the phase and the amplitude 
of the incoming electromagnetic wave are reproduced. 
Any amplification process, of necessity, introduces a 
certain amount of uncertainty into the determination 
of the phase and amplitude thus degrading the amount 
of information carried by the wave. In the case of 
maser amplifiers, which have been investigated exten- 
sively,'~’ it was shown that the uncertainty Amn in the 
number of photons in the input wave and the uncer- 
tainty A¢ in its phase as deduced from an examination 
of the amplified output satisfy 


AnAg=}, (1) 


which is the minimum amount allowed by the uncer- 
tainty principle, provided the average number of quanta 
is large compared with 1. This fact qualifies the maser 
amplifier as an “ideal” phase sensitive amplifier. 

We are able to show that the lossless parametric 

1K. Shimoda, H. Takahasi, and C. H. Townes, J. Phys. Soc. 
Japan 12, 686 (1957). 

2 R. Serber and C. H. Townes, Quantum Electronics—A Sym 
posium, edited by C. H. Townes (Columbia University Press, 
New York, 1960), p. 233. 

3R. V. Pound, Ann. Phys. 1, 24 (1957). 

4M. W. P. Strandberg, Phys. Rev. 106, 617 (1957). 

5M. W. Muller, Phys. Rev. 106, 8 (1957). 

6 J. P. Gordon, Quantum Electronics Symposium, Berkeley, 
California, 1961 (unpublished). 

7A. E. Siegman, Proc. Inst. Radio Engrs. 49, 633 (1961). 


amplifier is also an “ideal” phase sensitive amplifier. 
This is done by the use of a quantum mechanical model 
for parametric processes which in the classical limit 
yields all the known classical features of parametric 
amplifiers. This quantum mechanical model is in fact 
so simple, especially when compared to that of the 
negative-temperature (maser) type of amplification, 
that it makes the parametric amplifier an attractive 
model for the study of the statistical properties of 
phase-coherent amplification and the limiting uncer- 
tainties imposed on amplitude and phase measurements 
by quantum mechanical fluctuations. 

The formalism of field quantization is used to obtain 
a solution for the time-dependent annihilation operators 
a;(t) and a.(t) of the resonant modes at w; and wy», 
respectively. This is also done for the creation operators 
a,'(#) and a*(t). The operators are then used to calcu- 
late the expectation values for the number of photons 
(at (t)a(t)) and for the second moment ([a‘(é)a(t) P) for 
different initial distributions. The first and second 
moments are used to get the output variances which 
are compared to those at the input in order to show the 
effect of the amplifier on the statistical properties of 
the radiation. 


II. QUANTUM MECHANICAL MODEL OF 
PARAMETRIC PROCESSES 


We are interested in obtaining a very simple quantum 
mechanical model for parametric interactions in order 
to evaluate the effect of the measuring (amplifying) 
process on the statistical properties of the radiation. 
We shall pick a model which is approximately equiva- 
lent to the simplest classical model for parametric 
interactions, viz., two lossless resonant circuits*® coupled 
by a time-varying reactance. 

Our model consists of a cavity with perfectly con- 
ducting walls at O°K which is designed to support an 
infinite number of nondegenerate modes. Parametric 
coupling among these modes is provided by modulating 
the dielectric constant (or permeability). Since, in 
general, an infinite number of modes will be coupled, 
the cavity, for simplicity, should be designed and the 


* H. Suhl, Phys. Rev. 106, 384 (1957). 
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dielectric constant variation must be chosen so that 
only two modes are coupled. Although this may present 
difficult design problems, they can be solved.’ Since all 
the important classical results may be obtained when 
only two modes are coupled,* such a simplification 
loses no generality for our present purposes. 

In order to consider small signal effects, the cavity 
modes are quantized by the familiar technique of field 
quantization" and the fields are expressed in terms of 
creation and annihilation operators. The pump (dielec- 
tric constant) modulation is not quantized since it is 
assumed, as in the classical case, that the pump power 
is so large compared with the power in the cavity modes 
which are coupled that pump quantum fluctuations 
will be insignificant. 


III. QUANTIZATION OF THE CAVITY MODES 


Consider now a cavity with perfectly conducting 
walls at O°K. The field may be described classically in 
terms of a vector potential A(r,t) where r is the position 
vector. The electric and magnetic fields are given by 

idA 
E=— -—, H=curlA. 
c él 


(2) 
The vector potential may be expanded in a complete 
set of cavity modes by 
A(r,t)=>01 qi (f)ur(r), 
where the q;(¢) satisfy 
d*q,/dP+wqi=9, 
and the normal modes, w;, satisfy 
curl curlu;= (w;/c)*u, (5) 
subject to the boundary conditions at the cavity walls 
that the tangential components of u; vanish as well as 


the normal components of curlu;. We also normalize 
these modes so that 


(6) 


[ u;' Und V = 490751». 
cavity 


The total energy of the field is 


1 e 
ae | (E2+EP)dV. 
/ cavity 


8x 


Now substituting for E and H in terms of A, Eq. (3), 
using Eqs. (5), (6) as well as the vector identity 


(curlu)?=div(uXcurlu)+u-curl curlu, 


°K. M. Poole and P. K. Tien, Proc. Inst. Radio Engrs. 46, 
1387 (1958). 

1 P. K. Tien, J. Appl. Phys. 29, 1347 (1958). 

"EL. L. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), First ed., Chapter XIV. 


UCTUATIONS 1647 


and the boundary conditions on the uw,’s, the field 
Hamiltonian reduces to 


Hy= 3 > [p?+w/?q? |, 


dqi/dt= pr. 


(7) 


where 


We now quantize by regarding the p; and q as 
Hermitian operators satisfying the commutation rela- 


tions 
[p1,Pm1=[92,¢m]=0; [q1,Pm_]=ihbim. (8) 


The operators p; and g; may be expressed in terms 

of non-Hermitian operators a; and a; by means of 
qi(t)= (4/2w,)*La,* (t)+-ar(2) |, 
pi(t) =i (hw,/2)§ Lay (t) — ay (2) ], 


(9) 


where a; is the Hermitian conjugate of a;. The a’s obey 
the commutation relations 
[a;(t),@m* (t) ]=Sim; 
[az (t),@m(t) |= [ayt (t),am* (t) J=0. 
In terms of the a’s, the Hamiltonian (7) becomes 
Ho=>1 hw [a;'a, +3 J=>o1 A. (11) 


The operators a;'(¢) and a;(¢) are the time-dependent 
Heisenberg creation and annihilation operators, respec- 
tively, for photons at w;. An eigenstate of a;'a; at =0 
may be specified by 


(10) 


10" 210 | 210) = Nzo| Myo), 


where my is the number of quanta at w in the field and 
no) is the wave function describing this state. This 
representation makes Ho diagonal. Also 


ayo | nw) = (niot 1)! Niot 1 \, 


! | \ 
@10| 210) = (n10)*| nio— 1), 


(12) 


which show that a‘ and a are creation and annihilation 
operators. 

The operators a;, a;', and Ho are in the Heisenberg 
representation. The Heisenberg equations of motion are 


ihda /dt = [a1,Ho | = hw a1, 


(13) 
ihda;*t /dt= [a,',Ho | =— hw a)", 


where the commutation relations (10) were used. The 
solutions are easily seen to be a;(t) = ayo exp(— iw;t) and 

t (t)=ayo' exp(iw,t). Thus, if initially th r i 
a;' (t)=<ayo' exp(iw). Thus, if initially the system is 
characterized by a state in which there are m; quanta 
at w;, the state will not change with time. 


IV. INTERACTION 


In order to provide coupling among the various 
cavity modes, we assume that the dielectric constant 
varies as 


e(r,f)=1+ (r,t) =1+Ae cos(wt+¢) f(r), (14) 


where f(r) is a function to be specified later. The weak 
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coupling approximation assumes that Ae<1. ¢ is an 
arbitrary pump phase. 

The Hamiltonian for the system is now given by 


1 - 
| [e(r,)E?+H? av 
cavity 


t= 
Sr | 


1 1 
=— | ce+yr+— | '(r,/) ExaV. 
Sr . cavity 


cavity 8x 


The first term is the unperturbed Hamiltonian of the 
previous section while the second term gives the 
coupling. If we express E and H in terms of the unper- 
turbed cavity modes of the previous section, we can 
write the Hamiltonian as 


H=H,+H', 
where Hp is given by Eq. (11) and H’ is 


H' (t)= —h cos(wit+ ¢) ¥ kim(ayt— a1) (ant— 


l,m 


@m), (15) 
where Eq. (14) was used and the coupling coefficients 
are 


Ae ae 
Kim = Kmi=— —(wywm)} | 


f(r)u;-u,.dV. 
167m? 


(16) 


/ cavity 


The Heisenberg equations of motion for the creation 
operators are given by Eq. (13) with Ho replaced by 
H)+H’' which, on using the commutation relations 
(10), become 


da; /dt=iwja;'+ife't 
fe-iottor] >» x;1(ax'—a)), (17) 


together with the Hermitian conjugate of these equa- 
tions for a;. Now in order that any modes be coupled, 
it is necessary to choose f(r) so that the «j0. In 
general, a given choice of f(r) will leave an infinite 
number of modes coupled. As already noted, classical 
models for parametric interactions*-” consider only a 
small number of interacting modes, usually only two, 
so that at first sight it would seem that our quantum 
model is not consistent with the classical one. By the 
use of a perturbation theory argument we can show 
that by the proper choice of the pump frequency w we 
may limit the number of interacting modes to two. 
In the absence of interaction (x;,=0) the mode 
amplitudes are given by 
a,'=a,'e*"*; a,=a,oe7****, 


so that to first order in the coupling coefficients, the 
contribution of H’(t) to a;‘ is given by 


da;' 
(—) = i[ eotto) + ¢-ilott #)] 
dt Jy : 
XD «plate !*— aye]. (18) 
l 


Considering an arbitrary term /=& on the right side of 
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(18), it is seen to contain frequency components at 
+w-+«,. For a continuous interaction between modes 
j and k, we must fulfill the conditions w;=+w-+te, 
when w>o, OF wj=a,-tw when w,>w, so that the 
interaction gives rise to components varying as exp (iw,t) 
which are synchronous with a,'(/). A mode r for which 
the frequency conditions are not satisfied will give rise 
to components at frequencies |w+w,|#w,;. The re- 
sultant beating at all the difference frequencies involved 
averages out to zero over time intervals long compared 
to the longest beating period. 

As is well known from time-dependent perturbation 
theory,” transitions which do not “conserve” energy 
must occur rapidly so that the energy deficiency AE and 
the transition period A/ obey the uncertainty relation 
AEAi>h. Consistent with this point of view it is clear 
that the neglect of the rapidly fluctuating nonsynchro- 
nous terms is identical to stating that they arise from 
the nonsecular terms of the Hamiltonian. This becomes 
clear on examination of Eq. (15) and considering final 
and initial states connected by the various terms and 
their total energy. 

Barring accidental degeneracies, we therefore assume 
that only two nondegenerate modes are coupled by the 
pump field at w and denotes them as the signal mode 
(1) and the idler mode (2). =w1+w2, Eq. (15) 
reduces to 


Bune =—_— hxLa vaste 


and Eqs. (17) reduce to 


For w 
(19a) 


da," /dl = Iw." — ixe' “tte adi, 
) 
(20) 
dayt/dt= iw jay! — ice" ay, 


plus their Hermitian conjugates. These terms arise 
from (19a) for which an equal number of signal and 
idler photons are created (or annihilated) simultane- 
ously at the expense of the annihilation (or creation) 
of an equal number of pump photons. This situation 
gives rise, as will be shown in the next section, to 
amplification. 

For a pump field satisfying w=w,;—w., Eq. 
reduces to 


Bae - +h[ayas'e wtt?) + a," ace 


and Eqs. (17) reduce to 


(15) 


(19b) 


da;/dt= —iw,a,—ixe**"+*) ao, 


. (21) 

daz, /dt= —iwod.—ixe’'*¥) ay, 
and their Hermitian conjugates. These terms arise from 
(19b) which correspond to transfer of energy between 
the signal and idler fields, i.e., frequency conversion, 
as will be shown later. We may add here that in order 
to show that the terms retained in (19a) and (19b) are 
secular, we must consider initial and final states which 
include the quantized pump field (excited to a high 
level). 


12 See reference 11, Chapter 8. 
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V. AMPLIFIER EQUATIONS OF MOTION 


The equations of motion for the creation and annihi- 

lation operators at w; and w, are [from Eq. (20) ] 
da,/dt= —iwyay+ixe~*®) aef, (22) 
dag /dt=iwoag' —ixe’'+?) ay, 

together with the Hermitian conjugates of these 

equations. 

These equations will be immediately recognized as 
identical with the classical parametric amplifier equa- 
tions'* if the creation and annihilation operators are 
identified with the classical mode amplitudes and their 
complex conjugates, respectively. (% has disappeared 
from the operator equations so this result is not too 
surprising. ) 

The Manley-Rowe relations'* follow directly from 
Eqs. (22) just as in the classical case since 


d 
—da,tay=—d2'ao, (23) 
dt di 


which is equivalent to the commutator relations 
[ai'a,H | = [astae,H |. 


Thus, if 7,(#) and 7i2(t) are the expectation values of 
a;'a, and as'a2, the number of photons at w; and w at 
time #, it follows from Eq. (23) that the Manley-Rowe 
relations are equivalent to 


(24) 


ny(t)—,(0) = n2(t)—n2(0), 


showing that each time the pump creates a photen at 
w; it must also create one at w2 which again is a necessary 
consequence of energy conservation as already noted." 
Energy conservation therefore dictates the nature of 
the coupling mechanism between the creation and 
annihilation operators. 

The solutions of the equations of motion (22) are 
easily found to be 


a(t) = e~*1"{ ayo coshxt+-ie~‘*doo' sinhxt}, 
aa' (t) = e'*"{ doo! coshxt—ie**ayo sinhxt}, 


with their Hermitian conjugates. The subscript zero 
refers to initial values. From these equations it follows 
that 


yay = Ayo! dy Cosh*xt+ (1+-deo'a2o) sinh*xt 


+ Li sinh 2kt[_ ayo" aao'e~*?@ — AyoA29e"* |, (26) 


dq! d= do! do Cosh*xt+ (1+ ayo ai) sinh?xé 


+i sinh2xt[ aro doo'e~**— ayodaoe** |. (27) 

13 W. H. Louisell, Coupled Mode and Parametric Electronics 
(John Wiley & Sons, Inc., New York, 1960), 100; 119; 104; 96. 

4Tt has been pointed out by M. Weiss [Quantum Electronics— 
A Symposium, edited by C. H. Townes (Columbia University 
Press, New York, 1960), p. 291], by J. R. Pierce [J. Appl. Phys. 
30, 1341 (1959) ] and by others that the 8 conditions are equivalent 
to the conservation of momentum in a dispersive medium while 
the conservation of quanta is equivalent to the Manley-Rowe 
relations. 
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One now sees from these equations how the operators 
differ from the classical mode amplitudes. The non- 
commutivity of a; and a,' as well as a2 and a,* lead to 
an extra 1 in the second term of Eqs. (26) and (27). 
If doo'd2o= M29 are the initial number of photons at the 
idler and @jo'@:9= 0 the initial number at the signal, 
then even if 2;9=m2=O0, after a time ¢ there will be 
photons at w; and w: which can be viewed as arising 
from the zero-point fluctuations of the signal and idler 
fields or equivalently as due to our inability to specify 
the initial number of photons more accurately. 

For future reference the displacement coordinates 
and momenta [Eq. (9) ] are given: 


pi(t) =i (hw:/2)'[coshxt (ayo e*1*— aye") 


—i sinhxt (dage'@1*+?) + dole *@it+e)) ], 


(28) 


qi(t)= (hi 2w1)[coshxt (ayote*!*+- ayoe~ *"*) 


—i sinhxt (dooe*1'+?) — dohe~iit+#)) | (29) 
with similar expressions for p(t) and g2(¢) which can 
be obtained from the above expressions with subscripts 
1 and 2 interchanged everywhere. We shall use these 
expressions later to evaluate the uncertainty in the 
number of quanta and the phase of the signal and idler 
modes. 


VI. EXPECTATION VALUES AND FLUCTUATIONS 


We are now interested in considering the fluctuations 
in the output of the parametric amplifier. These fluctu- 
ations will determine the accuracy with which we can 
measure the number of photons in the input wave by 
an examination of the output wave. To study these 
fluctuations under large amplification we must obtain 
expectation values of the number of quanta at the 
output. 

We will first focus our attention on the average 
number of w; photons, 7,(/), and the wz photons, 72(2), 
both as a function of time. We assume that at t=0 
there are exactly mo of the w; photons and m9 photons 
at frequency we. This is equivalent to taking as our 
wave functional at =0 

y(0)= 10,220), 
fi; (z) is given by 
7, (t) =a," (t)a,(t)) 
= (19,%29| @10' A190 COSh*xt+ (1+ aao'ao9) sinh*xt 
+4i sinh2kt(ayo' aao'e~*? — ayoa29et**) | 24,220) 


= N19 cosh*xt+ (1+ m9) sinh2xé, (30) 


where we made use of Eq. (12). For large gain we have 
fii (t)= K (nyo+n2+1), (30a) 


where K ~exp(2xt)/4 is the gain. A similar procedure 
leads to 
Tig (t) = (ag" (t)a2(t)) = M29 cosh*«t+ (14-40) sinh’«t. (31) 


We may consider the variable ¢ as the time variable 
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in a resonant (cavity) type of an amplifier or, equiva- 
lently, as the distance along a distributed amplifier so 
that cosh*xf>1 corresponds to a high gain amplifier. 
Equation (30) or (31) is identical, with one exception, 
to the classical expression for the power along the 
distributed parametric amplifier.” The classical expres- 
sion has m9 in the second term on the right side of 
Eq. (30) instead of (1+29) in our case. The added 
term sinh*xt corresponds to an output whose magnitude 
is independent of the input and constitutes the non- 
coherent zero-point fluctuation noise. The same remark 
applies to Eq. (31). The Manley-Rowe relations are 
fulfilled since 

(32) 


fi, (t) — myo= Nia (t) — nao. 

Since the number of photons 7 is related to the power P 

by n= P/hw we can rewrite Eq. (32) as 

P,/w,= P2/we, (33) 

in which form it was originally given by Manley and 

Rowe.” 

For a measure of the output fluctuations we compute 

the output variance (Am,)* given by 


(Am;)?=((mi— 71)? av= (n2)av— Fv, (34) 
where 


(n3*) av = (10,N20! (a;'a;)? N10,%20) 
= Mo? cosh*xt-+2m19(1-+ 29) cosh*xé sinh?xt 
+ (1+ mo)? sinh‘xt 
+4 sinh?2«tl2m;on20+m10+M20-+ 1 J. 
Using Eq. (30) for vi, the variance (An,)* takes the form 
(An,)?=4 sinh2«t(1-+-10+ 220+ 2mion20) (36) 
= K?(1+-myo+no0+2nin20), (36a) 


(35) 


where the approximate equality stands, as will be the 
case in the remainder of this paper, for the high-gain 
case: K>>1. 

It should be noted that although the input variance 
is zero, if we have to deduce the input variance from 
an examination of the output we will get a finite result 
in accordance with Eq. (36a). This represents the 
uncertainty introduced by the amplifying mechanism 
itself. 

The fractional variance & is defined by 


& = (An,)*/(%;)?, 
and for K>>1 is given by 
& = (1+ nyt Noo+ 2020) / (1 +-M10+ N20). 


For single frequency input we may set m2o=0 and 
& becomes 


(37) 


& = 1/( 1+0), 


(38) 


which is identical with the result obtained by Shimoda 
el al.’ for the ideal maser amplifier. 
The preceding treatment, which assumed an exact 
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knowledge of the number of input photons 9 and m2, 
is not always satisfactory. It entails, in accordance with 
the uncertainty principle, a complete abandonment of 
any phase information about the incoming waves. 
This model does not reflect the fact that the very 
process which causes our signal to be weak introduces 
a fluctuation in the number of photons. The most 
common cause for the signal weakness is the distance 
between the signal source and the amplifier (the 
receiver) which, because of the small probability that 
a given emitted photon will arrive at the receiver, 
leads to a Poisson distribution at the input. If the 
signal weakness is due to lossy attenuation the resulting 
distribution at the input to the amplifier is again 
Poisson® and is due to the random nature of the ab- 
sorption. 

Both the phase information and the Poisson nature 
of the distribution are included if the wave functionals 
\¥(0O)) are taken as a Poisson distribution over the 
states of the uncoupled system at ‘=0, before amplifi- 
cation begins.'® (See"“Appendix I.) 


1¥(0))= S [p(mro)p moo) Jee Mmroert20¢2) | 9245, 99). (39) 


"10,"29 


Here ¢; and ¢: are the phases of the signal and idler 
waves, and the (mo) are the Poisson probability 
distribution functions 


exp(— Mio) fio" 
p(nio) = ———————_—— (j=| ? 


(nyo)! 


(40) 


where fijo is the average number of photons at w; at 
t=0. That Eq. (39) does actually correspond to a 
definite phase can be illustrated by calculating the 
expectation value for the electric or magnetic field. 

A few expectation values which are needed in the 
calculation of the first“and second moments of the 
output are 


(ay'a1)= 7 (t) = Hiro cosh*xt+ (1+ feo) sinh?xt 


—sinh2xt((nion20) av)! sin(git¢ge—y¢), (41) 


(aq' de) = fi2(t) = fieo cosh*xt+ (1+ 719) sinh*«é 


—sinh2xt((mioM%20)av)' sin(git¢ge—¢), (42) 


( (ai ay)*) = (my? (t)) av = (ac?) av Cosh‘? 
+ (14-2fi20+(Me20*) av) sinh*xé 
+[1+3% 10+ feet 4( 110120) av 
— 2(myoM20) av COS2(¢1+ ¢2— ¢) | sinh?xt 
X cosh*xt—4((myor%20) av)! sin( git g2— ¢) 
X[(1+ iro) sinhxt cosh*xt+ (1+ 720) 


Xsinh*xt coshxt—4 sinhxt coshxt]. (43) 


A typical calculation used to derive Eq. (43) will be 
shown in Appendix II. For the large gain case, K>>1, 


6T. R. Senitzky, Phys. Rev. 95, 904 (1954). 
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we may use 
y(t) =[1+ riot Neo 
—2((myom20) av)? sin( git g2— ¢) IK, 
(nx?(t)) av © {(1t10?) av (Mee?) av +3 (Tiot N20) +2 
+-4( 0120) av— 2(10M 20) ay COS2(g1+ Y2— ¢) 
—4((nyon20)av)! sin( git ge— ¢) 
X[iiiot fieo+2_]} K. 
The output variance is then given by 
( An, P= (n Sw n 2 
= K*{1+2(fi1o+ Neo) 
—4((mion20)av)* sin( git g2— ¢)}. 
For a single frequency input, N2o=0, we get 


(Am)?= K2(1+2,0), 


(44) 


(45) 


which is to be compared to the value 
(An;)?= K?2(1+ iy), 


obtained for the case when the number of input photons 
was perfectly well defined [Eq. (36a) ] for n2=0. The 
effect of the parametric amplification in both cases is 
to increase the variance of the output (divided by K?) 
over that of the input by (1-4-0). 


VII. NOISE IN PARAMETRIC AMPLIFIERS 


The output noise power at an amplifier is usually 
defined as the average output noise power measured in 
the absence of any input. Since the number of photons 
fi, and the average power P, are related by 


P\= n Avid, (48) 
for an amplifier with an effective bandwidth dy, the 
output power for the case of a Poisson distributed 
input is 


P,= [1+ fist reo 


—2((myon2) av)? sin( git g2— ¢y) |Khvidv. (49) 


The noise power is that part of P; which does not 
contain either 719 or wigo and is given by 


Py\= Khy,dv. (50) 


An equal amount of output power results when the 
input rate of photons is one photon per (dv)~ seconds. 
So that the limiting detecting sensitivity of the para- 
metric amplifier is one photon per resolution time of 
the receiving system. The same results obtains for the 
ideal maser amplifier when most of the “spins” are in 
the excited level. 

The ‘‘noisiness” of amplifiers is often described in 
terms of an “effective source temperature”! T,, which 
is the temperature of a matched input termination 
yielding an output noise power equal to that generated 


16 J. P. Gordon and L. D. White, Proc. Inst. Radio Engrs. 46, 
1588 (1958). 
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by the amplifier. Since the availabie power from a 
termination at temperature T between w and w+dw is 
given by 


hu 
K————dw, 


eho i = 1 


(51) 


we get by equating Eq. (51) to Eq. 


hw 
I = [ina 
k 


It should be noted that Eq. (52) or (50) give the 
contribution to the noise temperature which is basic 
to the parametric process. This is a limit which can 
only be approached by minimizing the noise contrib- 
uting losses and by cooling temperatures comparable 
to hw/k. 


(52) 


VIII. COMPLEMENTARY 


It is next of interest to consider how well the number 
of photons in an incoming wave as well as the phase 
can be determined, simultaneously, by an examination 
of the output. 

Under the assumption that the signal satisfies a 
Poisson distribution, we may calculate the expectation 
values of the canonically conjugate coordinates and 
momenta as given by Eqs. (28) and (29). These are 
found to be (for large gain) 


Pi= — (2hw,)*{ (710)! sin (wit+ ¢1) 

— (fizo)! cos(wit+ o— ¢2)} K4, 
Gi= (2h/w1)3{ (70)! cos(wit+ ¢1) 

+ (iso)! sin (wit+ g— ¢2)} K}, 


(53) 


p2 and q2 are found by replacing subscript 1 by 2 
and 2 by 1 in the above. 
Also the mean squares are 
(pr) av= (hws /2){ [14471 sin? (wit+ ¢1) J 
+[1+-4 iso cos? (wit+ e— ¢2) J 
—8((mot29) av)? sin (wit+ ¢1) 
Xcos(wit+ e— ¢g2)} K, 
(91?) av= (%t/2w1) {1+ 4119 cos? (wit+ ¢1) ] 
+-[1+-4iieg sin? (wit+ g— ge) | 
+8 ((nyoM20) av)? CoS(wit+ ¢1) 
Xsin (wit+ y— geo) }K. 
while again (f2?)ay is obtained from (p:?)ay by inter- 
changing 1 and 2 everywhere and (q2")ay is obtained in 
the same manner from (q:”)ay. 
The second moments at the output are given by 


(54) 


(Api)?=(p2) av— pr=herk, 
— (Agi)?= (92?) — 9? = (h/wr)K, 
. (Aps)?= hark, 

(Ago)?= (h/w2)K, 
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and the phases of the signal, idler, and pump have 
disappeared. Thus the initial uncertainties in measuring 
the amplitudes of the fields are 


Ap2Aq20= h, 


where Afi= KApio, Agi= KAgquo, etc. 

Note that the uncertainty product ApyAgqio is twice 
the minimum value. This can be traced to the two 
“1’s” in Eq. (54), showing that the total fluctuation in 
either channel is due to equal contributions from both 
channels and that even when m9=0, the zero-point 
vibrations of the idler channel introduce noise (fluctu- 
ations) into the signal channel. 

Consider the case in which fi29=0. Then by Eq. (53), 


ApwAqu=h, (56) 


Di== — (2hw 710) *Lcos¢g: sinw;f+sin g; cosw:t |K! 
=[Pi COSw;!—w1910 sinw,t |K?, 


G1= (2hmyo/w1) cosy; cosw;f— sing; sinw,t |K! 
= [quo cosw t+ (Pro @) ) sinw;t |K?. 
Thus it follows that the phase ¢; is 


Pio 


¢gi= tan"'—_, 
@1910 


(58) 


or, by differentiation, the uncertainty in phase is 


@19:0APio— p10w1Aqi0 P 
Aggy = — ——- ———_—-, (60) 
(Pio? +w1"qu0") 


if the uncertainties, Apo and Agi, are suitably small. 
If the fluctuations in Afio and Agio are uncorrelated, 
we have 

w1q10" (Api)? +wrpi0?Agic® 


(Pro? +w17g10")” 


9 


(A¢gi)?= 


(61) 


We have therefore been able to relate the uncertainty 
in the phase of the signal to uncertainties in the field 
amplitudes. 

We have shown in Eq. (55) 


Adio= 4 Aqi0, 
so that 


wy(Agio)? ws? (quo)? 


(Ag;)?=— 
Pre? +1710" 2hw fro 


Since by (57) and (58), pic? +-w1?qic?= 2hw M10. 
By Eq. (55) 
(Agqu)?*=h los. 


Equation (63) becomes 


(Ag,)=1 (2 7iyo)?. 
By Eq. (47), 
An,/K= Any’ = (1+2740)}, 
so that 


AgAmyo' =[ (270 +1)/2%10 }?. (66) 


This result is identical with that found by Townes and 
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Serber? for the maser case ex ept for a factor of 2 
discussed in connection with Eq. (56). 


IX. FREQUENCY CONVERTER 


The frequency converter can be treated by the same 
methods using Eq. (19b) as the interaction Hamil- 
tonian. From the nature of this coupling which is 
determined from energy conservation between the 
pump, signal, and idler, viz., w= tw,;—fwe, it follows 
that only annihilation operators are coupled to annihi- 
lation operators at the two frequencies. The equations 
of motion are given by Eq. (21): 


da,/dt= — 10); — ike “uw te) qe. 


: (67) 
da2/di= — twod2— ice’ +9 a, 
with the Hermitian conjugate of these equations in 
which only creation operators are coupled. These will 
again be recognized as the classical frequency converter 
equations” where the a’s are the mode amplitudes. 
These equations can be solved to yield 


a a, = @0' 40 cos*xi+ A29' d29 Si nxt 


+47 (doo'ayoe'? — ay9' doe **) sin2xt, (68) 


and 


As* d2= d29' doo COS*Kt+ a0! a1 Sin’xt 


—4i (deol ayoe*” — 240' dap€ ¥ sin2kt. (69) 


If at ‘=0, there are exactly m9 photons at w; and 
N29 photons at w2 the solutions for the expectation 
values 7; (/) and 7i2(t) are 


N19 COS*KL+ Noo sin*kl, (70) 


Nis (t) = (ay' (t)ay (2) 


Tin (t) = (ae' (t)ae(t)) = no cos*xt+ myo sin’xt. (71) 


In a typical frequency conversion we have moo=0, 
for which case Eqs. (70) and (71) become 


Ny (t) = 49 cos*xt, 


Nio(t)= nyo sin*«?, 


so that at ¢=(x/2x)(2m+1), the input which was 
launched at frequency w; can be taken off at we. An 
interesting feature of the frequency converter is that, 
unlike the amplifier, it has no zero-point fluctuations 
in its output since, according to Eqs. (70) and (71), 
with m1o=20=0 there is no output. 

The difference between the parametric amplifier and 
the frequency converter as regards their zero-point 
fluctuations can be traced to the quantum 
mechanical model. In the parametric amplifier a 
simultaneous generation of a signal (w;) photon and 
an idler (w2) photon corresponds to a transition 
| #1,M2) —> |\+1, n2+1) whose strength is proportional 
to (m:+1)(m2+1) and which can, therefore, take place 
even when m,=.=0. In the case at the frequency 
converter the mechanism of transfer of energy from 
11,2) —> |my+1, m2—1) 


basic 


we to w; is described by a 
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process whose strength is proportional to (+1) (m2) 
so that it cannot take place when the input, me, is zero. 


X. SUMMARY 


Four aspects of the parametric interactions have 
been investigated. First we establish the correspondence 
between the classical limit of our quantum mechanical 
model and the familiar, wholly classical, model. 
Secondly we showed the existence of zero-point fluctu- 
ations in the output of the parametric amplifier. We 
next showed that the phase and the number of quanta 
of an incoming electromagnetic wave can be measured 
with an accuracy limited only by the uncertainty 
principle. A brief treatment of the frequency converter 
shows the absence of zero-point fluctuations from its 
output. 


ACKNOWLEDGMENTS 


The authors are indebted to Dr. P. K. Tien and 
Dr. J. P. Gordon for several valuable discussions. 


APPENDIX I 


It will be shown here that a Poisson distribution over 
the energy eigenstates of the quantized field in a cavity 
oscillating at frequency w lead to a minimum uncer- 
tainty wave packet. The electric and magnetic fields 
can then be specified to an ultimate precision limited 
by the uncertainty relations and the expectation values 
of the fields for the ‘‘Poisson-state”’ lead to the classical 
results. This is an example of Ehrenfest’s theorem. 

For simplicity, the electric and magnetic fields of 
the cavity are written as 


E(r,t)=—4rcp(t)u(r), H(r,t)=q(é) curlu(r), (11) 


were, as usual, g and p satisfy the commutation relations 
Ca,pj=ih; [9,9]=[¢,p]=0. (12) 

The quantized field Hamiltonian is given by 
= (w*/8rc?)?+ 2c? p’. (13) 


In the momentum representation, 
Schrédinger equation becomes 


g=ihd/dp and the 


@u,/d?+([A,—? ju,=0, (14) 


where 
t=ap; o=49/hw; An=2E,/hw=2n+1, (5) 


and 
Un(£)= (a/2"n!\/r)! exp(— #/2)H, (8), (16) 


where the H,,(&) are Hermite polynomials. 

u, is an energy eigenstate corresponding to m photons 
in the radiation field at frequency w. 

Now let us consider a linear combination of these 
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eigenstates weighted with a Poisson distribution, viz., 


eo 
O(PL)= DL cnet Du, (ap), 


n=0 


(17) 


where 
ee ee ee eee 
= (Ee A’"/n!)he- ine, 


(18) 


where \ has the physical significance of the average 
number of quanta in the field as will be shown below. 
Cn*C, is obviously the well-known Poisson probability 
distribution function. Substitute (16), (I8) into (17), 
use the Hermite polynomial generating function 


ge, An(é)n” 
exp(2én—n!) = 5 ——, 
n=0 nN: 


(19) 


separate exponent into its real and imaginary parts, 
and (17) reduces to 


a \} a (2d)! i 
sni(Ser Sp Mao 
Jr 2 a 


A 
Xexp| i - sin2 (wi+ ¢) 
2 


awl 
—ap(2d)! sin(wi+ ¢)— =| . (110) 


This is in the form of a Gaussian distribution and our 
next task is to show that this is a minimum uncertainty 
wave function. That is, we must show that 


(Ap)?(Ag)?= h?/4 (111) 
where 
(A 2— (( ee ))?)=(p?)— 2, 
ere (112) 
(Ag)??=((g—(9))*)=(¢)-(. 
Now it is easy to show that 
ry} 


(2d) 
w= | | o(p,t) | *pdp= a EP p), (113) 


@=[ « dp ha(2d)' sin(wit+y), (114) 


(f)= (p?+1/2c?, 
(g?)=(q)’— Wat ((p*)— (p)*) +i*e?, 


(115) 
(116) 
from which (I11) follows directly showing (110) to be 
a minimum uncertainty wave packet. 


To demonstrate Ehrenfest’s theorem, 
Eqs. (11), (113), and (114) that 


we see by 


(E(r,t)) = — (82Atiw)! cos (wit ¢ 
(H(r,t)) = (Srdfic?/w) 


>)u( rh. 


b sin(wi+ ¢) curlu(r), 


which shows that the expectation values of the fields 


for the ‘Poisson-state” yield the classical fields. 
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Furthermore, if we denote the classical field amplitude 
by Eo we see that 

hw = Ef? /8r, 


which is the classical field energy density which justifies 
the interpretation of A as the average number of 
photons in the field. 

It is not surprising that the Poisson distribution 
which leads to the minimum uncertainty product leads 
to the classical result since this corresponds to localizing 
the photons as much as possible consistent with the 
uncertainty relations as well as specifying their mo- 
menta. This represents, therefore, the closest approach 
to the classical situation in which both position and 
momentum can be specified exactly and is a justification 
for assuming that the amplifier input has a Poisson 
distribution. 


APPENDIX II 


In order to simplify the evaluation of matrix ele- 
ments, we begin by rewriting the Poisson distribution 
as an operator on the vacuum state. For one amplifier 
channel, the initial state may be written as 


“ e \” ; ai" 
= £(—Je*—I, any 
n=0\ mn! a/n! 
since 
tn 


n)= (a'"/4/n!)|0), (II2) 
where 0) is the vacuum state for this channel and we 
have used Eq. (12) m times. Equation (II1) may be 
rewritten as 

wo ((d)te-‘#at)” 


ly(0)) =e? > — ——|0) 


n=( nN ! 


d 


=e~*!? exp(wat)|0), 


(II3) 
where we have summed the series and 


w= (A)te-*#, (114) 
Note that A=7, the average number of photons in the 
channel. 

We may generalize this result to two channels and 
write the initial wave function as 

|W (0)) =e exp(wiaio')|0) exp(wedee')!0). (115) 
where 

W1.2>= (A102)! 71,3, 


(TI6) 


We now proceed to evaluate a typical matrix element, 


YARIV, 
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say (W(0)| a10'a2o' |W (O)). Using Eq. (115) this becomes 
(v(0) | 19" dao" \y(0)) 


= ¢e~%+42)(0)| exp(wi*aio)aio exp (widio') | 0) 
X(O| exp(we*ae0)aeot exp(weaee')|0). (117) 
To evaluate we use the following theorem: 


Theorem 1. If f(at) can be expanded in a Taylor series 
and u is a parameter, then 


e“ f(at)|0)= f(at+u)|0). (118) 


To prove this theorem, we note that since [a,at ]=1, 
a can be replaced by 


a=9d, da’, (I19) 


since a and a‘ are conjugate variables. 
Now it is well known that a Taylor series expansion 
of f(x) may be written as 


0 
f(x)= en] (x— xo) [reo 
Ox 
(x—2x)! 9! 


_$ oo 


f(x), 
o UL! dx! 


(1110) 


and if u=x—29, we have 


0 
f(u+xo)= exp w—) fe), 
Ox 


so that 


rs) 
exp(u—) (0 = f(at+u), 
dat 


a 


and the theorem is proved. Thus, the matrix element 
becomes 


7 (0) | @19' d2ot |y(0)) 
=e O142)(0)| (aso! ++-wi*) exp[wi(aio'+w*) || 0) 
X(O| (deot+-we*) exp[we (aoe'-+we*) ]| 0) 


—= a9). Cap, ¥ — ™ 
=W "We = (A1A,z)!e Cel+e2) | 


(1111) 
since 
(0| ayot exp(wiaio') | 0) 
ea) (w a9") 
= (0 ot 7 a a 
l=0 l! 
2 (wyao')* 


(0|exp(eevaw')|0)= (0 } area ins 


l=0 l! 
and 
Wy | Som At, 


where Ay= 719 and A»= Ne, giving the desired matrix 
element. 
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The stability of an electron-hole plasma carrying current in a parallel magnetic field is investigated. The 
theory employed is a generalization of the treatment Kadomtsev and Nedospasov applied to gas discharges. 
In its generalized form it is applicable to plasmas produced either by injection or by impact ionization and 
no restrictions are placed upon the magnitude of the magnetic field, provided the classical, linearized treat- 
ment is appropriate. The possibility of finite plasma densities at the surface of the crystal is included in an 
approximate manner. Instabilities are predicted, and the calculated values of the electric field, magnetic 
field, and lowest oscillation frequency which occur at the onset of instability are compared with available 
observations, including those of the “Oscillistor.”” Agreement is reasonably satisfactory. 


INTRODUCTION 


HERE have been a number of observations’ 
recently of spontaneous oscillations of the current 
passing through semiconductor plasmas made up of 
electrons and holes, placed in a magnetic field. It has 
been suggested® that these oscillations are the result of 
inherent instabilities in such plasmas, similar to those 
suggested as the cause of the rapid diffusion across a 
magnetic field observed in gaseous plasmas.® In this 
paper .we develop a theory for the time-dependent 
behavior of electron-hole plasmas in semiconductors, 
carrying current in an external, longitudinal magnetic 
field, and compare the predicted instabilities with the 
available experimental evidence. The results presented 
here amplify an earlier discussion,’ and include a 
treatment of the problem with one of the assumptions 
made earlier removed. It will be seen that the conditions 
predicted for the onset of instabilities are in good 
agreement with experimental observations. 


THEORY 


We deal with a plasma made up of electrons and 
holes, free to move about inside a semiconductor 
cylinder of radius a. The cylinder is assumed sufficiently 
long to make end effects negligible so that we may 
simplify the z variation of the properties of interest, 
i.e., the plasma density and carrier velocities. In the 
steady state the plasma will occupy the available 
volume with a distribution in density which depends 
on the sources and sinks for the plasma. The sink for 
the plasma will be assumed to be primarily at the 
surface, with some volume recombination also allow- 
able, so that the plasma density will have a maximum 
at the center of the cylinder and fall off to some smaller 
value at the surface. The treatment will be applied to 


1T. L. Ivanov and S. W. Ryvkin, J. Tech. Phys. (U.S.S.R.) 28, 
774 (1958) ; Sov. Phys.-Tech. Phys. 3, 722 (1958). 

?R. D. Larrabee and M. C. Steele, J. Appl. Phys. 31, 1519 
(1960). 

3]. Bok and R. Veilex, Compt. rend. 248, 2300 (1959). 

*M. Glicksman and R. A. Powlus, Phys. Rev. 121, 
(1961). 

5M. Glicksman, Bull. Am. Phys. Soc. 6, 116 (1961). 

° B. B. Kadomtsev and A. V. Nedospasov, J. Nuclear Energy 
1, 230 (1960). 
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the two types of sources of interest: injection of elec- 
trons and holes from end contacts, and impact ioni- 
zation in the bulk. 

A plasma of this distribution, carrying an axial 
current, will be stable in form at low currents where 
the self-magnetic field of the current applies a force 
much smaller than the diffusion force which maintains 
the steady state. Any perturbations will be opposed 
by diffusion, and, since no large driving force is available, 
they will be damped. If an external magnetic field in 
the axial direction (H,) is applied, however, instabilities 
may occur. Consider a helical perturbation in density 
which causes a helical distortion in the current with 
azimuthal component Aj,. This current will now cause 
a driving force of magnitude Aj,H,c~, in a direction 
either towards or away from the surface, depending 
on the sense of the helical perturbation with respect 
to the direction of H,. The strength of this driving force 
will depend on j and H, and we may expect that at 
sufficiently large values of the product 7H, this force 
will be larger than the diffusion force and the pertur- 
bations will grow. We shall investigate the conditions 
for the growth of perturbations of helical form and show 
that instabilities set in at values of 7 and H, above 
thresholds which are interdependent. 

We use cgs units throughout. The plasma may be 
described by the following set of equations, where n 
and p are the electron and hole densities, respectively : 


dn/dt+¥ -(nv.)=yn, (1) 
Op, A+: (pvi)=vYP, (2) 
kT. e 


——Yn=-—- 
m,*n 


e€ Ve 
vexH+—vV— —, (3) 


mMe*c Me Te 


kT; é é Vr 
y 

——9 p= —_4, XB-—-—9V——, 

m,*p m*¢ m* Th 


V2V = — (4a/x)(p—n). 


The subscripts e and hk denote electrons and holes, 
respectively; v is the velocity, T the temperature, m* 
the effective mass, and + the scattering time of the 
carriers. V and H are the electric potential and mag- 
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netic field, respectively, and « is the dielectric constant 
of the semiconductor. 

Equations (1) and (2) are written in a form which 
includes both volume recombination and bulk plasma 
generation in the terms containing y, which would be, 
respectively, negative and positive. Since we assume 
that the recombination is dominantly at the surface, y 
will be positive in the case of bulk plasma generation. 
In the case of an injected plasma with dominant 
recombination at the surface, y will be approximately 
0. Recombination at the surface appears in the boundary 
conditions. In Eqs. (1)—(4) we will set n= , since n—p 
will always be much smaller than m in the cases of 
interest. 

Equations (3) and (4) may be solved for the carrier 
velocities, and we do so for H in the z direction. The 
collision times should be replaced by appropriate 
averages over the carrier distribution functions. For 
simplicity we shall neglect the distinction between Hall 
and drift mobilities, and write for the mobility u (in 
esu) and the diffusion coefficient D 


D.= (RT, €)ibey (7) 
D,= (k T, ‘€) th. (8) 


In terms of the unit vector in the z direction, 2, we have 


Ve= (er./m.*c)H =yu.H/c, 


yn= (err/mi*c)H=u,H/c, 


2 


ye OV D,oen 
2D 
1+y/ Os n OZ 


1/D, 
-—(—exvn—néxV) 


ye\n 
1 D, 
+—(u.wv-—va)], (9) 


ye n 
OV Don A 
———) 
Oz n Of 


1/D, 
+—(—#xvnt wx) 


ya\ n 
1 D, 
ft | 
yn n 


(10) 


The continuity equations (1) and (2) are then written: 


On ye | ) OV on 1 
ee nnomet (m.——D, ")+—nd-WVX0n 
at i+y?| Oz dz Oz/ Ye 
1 D. 
+—n.¥ - (nv V)——V"n 
ye ye 


=yn, (11) 


on yr (9 OV on 1 
—+- |—( —nus—— Dy) +—md- VV 0 
Ot 1+4)7l dz Va 


° Oz 
2 Z 


1 dD, 
—-—pn,V- (nv V)——v"n =yn. (12) 
ye ye 
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Equations (11) and (12) are to be solved for m and V 
as functions of 7, z, ¢, and ¢. We need not treat differ- 
ently the two cases of impact ionization in the bulk, and 
injection, (y positive and 0, respectively) since we shall 
see that, with quite reasonable assumptions, the two 
cases yield similar results. 


(a) The Steady State 


When dn/dt=0, the values of density and potential 
are described by the functions m and Vo. Equations 
(11) and (12) may then be written in the form: 


1 Me O OVo D, 0 / Ano Ono OVo 
Atte ty A) 
It+y?lr or or r Or\ Or dz dz 

0?no 


—-D-— 


Os" 


1 Mh fe) OV» D, 0 Ono Ong OV» 
a —(—)- bs —(r—) | ‘ho a 
i+y7l 4 Or or r Or\ Or dz Oz 


07no 
<< Di- —= YN, 


9 
Oz" 


=yno, (13) 


(14) 


where we have introduced the assumption that the 
field Eo along the length of the cylinder is constant, i.e., 


8V,/d22=0, —dVo/dz=Eo, (15) 
and we have also assumed that mp and Vo are not 
functions of the angular variable ¢. The term involving 
dV./dr may be eliminated between Eqs. (13) and (14), 
with the result 


Any AVo 1+-y,? Ono bD, (1+?) 
Se 
i+y2/ 2? 1+y2 


Oz Oz 
10 Ono D, bD, 
HES 
ror\ dr/Lity? 1+y2 


b(1+-y,”) 
ae ae 
i+y2 


where 5 is the ratio of electron and hole mobilities, 


He/ Un. 
Equation (16) has a solution of the form 


no= NoJ o(Bor)Zo(z) ; 
b(1 om) bD,+D, 


———_ |= 8°’, (17) 
1+y. 

with G the separation constant. We need not detail the 

function Z» for the rest of our investigation. We wish 


it to be a weak function of z to conform with our 
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model of a cylindrical plasma of approximately constant 
density in the z direction. How weak the variation with 
z needs to be will be seen in the next section; here we 
can say that it needs to be weak enough to justify our 
assumption of a constant E>. 

In order for the plasma density to fall to zero at 
the surface,’ 8) should have the value ao/a, where ap is 
the first root of Jo and is equal to 2.4048. When we set 
the left sides of Eqs. (13) and (14) equal to each other 
and apply the requirement that @m0/dr and dV>/dr 
must be regular at the origin, we can show that 


OV>o D.(ityi?)—Di(1+y2) 1 dno 


pel tyn2)+un(1t+y2) no ar 





or 





m Vo D. m? 
= 
i+y2 r’ 


tee 
Os i+y/7 r & 


lf 


nom? Le 
1+y2 
dD, 


1+y/? r 


Ono 
We Nopek?— 
Oz 


r2 


Vo Vh mdVo m: 
-—ie- “the — oh 
Oz 1+y,? r or 


Ono m? 
-| tkunr—— nounk?— no— 
Oz r? 1 +yi? 


Mh 


In order to remove the explicit dependence on z from 
these two equations, we wish to ignore the term 
iku(Ono/dz)F which appears in each of them. This may 
be justified if 

|Ono| m Ono| 


gs y 


3 (23) 
ty? kr or | 


ae 


m will be integral and equal to 1 or larger; the right- 
hand side will have its smallest value at r=a, so that 
(23) becomes 
Pe... 
(24) 
| Oz |< 





im 
—iw—y' +ikvot+D.k?+-— ——n 
r 1+y2 


* Or 


‘| dD, 10 


= 
r i+y,? Or L+yy? ror 


HOLE PLASMA 


Ye 


Tors 


ity? 


5 greene: 
- i+y/ ror 
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(b) Instabilities in the Density 


We use a perturbation approach to treat the possible 
growth of instabilities in the plasma density. m and V 
are assumed expressible in the forms 


V=VotVi. (19) 


We assume that m, and V; are small and may be 
expressed in the form 


n= f(r,z)ei™t itke—iwt 
Vi _ F (r)eim+ ike—iwt 


These expressions are substituted into Eqs. (11) and 
(12), and terms of higher order than 1 in the pertur- 
bation quantities are dropped. We then have 


a) 
ef Ds 


at 
1+y,? r Or\ Or 


02? 
OVo OF 
“(rj sy) | =0. (22) 
ror or Or 


n=No+m, 


(20) 


af  aVooaf 
Pe dle aD 


Oz Oz 


b+ 
- or i+y2 


of OV of 
—tf- 2ikD;- a —— D;, 
02 Oz Oz 


0’ f 


D. ~~ ( 
Oz 2? I+y2 r or 


10/ 9dVo 


- ca 
r Or or 


an Ono Me 


Vh Pn Ono 
lr 


r or 


1+y,? 





As we shall see when the results are applied to a 
practical example, this is a very mild restriction which 
is satisfied easily in the experiments referred to earlier.’ 
In keeping with the perturbation approximation, we 
also assume that the perturbed density m; has the same 
loss rate in the z direction as did mo, i.e., in Eqs. (21) 
and (22), 


f(7,2)= filr)Zo(z). (25) 


Terms ignored are of second order. With these condi- 
tions, Eqs. (21) and (22) are separable in the r and z 
dependence and may be written in the form 


He im dJy 


i+y2 r dr 


He | 10 OVo 10 OF 
“3 (rf —)+ - (Vole 
1+y2 \, re or ror or 


or 


Ve had Me | 


“f 1i+y? 


)}=9, (26) 


m Ur 
+Jo—— tae 
 1+y,7 


FN» 
or | 


yr imdJo 


oth? — ——— pa 
lor C7 


10 OV» 
" “(rf “) 
ror or 


dr 


10 OF 
+. —(rv Jo—) =(0, (27) 
r Or 


Mh 


“Ly? 


‘We relax this requirement later, in the discussion of surface effects. 
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where 


(1+92)G 
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Bo? (bDi+D.) 





1+y2+b(1+y2) 1+y2+b(1+y:2) 


vo= uO V./dz. 


We look for solutions to Eqs. (26) and (27) which 
satisfy our boundary conditions: m; and V; must be 
regular at the origin; m goes to zero at the surface; the 
flows of electrons and holes to the surface are equal, 
since there can be no net radial current. The last 
condition can be satisfied as long as the potential 
remains finite at the surface. 

We follow the approach of Kadomtsev and 
Nedospasov,® who treated a simpler pair of equations 
in an approximate manner by assuming solutions of the 
form f,=n'J,(8ir); F=V'J:(8), where 8:=(a:/a), 
and aq; is the first root of the Bessel function J;, equal to 
3.8317. We substitute for f; and F in Eqs. (26) and (27), 
multiply through by J,(8.)rdr and integrate with 
respect to r. In this approach we set m?=1, since we 
seek the lowest order instabilities, and the smallest 
value of m should define this lowest region. 

We then have two algebraic equations whose coeffi- 
cients are functions of the paraméters describing the 
plasma and the wave parameters w and k only. 


| —iw—y'+iknt+Dk* 


iMy [D.(i+y2)—Da(it+y-) ] 

Boer be 3 

ty? 1+ y2+(1/b)(1+-y2) 

QB? [D.(1+y)—Da(1+y2)]) n’ 


It+y2 ity? 1+y,?+(1/d)(i+y2) |} No 





DB? 
a 


imy. 
eg —— 
1+.’ 


~ ia ~ik—+ Dal 


[D.(i+y?)—Di(1+y2)] 
b(1+y,7)+1+y2 
DB? 


1+y,? 


QB? [D.(1+yi?)—Di(1+y2)]} 0’ 
ty? dt+y)+ity2 | 
PBiur 


Rw fe?+ v’=0. 
1+y,? 1+y,? 





imys 


+] ask (31) 


The coefficients L, P, 0, R, and No are expressed as 





integrals of Bessel functions. If 
S= [ [J1(8ir) Prdr, 
Jo 
1 e@ 
L=— | J 1 (Bor) J 0o(Bor) FL 1 (Bir) Pdr, 
BoS Jo 
1 a 
Q= 1+ S [ [J1(Bor) PCJ o(Bor) *t J (Bir) Prdr 
YI /0 
Bi f° 
-L4+— [ IGe)LJo(G0} 
BoS Jo 
XJo(Bir)J(Bir)rdr, 
R= i Ji (Bor) LJ (Bir) Par 
0 


1 


x || Jo(Br)LI (80) rar 
0 


Bo{ * 
pait—| [ Jo(Bir)J (Bor) J (Byr)rdr 
Bil Jo | 


By 


ger (Boy 
x / J o(Bor) Ji (Bir) Prdr | — (-) a 
/0 


_ No f* 
No= Ss Jo(Bor) LJ 1 (Bir) Prdr. 
/0 


These expressions have the numerical values 


S=0.08114a2, L=0.7478, O=1.4888, 


R=0.6656, P=0.80305, Ny/No=0.5879. (38) 


We obtain the dispersion relation for w(k) by setting 
the determinant of Eqs. (30) and (31) equal to zero. 
Since we seek instabilities, i.e., growth in time in this 
case, k is a real quantity, and we must investigate the 
behavior of w, a complex quantity. We assume that 
the electrons and holes are in thermal equilibrium with 
each other, i.e., T.=T,, and go over to a simplified, 
dimensionless notation: 


D= D,= bD,, 
X=ha, 


y= ye= bya, 
&=na/D, 
Q=a’w/D, T=a*y'/D, 
a b + ame b(1+y") 


P+y+o(1+y%) 
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The equation for 2 may then be written 


—@—T+16X+X°——_—_ 


( 4.3246i1myU 
1+y" 


i+y* i+y’ 


and in explicit form for Q as 
[(X?/b)+B](—iA—iX?+ &X)— (X?+C) (iW +iX2/b+ 6X/b) 
(1+1/6)X*+B+C 


Q= 


where the coefficients are defined as 


14.682 8.6099U 4.3246imyU 


if AF 

11.7906 3.8492imy 
B= -+——— 
P+y P+y" 
11.790 3.8492imy 
Canta ee 
i+y i+; 

14.682b 8.60998°U 

W = —r+——_+—_— 

b+y b+y? 


i+y’ 





’ 


4.3246imyU 
b’+y°" 


The imaginary part of 2 may be expressed in the form 


Ai X8+A2Nt+AgX2+Ag— MX (As +AG-X") 
—_ $$ ——— 43) 


drtAsX?-+AoX! 
and for stability (Im@Q negative) we then require that 
A1Xo+A2X4+AsX7+4+A4 


cll ES 6 
Ae tAgX? if 


(44) 


The A; are coefficients containing only } and y. Since 
the left-hand side of the inequality (44) is a positive 
quantity, the plasma will be stable for m= —1, but may 
be unstable for m=1. This agrees with our physical 
picture for the source of the instability; helical waves 
with the m= —1 variation have a 4j,H force which is 
in the direction to aid restoration of the steady state, 
rather than to oppose it. 

The threshold for the onset of instability will occur 
when (44) becomes an equality, and Q is then real. The 
parameters of the system are of course the magnetic 
and electric fields applied to the plasma, which are 
proportional, respectively, to y and &. For any fixed 
value of X, which is proportional to the wave number 
of the disturbance, there will be a corresponding curve 
of y(&), which will represent the onset of growing 
oscillations of that wave number. 

In most of the experiments performed, the wave- 
lengths were not necessarily fixed by the arrangement 
used. In this case we should consider X as free, and 
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11.790 
serene a4 © ' 

P+y? i+y? 
4.3246i1myU 14.682b 8.60995°U 


b’+y°" b+ y 


3.8492im *) 
1+y* 


)=0, ao) 
b b? +y° 


> 


seek the smallest values of y and & which represent the 
onset of instabilities. These will occur when the curve 
representing the right-hand side of (44) touches the 
curve representing the left-hand side, for the first time 
as & is increased from zero. At this first point of contact, 
the slopes of the two curves with respect to X will also 
be equal. In searching for this intersection and the 
corresponding values of y and &, we must then look 
for the smallest slope for which the slopes and the 
values of the two sides are equal. 

For given values of 6 and y, we may solve the equa- 
tions derived from (44) for the point X which gives 
the smallest value of & for which instabilities may occur. 
We may in this way plot a curve of y(&) which repre- 
sents the threshold dividing the stable and unstable 
regions of operation of the plasma. Such curves are 
shown in Fig. 1, for values of 6 of 0.5, 2.2, 10, and 50. 
The general behavior is as expected from the physical 
model, with larger magnetic fields required to cause 
instabilities when lower electric fields are applied. For 
large b we note that the curves approach one another. 

For a given system, i.e., some value of 6, the magnetic 
field and electric field enter only through the terms y 
and &. In the case where the electron drift velocity may 
be expressed in terms of the same mobility that appears 


Fic. 1. The dimensionless magnetic field as a function of the 
dimensionless electric field necessary for onset of oscillation. u,. 
is the electron mobility (in emu), v the electron drift velocity in 
the direction of the electron field, a the radius of the plasma cyl- 
inder, and D, the electron diffusion coefficient. 6 is the ratio of 
electron to hole mobilities. 
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the instabilities will develop only for larger values of X, 
and correspondingly larger values of y and &, than those 
given in Fig. 1. We would then calculate these by 
solving the inequality (44) for a specified value or 
set of values for X: X =2zas/L, where s is an integer 
or half-integer, depending on the end boundary condi- 
tions. We would then expect that the conditions for 
onset of the instability would depend on the length of 
the specimen until the inequality (47) is reversed to 
(L/a)>(x/X). 
: At threshold, 2 is a real quantity. We may derive 
Yen* Me Mtn two expressions for the value of the frequency at the 
ee, ee ee threshold, Q;,, by requiring that the real and imaginary 
dimensionless threshold magnetic field. parts of Eq. (41) be separately satisfied. One of the 
expressions is 








in the Einstein relation, 1 


= a 5 Qn =———_{ 8X Im(B—C/b)—2X4/b— X? Re(A/b 
D.=uekT./e, (45) Im(B+Q). ( 
& may be rewritten in the form 
. +B+C/b+W)+Re(AB)—Re(CW)}, (48) 
= aeEo/kT.. (46) 
and it may be used to calculate the lowest frequencies 


Thus for a given value of > critical magnetic fie . 
rhus for a given value of 6, the critical magnetic field which should appear when the plasma becomes un- 


for a given electric field is inversely proportional to the 
electron mobility, and the critical electric field, for a Tastz I. Values of coefficients in Eq. (51) for 
given u.H, is proportional to kT/a. different surface conditions. 

The values of X for which the thresholds of instability —=====—— ee 
occur are plotted as a function of the threshold mag- Relative 


netic field, yin, in Fig. 2, for values of b of 0.5, 2.2, 10, — 

= , , ° ° a he a 
and 50. We see that X varies little aS Yen IS increased to surface 5 5 5 0.95 0.98 
about 0.5, and falls rapidly with y,, above 1. These : : 
values of X are the lowest for which instability will ta)2 14.682 "583 5833 2142 0.5134 0.2079 
develop, provided the geometry of the plasma will oa)? 8.610 6.208 3.457 2 0.3043 0.1230 


0.2022 0.0819 
allow waves of the calculated wavelength. When this is 8 a)tP’ oon 9012 5. 7 453 : oo po 

° ° ¢ / , 2 e 2.492 is 2tie 
not the case, i.e., (Lis the length of the plasma column) —(3,/a)R’ = 3849. 2.737. «1393. 0.4523 «0.1030 0.0412 





L/a<x/X, (47) — 


stable. 2: is plotted as a function of yi, in Fig. 3, for 
the values b=0.5, 2.2, 10, and 50. For 6=1, the equa- 
tions yield a minimum frequency of 0, although all of 
the other curves show proper intermediate behavior 
between the cases }=0.5 and 2.2. For 6<1, the values 
of the frequency are negative, which indicates a change 
in direction of the propagating waves, as is expected 
since the current is now dominated by the hole rather 
than the electron conduction. For small values of yin, 
the frequency varies linearly with y. We note also that 
the frequency appears in a combination such that for 
fixed conditions of 6 and y;,, w should be proportional 
to D,/a’. 





(c) Influence of the Surface 


In the foregoing calculations we have assumed that 

; the plasma density in the steady state is zero at the 

005 Of O2 0.5 surface. For many of the semiconductors to which the 

Ytn*HeMth theory will be applied, this approximation is in- 

Fic. 3. The dimensionless frequency as a function of the appropriate, since the density at the surface may be 
dimensionless threshold magnetic field. quite large. The calculations can be generalized 
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terms of the parameter 


5=no(a)/no(0), (49) 
by redefining the values of 8» and the various integrals 
in Eqs. (32)—(37). The modified values, 89’, are simple 
to calculate, since they come from the new condition 


Jo (Bo'a) = 6. (50) 


For the rest, however, we must choose some treatment 
for the perturbed density which is not too arbitrary. 
We assume that the function J;(8;’r) in n, falls to zero 
at the same point in space (r>a) as does Jo; there is 
then a finite perturbed density at the surface. We 
rewrite Eqs. (42) in terms of the new coefficients, which 





Fic. 4. The dimensionless magnetic field as a function of the 
dimensionless electric field necessary for oscillation, calculated 
for a plasma with electron-to-hole mobility ratio 2.2. 6 is the ratio 
of plasma density at the surface to the plasma density on the 
axis of the cylinder. 


are labeled with primes. 


2b 


Il’ = (80'a)*—— —, 
b(i+y)+P+y 


: ; (8;'a)?_ (Bo'a)?Q’U (Bo'a)?L'myU - 
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i+y" 1+y" 
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The values of the coefficients which appear in the 
Eqs. (51) are presented in Table I, for parameters 6 
in the range 0 to 0.98. Solutions for Eq. (44) with the 
modified coefficients have been obtained, and some of 
these are plotted in the series of Figs. (4)-(6), which 
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Fic. 5. The dimensionless wave number as a function of the 
dimensionless threshold magnetic field, for a plasma with electron- 
to-hole mobility ratio 2.2. 


show the effects for the one value )=2.2, which corre- 
sponds most closely to the case of the germanium 
“QOscillistor” which has been studied in detail in recent 
experiments.?'§ 

We note that as the surface concentration is in- 
creased, the threshold for instability decreases to 
smaller values of & and y. This seems reasonable, since 
with higher surface concentrations the diffusion force 
is reduced, and it is this force which must be overcome 
by the j,H, forces to cause the growth of oscillations. 
How much the magnitude of the effect calculated is 
influenced by our choice of boundary conditions for 
n, is not clear. The general form chosen should be 
correct, although the most appropriate value for m at 
the surface may not be the one which was used. How- 
ever, we do not expect that the plasma will become 
unstable at vanishing values of the fields for 6=1. Our 
assumed form for , is clearly not appropriate in this 


—" © 





“ae es 
Yth*HMeHth 


Fic. 6. The dimensionless frequency as a function of the dimen- 
sionless threshold magnetic field, for a plasma with electron-to- 
hole mobility ratio 2.2. 


8 R. D. Larrabee (private communication). 
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Fic. 7. The dimensionless magnetic field as a function of the 
dimensionless electric field necessary for onset of oscillation cal- 
culated under the assumption that the hole temperature is much 
less than the electron temperature. 


case, since it yields zero perturbation. For a finite 
perturbation there will still be a diffusion force —D¥m, 
and no other forces if the fields are zero; the plasma 
will thus be stable. 

The decrease in the values of ka and wa?/D, is even 
greater than the change in the threshold fields. We thus 
expect that changes in the surface should have a 
considerable effect on threshold fields, and a stronger 
effect on the observed frequencies, provided that the 
observations involve the Jowest possible modes of 
oscillation. 


(d) Effect of Hole Diffusion 


The theory presented has treated both carriers in the 
plasma on an equivalent basis, and assumed that the 
electron and hole temperatures were equal. The 
equations have also been investigated when this is not 
the case, i.e., when some of the terms involving the hole 
diffusion may be neglected. This may be justified only 
when 7,>>T7), a case which is expected to be rare in 
semiconductor plasmas, but is included here for 
completeness, and because it corresponds to the case 
treated by Kadomtsev and Nedospasov,® with their 
assumption that 4.H>>1 removed. 

We use Eq. (11) but replace Eq. (12) by 


On/dt—prV - (nVV)=yn. (52) 


The treatment is the same; the resulting values for the 
thresholds for oscillation are plotted in Fig. 7. For 
small y, the threshold fields are independent of 6; at 
large y, the threshold fields increase with decreasing b. 
For large 6 and large y, the curve approaches the curve 
shown in Fig. 1 for 5=50. 


COMPARISON WITH EXPERIMENT 


Although there have been a number of observations 
of “spontaneous” oscillations which occur in semi- 
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conductor plasmas, the data available for comparison 
with the theory proposed are only semiquantitative. 
Within the limitations of these data, fruitful comparison 
may be made to investigate the validity of the proposed 
basic mechanism of oscillation. 

The instabilities we have discussed occur in the 
presence of a magnetic field in the direction of current 
flow, and must be compared with experiments which 
also involve a magnetic field. This was the case for the 
work of Ivanov and Ryvkin! and of the other authors 
referred to*~‘® although other factors did appear to 
influence the character and properties of the oscillations. 
In all cases it is quite probable that the semiconductor 
contained an electron-hole plasma, produced either by 
injection or by across-the-gap ionization.‘ In the most 
detailed investigations, namely references 1, 2, and 8 
dealing with germanium, it was clear that there was a 
threshold current (or electric field) and a corresponding 
threshold longitudinal magnetic field which had to be 
exceeded to induce the oscillations. The surfaces of the 
samples were important in affecting the properties of 
the oscillating plasma, although no quantitative study 
is yet available relating the surface density to the 
threshold fields and observed frequencies. 

All of these qualitative features are just what we 
expect if the oscillations observed were of the class of 
hydromagnetic instabilities calculated in this paper. 
The amplitude of oscillation observed in the experi- 
ments was very large, and for this reason, we might 
expect that our perturbation approach should provide 
good quantitative agreement only very near the 
thresholds. The properties of the particular semi- 
conductor plasmas which have been investigated are 
summarized in Table II. The threshold electric and 
magnetic fields, and the lowest frequencies which should 
appear have been calculated and are listed in Table III, 
together with an estimate of the values which have 
been observed. Although there is a paucity of data, 
what is available is in good agreement in most cases. In 
spite of the fact that all observations were made for 
relatively large amplitude of oscillation, there is no 
indication of a violent disagreement between the spread 


TABLE II. Properties of electron hole plasmas. 


Electron 

diffusion 
coefficient 
(cm?/sec) 


Electron 
mobility 
(cm?/v-sec) 
(emu) 


Mobility 
ratio b 


Tempera- 
ture (°K) 


3.6X 10-5 93 
2-4X 10 “ 130-260 
1-1.5X10™ rs 66-100 


Material 





Germanium 
Germanium 
Silicon 
Indium 
antimonide 
Indium 
antimonide 


2-7X10 20-70 1300-4650 


2.8X10% == 30 5230 


* Lattice at 77 
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TABLE III. Oscillation thresholds. 














Threshold electric 
fields aE (volts) 
Calculated 
6=0.95 


Threshold 
magnetic 
fields 
y=ueH 


Material 
(temperature) 





Germanium (300°K) 0.1 & 3.0 

0.36 3 0.8 
Germanium (77°K) 0.1 ms 0.65 
1.0 =Q.12 =(0).05 
Silicon (77°K) 0.1 a (0.75 
1.0 : =0.06 
Indium antimonide 


OL 


(77°K) 0.02 5. 5.2 
0.1 w 1 
1.0 ‘ 0.08 
Indium antimonide 


(carriers at 220°K) 0.03 


* R. D. Larrabee, references 2 and 8. 
+ Ivanov and Ryvkin, reference 1. 
¢ Glicksman and Powlus, reference 4. 


of observations by a number of workers (with unknown 
conditions of the surface) and the theory presented. 

In our treatment we neglected a term involving the 
rate of decrease of the density along the plasma cylinder 
axis [Eq. (24)]. In the germanium experiments the 
right-hand side of this inequality is about equal to 
No cm™, essentially independent of the value of 5. The 
inequality is therefore satisfied as long as the plasma 
injected at one end reaches the other end only slightly 
decreased in density : Our error will be about 10% in the 
term retained if the density falls off 10% as it passes 
down the semiconductor. The experiments which 
showed oscillations had plasma of high density through- 
out; in cases where the density fell off rapidly, oscil- 
lations were not observed. 

Our thresholds are valid and independent of the 
specimen length as long as the condition discussed 
above, i.e., (L/a)>>(r/X) is satisfied. In most of the 
experiments, L/a was of the order of 10-30, while X is 
calculated to be of the order of 0.4 to 2, depending on 
the surface conditions. We see that some length 
dependence might be expected when L/a is only about 
10 and the surfaces are “good,” since in the latter case 
X at threshold has its lowest values. 

We note that the conditions for onset of oscillation 
do not depend explicitly on the plasma density. The 
use of external light radiation to change the plasma 
density!? would be expected to affect the observations 
when the light was necessary to produce the plasma, 
or when the light affected the ratio of surface to interior 
density of plasma. 

The oscillations calculated are in the form of helical 
waves which travel down the plasma at a phase velocity 
w/k. As such they would not produce a measurable ac 
current or voltage modulation unless the conditions at 
the ends of the specimen provide effective reflection 
which can result in a standing pattern of these waves. 


Frequencies 
a®f (cm?/sec) 
Calculated 
} 
) 


5=( 6=0.95 Observed 


Observed 


2 16.3 27 


1 
0.7* 0.4» 53.5 4.0 5+°* 56> 


|! 
8: 

212.5 
60-70 

330-400 


50 


This must be the case; oscillations were observed to 
last for very long times? at apparently stable conditions. 
We must then expect that some regular relation of the 
kind discussed with respect to the specimen length and 
the oscillation wavelength will exist, and for the wave- 
lengths calculated we expect that the number of such 
wavelengths present is small, of the order of 10 or less, 
in the experiments performed. 

The theory presented predicts a variety of 
dependences of the threshold fields and frequencies 
on the geometry and the surface conditions, in addition 
to the normally expected dependence on the transport 
properties of the plasma particles. The strong inverse- 
square dependence of the frequency on the transverse 
dimension a, and the inverse dependence of the threshold 
electric field on @ should be capable of experimental 
verification. However, it is necessary to have precise 
knowledge of the sample conditions, such as the relative 
concentrations at the center and surfaces, in order to 
provide a proper test of the calculations. 


CONCLUSIONS 


We have investigated the conditions affecting the 
growth of hydromagnetic instabilities in electron-hole 
plasmas. The conditions predicted for the onset of 
these instabilities coincide reasonably well with the 
observed critical conditions necessary to induce oscil- 
lations in such plasmas carrying a current in a longi- 
tudinal magnetic field. We therefore believe that these 
instabilities provide the basic mechanism for current 
oscillations in a plasma operating under these conditions 
(e.g., the “Oscillistor’’*). The theory predicts that the 
threshold electric field for oscillation should vary 
inversely as the plasma radius a, and that the lowest 
frequency of oscillation should vary inversely as the 
square of a, provided that in both cases, the other 
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properties of the plasma are maintained constant. We 
have discussed the conditions of applicability of the 
theory as presented and have shown that experiments 
performed to date should be describable within the 
approximations employed. 


PHYSICAL REVIEW VOLUME 


124, 


MAURICE GLICKSMAN 


ACKNOWLEDGMENTS 


It is a pleasure to thank Edward Frieman, Murray A. 
Lampert, and Robert D. Larrabee for a number of 
helpful discussions, and A. H. Simon for his assistance 
with the computations. 


NUMBER 6 DECEMBER 15, 1961 


Statistical Mechanics of Dimers on a Plane Lattice 


MicHaEL E. FIsHER 
Wheatstone Physics Laboratory, King’s College, London, England 
(Received August 3, 1961) 


This paper considers the statistical mechanics of hard rigid dimers distributed on a lattice (each dimer 
occupying two nearest neighbor lattice sites). The problem is solved in exact closed form for a finite mXn 
plane square lattice with edges which is completely filled with 4mn dimers (close-packed limit). In terms 
of the activities x and y of horizontal and vertical dimers, the configurational partition function Zmn (x,y) 


is given in the limit of a large lattice by 


™ «n> 


z/ 
lim (mn)~* InZne (x,y) = Iny-+ (1/x) * (1/0) tan-"» do. 
0 


It follows that the free energy and entropy of the system are smooth continuous functions of the densities 
of horizontal and vertical dimers. The number of ways of filling the lattice with dimers is calculated exactly 
for m=n=8 and is given asymptotically by [exp(2G/x) }#"*= (1.791 623)". The results are derived with 
the aid of operator techniques which reduce the partition function to a Pfaffian and hence to a determinant. 
Some results are also presented for the more general case with monomers present. 


1. INTRODUCTION 


Or of the simplest models of a system containing 
diatomic molecules is that of lattice gas (or 
solution) of Na rigid dimers, each of which fills two 
nearest neighbor sites of a space lattice of N sites. The 
remaining V—2N4 sites of the lattice may be regarded 
as occupied by No “holes” (or “monomers’’). This 
model has been used by many authors to discuss the 
thermodynamics of adsorbed films and mixed solu- 
tions.'~-> It is also interesting in connection with the 
theory of the condensation of gases.*® All the thermo- 
dynamic properties can be derived from the configu- 
rational grand partition function and it is the calcu- 
lation of this which constitutes the main theoretical 
problem. Since (in the simplest form of the model) 
there are no interactions other than “hard core” infinite 
repulsive forces between dimers, the problem reduces 
to the determination of the number of ways of placing 
Na identical dimers on the lattice so that no two 
overlap. This is an unsolved combinatorial problem of 


'R. H. Fowler and G. S. Rushbrooke, Trans. Faraday Soc. 
33, 1272 (1937). 

*T. S. Chang, Proc. Roy. Soc. (London) A169, 512 (1939); 
Proc. Cambridge Phil. Soc. 35, 265 (1939). 

4J. K. Roberts and A. R. Miller, Proc. Cambridge Phil. Soc. 
35, 293 (1939). 

*G. S. Rushbrooke, H. I. Scoins, and A. J. Wakefield, Discus- 
sions Faraday Soc. No. 15, 57 (1953). 

5H. S. Green and R. Leipnik, Revs. Modern Phys. 32, 129 
(1960); but see reference 11. 

*C. N. Yang and T. D. Lee, Phys. Rev. 87, 410 (1952). 


considerable interest in its own right,’ and is comparable 
to the well-known topological aspects of the Ising 
model! first elucidated by Kac and Ward.*-” 

For a one-dimensional lattice (linear chain) the 
partition function (or generating function) can be 
evaluated quite easily in closed form" (see Sec. 8) but 
for two- or three-dimensional lattices no exact results 
are available. (The Bethe approximation and low- 
density series expansions have been employed in the 
main.'“) This paper considers the problem on the 
plane square (or rectangular) lattice and the partition 
function is evaluated exactly for the case when the 
dimers completely fill the lattice (close-packed or high- 
density limit, Vz=4N). Our results are exact even for 
a finite Xm rectangular lattice with edges so that 
both bulk and boundary terms in the free energy of a 
large lattice can be determined. 

The partition function is calculated with the aid of 
operator techniques and the argument follows the lines 
used recently by Hurst and Green” in rederiving 
Onsager’s solution of the plane square Ising model.® In 


7F. Harary, “Feynman’s simplification of the Kac-Ward 
treatment of the two-dimensional Ising problem”; (planographed 
preprint) University of Michigan, June 12, 1958; to appear as a 
chapter in a book on graph theory. 

® L. Onsager, Phys. Rev. 65, 117 (1944). 

*M. Kac and J. C. Ward, Phys. Rev. 88, 1332 (1952). 

1S. Sherman, J. Math. Phys. 1, 202 (1960). 

1M. E. Fisher and H. N. V. Temperley, Revs. Modern Phys. 
32, 1029 (1960). 

2 C, A, Hurst and H. S. Green, J. Chem. Phys. 33, 1059 (1960). 





STATISTICAL MECHASICS OF 
Sec. 2 the configurational grand partition function is 
expressed as the trace of a product involving anti- 
commuting operators. The basic theorems for reducing 
such a trace to a Pfaffian and thence to an antisym- 
metric determinant are presented in the following 
section. In Sec. 4 the determinant is evaluated with 
the aid of successive unitary transformations. The 
exact results for finite lattices are discussed in Sec. 5. 
Asymptotic formulas for large lattices are derived in 
Secs. 6 and 7 and compared with Onsager’s solution of 
the Ising problem. The (unsolved) problem of low and 
intermediate dimer densities is considered briefly in 
the last section. 

The principal results of this work (in particular, the 
limit for an infinite lattice) were derived independently 
by Temperley a short time prior to their discovery by 
the author. A brief preliminary announcement of the 
results was published conjointly.” 

After the completion of this paper the author received 
a preprint of a paper by P. W. Kasteleyn (to be pub- 
lished in Physica) which also treats the dimer problem. 
Kasteleyn obtains the exact results for a rectangular 
lattice wrapped on a torus as well as for one with edges. 
However, his method of approach to the central problem 
is different from that used here and in some directions 
his work does not go as far. 


2. THE PARTITION FUNCTION AS A TRACE 


Consider a plane rectangular lattice of m rows and n 
columns and N=mn sites. If gmn(Nz,Ny,No) is the 
number of ways of placing V, horizontal or x-dimers, 
Ny, vertical or y-dimers, and No monomers on the 
lattice so that no sites are multiply occupied (2NV, 
+2N,+No=mn), then the required configurational 
grand partition function is the generating function 


Znn(X,V,2)= Do gmn(N2,Ny,No)xXey%ez%, 


Nz,Ny,No 


(1) 


where, thermodynamically, x, y, and z are the activities 
of x-dimers, y-dimers, and monomers, respectively. 
[We remark parenthetically that if each dimer has a 
magnetic moment yw and a field with components H, 
and H, is present, then the activities x and y have 
factors cosh(uH,/kT) and cosh(uH,/kT), respectively. | 

To obtain an explicit expression for Z,,, we introduce 
a set of 4y anticommuting operators A; obeying the 
relations" 


A,A;+A;Ai=28;;, 


(2) 
where 6,; is the Kronecker delta function. Consequently, 


o A?=I, (3) 


17H. N. V. Temperley and M. E. Fisher, Phil. Mag. 6, 1061 
(1961). 

4 Hurst and Green employ a double set of absorption and 
creation operators a; and a,* rather than a single set of operators 
A;. The present method seems somewhat simpler. In the close- 
packed limit one may go directly to a Pfaffian (see reference 13 
and Kasteleyn’s forthcoming paper). 
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where J is the identity operator. These operators are 
readily represented as direct products of 4v two-by-two 
matrices but there is no need to make use of such 


representations. From (2) and (3) it follows!® that 
Tr{A,}=0, Tr{A;A;}=0 
Tr{A,A;Ai}=0 (i4 jk), 
Tr{A?2}=Tr{/}=1, 


(xj), (4) 


(5) 


where Tr{ } denotes the trace taken in a represen- 
tation of dimension ¢. 

Choosing v so that the number of operators 4y equals 
or exceeds the number of bonds, a distinct operator A, 
may be associated with each bond. (Some operators 
might be left over but this does not matter.) If the 
sites of the lattice are labelled by the parameter k=1, 
2, 3, ---mn, then it is convenient to denote the operator 
for a bond from site & to site 1 by Ax. Now consider 
the trace of the following product of operators taken 
over the mn sites of the lattice. 


mn mn 


II Ve= II (ee2 +e? A ky teint A kl 
k=1 k=] 


+-ykis!Aktst-yrtgtAry), (6) 


where /; to J, denote the nearest neighbor sites of k. 
The trace of any term in the expansion of this product 
will vanish unless each operator A,; appears in the 
term either twice or not at all. Consequently, any 
nonvanishing term in the trace will have the form 


(— )P2kiSk* °° SkgNkylyLkgle* * * VkuluVkyly* * *Vkwlwl, 


and will correspond to a configuration of the lattice in 
which the sites ky, ko, ---k, are occupied by monomers, 
and neighboring pairs of sites k, and /,, k, and I,, --- 
are occupied by x-dimers while pairs k, and J, k, and 
l,, «++, Rw and J, are occupied by y-dimers. Clearly, 
to any possible configuration of nonoverlapping dimers 
and monomers there corresponds a term in the trace 
and vice versa. 

The sign of a term in the expansion of (6) is deter- 
mined, in virtue of the anticommutation of the oper- 
ators, by the parity » of the number of interchanges of 
adjacent operators in the term required to bring like 
operators together in pairs. If the parity is even for all 
terms then, setting 2,=2, x,.=x, and y.z:=y, we have 
for the partition function 

mn 
Zmn(X,y,2) =t- Tr{ TT Vi(x,y,2)}. (7) 
k=1 
This is the basic expression for the calculation of Z and 
a similar relation can evidently be written down for 
any lattice and arrangement of bonds. Its validity, 


16 Using the invariance of the trace under cyclic interchange, 
we have Tr{Ay}=Tr{A;A 2} = Tr{A;AsA;} = —Tr{A;AjA;} 
= —Tr{A;}, so that Tr{A,;} =0. The succeeding results in (4) can 
be proved by similar devices. 
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Fic. 1. A close-packed 
configuration of dimers 
on a 3X4 plane square- 
lattice showing the “‘zig- 
zag” numbering system. 




















however, rests on ensuring that the sign of all terms 
is positive, and herein lies the main difficulty of the 
problem. We will now show how it is possible to achieve 
this for the plane square lattice in the close-packed 
limit z=0. In this case each site is occupied either by 
an x- or a y-dimer. [The result (7) is valid also when 
y=0 for all s but since y-dimers do not then occur the 
problem is essentially one-dimensional. ]} 

The parity of each term in the expansion of (6) is 
determined by the order of factors in the product, that 
is by the numbering sequence of the lattice sites. If, 
provisionally, the lattice sites are labeled by their 
Cartesian coordinates (r,s), where r=0, 1, 2, ---, n—2, 
n—1 and s=0, 1, 2, ---, m—2, m—1, then the “obvious 
method” of numbering points is in dictionary order, 
namely k(r,s)=sn+r+1. By considering examples of 
small lattices, however, it is easily seen that this is 
unsatisfactory."* Instead we introduce a “zig-zag” 
dictionary order in which alternate rows are numbered 


in reverse order (see Fig. 1). Explicitly, we set 


k(r,s)\=sn+r+1, 
=sn+n—r, 


(s even), 


P (8) 
(r odd). 


With this numbering procedure all the terms of nonzero 
trace in the expansion of (6) when z=0 have positive 
sign after pairing of like operators. This is easily 
verified for particular examples, but its general proof 
requires more detailed argument. The reader uninter- 
ested in the details should omit the remainder of this 
section. (We remark in passing that the question of 
signs seems to have been considered incompletely by 
Hurst and Green” in their treatment of the Ising model. 
Their formulas are presumably valid, however, since 
they yield the correct limiting answer.) 

To prove that the number of interchanges required 
to bring like pairs of operators together is always even, 
it is convenient to introduce a graphical representation!” 


Pe “ a “ - < ~~ . . 
1 oe & > 6 7 8 9 10 ih 12 


Fic. 2. Graphical representation of the ordered product of 
anticommuting operators corresponding to the configuration 
shown in Fig. 1. 


16H. N. V. Temperley (private communication, to be published) 
has solved this problem by affixing minus signs to some of the yx: 
in (6), and Kasteleyn effectively adopts the same course. 

17 This has been employed by C. A. Hurst (private communi- 
cation). 
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of the product of operators corresponding to a given 
lattice configuration. The V ordered operators, one for 
each of the WN lattice sites, are represented by an 
ordered linear array of points. Those points correspond- 
ing to like operators are joined by a line lying above the 
points (see Fig. 2). Any such line represents an x- or a 
y-dimer lying on the bond joining corresponding lattice 
sites (see Fig. 2). In the case s=0 every point will be 
the termination of a line since all the lattice sites are 
occupied by bonds. (In the general case, points corre- 
sponding to monomer occupation may be omitted since 
the identity operator commutes with all A;.) 

The lines in a graph representing a given product 
will in general intersect one another. Let / be the total 
number of (simple) intersections in the graph (f may 
be zero). The parity of f is an invariant of the product 
representing the graph since however the lines are 
distorted, new intersections are always created in pairs 
and existing ones destroyed in pairs. Interchange of the 
order of a pair of adjacent unlike operators corresponds 
to a similar interchange of points. This necessarily 
changes the parity of f since a single new intersection 
must be created or a single old intersection destroyed ; 
e.g., consider the interchange of points 6 and 7 or 7 
and 8 in Fig. 2. (More generally, if the lines are appreci- 
ably distorted, an odd number of intersections greater 
than unity might be created or destroyed on inter- 
change.) 

When all the operators are paired, the graph can 
clearly be drawn with no intersections and in this case 
f is even. Thus any graph obtainable from the fully 
paired graph by an even number of interchanges will 
have f even, and vice versa. Consequently, the parity 
of f for a given graph is equal to p and indicates directly 
the sign of the product after pairing. This reduces the 
problem to proving that f is even for any allowable 
configuration on the square lattice when the numbering 
system (8) is used. 

To simplify the language of the following argument, 
we will assume that the lines of the graph are always 
drawn so as to minimize the number of intersections 
(as in Figs. 2 and 3). Otherwise, for a statement such 
as “two lines do not intersect” read ‘‘can be drawn in 
such a way as not to intersect.” Any x-dimer corre- 
sponds to a line (an x-line) between consecutive points. 
Consequently, no x-line intersects another x-line or 
intersects a y-line (see Fig. 3). In virtue of the zig-zag 
numbering, y-lines between rows s and s+1 do not 
intersect one another. In fact, the only intersections 
are between y-lines to successive rows, i.e., y(s—1, s) 
with y(s,s+1) (see Fig. 3). Consequently, if we con- 
sider all x-lines and all those y-lines between alternate 
pairs of rows, namely, between rows 2u and 2u+1 
(u=0, 1, 2, ---), there are no intersections (see solid 
lines in Fig. 3). This proves that f is equal to the total 
number of intersections made by those y-lines between 
complementary alternate pairs of rows, namely, rows 
2u—1 and 2u (u=1, 2, 3, ---) (see broken lines in 
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Fic. 3. Part of a graph for a 
product representing a configura- 
tion on a general plane square 
lattice. 


Fig. 3). Hence, if it can be shown that no y-line between 
row 2u—1 and row 2u intersects an odd number of lines, 
it follows that f must be even as required. [These 
arguments serve also to prove the validity of (7) for 
all s when y=O or when y-dimers can only be placed 
between alternate pairs of rows. ] 

To prove that a y-line between the point 2un+1+r 
in row 2u and the point 2un—r in row 2u—1 intersects 
other y-lines an even number of times, consider the 
number of intermediate points “spanned” by the y-line. 
No line not terminating on one of these points intersects 
the y-line. There are 2r intermediate points and each 
one must be the termination of either (a) an x-line in 
row 2 or 2u—1, (b) an “internal” y-line from row 2x 
to 24u—1 or (c) an “external” y-line either from row 2% 
to 2u+1 or from row 2u—1 to 2u—2 (see Fig. 3). But 
each x-line (a) and internal y-line (b) accounts for two 
of the intermediate points so that if the number of 
these lines is w, the number of external y-lines (c) must 
be 2r—2w and so is even. Each external y-line, however, 
intersects the original y-line once (and only once) and 
hence the total number of intersections is always even. 

This completes the proof of the validity of (6), (7) 
and (8) when z=0. The argument breaks down when 
z#0 since, if an odd number of monomers occupies the 
intermediate points (or sites), the number of external 
y-lines is odd and the term has a negative sign. A very 
simple configuration for which this arises is shown in 
Fig. 4. When z=0 the proof applies to the plane 
honeycomb lattice (in ‘“‘brick form’’)!® but not to the 
triangular lattice formed by adding one set of diagonals 
to the square lattice. In this latter case the number of 
intermediate points may be odd, as can be seen from 
the example in Fig. 5. Similar difficulties arise in the 
case of multilayer and three-dimensional lattices. 


3. REDUCTION OF A TRACE TO A PFAFFIAN 


By Eq. (7) the partition function is expressed as the 
product of a number of factors, each of which is an 
inhomogeneous linear combination of anticommuting 
operators. As pointed out by Hurst and Green,” such 





“~¥ S 
Fic. 4. A simple con- 
figuration of intermedi- 
ate dimer density which 
is enumerated with in- 
correct sign. 











1 Zz 3 
'8It is hoped to publish the generalization of the results of 
this paper to other lattices including the plane honeycomb. 
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an expression may be reduced to a Pfaffian. A Pfaffian 
of order 2A is a triangular array of #(2h—1) elements 
(r,s): 
P= (r,s)| = | (1,2)(1,3) (1,4) -> 
(2,3) (2,4): 
(3,4)-- 


(1,2h) | 
-(2,2h)| 
- (3,2h) | 


(2h—1, 24)|, (9) 


which may be expanded by its first row in the same 
way as a determinant, except that the minor of an 
element (r,s) is a Pfaffian of order 2(h—1) obtained 
from P by deleting both the rth row and column and 
the sth row and column.'**! By iterating this relation 
the complete expansion is found to be 


P= > (—)? (11,l2) (3,04) - + (Io), -1,len), (10) 


(2h—1) !!= (2h—1) (2h—3) 
-++X5X3X1 permutations (U;,l2,---le,) satisfying 
lL.<le, I3<ly,-+>, lon_1 <Ler and L<1l3<Ilg<:- + <op_ ly 
and is the parity of the permutation.” For the 
present purpose the most important property of a 
Pfaffian is that its square is equal to an antisymmetric 
determinant. In fact'®.° 


P?=D=|d,.\, 


where the sum is over the 


(11) 
where 


G-r=0, d,,=(,s)=—de, 7<s. 


(12) 


The basic theorem relating a Pfaffian to the trace of 
a product of operators is 


-¥ (=) | (13) 


Vrovs0 


TI V.}= 


where 


4v 


= ol tD As, 


i=l 


(14) 


and where the A; obey the anticommutation relations 
(2). (This theorem is more general than that used by 


YA 
WAVAVAN 


1 R. F. Scott and G. B. Mathews, The Theory of Determinants 
(Cambridge University Press, New York, 1904), 2nd ed., pp. 
92-97. 

2” T. Muir, A Treatise on the Theory of Determinants (MacMillan 
and Company, Ltd., London, 1882), pp. 196-203. 

21 EF. R. Caianiello and S. Fubini, Nuovo cimento 9, 1218 (1952). 

22 E. R. Caianiello, Nuovo cimento 10, 1634 (1953). 





Fic. 5. Example 
of a close-packed 
configuration on the 
triangular lattice 
enumerated with a 
wrong sign. 
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Hurst and Green which applied to a product of homo- 
geneous linear factors, i.e., 1-o=0 for all r.) The assump- 
tion that the product has an even number of terms is 
no restriction since a factor V2,=J does not alter the 
product. This theorem may be proved by a slight 
extension of the argument used by Caianiello and 
Fubini** for the case in which the A; were Dirac’s y 
matrices. For the sake of completeness and to give 
insight into the structure of the theory we present the 
proof. The reader prepared to accept the result may, 
however, omit the remainder of the section. 

The first step is to reduce the product of inhomo- 
geneous linear factors to one of homogeneous linear 
factors. We introduce a complementary set of operators 
defined by 


(15) 


4y 
Bo=IT Aj, 


and 
B;=1A;By= —iBoA;, (PF =—1). (16) 
It is then easy to verify the commutation relation 
B,B;+B;B;=26;;, (i=0, 1, 2, ---4v) (17) 
with, in particular, 
Be= (18) 


Following Caianiello and Fubini, we now write the 
product as 


I] V-= (V1Bo)(BoV2)(V3Bo) (BoVs)- «* (BoV2n) 
r=1 


where 
4y 
U;= od grjB; 
is a homogeneous linear combination of the 
(14) and (19) the coefficients in Q, are simply 


(21) 


By virtue of (17), the operators Q, obey the commu- 
tation relations 


— )"the;. 


dro=tro, rj> 


4y 


(r,s) = ie QrjQsj- 


7=1 


0,0.+0,.0,=2(r,5), (22) 


Using these to shift Q; successively to the right, we have 


(1,2)0:04- - -Qox 


‘Orn 2(1,3)Q204- , *Qon 
+2(1,2)Q304- - -Qen 
= (—)2"+10.0s04- + - Oars 


cee 


2h 
+200 (—)*(1,2)Q2- - *Oe-1Oesi°* 
k=2 


B. 
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On recalling that the trace is invariant under cyclic 
interchange, this implies 


2h 2h 
Tr{IT Q-}= LX (—)*(1,4) Tr{Qe- + -Qi-1Qier1* - Qe 
r=1 k=2 (24) 


which is essentially the rule for expanding a Pfaffian 
by its first row. If (24) is iterated, we arrive at an 
expression like the left-hand side of (10) but multiplied 
by Tr{J} and so conclude that 


2h 
 Tr{TT Q,}=P=\(r,5)|, (25) 
r=l 


where (r,s) is the commutator of Q, and Q, defined in 
(22). Substitution of (21) and (22) in (25) proves the 
theorem (13). 


4. EVALUATION OF THE DETERMINANT 


By the results of the previous sections [Eqs. (6), 
(7), (13), and (14) ] we may now express the partition 
function as Pfaffian of order mn, the elements being 
labeled in accordance with the numbering of the 
lattice points. Thus when z=0 


Zmn(x,y,0)= P= (kD |, (26) 
where 

(k,l) = xExit+- yn, (27) 
in which m:=1 or 0 according as the lattice points k 
and / are or are not connected by a horizontal bond 
and .z:=1 or 0 according as they are or are not con- 
nected by a vertical bond. 

For the case when y=0 we note similarly 


“Znn(X,0,2)= \ (2 +2&q2) |. (28) 


We will not consider this case further until Sec. 8, so 
that from here on we assume z=0. 

On squaring (26) we have (dropping the explicit 
dependence on 2) 


Zan (x,y)=Dan=| DI, (29) 


where D is an mXm antisymmetric block matrix 


Y 
X 


% Strictly we should impose the condition mn even, since 
otherwise the Pfaffian is not defined. This could be avoided by 
introducing an extra dummy lattice site which would lead to the 
result we finally obtain. 
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in which X and Y are mXn matrices of the simple forms 


c > 


0 x 
—%x Go -« 
—x 0 











Ly 


The matrix D may be (block) diagonalized with the 
aid of its eigenvectors which can be derived from the 
difference equation 

VuuitXu,— Yup .=dni, (33) 
with boundary conditions 
40= Un+1=0. (34) 


Equation (33) has solutions of the form exp(o#") and 


( 2ix sing; 
2ix sings 


—2i"y sin@, 





\+2i"y sind, 


where 
or=3at+nr/(n+1). (42) 


By successive expansion by the first row and final row, 
the determinant of such a cruciform matrix is easily 
evaluated as a product of [4(m+1)] factors™ of the 
type (didan—dindni). On noting that sin®é,=sin@,;1-,, 
each term in the product factorizes, and after rearrange- 
ment and substitution in (38) we obtain the final result: 


m n wr 7d 
Lar= (—)mlini2mn II II (: cos —-+ty cos), 


q=l r=1 


n+1 m+1 
(43) 


5. FINITE LATTICES 


The formula (43) expresses the partition function of 
a finite m Xn lattice exactly as a product of mn complex 
terms. If both m and » are odd, then the term for 
=(n+1), g=}(m+1) vanishes identically so that 
Zmn=. This reflects correctly the fact that a lattice 


* The notation [x] denotes the greatest integer contained in x. 
If preferred, D, may be completely diagonalized by applying 
further transformations. 


2ix singn—1 
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exp[i(r—0)/], with A\=X+2iY siné. The boundary 
conditions can only be satisfied by 
6=0,= 30+7q/(m+1), (q=1,2,3,---m—1,m) (35) 
with corresponding eigenvalues 
Ag=X+2i¥ sind, (36) 
and normalized eigenvectors 
Utqg=2)(m+1)—i sin[rql/(m+1) ]. (37) 
Consequently D is diagonalized by the unitary (block) 
matrix [#1 ] and this yields 
lea ™ sin? = (38) 
where 
D,= X+2i sind, Y (39) 


is an Xn matrix. Now by a similar argument the 
eigenvectors of X are 
Uge=23(n+1)-h** sin[ark/(u+1) ], 

(r=1, 2,3, ---,n—1,m). (40) 


Transformation of D, by the corresponding unitary 
transformation yields the “cruciform” matrix, 


(—)""12i"y sin8, } 
(—)"2i"y sin8, 





2ix sindn 


with an odd “ees of sites cannot be comahindis 
filled with dimers.” For a linear chain m=1 (or n=1) 
the partition function reduces to 


Za e= (—) fr); "2" TT cos * (44) 


r=] nN 


The product of cosines may be evaluated with the aid 
of the identity 


ay 1 
2" II [cosy+cos(xr/l) ] (45) 


siny r= 


[which is easily proved by factorizing exp(2/6)—1], 
and this yields, correctly, 


Zni=x'", mn even 
=(, n odd. 


The identity (45) may obviously be used to perform 
the product over r in (43) but the resulting expression 
is a little cumbersome. Instead, if we assume (neglecting 
the cases when Z,,, vanishes) that m is even, we easily 
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obtain from (43) the more convenient expression for the partition function itself: 


jm] $n 
Zmn(x,y)= 21 TT TT (ett cos——+y" cos) 
n+1 


q=l1 r=1 


This is manifestly symmetric in m and nm and x and y 
as it should be. For small m and n, the result (46) is 
readily verified by direct lattice counting; for example, 


Zo2=2+y%, Zs.=a+2xry’. 


Owing to the vast number of configurations, however, 
this soon becomes difficult. Thus the total number of 
configurations (x=y=1) for a 4X4 lattice is 36, but 
for an 8X8 lattice 


Zs,3(1,1) = 12 988 816= 2'X (901)?. (47) 
This number represents the number of different ways 
of placing 32 dominoes on a chess board, each domino 
covering two squares. Zs.s3 is expressed by (46) as a 
product of ten distinct trigonometric factors which 
may all be expressed in terms of 


s=sin(x/18)=sin10°=0.173 648 177 7, 


and hence calculated numerically. Alternatively, since 
the expression must be an integer, one may multiply 
the factors out symbolically and repeatedly use the 
trigonometric identity 6s—8s*=1. 


6. INFINITE LATTICES 


For a large lattice the limiting behavior of the 
partition function is 
Zmn(x,y)~[Z (x,y) J", (48) 


where 


InZ(x,y)= lim (mn) InZmn(x,y) 


m,n--@ 


(49) 


is essentially the free energy per site of the lattice 
(divided by —kT). This limit is easily found from (46) 
by taking logarithms, whereupon the products become 
sums which may be converted directly into integrals. 
Thus (assuming for simplicity that m is even) 


InZ (x,y) =} In2+ (2x) 


x | [ In(x?+ +27 cosa+y’* cos8)dads. (50) 


The integral in this formula bears a striking re- 
semblance to Onsager’s original expression for the 
partition function of the rectangular lattice Ising 
model.* The integrand becomes singular at a=8=7 
for all x and y (although the integral is always finite). 
This corresponds to the Ising model at its critical 
temperature T=T,. In fact (50) may be identified 
with Onsager’s result by writing (in Onsager’s notation) 


x/y= (sinh2H/sinh2H’)'=sinh2H, (51) 


2nr 2rqg \X!1 for 


m even 
(46) 
m odd. 


m+1/ Xx!" for 





whence 
InZ (x,y) =} In2y+4 1n}\(4,H*). (52) 
The density of x-dimers (mean number of x-dimers 
per lattice site) is given by the general formula 


pz=x(0/dx) InZ(x,y), (53) 


and similarly for p,. Differentiation under the integral 
sign in (50) at once verifies the relation 
Pet py=}, (54) 


which corresponds to the close packing of the dimers. 
The integrals for p, may be performed with the aid of 
the elementary standard forms: 


* dp 
9 a+coss 


and, with u=cos}a, 


(a>1) 


1 du 
iz —=sin—'(1/b), 
o (Bh —u?)! 


yielding the very simple relation 


(b> 0) (55) 


pz= (1/r) tan (x/y), 


and similarly for py. Integrating (53) with the obvious 
initial value InZ(0,y)=}3 Iny leads to an expression for 
the partition function as a single integral: 


aziy 


(1/v) tan“'ndv + 3 Iny, (57) 


InZ(x,y) = (W/m) | 


0 


with the series expansion 


x /y)2t41 
— + $ Iny. 


— (58) 
21+1)° 


20 (: 
InZ (x,y) = (1/r)2(— uv 


This series converges for |x| <|y|. When |y| < || 
the formula remains valid if « and y are interchanged. 
(This is a reflection of the symmetry between x- and 
y-dimers.) Simple formulas corresponding to (57) and 
(58) may similarly be derived for the Ising model 
partition function at the critical point. 

In the symmetric case x= y= 1 we obtain from (58) 


InZ(1,1)=G/r=0.291 560 904, (59) 
where 
G=1-—3-4+-5"—7-+ ---=0.915 965 594 (60) 


is Catalan’s constant. Thus the number of ways of 
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filling a lattice with mn dimers is asymptotically 
Zmn(1,1)~puin, (61) 
where 


u=e/*= 1.791 623. (62) 


It is interesting that by numerical extrapolation of the 
first few ratios Zm.n/Zm,n—2, etc., one would estimate 
u=1.75+5. Indeed, Fowler and Rushbrooke! extrapo- 
lated the exact results for strips and cylinders of width 
up to n=8 (m=) and concluded that yw was “near 
1.8.” Reexamination of their data on a (1/n) plot 
indicates 4=1.79+3, which is surprisingly accurate. 
The Bethe approximation (calculated by Chang?) 
yields w~27/16= 1.6875 and so is in error by 6%. 

If the activities x and y are normalized by setting 
xy=1 and we write 


7=x/y=tanmpz, (63) 


the results may be expressed directly in terms of the 
density of x-dimers as 


InZ(p.)=4 In cotrpet(1/) [ (1/v) tan“'ndv, (64) 
0 
with the expansion 


InZ=G/a+ (1—7)?/4e+O0[(1—7)*] (65) 
about the symmetric point pz=p,=}, r=1. The 
entropy of the lattice may be written, using the usual 
thermodynamic relations, as 


S/k=\nZ(r)— (Inr)r(0/dr) InZ(r), 
so that 


S/k=p,|ncotrp,+ (1 nf (1/v) tan'vdv. (67) 
0 
This has the expansion 
S/k=G/a—(1—1)*/4e+O[(1—7)*]. (68) 
From these relations it follows that the entropy is a 
smooth continuous function of the densities with a 
maximum at pz= py=}. 


7. ASYMPTOTIC EXPANSIONS 


The limiting formulas of the previous section repre- 
sent the leading terms in the asymptotic expansion of 
the exact result (46) for large m and n. Higher order 
terms can be obtained by a closer analysis. Taking the 
logarithm of (46) and assuming for simplicity that m 
is even, we have (m= 2k, n= 21) 


k ol 
InZmn= hl In2+ SY In(x?+y?+27 cosa,+y? cosB,), 
q=1 r=1 (69) 


a,=2nr/(214+1), By=2xq/(2k+1). 


By extending the limits of the sum and _ inserting 
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missing terms, we may write 


2k 21 
InZmn= hl In2+3 > YS In(ax?+y’+2? cosa,+y? cosB,) 


q=0 r=0 


2k 
i > In(22*+ y’?+ y* cos.) 


q=0 


21 
—15 In(2y?+22+-2? cosa,) +} In(2y’+22*). (70) 


r=0 


Now the summands of the three sums are periodic 
functions of their arguments a and @ (regarded as 
continuous variables) and the equispaced points of 
summation cover the complete periods. Furthermore, 
the summands are analytic functions of a and 6 except 
for a singularity in the first summand at a=6=r. 
Consequently, we may write 


InZ mn= kl In2+ (2r)-?(k+4) (1+-4) 


x | / In(a?+ y?+2? cosa+y* cos8)dadB 
0 0 


— (1/4) (k+4) / In(2x°-+-y"+-y* coss)ds 


0 


— (1/41) ata | In(2y?+2?+2? cosa)da 
0 


+ 4 In(2y?+227)+emn, (71) 
where the truncation error €», arises almost entirely 
from the approximation of the first integral in the 
region of the singularity. (The errors from the remaining 
regions and from the single integrals fall off exponenti- 
ally fast with m and m and are thus asymptotically 
negligible.) Performing the second and third integrals 
in (71) yields the terms 

— (k+4){In[a+ (22+-y*)#]—} In2}, 

— (1+-4){In[y+ (22+ -y?)#]—} In2}, 
which represent contributions to the free energy from 
the boundary (or edge) of the lattice. 


Specializing the results to the symmetric case 
x=y=1, we find 


InZ mn (1,1) ~mn(G/r)— (m+n)[4 In(1+2!)— (G/r) ] 
| +Cmn, (81) 
where 


Cman= €Emn +3 In2+ (G/r)—In(1+2!). (82) 


The excess contribution to the free energy (divided by 
kT) per boundary site is thus 


2 In(1+2!)— (G/2r)=0.074 563 0. (83) 


This is positive because the steric hindrance of the 
boundary reduces the number of allowed configurations. 
It is not difficult to see that the truncation error €mn 
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is bounded and tends to a positive limit dependent 
only on the ratio m/n. Its actual value is most readily 
estimated by comparing the numerical values of the 
sum and integral for small m and m and extrapolating 
to the limit m,n—> ©. For m=n the error behaves 
approximately as 


€nno~0.170+0.046 ‘n. (83) 


By symmetry one can see that the dependence on m/n 
is quadratic in [(m/n)—1] near m=n. Consequently, 
for most practical purposes the limiting value is 
sufficiently accurate and C,,, in (82) may be taken 
as 0.100. 


8. INTERMEDIATE DENSITIES 


In the previous part of the paper the dimer problem 
has been solved only in the close-packed limit z=0. 
In the absence of y-dimers, on the other hand, the 
theory of Secs. 2 and 3 is valid for all z and the limiting 
result per site is then 

InZ(x,0,2) = (1 2n) | In(2?-+2x+2x cosw)dw 


0 


=In3[s+ (2?+42)!]. (84) 
The last form of this result is easily verified by gener- 
ating function techniques" since it corresponds to the 
result for a one-dimensional linear chain. It may also 
be derived independently from the exact close-packed 
result (43) or (46) by considering a lattice of only two 
rows. Each y-dimer can then be identified with a 
monomer and each x-dimer will be “paired.” Conse- 
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quently, replacement of x and y by x! and 3, respec- 
tively, yields (84) directly. 

For comparison with the close-packed formula (50) 
(in which z=0), we may recast (84) in the form 


InZ (x,0,2) = In2+ (27)? 


xf f In[_x?+-222x-+432'+-2? cosa |dadB. (85) 
0 Jo 


Comparison of (85) and (50) suggests various possi- 
bilities for the complete result Z (x,y,z) but none of the 
obvious conjectures generate the exact low-density 
expansion." 

In fact the complete partition function can be 
expanded as a series in y, namely, 


InZ (x,y,z) =In3[s+ (2?+4x)! ]+-y/(2?+4a")+0(y*). (86) 


The surprisingly simple first-order term in this expan- 
sion has been derived by the generating function 
method applied to an infinite two-row lattice. A few 
further terms might be found by examining three- and 
four-row lattices. The result (86) could also have been 
derived via a Pfaffian from the general theory of Secs. 
2 and 3 applied to a lattice with y-dimers between 
alternate rows only. Real progress towards a complete 
closed expression for Z(x,y,z) seems, however, to need 
a further innovation in technique. 
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We investigate the dependence of the pressure of a homogeneous 
system, at a given density p and temperature T, on the number 
of particles V. The particles of the system are assumed to interact 
via forces of finite range a and are confined to a periodic cube of 
volume L’, p=N/L’. We find that there are generally two types 
of N dependencies in the pressure and other intensive properties 
of the system. There is a simple dependence which goes essentially 
as a power series in (1/N) and may be computed explicitly in 
terms of the grand-ensemble averages of these properties where it 
is absent. The other, more complex, dependence comes from the 
volume dependence of those cluster integrals which are large 


1. INTRODUCTION 


HE purpose of this paper is to consider some 

properties of systems with a small number of 
particles. More specifically, we are interested in the 
dependence of the pressure on the number of particles 
N in a periodic box of volume L*=N/p for a given 
density p. For a system of macroscopic size, the depend- 
ence on JN of the intensive variables and distribution 
functions is of interest only in very special cases which 
we have investigated previously.! The recent machine 
calculations of Alder and Wainwright and Wood? of 
the pressure of a collection of hard spheres, at various 
densities, varying in number between 4 and 500 do 
however supply “experimental” results for a system of 
small V. The results do not seem to yield any simple 
pattern for the dependence of the pressure on V and 
seem to be unrelated to the V dependence of the first 
two virial coefficients given explicitly by Mazur and 
Oppenheim.’ 

Our interest in this problem arose from the fact that 
we had recently derived a simple expression for the 
coefficient of the 1/N term of the low-order distribution 
functions in the asymptotic region (large separation 
between groups of particles). One method of proof we 
used indicated that for a system with periodic boundary 
conditions our result should give the N dependence of 
the whole radial distribution function and of the 
thermodynamic quantities whenever the virial expan- 
sion converges. The expression we obtained for the 
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Mathematics Center, Institute of Mathematical Sciences, 
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enough tq wind at least once around the periodic torus. These 
do not appear in a virial expansion for terms k< (N/pa*)!. They 
play however a dominant role in the N dependence observed by 
Alder and Wainwright in their machine computations on a hard- 
sphere gas. While the explicit calculation of these terms is very 
difficult and has been carried through only in a few special cases, 
they may be related, approximately at least, to the radial distribu- 
tion function in an infinite system. We also find an expression for 
the correlation between the particles of an ideal gas represented 
by a microcanonical ensemble. 


dependence of the pressure on NV was indeed in agree- 
ment, when expanded in powers of the density, with 
that of Mazur and Oppenheim, but in complete dis- 
agreement with the published results of Alder and 
Wainwright, for the medium to high density region. 
This led us to investigate the problem more carefully. 

We discovered that the discrepancy arises from the 
existence ‘of two types of V dependence, one of which 
does not appear at all in the virial expansion at large NV, 
but is important in the range considered by Alder and 
Wainwright. The explicit calculations necessary for 
comparison with their result, which would also indicate 
the general reliability of their method, turned out to 
be too complicated however and were carried through 
only in the relatively low-density region. We found 
further that there is a relationship between the cluster 
integrals involved in these volume corrections and the 
coefficients of the density expansion in the radial 
distribution function g(r) in an infinite system. 

The general formulation of the problem is given in 
Sec. 2, where we express the pressure p(V,V)= p(N,p, 
{b’}) as the ratio of two polynomials in p, of order N. 
The coefficients of p* are given explicitly as polynomials 
in NV with coefficients which are themselves functions of 
the cluster integrals b,’, }<k+-1. For a periodic rectan- 
gular box, },’ will have an implicit dependence on V for 
l>L/a, a being the range of the intermolecular forces. 
and L the length of the smallest side. For a given V 
this is largest for a cube L*=V, which is the only shape 
we shall consider explicitly since the extension to 
other shapes is obvious. Alder and Wainwright use 
rectangular boxes for 8 and 16 molecules, and thus the 
volume dependence of the 6,’ begins at the same density 
for these V as for V=4. 

In Sec. 3, we expand p(.V,p,{b’}) as a power series in 
p and show that the coefficient of p* is a polynomial 
of order k—1 in 1/N. The coefficient of (1/N)/ is a 
function of the 6;’, /<k, and also depends implicitly on 
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N for k> N. Considering only the low virial coefficients 
(i.e., the volume-independent ones) Oppenheim and 
Mazur had found a recurrence relation for these 
coefficients a,/ (as well as for the 1/N terms in the 
distribution functions) in terms of a,° which was shown 
to equal the usual volume-independent virial coefficient 
of Mayer’s theory. As indicated before, this is true only 
for k<L/a=(N/pa*)', which for small N is very small; 
thus for N=8 and pa*=} it holds only for the first 
two virial coefficients. It is however still true that a,°, 
the value of the N-independent coefficient of p* is the 
same as that of f* in the expansion of p, where p is the 
average value of the pressure for a system of average 
density f in a volume V represented by a grand canon- 
ical ensemble. The values of a,° for k> N are also given. 

We then present an alternative, more direct, proof 
of the above result and also find explicit expressions for 
the 1/N dependence of the pressure p(N,p,{b’}) in 
terms of ji(p,{b’}). This yields the corrections to p as a 
power series in 1/N, the first term of which is p(V,p,{b’}) 
= p(o,{b’})— (p?/2N)d |In(dp/dp)/dp. This expansion is 
correct for all virial coefficients up to k= N, while for 
k>WN there are other corrections due to the essentially 
discrete nature of NV. The extra correction terms are 
of lower order in 1/N, so that the 1/N term should 
also hold for dense systems. 

We see from the above that the complete V depend- 
ence of the pressure consists of two parts: the explicit 
terms in 1/N and the implicit volume (V) dependence 
of p through the },;’. The explicit 1/N dependence 
would always lead to an increase in p with N for a 
hard-sphere gas. As indicated earlier, however, the 
implicit volume (V) dependence of j enters very early 
in the virial expansion when N is small: k > (Npa*)!. 
It is the nature and initial form of this dependence 
(which appears the dominant one in the Alder- 
Wainwright results) which we consider in Secs. 4 and 5. 


2. GENERAL EXPRESSION FOR THE 
CANONICAL PRESSURE 


We consider a system of N particles, interacting via 
two-particle forces, in a periodic cube of volume V = L’. 
The pressure of this system at a given temperature T 
will be obtained from the canonical ensemble. For a 
hard-sphere gas, the potential energy over the allowed 
configuration space vanishes and the canonical pressure 
should conicide (assuming ergodicity in configuration 
space) with the virial pressure of a single system of 
total energy 3NA&7T/2. It is the latter pressure which is 
computed by Alder and Wainwright. 

The partition function of a general system of the 
above type may be written as* 


VX 2am 3N/2 
i —( ) Z. 
N!\ Bh? 


*T. Hill, Statistical Mechanic 
Inc., New York, 1956). 


(2.1) 


McGraw-Hill Book Company, 
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PERCUS 


N-1 


Z. x Axp*, 


k=0 


(p= N/V) 


A,= XY {[NY(N-k- ¥ m1] 
l= 


{mz} 2 


where the {m1} satisfy 


> (l—1)m,=k, 


9 


and 


II (fe 


connected i<jei,---l 


B6(rij)—1)dly---dt. (2.4) 


8=1/kT enters as a constant parameter throughout, 
and we shall henceforth set it equal to unity. Since 
ratios of factorials can be expanded in terms of the 
Stirling numbers of the first kind,® 


a(x—1)---(x—-s+1)= © S/x, (2.5) 


i 


(2.3) may be further developed in a Laurent series in NV. 
We have 
N-1 
Z.= > p*N'*C.{N,{0’}), (2.6) 


—~ 
k= 


2k—1 1\? 
C.(N,{0'})= ¥ cute -), 


7=0 


=o so (by')™ 
CA{b'}=> S74 TT — 


l=2 -m,! 


where v= k—} >. m; and the range of {mz} is the same 
as that given in Eq. (2.3). 

The C,/{b’} of (2.7) are seen to be polynomials in 
the connected cluster integrals 5,/ for 1/<k+1. In a 
periodic system, the 5,’ will be independent of the 
container volume V = L’ whenever / < L/a, or 


1<(N/pa*)}, (2.9) 


where a is the range of the interatomic potential, 
assumed finite. (The volume-independent cluster in- 
tegrals will be denoted by 6;.) Thus, from (2.1) and 
(2.6), the pressure p=0 InZ/dV becomes 


N-1 
p(N,V)=p—[1+ ¥ N'C.(N,{0})p*}? 
k=1 


N-1 


xX X NLRC, {0})—C.(N,{8'}) Jo**!, (2.10) 
k=1 


5C. Jordan, Calculus of Finite Differences 
Company, New York, 1947), p. 142. 
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where 
: 0 
C.(N,{b'}) = V—C,(N,{0’}) 
0 


V 

[=0 for k <(N/pa*)*]. (2.11) 
In particular, for VN <(N/pa*)!, or V>(Na)', the only 
dependence of p(V,V) on V is in the explicit form of the 
ratio of two polynomials in p= V/V. Hence for a given 
N, there will always be some volume V(N) such that for 
V>V(N), p(V,V) is an analytic function of 1/V and 
may therefore be expanded in a Taylor series in p for 
some range of p. For a two-dimensional system, the 
condition is V>(Na)?, and in one dimension V> Na. 
For a hard-sphere system, the condition is always 
satisfied in one dimension. 


3. VIRIAL EXPANSION 


Suppose then that V>V(N), so that b,/=0;. The 
second term of (2.10) drops out, and we may write 


P(N V)= > ax(.V,b)p*, 
k=1 
V>V(N) (3.1) 
a | 
InZ.=N Zz -a +19", 
k=1 B 
where 


c<N 


aK V,{b}) - | 
k—1 1 ? 
Bs cal Nba sb ( ), k>N. 


Here ax/(N,{b}) is gotten from a,/{b} by setting all d, 
equal to zero for ]>N. The limit 7=k—1 in (3.2) stems 
from the fact that the coefficient of V~* in (2.2) is a 
polynomial in N with constant term missing; the 
coefficient of V-* in p=(0Z/0V)/Z of (3.1) must also 
have this property. The limit j7=0, as opposed to 
j<9, is implied by the requirement that the virial 
coefficients remain finite as NV — «. This can also be 
established directly. We can extend (3.1) and (3.2) to 
arbitrary volume V. When V is not necessarily greater 
than V(\), we have generally 


p(N,V) 
1 


D ame 


=pt+ 3 an V,{b})- 


where 


éu(V (8) (3.3) 
1 


re] 
a, = V—a, 
OV 
and 


a (N,{b'})=ax(N,{b}), a =0 for k<L/a. (3.4) 


It was shown by Oppenheim and Mazur, who con- 
sidered only the low-order virial coefficients, k< L/a, 
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k<N [and thus obtained Eq. (3.1) with a,’({d}) 
which are independent of N and V ] that 


(3.5) 


k 
az41°({b}) = ———A#,, 
k+1 


where (; is the usual irreducible cluster integral. This 
result is also a consequence of the fact, proven by 
Lewis,® that in the limit of V and V becoming infinite, 
p remaining fixed, the canonical pressure coincides with 
that obtained from the grand canonical ensemble for a 
system of average density p. The results of Oppenheim 
and Mazur may be carried over to the case where the 
cluster integrals are volume dependent, to yield 


The 8,’ are the volume-dependent irreducible cluster 
integrals related to the 6,;/ by the same algebraic 
relation that relates the 8; to the b;:’ 


(—1b,')™ 
- > m)! TI , (3.6) 
=2 I>2 m,! 


the summation being restricted as in (2.3), or by its 
inverse: 
M/= 5 IT 


~ 
m>O k 


(/p,’)™* 
> km, 


Il—1. 


where 
m, | 


The 8,’ take on their volume independent values 8; 
when k+1<L/a. 

It is recognized from (3.5’) that the a,°({b’}) are the 
volume-dependent virial coefficients obtained from the 
grand canonical ensemble for a system with a volume V. 
In order to gain further insight and obtain in a more 
transparent form the complete V dependence (explicit 
and implicit) of the pressure, let us consider the average 
value of (N,V) over a grand ensemble. Denoting this 
average pressure by p, we have 

x 
PAV)=> p(N,V)W(N,A,V), (3.8) 
N=] 
where W (.V,A,V), the probability of having NV particles 
in the system, is given by 


W(N,A,V)=ANZ(N,V)/Z,(A,V), 
Z,(d,V)=X AXZ(N,V)= exp[V ¥ b/d"). 


(3.9) 
(3.10) 
Using the definition of p(.V,V) in (3.8) readily yields 

] 

InZ,(A,V) 
OV 


p(a,V) P(A,V)+P(A,V), (3.11) 
. ce) 
P(x,V)=V 
OV 
6M. B. Lewis, Phys. Rev. 105, 348 (1957). 


7 J. Mayer, Handbuch der Physik (Springer-Verlag, Berlin, 1958), 
Vol. 12. 


P(A,V), 
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where 


1 k 
P(A,V)=— InZ,(A,V)=s-X ——Bya*t!, (3.12) 
V k+1 


is the usual grand canonical pressure, with 


‘ N 
a(a,{o'})=N/V=E —w(NA,V)=E 1b. (3.13) 
- 


In order to evaluate the second term on the right 
side of (3.11), we rewrite (3.12) in the form 


1 
PQ,V)=aL1-X &'s* +2 —2,'*" 
k+1 


1 t 
By’ p**", 


pl1—In(s/A) J+ ’ 
k+1 


(3.14) 
The second equality follows from inverting the series 
(3.13). We then have 
PAVY)=> pt 3.15) 
and 
1 
(kB,’ —B,')p*+! 


+1 


2 1 
~6+ | a(t) 
k=2 k 


p(A,V)= p(p,{b'}) =p— ) 


auto’) fr 3.16) 
1 


The average pressure p(f,{6’}) thus coincides with the 
N-independent terms in p(NV,V)=p(N, ,{6’}) for all 
virial terms k<N, and p=. The form p(N,p ,{b’}) 
separates the explicit \V-dependence of p from that 
contained implicitly in the volume dependence of the 
b’. It then follows, keeping the 0’ fixed, that 


lim p(.V,p,{b'}) = p(0,{b’}). (3.17) 
Vx 


The explicit V dependence of p(.V,,{6’}) may now be 
obtained by expanding p(N,V) in (3.8) about N(A,V). 
This method is not limited to the pressure but may be 
used to obtain the V dependence of any thermodynamic 
quantity as well as that of the low-order distribution 
functions. It was used by us previously! to study the 
asymptotic behavior of the Ursell functions, and we 
give an entirely different application of it in the 
appendix. Going back then to the definition (3.8), we 
write 


pr,V)= ¥ p(N(A)+4N, V)W(VA,V) 
N =( 


Z 1 i 
p(N(A,V),V) +> —(6N)'*—Pp (N,V) 
k! ON* 
_ pf 8 
= p(N,V) +(x) —p(N,3,{0')) 


2N Op? 
+O(1/N), (3.18) 


AND J. K. 


where /V=N—N. In deriving the last equality, we 
have made use of the fact that 
d 


c —_ 
((6N)?)}=\—N=N (0P/0p)"'!=pxN, (3.19) 
Cc 


aN 
x being the isothermal compressibility. 

Equation (3.18) may now be inverted to get the 
N dependence of p(.V,V). A somewhat more condensed 
form of Eq. (3.18), containing an explicit expression 
for the ((6N’)*), may be obtained as follows. We consider 
the average value of the quantity exp(aé'), where a 
is an arbitrary constant, 


(e*®%) => exp[a(N—N)]A*Z(N,V)/E A*Z(N,V) 
=exp(—aN)Z,(de*,V)/Z,(A,V). (3.20) 


But from (3.13), 


Z(A,V) -exp( | Was \; 


hence 


: 
=expLV > (a*/k!)0*~'p/dz 


We may equate coefficients of a in (3.22) to obtain 


((6.V)') 


nz | it (; 


where }-okm=l. Observing that (F(5.\))=F(0/da) 


X(expas) at a=0, we have more generally 
f(N+6N)=M exp[ / (V'-*/k!) 


x (a' 16 dz*—')(0 Op)’ | f(d), (3.24) 
where SX indicates a normal order in which all 0/0, go 
to the right before evaluation. 


According to (3.18) and (3.24), 


p(p,{b'})=MN expl > (V'-*/k!)(0*—'p/dz 


(3.25) 


xX (ad Op)’ 1p (p,V,{b’} ). 
One further sees from (3.19) that 
0 0 
Fx), (3.26) 
Op 


Inserting (3.26) into (3.25) and inverting the resulting 
series to find the explicit V dependence of p(N,V), 
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which we have written as a function of p, V, and {0’}, 


:- 1 
p(o,h 409)=| 1-—p'x saad 


2V- Ap” 
9 \e® 1 
x( ‘ ) ————— ae 


Op® 8I Op' 


~ PX 
6V? 


> 


0 0" 
xt [ovo (3.27) 
Op” 0p” 


In terms of V, we thus have 


PCN ,p,{b’}) 


| 7(0,(6'}). (3.28) 
‘ J 


Op’ 40p” dp? 


Equation (3.28) will result in a virial expansion of the 
form 


pi \,p,{b'} ) 


ed | 1 1\? 
i | avte')— auth |( Jot (3.29) 
k=1 j=0 k—1 N 


i.e., we do not get the correct V dependence of Eq. (3.2) 
for the a,? when k> JN, which is not surprising in view 
of the fact that we have treated N as a continuous 
variable. Actually, p(,V,{’}) is a discontinuous 
function of p, the position and size of the discontinuities 
depending on V, which cannot be included in a power 
series. This can be taken care of by using an Euler- 
MacLaurin rather than a Taylor series expansion, or 
more simply by setting all b,’=0 for k>N in the 
explicit expansion. 


4. ANOMALOUS VOLUME DEPENDENCE 


lor virial expansion terms with k<L/a, there is no 
volume dependence in the a’ of (3.29), so that these 
terms in the expansion of p(p,{b’}) and P(p,{b’}) are 
the same. Since 0P/dp=1/px, (3.28) then becomes 


PCN, p,{}) 


1 oa 1 | 1a 
P(p)+-—p*— In(px)—— | Inpx 
3 \ 


Op | 8 dp® 


0 3 
Inpx— Inpx + nox 
24 dp? Op 24\d 


1/0 2 1 0 | 1 


6\dp 3 dp’ N? 
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for terms in the virial expansion with k << L/a. When the 


last equation is expanded in p, defining 


P(p)=p+Bp?+Cp'+::: 


and thus 


x=B[p—2B+ (4B°—3C)p+---], (4.2) 


we obtain 
1 1 
P(N ,p,{b'}) = + (1- Bott] C+ alles, 


) 


1 ee B) p+ -+, (4.3) 


This V dependence of the virial coefficients has pre- 
viously been obtained by means of a recurrence relation 
by Oppenheim and Mazur. As we have seen, however, 
it is only valid through the kth virial coefficient, where 
k=L/a=(N/pa*)'. In particular, for a hard-sphere 
with maximum density p,.=V2/a*, the above 
relations for the NV dependence of the pressure hold for 


(and k<N). (4.4) 


Thus for V=8, they will not be valid even for the 
third virial coefficient unless p/p.<8/(27v2)~4, and 
hence are not relevant at the densities considered by 
Alder and Wainwright. 

When (4.4) is violated for virial coefficients which are 
not negligible for the equation of state in the region of 
interest, the volume dependence of the pressure at given 
density may be strongly affected by the volume depend- 
ence of the 6)’. A little thought shows that in a period- 
ically bounded system, this volume dependence arises 
only from those terms in a cluster which would vanish 
if VY is increased sufficiently. This means that the 
cluster must be at least doubly connected, and in fact 
must have at least one loop which touches diametrically 
opposite boundaries, i.e., it winds at least once around 
the “‘periodic” doughnut. If we think of this doughnut 
as made out of rubber which can be inflated, then the 
volume dependent clusters are those which would burst 
as the doughnut gets larger. The first contribution will 
come from the ring clusters, and they can be evaluated 
explicitly. For example, in a four-particle system, the 
first volume dependence will appear when a four- 
particle ring can touch opposite walls, that is, when 


gas, 


k <(p,/p)#(N/v2)! 


p/pe > 4/ (V2X 4"); (4.5) 
this will be the only contribution to volume dependence 
until a 3-particle ring can do the same, 


p/pe=4/ (v2X3'), (4.6) 


at approximately double the above density. 

Let us compare the usual residual NV dependence of 
the pressure with the “anomalous” dependence engen- 
dered by the variation of cluster coefficients with 
volume. According to (4.1), the leading term in the 
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former is given by 


a 
P(N ,p,{}) = p(V,p) = P(p)-—p*— In(1/px), (4.11) 
2N dp 


which for repulsive forces (or more accurately, for 
#p/dp?>0), necessarily increases as N increases at 
fixed density. On the other hand, if the volume depend- 
ence adds a term AZ, to the coordinate partition 
function, then p’= p+ (d/dV) In(Z.+AZ,.) compared to 
an uncorrected p=p+ (0/0V) InZ.. Hence to first order 


@ OZ, 


p'=p+— ' 
oy Za 


(4.7) 


whose V dependence may be expected to be governed 
principally by the rate of growth of AZ.. 

Suppose that the largest relevant cluster coefficient 
for a given system at density p is 5). For an N-body 
system the coefficient 5;, but not 6:;_;, shows an anom- 
alous volume dependence when NV/(/—1)*>pa*>N/P. 
According to (2.3), the “threshold” behavior of Z, 
is then 

N! 
AZ.= 


p'—"Ab,. (4.8) 


(V—D IN“ 


It is clear that, counting the three possible ways of 
stretching from wall to wall, and calling 2 a unit 
vector in the z direction, 


3(l—1)! F . 
Ab;= ( — )v | ete | fl Ti) f(t12) f (tea) - — 
(L!V) ‘ J 
XK f(ti2-1) f(2L—r)dr“ 


| oes | f(t): ++ f(r)b(S 2r;—L8)dr' 


. | f(ti)- ++ f(r) 
. <exp[is- (>> r;—L8) |Jdr'ds 


3 
=—— | (f,)' exp(—iLs,)ds 
8x*] | ” 
= (3/2x*IL) (f.)! sin(sL)sds. 


/ 0 


RY) aD 


hw . (f.)'e isLsds, (4.9) 
4n7IL J _, 


where 
f(ir)=(e*"—1), and f,= | f (r)e***ds. 
In general, for a repulsive potential, f(r) is negative 


and Adb,, directly from its coordinate integral expression, 
has the sign (—1)'. In particular, for hard spheres of 


AND J. K. 


PERCUS 
diameter a, a more detailed result may be given. We 
have 


f.=— (4n/s*) (sinas—as cosas) 
= — (2mi/s*)[ (1+-ias)e—**— (1—ias)e'**], (4.10) 
so that 


Abi= (—1)"(3i/4n*1L) (2)! | t u ) 
. Jj 


X (1+ias)#(—1)-4(1—ias) 
Xexp[is((J—27)a—L)] las. 


For a contour passing below the origin, if /a> L> (J—2)a, 
only the 7=0 term contributes, so 


3i d\3 
abi=(— Joaniyen( ) 
4° 1L ds 


X (1—ias)'e 
J 1 
= (—1)—(2x)-'———_(la—- L) 
IL (31—2)! 


du 


3\ (2x) 
ab.=(—1)(. ) ——_—— (Jg— J) 
LL/(21—2)! 


Xa'o(—I1, 21—1;1—L/a), (4.11) 
where @ is the confluent hypergeometric funciton ,F). 
For large A and B, small x, one has 

a A 


me(A.B: 2) =—s}-— ——— 
B  BB(B+1) 2 


B-—A x 


(B—A)(B—2A) x’ 
+— — a (4.12) 
B*(B+1)(B+2) 3 


In the present case, x1, and hence we have from 


- 


(4.8), (4.11), and (4.12), 
(—1)! 
l (21—2)! (N—D)!N*" 


L\2+3 —/ Ez 
x(1- ) exp) - (:- I (4.13) 
a 2l-—1 a 


3a i3 N ! 
AZ = 


(2xpa*)! 
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Since the },,; ring contribution to AZ, is roughly 
— (2xpa*)[ (J+-1—L/a)*"/ (I—L/a)*** JAP times that due 
to 5, the large 1 asymptotic }; contribution of the rings 
in fact going as 


AZ.~ (—1)'(6Na/L) exp(—3L/2a) (}1e*pa*)*/14, 


the expression (4.13) is dominant among clusters / and 
higher only for quite small p, say pa*<7y5, or for the 
threshold / little smaller than N. Let us investigate 
numerically the situation for a somewhat higher 
density, pa*=}. We will be interested in the pressure 
deviation, which according to (4.2) and (4.13) is given 
by 


AZ. 1 ,. S 
Ap=—— {p—(1+ -——- )o 
Sa N 21-1 3a 
L/a 


1 ; 
+— | s- 2+ (21—2)- —— hI. (4.14) 
3N l—(L/a) 


(N— 


)(N—2)(N—3) 
Z. 1+ (V—1)byp + peta mel 


SS ? 


6N? 


(N—1)(N—2)(N—3)(N—4)(N—5) 
+ SEAM AT AGB, 


N-2 N-2 
- | 1-+b:o+——(bs'— $b,'*)p+ ——(N— 3)by’— (SN 


Neglecting the difference between 6’ and 8, and 
inserting Eq. (4.17), we obtain the “free boundary” 
partition function 


3 N-2 
7.=| 1-Bo+ - Bp? 
16 N 


N-2 N-1 
+——(7.16N — 20.9) B*p. - | . (4.20) 
N 


At pa’=4, we find from (4.15) the N= limit 
p/p=1.75. The expansion, Eq. (4.3), in powers of 1/N 
goes as 


1 1 
A(p/p)= _ $ra%p) +— 6 (Snap) 


1 
= 5hGratp)+---. (4.21) 


rT? 
2 


This may be compared with the results obtained from 
Eq. (4.18) when 0’ is set equal to 6 but the NV dependence 
is kept exact, and is tabulated in Table I. 


PROPERTIES 


(N—1)(N—2)(N—3)(N—4) 


29 
~ 12)6/64'+| —(W- 10)" | és 
6 


OF SMALL SYSTEMS 


For hard spheres, the virial coefficients are 


C=$B?, 
E=0.115B', «+>, 


B=jra', 


(4.15) 
D=0.2869B', 
the irreducible cluster coefficients 


B:=—2B, B2=—3C, Bs=—$D,-- 


yielding connected cluster coefficients 


b2= 3681= —B 
b3= 38°+48.= (27 '16) B? 
ba= 382 +B1824+- $83=3.554B°. 


(4.17) 


The coordinate partition function for a system of NV 
particles may be written out explicitly from Eqs. (2.2), 
(2.3) as 


(N—1)(N—2) 
(b2’)?+ se | 
N 


- - bo'b;’ 


San steiisingtincasictadit 
N? 


(N—1)(N—2)(N—3) 
6 | $++» (4,18) 


» 7 


(4.19) 


TABLE I. Explicit W dependence of the pressure. 








N p/p Eq. 4.21) 
1.45 

1.56 

1.61 

1.68 


b/p Eq. (4.18) 


The lowest size anomalous cluster which exists for a 
volume V=L'=N/p=Na'/pa' is in general given by 
N >I>L/a=(N/pa*)*. The anomalous corrections to 
Z. and p, as computed from Eqs. (4.13), (4.14), are 
given in Table II in which the N=8 result may be a 
considerable overestimate, since all contributions for 
1>4 have been neglected. 


TABLE II. Contribution of anomalous ring clusters. 





Ze AZ. 





Ap/p 


0.000 
0.040 
—0.053 





—0.0035 
—0.0024, +0.0034 
1.4210 


0.260 
0.135 
0.0316 





1680 ie LEBOWITZ 


5. RELATION BETWEEN ANOMALOUS VOLUME 
DEPENDENCE AND 2-BODY DISTRIBUTION 


The above computation involves a configuration 
space integral with endpoints separated by a fixed 
distance L, and hence suggests a relation to the two- 
body distribution function. Thus for example the 
l-particle anomalous ring cluster considered in the 
previous section is clearly equivalent, except for a 
volume factor, to a cluster of /+1 particles connected 
in series, the two end particles being kept fixed at a 
separation L. The value of this cluster integral therefore 
corresponds to the value of the coefficient of p in the 
virial expansion of the radial distribution function g(r) 
at r=L in an infinite system, providing that (/—1)a<L 
<ia, and except for a combinatorial factor. 

A more general approximate relation of this type, not 
restricted to the ring clusters, may also be derived. 
We have 

InZ.(NV spb’ ») 


N 


where the §;’, defined in Eqs. (3.6), (3.7), are (because 
of the translation invariance of the periodic box) the 
irreducible volume-dependent cluster integrals. Looking 
now at the two-particle distribution function m2(x,;—X2), 
it was shown in reference 1 that 


6 lnZ, ee ee 
=1)Ven,(x)=N > ———— 
im: R+1 Sf(x) 


‘8f(x) 


We observe that any cluster in 8,’ which winds once 
around the periodic doughnut, and which as the 
result of a single cut is no longer anomalous emanates 
(in three different ways) from a similar cluster in Bx+1 
with two particles separated by L. Conversely, if one 
performs the operation 6/6f/(L) on (k+1)!VBx41, two 
types of terms result: those in which the pair separated 
by Z has two connections to another particle, and 
these vanish for L >2a; the remainder, which become 
legitimate anomalous elements of k!V8, when the 
pair is identified as a single particle. Dividing by 
(k+1)(k+2)/2 is equivalent to differentiating with 
respect to a single specified link and hence to considering 
those diagrams in which a specified particle say 1 
appears with its periodic image. Ring clusters are 
counted correctly by this procedure but all others are 
underestimated. With this proviso, we have 


) 


~ 


5 
4(k!V8,)=——_-3——-(k+1 


1VBx41), 
(k+1)(k+2) 5f(L) 


(5.3) 


6 6 
AB, = . Bi +1, 
k+26f(L) 


k>1. 


(5.3) 


AND 


J. K. PERCUS 
Hence 
p> 6 
AlnZ,.=N - —— 
k=l k+1k+26/(L) 


N 2 : f 
-6/ pe dN 
oT R+28f(L) 


6841 


oN 1 


=3| —[no(L)—p? dN. 
/0 p* 


(5.4) 


As a check, suppose that L> 2a; then in the Nijboer-Van 
Hove® notation, m2(L)=p*1+p'g2(L)+p%g3(L)+--- ], 
A InZ,=2N[4e?g2(L)+4p%g3(L)+---]. In the special 
case of hard spheres with pa’=}, N=3, L/a=2.29, 
so that A InZ,=,°;(—0.114) = —0.021, which coincides 
with the result of Table II if (Z,)'¥ is given its infinite- 
particle limiting value. 
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APPENDIX I. CORRELATIONS IN A 
MICROCANONICAL ENSEMBLE 


We present here, mainly for the purpose of illustration 
of our method, a simple derivation of a formula derived 
rigorously, and incidentally quite laboriously, by 
Khinchin.? Consider a system of N_ independent 
particles represented by a microcanonical ensemble of 
fixed energy E. This fixing of the total energy is the 
source, the only one, of correlations between the 
particles. It is the form of the correlations, which are 
intuitively of order 1/N, which we seek. To apply our 
method, we compare the value of a function in a 
system with energy E (i.e. average 
canonical ensemble) with its average value over a 
canonical ensemble of temperature 7. This temperature 
is chosen so that the average energy E is equal to E£. 

We then have, in complete analogy with Eq. (3.18), 
for a function a(E) (with 8=1/k7T), 


over a micro- 


- = o | oO" = 
4(8,(E))=a(E)+ > —((6E)*)—a(£), 
k=2 k! Ok* 


(1.1) 


and keeping only terms to order 1/N, we have as a 


consequence 


a(é)=d(8(é))—43kT?*(Cy/N*)0a(B(@)/d@, (1.2) 


where Cy is the specific heat of the whole system at 

constant volume [which is of order O(N) ], €=E/N, 
and we have used the fact that 

((8E)?)= —dE/d8=0? InZ/ag?=kT°Cy 

8B. R. A. Nijboer and L. van Hove, Phys. Rev. 85, 777 (1952). 


A. Khinchin, Statistical Mechanics (Dover Publications, New 
York, 1949). 


(1.3) 
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Here, Z is the classical partition function, 


. e 
| expl—B8 & h,(x;) \dxy-+-dxy 


i=l 
" 
= ][:(8), (14) 
i=1 


in which x, denotes the set of canonical variables of a 
single particle and h;(x;) is the Hamiltonian of that 
particle. 

Let $(x1), (v2) be some functions of the phase 
spaces of particles one and two respectively. Then we 
define 


o(E)=(o(%))) ez 


| gle 0S h(x) —E War --den 
. -, (L5) 


/ ocx h,(x;)— E \dx,---dxy 


$(8)= | o(de 6h(2) dx1/21=(), (1.6) 
with corresponding expressions for ¥(Z), (W), and for 
(o(x,)¥(a2)). This latter quantity has the obvious 
property 


(ov) = (oY). 


When use is made of Eq. (1.6) for each of the quantities 


(1.7) 


PROPERTIES OF 


SMALL SYSTEMS 


o(£), W(E) and (6(x;)~(x2)), we find 


1 ded df 
—|—— | as) 
N OBLOE dé 

The quantity 0¢/0@ may be evaluated directly from 
(1.8) by changing y=/e: 


((o(21)—0(€) |W (x2)—-¥(2 |) e= 


a6 dB dd AB al 
—=— —=—((o("1)—¢ | h2(x2)—he() }). 


= (1.9) 
d@ 008 de 


If we neglect terms lower than first order in the coeffi- 
cient of 1/N on the right side of (1.8), which is correct 
to the order we are working with, we may write 


0d OB = 
: é) \[heo(a2) — ho) ]) x. 


(1.10) 


Combining Eqs. (1.10), (1.9), and (1.3) finally yields 


. 0? Inz1\ 2/0? Inze\ 3 0? InZ 
ail TS LAE 
ap? a a? 


KR(O)RW,he), (1.11) 


where 


R(o,y) =((o(a1) —6(@ Jv (x2) -—¥ (2) ])z 
{([o—$(2@) P)e(¥—wv (2) })e}. 


Eq. (1.11) is identical with Eq. (91) of Khinchin. 


(1.12) 
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Variational Derivation of the Steady State 
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For a system undergoing Markofhan irreversible change of state, a concept of persistency (shown to arise 
naturally from a physical microscopic description of the system) is introduced; it is defined as the probability 
that a certain state persists during a short time interval without drifting away from the state. This concept 
is used in deriving a theorem which says that “the steady state of a Markoffian irreversible process corre- 
sponds to the maximum of the persistency.” This theorem holds even outside the range of validity of 
Prigogine’s principle of minimum entropy production, namely, even when the steady state is not close to 
the equilibrium state or even when the process is nonlinear. The proposed function is derived from the 
path probability for irreversible statistical dynamics previously reported by the author. The theorem is 
first applied to a system of two level atoms interacting simultaneously with a heat bath and a radiation 
field. Next, Kohler’s variational derivation of the Boltzmann transport equation is shown to follow from 


the theorem. 


I. INTRODUCTION 


HE question, “which state variable has its 

extremum when the stationary state is reached?,” 
first recorded by Ehrenfest,' is partly answered by 
Prigogine’s principle? of minimum entropy production 
(min dS/dt). This is not a complete answer, however, 
because the validity of this principle is restricted by 
the following conditions**: 


(1) Phenomenological laws are linear, 
(2) Onsager’s reciprocal relations” hold, and 
(3) Phenomenological coefficients are constant. 


A large amount of effort was spent by many workers in 
trying to find a better variational principle which is 
free from these restrictions, as are evidenced by the 
large number of publications on this problem."-” 


1 P. and T. Ehrenfest, Encyk. Math. Wiss. Vol. 4, Heft 6, p. 82 
(1911). See also S. R. de Groot, Thermodynamics of Irreversible 
Processes (Interscience Publishers, Inc., New York, 1952), Chap. X. 

21. Prigogine, Etude Thermodynamique des Phénoménes Irréver- 
sibles (Editions Desoer, Liége, 1947). 

*K. G. Denbigh, Trans. Faraday Soc. 48, 389 (1952). 

4A. E. Nielsen, Acad. roy. Belg., Bull. classe Sci. 40, 539 (1954). 

5M. J. Klein and P. H. E. Meijer, Phys. Rev. 96, 250 (1954). 

*I. Prigogine, Thermodynamics of Irreversible Processes (C. C. 
Thomas, Springfield, Illinois, 1955). 

7™M. j. Klein, Transport Processes in Statistical Mechanics, 
edited by I. Prigogine (Interscience Publishers, Inc., New York, 
1958), p. 311. 

8M. J. Klein, Termodinamica dei Processi 
(Zanichelli, Bologna, 1960), p. 198. 

°H. B. Callen, Phys. Rev. 105, 360 (1957); Transport Processes 
in Statistical Mechanics, edited by I. Prigogine (Interscience 
Publishers, Inc., New York, 1958), p. 327. 

10 L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 

11 R. Haase, Z. Naturforsch. 6a, 522 (1951); Ergeb. der exakt. 
Naturw. 26, 56 (1954). 

12 P, Glansdorff, Physica 19, 737 and 1029 (1953); Acad. roy. 
Belg. Bull. classe Sci. 39, 971 (1953). 

18[. Prigogine, Acad. roy. Belg. Bull. classe. Sci. 40, 471 (1954). 

4]. Prigogine and H. C. Mel, Acad. roy. Belg. Bull. classe 
Sci. 40, 588 (1954). 

16H. C. Mel, Acad. roy. Belg. Bull. classe Sci. 40, 834 (1954). 

16 P, Glansdorff and I. Prigogine, Physica 20, 773 (1954). 

17J. Prigogine and R. Balescu, Acad. roy. Belg. Bull. classe 
Sci. 41, 917 (1955); 42, 256 (1956). 

18H. Wergeland, Transport Processes in Irreversible Statistical 
Mechanics, edited by I. Prigogine (Interscience Publishers, Inc., 
New York, 1958), p. 324. 


Trreversibili 


The present paper answers this question by applying 
the path probability method of statistical dynamics for 
Markoffian systems proposed by the author pre- 
viously.27 In Sec. II the concept of persistency is 
introduced and a theorem is proposed that the persist- 
ency is the variational function sought after. This 
theorem is free from any one of the three restrictions 
listed above. In Sec. III the theorem is applied to a 
simple problem of two-level atoms analyzed by Klein.’ 
In Sec. IV, the case of electrons in a crystal under an 
external electric field is discussed to show that Kohler’s 
variational derivation” ** of the Boltzmann transport 
equation results from this theorem. 


Il. PERSISTENCY 


In order to prepare for the derivation of a function 
which takes a maximum value in the steady state, the 
path probability method** developed previously will 
be summarized briefly. Consider an assembly composed 
of L systems, L being an arbitrarily large number. States 
of a system are labeled by i=1, 2, ---. A state of the 
assembly at time ¢ is specified by a set of probability 
parameters {,(¢)} (i=1, 2, ---) such that L,(t) is 
the number of systems (in the assembly) which are in 
the state 7. The set of numbers { p;(#)} may be regarded 
as a vector and will be denoted by p(¢), interchangeably. 

The process in which the state of the assembly 
changes during a short time interval r from ¢ to t+7 
is described by a set of parameters {P,;-(t;!+7)}; 
LP,;,(t; t4+-7) is the number of such systems (in the 

1 P. H. E. Meijer and J. I. Bowen, Physica 26, 478 (1960); 
J. I. Bowen and P. H. E. Meijer, ibid. 26, 485 (1960). 

” M. Kohler, Z. Physik 124, 772 (1948). 

21 J. M. Ziman, Can. J. Phys. 34, 1256 (1956). 

22S. Ono, Sci. Papers Coll. Gen. Educ., Univ. Tokyo 5, 87 
(1955). See also S. Ono, Advances in Chemical Physics, edited by 
I. Prigogine (Interscience Publishers, Inc., New York, 1961) Vol. 
3, p. 267. 

3 R. Kikuchi, Ann. of Phys. 10, 127 (1960). This paper will be 
referred to as ICP. Applications of the method will be found in 
the following publications: R. Kikuchi, Ann. Phys. 11, 306, 328 
(1960) ; J. Phys. Chem. Solids 20, 17, 35 (1961). 

* A. H. Wilson, Theory of Metals (Cambridge University Press, 
New York, 1956), Chap. X. 
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assembly) that were in the state i at ¢ and are in the 
state j at +, the transition having occurred via the 
rth mechanism.”* The definition of p; and P;j, leads to 
the compatibility relations : 


p(t) =D; Lr Pr (t; ¢-+1), 
pi(t+7) =D Le Part; +7). (2.1) 


The probability p,(¢) will be called a state parameter 
and P;;-(t;i+7) a path parameter, since the former 
specifies a state of the assembly and the latter a path 
for the change of a state to another. 

The path probability method for Markoffian systems”* 
provides the recipe of writing the conditional probabil- 
ity*® G{ P;;,(t; /4+-7)} that any one of the paths specified 
by the path parameters {P;;,(¢; 4++7)} is realized when 
the initial state {;(/)} is known. Namely, as will be 
seen in the subsequent sections and also in the Appen- 
dixes, G{ Pi;-(t;/+7)} is written as a product of the 
following two factors: the number of different possible 
paths consistent with the set of path parameters 
{Pi;(t;t+7)}, given the initial state {p,(t)}; and the 
a priori probability for a certain path whose path 
parameters are {P,;,(t;¢+7)}. The general concept 
behind G is similar to equilibrium statistical mechanics ; 
when the partition function is written as >>. G(€) 
Xexp(—e/kT), a term in the sum is proportional to 
the probability that any one of the states of energy 
e is realized and is composed of two factors, G(e), 
which is the number of different states consistent with 
the energy, and exp(—é«/kT), which can be regarded 
as the a priori probability (unnormalized) for a certain 
state of energy «. It is also instructive to observe that 
the path probability method is an extension of the 
cluster-variation treatment?’ of one-dimensional order- 
disorder problem; when the spatial axis in the latter is 
regarded as the time axis, the construction of the free 
energy in the equilibrium theory is directly translated 
into the construction of the conditional path probability 
G{P.;-(t;t+7)}. This point is further discussed in 
Sec. V. 

Starting from the path probability thus constructed, 
which we will write as G6 {P,;-(¢;/+-7)} in order to 
distinguish it from G@ and G@ to be introduced 
below, we ask the most probable path for the short 
time interval + when the initial state {p;")(d)} and the 
final state {p;(t+7)} are specified.2* This most 
probable path is obtained by maximizing G‘”, and this 
maximum value of G‘{ P;;-(¢; t++7)} corresponding to 

26 There can be more than one mechanism of changing from 
the state i to j, for instance by exchanging energies with either 
one of many heat reservoirs in contact with the system. See 
Sec. III. 

26 In defining G in ICP, the initial state {;(¢)} was not specified. 
cage adopted here is more convenient for the present 
WOrk. 

27 R. Kikuchi, Phys. Rev. 81, 988 (1951). 

28The subscript i on p indicates the ith “component” of 
p, or the probability of finding a system in the ith state, whereas 
the superscript (1) labels the whole vector, or the whole set of 
numbers. 
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Fic. 1. A sequence of states of the assembly (schematic). 


the most probable path will be written as G“?[p® (2); 
p®(t+r7)], or G®>[p®; p®] for short; here the 
vectors p® and p® stand for the sets {p;} and {p;}, 
respectively, and ¢ and ¢+-7 in the arguments of G@” 
will not be written explicitly when they are understood. 
Hence G@?[ p(t); p®(t+-7)] is the probability of 
going from p(t) to p® (¢+7) in a short time interval r 
along the most probable path. 

Consider a certain sequence of states (of the as- 
sembly), p(t), p®(¢+7), p®(¢+2r), ---, for a finite 
time interval as illustrated in Fig. 1. The probability 
that the assembly follows this sequence, or the path, 
is written as 


Sle (4); PY (+7); ++ J=T1, GS Lp™; po]. (2.2) 


If the assembly approaches a unique steady state 
described by p“ asymptotically as the natural develop- 
ment (see Fig. 2), we can approximate for a sufficiently 
long time interval Nr, 


GL Natural path for the time interval Nr] 
(GL p; pO}, (2.3) 


because the initial transient part of the path has little 
effect. Here SG“! is a special case of G“" when the 
two arguments of the latter are identical. 

The natural development of the physical system 
corresponds to the largest probability; in other words, 
the natural path G in (2.3) is greater than G for any 
path other than the natural one, provided that the 
natural path leads to a unique steady state.2® As a 














TIME 


Fic. 2. A schematic diagram of the natural path (1) whose 
steady state is p™, and an artificial path (2) which approaches a 
state p™ asymptotically. 


* It is possible that the natural path leads to an oscillation of 
p and does not approach a unique state p‘. However, this kind of 
oscillating case is excluded from the present consideration. 
Examples of the oscillating or the cyclic processes are discussed 
in reference 17. 
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special choice, when the natural path is compared with 
an artificial path which approaches a certain state 
p™ asymptotically (Fig. 2), the maximum property of 
the natural path stated above has the consequence: 


{GUD p@ ; pO} *s {GUID p® ; p™ ]}%. (2.4) 


Since G“![p; p] is the variational function playing 
the central role in answering the question discussed in 
Sec. I, it seems meaningful to give it a name. This 
quantity is the conditional probability of going from 
the state (of the assembly) at ¢ specified by the vector 
p (or by a set of state parameters {p;}) to the same 
state p at time /+-7; in other words, it is the probability 
that the system stays in a particular state p during 7 
without drifting away from it.” Therefore it is probably 
appropriate to call SG" the persistency. Then the 
inequality (2.4) is the proof of the following theorem: 


“Tf the assembly possesses a unique steady state, it 
is the state for which the persistency is a maximum.” 


This is an answer to Ehrenfest’s question.’ 


Ill. THE TWO-LEVEL ATOM PROBLEM 


As an example let us discuss the problem which was 
treated by Klein’* and was analyzed in Sec. III of 
ICP.2* The assembly consists of Z atoms, each of 
which has two energy levels 0 and «. It is in contact 
with a heat bath of temperature T and also with a 
radiation field with a monochromatic radiation of 
frequency «/h. An atom can make a transition between 
its two states either by exchanging energy with the 
heat bath or with the radiation field. 

The same notation as in Sec. III of ICP will be used. 
The normalized probability for finding an atom in 
the lower and upper state at time ¢ will be denoted by 
pi(t) and p,(t), respectively. For the change of state, 
the path parameters are introduced. In the notation 
of the previous section, they are Py, Piur, Pius, Pur, 
Pair, and Py. Here, the subscripts r and 0 indicate 
that energy is exchanged with the radiation field or 
with the heat bath, respectively. These path parameters 
were written in ICP as P; (i=1,2, ...,6) in this 
order. The compatibility relations are 


pil) =Pit Pot Ps, 
pult)=Pit Pst+Po, 
pult+7)—pul(t)—P2—Pst+ Pit Ps=0, 


where P; is used for P;(t; ¢+-7). 

As was shown in ICP, and as will be discussed further 
in the Appendixes, the conditional path probability is 
written as 


(3.1) 


(3.2) 


® Although a finite interval + is used as a unit of time, the 
discreteness along the time axis does not do any harm, since 7 can 
be taken arbitrarily small. 

31 Tt may be noted here that persistency is a quantity derived 
from microscopic statistical dynamics and not a quantity definable 
within macroscopic thermodynamics of irreversible processes. 
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GY {P.(t; t+7)} 
=(Lp.() ]![Lp.(4) J! II CLPs(t; (+7) 


> 4 (7O,) b(Pst+ Po) (r0,) L(P2+P35) (1 _ 76;) LP, (1 — 70.) LP¢ 
Xexp[LeB(Ps—P3)/2]. (3.3) 


Here the combinatorial factors represent the number 
of different paths specified by {P;} given the initial 
state, and the remainder may be considered as the 
a priori probability that one of the paths occurs. 
Further, 6,(8,) is the quantum-mechanical transition 
probability between the two levels by exchanging energy 
with the heat bath (with the radiation field), and 
6, (0) is the probability that an atom in the lower state 
(the upper state) makes a transition in unit time by 
either of the transition mechanisms. For the path from 
time ¢ to +7, 6, and 6, do not depend on {p;(¢+7)},” 
and are determined in terms of known quantities (at 
time ¢) from the relations 


70,=[ P(t; t+7)+P;' “~ (t; t+7) ] ‘pi(t), 
706= (Pg (¢; t+ 7) +P 5” (t; (+7) ]/ pu (0), 


where P,(t;i+7) is the path probability for the 
natural path for the short time interval 7; the natural 
path is the path the assembly takes as the natura! 
development and is derived mathematically by maxi- 
minizing the path probability, keeping the initial state 
(but not the final state) fixed, as will be shown. 

In order to apply the theorem proved in the previous 
section, G { P(t; t+-7)} in (3.3) is first maximized with 
respect to P; (i=2, 3, 4, and 5) under the subsidiary 
condition (3.2), P; and Ps, being regarded as the 
dependent variables through (3.1). It may be noted 
that p,(é) and p(t) are fixed and 45, 6,, 0:, and 4. are 
constant. Multiplying (3.2) by the Lagrange multiplier 
\, adding the product to (3.3), and taking the variation 
of the sum with respect to the four independent 
variables, we obtain 


P.=16,e>P/ (1— 761), 

P3= Oye *e PP, / (1—7;), 
P4= rOye®"eP5/ (1— 765), 
Py= 10,e*P6/(1— 76). 


(3.4) 


(3.5) 


For the natural path, § of (3.3) is maximized 
without the subsidiary condition (3.2), or the P,‘™’s 
for the natural path are derived from (3.5) by putting 
A=0. Neglecting higher order terms in 7, (3.4) thus 
leads to the expressions for 4; and 4 as** 

6:=0,+6,€°?, 
66=0,+6re°°". 

32 They may depend on {/;(¢)}, as is the case for the Fermi 
statistics. See the next section. 


% Both 6, and 6, were incorrectly written as 6-+6, in (3.5) of 
ICP. This error did not affect the results of ICP. 


(3.6) 
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Here and in the previous equations B=1/kT. 

Equation (3.5) gives the most probable path corre- 
sponding to the maximum of GS for the given initial 
state at ¢ and the final state at +7. This maximum 
G®, which we call G@, can then be written from (3.3) 
and (3.5) as 


I InG"?( pult); pult-+7)] 
7Oipr(t)(€*—1)+ 76 epult)(O—1) 
+ALpu(i+ t)— pu(t) ]+0(7°), 


where the Lagrange multiplier \ is to be determined 
from (3.2) by use of (3.4) and (3.5) as 


pult+r)— pull) = rOipill)er— 106pu(O+O0(72). (3.7b) 


(3.7a) 


Before proceeding to writing down the persistency 
from (3.7), it seems worthwhile to examine the meaning 
of these equations. The fact that \=0 for the natural 
path of the system suggests that \ is a parameter which 
characterizes fluctuation of the system away from the 
natural path. When we disregard the case of large 
fluctuations which are always of minor importance, we 
may assume A is small and may neglect higher order 
terms of A. Thus, Eqs. (3.7a) and (3.7b) are expanded as 


(rL) InG@?pu(t); pult+7) J 
= pu(t)—O:pi(t) +66p.(t) |] 
+N[0:pi(t) +O6p..(t) |/2+0(7,d°), 


6: pill) —Oepu(t) —ALOipilt) +O6p.(t) | 
+0O(7,)°). 


(3.8a) 


Du (t) 
(3.8b) 


When X is eliminated from these two, we obtain 


(rL)> Ing" p. (0); pult+7)] 
= —[pu(t)—O:pil(t)+Oepu(t) P/26ipi(t)+66p.(2) | 
+0O(r7,d?). 


It should be noticed that (3.9) is a generalization of 
the expression Onsager and Machlup worked out* for 
the case of small fluctuations from an equilibrium state. 
Namely, when we assume, for instance, that the 
system is not interacting with the radiation field and 
‘that p.u(t) is close to the equilibrium value, (3.9) 
becomes identical with the expression which Onsager 
and Machlup derived. It is further seen from the 
meaning of (3.9) that the value of p, for the natural 
path is derived by maximizing (3.9) with respect to 
p.(t) keeping p(t) fixed. This procedure is a generaliza- 
tion of what Onsager called the “principle of least 
dissipation of energy.””!°:*4 

Returning to the quantity of main concern in this 
section, the persistency G“!”, we see that it is a special 
case of (3.7) for which p,(¢) and p,(¢+7) are equal. 
When J is eliminated, the persistency is then written as 


(rL)> InG™ pu; pu l= —L(ip1)!— (G6pu)* P 
+0(r). 


(3.9) 


(3.10) 


* 1. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953). 


DERIVATION OF 


STEADY STATE 1685 
Or, if we disregard O(A*), the persistency may be 
derived from (3.9) by putting p,,=0 as 


(rL) InG™[ pu; pul 
= — (0:p1—O6pu)?/2(Aipit+Oepu)+O(7,d*). (3.11) 


Here O(A*) means quantities of order \*=[(0:p:—66..) 
+ (0:pit+6cp.) |’, which is derived from (3.8b) by 
putting p.=0. 

The theorem of the previous section says that the 
expression (3.11) takes its maximum value with respect 
to p.(=1—>p)) in the steady state. From the quadratic 
expression we see that the maximum is achieved when 


0:p1:=O6pu- (3.12) 


In order to compare this relation with the result for 
the steady state obtained from the kinetic equation 
approach, we derive the kinetic equation for the 
natural path either by putting A=0 in (3.7b) or by 
maximizing (3.9) with respect to p., keeping p, fixed as 
Du =O:pi” —O6pu™. (3.13) 
Since the steady state is characterized by p,‘ =O, 
we see that the steady state derived from the kinetic 
equation (3.13) is identical with (3.12) obtained by 
the maximum persistency procedure. This agreement 
demonstrates the correctness of the “maximum per- 
sistency” theorem proved in the previous section. It 
must be emphasized that (3.12) holds even when the 
temperature of the heat bath is low and the min(dS/dt) 
principle fails.7:8 
It is instructive to compare the result with the 
entropy production. It is made of two parts: The 
entropy production in the system and that in the heat 
bath. The former is derived from the definition of 
entropy in the equilibrium theory, and the latter is by 
definition the energy flowing into the heat bath divided 
by its temperature. The entropy production in the 
universe is the sum of these two parts and is given in 
Eq. (6) of Klein’s paper,’ which is written in the 
present notation as 


(kL) “dS /dt= (0spu—9:p2) In(pu/ pr) 


+ €86(p,ec??— pre 8"), (3.14) 


Since dS/dt is defined for the natural development of 
the universe, (3.13) has been used in deriving (3.14). 

When the temperature of the heat bath is high, (3.14) 
is expanded as 
(kT) dS /dt=(pu— pu“ +0(8*) ? (0:+66)*/0106 

+ (€8)0,0,/2(0,+0,)+0(6%), (3.15) 

where p,“* is the value of p, at the steady state derived 
from (3.12), ie., pu? =6:/(0:+66). The minimum of 
(3.15) with respect to p, gives the right result pu= pu 
only when @ is small. In order to compare (3.15) with 
(3.11), we may write the latter as 


(rL) InG@ (pu; Pul=— (pu pu? 


> (6; +6.)* 46,66+ rat, (3.16) 
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Equations (3.15) and (3.16) look close but differ by a 
factor of four and also in the higher order terms of 8. 
The relation between the two will be discussed in a 
subsequent paper.*® 


IV. BOLTZMANN TRANSPORT EQUATION 


In this section we discuss a system of conduction 
electrons in a crystal which is in an external electric 
field (external magnetic field and temperature gradient 
are not considered here). The state of an electron 
specified by its wave vector k changes by way of two 
mechanisms; the external electric field changes k 
(quasi-) continuously, while the collisions with phonons 
change k discontinuously. Since the electron spin is 
assumed not to change during the whole process, it is 
not indicated explicitly. The notations of Wilson’s 
book* will be used whenever possible. 

We consider a system consisting of N electrons and 
at the same time an assembly consisting of Z systems. 
A state of the assembly is specified by the distribution 
function f(k,/) which is the probability for finding a 
system in which the state k is occupied by an electron 
at time ¢. The probability for finding a system in which 
the state k is empty is denoted by f(k,¢): or 

S(k,)=1-—f(k. 

For the change of state, the path distribution function 
P(k, t; k’, (+7) is defined as the probability for finding 
such a system in which an electron existed in the state 
k at ¢ and has moved to k’ at ‘+7, where r is a small 
time interval. In the terminology of Sec. II, f and P 
are the state parameter and the path parameter, 
respectively. We may omit ¢ and +7 in f and P when 
no confusion is expected. 

Due to the external electric field &, the electron of 
the state k changes into k+7« during r. This drift may 
be regarded as a mapping of the whole k space. The 
discontinuous changes of k due to collisions with 
phonons are superposed on this (quasi-) continuous 
mapping. The drift « is the same for all k and 


(4.1) 


x= —c&/h, (4.2) 


where —e is the charge of an electron. 
Taking into consideration the « drift, we may write 
the compatibility relations between f and P as 


f(k,O= XO Pk, t; k’+7x, t+7), 
rw 


f(k,t) =P(k, t;k+7rx, t+7) 
+ 3°’ P(k’, t;k+-7x, (+7). (4.3) 
_ 


Here P(k, t;k+7«, i+7) is the probability for finding 
a system in which the state k at ¢ and its drifted state 
k+7x at ‘+7 are both empty. The prime on >)’ 


% R. Kikuchi and P. Gottlieb, following paper [Phys. Rev. 
124, 1691 (1961) ]. 
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indicates the condition k’#k. In writing Eq. (4.3) the 
second and higher order scattering processes are 
neglected ; in other words, when an electron is scattered 
out from a state k, no other electron will be simul- 
taneously scattered into the drifted position of the 
same state k+-rx. 

The conditional path probability ¢® { P(k,t; k’,/+7r)} 
is made of three factors. The first factor G; is the 
number of different paths specified by the path param- 
eters {P(k, ¢; k’, /+-7)} given the initial state { f(k,‘)} 
and is constructed as follows. We assume that 7 is 
small enough so that in one system of N electrons, at 
most one collision occurs during r. Then the L systems 
in the assembly are classified by the pattern of a 
collision occurred in the system ;' LP(k; k’+7x) is the 
number of systems in which the collision k > k’+r« 
occurred, and L(i— >>>" P(k; k’+7x)) is the number 
of systems in which no collision occurred during 7. The 
number of ways of sorting the systems based on the 
collision patterns is then 


g%=LITLA-> dD’ Pk; k’+7x))]!"! 
k k’ 


(4.4a) 


XITIT’ CLP (k; k’+rx)) 
kk’ 


For each sorting of this kind, we can distribute holes 
and electrons on each k state among the systems whose 
k state did not participate in the collisions; this number 
of ways of distribution is 


gu? = {L[1-D(P(k; k’ + 7%) + P(k'; k+7x))}}! 
~ 


<(LP(k; k+7x) ]!(LP(k; k+rx)]! (4.4b) 
The first factor S, of the path probability is then 
obtained as the product of g™ and all the g,®’s for 
different k’s divided by the number of ways of realizing 
the initial configurations of the assembly specified by 
{ {(k,)}. The latter quantity is 


g=L' TT (CLS (kd) SLL fk) )! (4.4c) 
k 


Thus G; is, in the logarithmic form, 
L~ InGi{ P} 
= C2f(k,)+2f(k,o+201 “2 [P(k; k’+rx) 
+P(h; k+re)DI-2 ay £P(k; k’+7x) 
~ £0 ZL’ Pl kh’ +re))—¥ LEP kre) 
‘ k 


+2£P(k;k+7x)], (4.5) 
where, in order to avoid repetition of long formulas, an 

36 The derivation of (4.5) in this section looks different from the 
corresponding method in Appendixes II and III of ICP, where an 
arbitrary ordering of all the k states was introduced in counting 
Gi. The two methods, however, give the same results when r 
is small. 
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operator £ was introduced as 


Lx=-x Inx. (4.6) 


The expression L~k InG,(t; t+-7), proportional to (4.5), 
was called the path entropy of a system for the time 
interval 7 in ICP, in analogy with the entropy of the 
equilibrium theory, which is k times the logarithm of 
the number of different configurations having the same 
energy. 

The second factor in GG“? comes from the @ priori 
probability of collisions, which is 


L InGo{ P} => P(k; k+7x) InQi—7W(k)) 
k 
+¥° y’ P(k; k’+7x)In(cW(k,k’)). 


. 


(4.7) 


Here W(k,k’) for k¥k’ is the quantum-mechanical 
transition probability per unit time from k to k’ due 
to a collision, and W (k) is the total probability that an 
electron leaves the state k in unit time due to any 
collision, and is to be determined analogous to the 
method described in the previous section from the 
relation 


tW(k)=d’ P™ (k; k’+7x)/f(k,), (4.8) 
ra 

where P\(k, k’+7«) is the path probability for the 

natural path. 

The third factor in G” comes from the path probabil- 
ity in the heat bath and was proved in ICP to be the 
energy flow into the heat bath during + divided by 
2kT, so that writing the energy of the k state as Ex, 


L Ings{P}=E D! P(k; k’+7x)(Ex—Ey)B/2. (4.9) 
k k’ 


The conditional path probability G¢™ is obtained as a 
product of three G,’s, or L~ InG‘ (¢; +7) is written as 
the sum of (4.5), (4.7), and (4.9). After this is obtained, 
the procedure of applying the theorem of Sec. IT is 
the same as demonstrated in the previous section. 
First 6 { P(k; k’+7rx)} is maximized with respect to 
{P(k;k’+7%)}, keeping {/(k,)} and {/f(k,t+7)} 


fixed, or under the condition 


f(k+7x, t+7)— f(k,)—-d’ CP (kh; k+7x) 
~ 


— P(k;k’+7rx)]=0. (4.10) 


Using the Lagrange multiplier \(k) for (4.10), we derive 
the value of P for the maximum of G{ P(k; k’+-7«)} as 
P(k; k’+7x%)=7U (k,k’) 


XexplA(k)—A(k’)]J+O(7?), (4.11) 


where we used the abbreviation 
U (k,k’) = W (k,k’) f(k, 0) f(k’,t) 


Xexp[6(Ey— Ey)/2]. (4.12) 
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Since the natural path P‘”(k;k’+7x) is a special 
case of (4.11) with \(k)=0, the relation (4.8) leads to 
the form of W(k) as 


W (k)= > W(k,k’)f(k’,d) exp[@(Ex—Ex')/2]. (4.13) 
~~ 


It may be noticed that this W(k) depends on ¢ through 
F(k’,0)." When (4.11) and (4.13) are used in G® 
{P(k; k’+7«)}, the conditional path probability of 
going from { f(k,t)} to { /(k, ¢+-7)} is written as 


L Ing@({ f(k,D)} ; (f(k,t+7)} J 
=r > >’ U(k,k’)[exp(\(k)—\(k’))—1] 
: 


+¥ (Kf (k+7x, ¢+7)— f(k,)J+0(7*), (4.14) 
x 


where \(k) is to be derived from (4.10) as 
f(k+rx, t+7)—f(k,d 
=r > (U(k’,k) exp(\(k’)—A(k)) 
~ 


—U(kk’) expQ(k)—A(k’))]. (4.15) 


It is seen that (4.14) is analogous to (3.7). 
The persistency is a special case of (4.14) when 


f (kd) = f(k, t+7). (4.16) 


In this case we may drop ¢ and {+7 and write ¢®™ in 
(4.14) as G@DC{ f(k)}; {/(k)}], whose behavior will 
be examined near the steady state. Without loss of 
accuracy we may regard \(k) as small, since it vanishes 
in the steady state, so that we expand the exponentials 
in (4.14) and (4.15). From (4.15), 


f(k-+rx)— f(k)=7 ¥ (U (kh K)[1-+4(k’) —2 (k)] 
-- 


— U(k,k’)[1+A(k)—A(k’)}}, (4.17) 
and using this in. (4.14) and retaining terms up to the 
second order, we obtain 


(rL)— Ing™({ f(k)}; (f(kK)}] 
=—-—1> DY’ (U(k,k’)+U (kk) ] 
s 


<[A(k)—A(k’) 2+- ++. (4.18) 


At this point it is clear that the “maximum persistency” 
theorem holds because the steady state value of \(k), 
which is zero, does make (4.18) a maximum. However, 
this interpretation of the theorem in Sec. II does not 
give us any interesting information. In order to derive 
Kohler’s form of the variation function, we eliminate 
\(k) from (4.18) and (4.17). This is done as follows. 

We treat only the case of small external field as is 
usually done.** Then « of (4.2) is small and we define 
@(k) as 


f(k) = fo(k) +6 (k) fo(k) fo(k), (4.19) 
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where fo(k) is the equilibrium Fermi distribution which 
depends on k through the energy Ey, and (k) is a 
small quantity proportional to | E|. Neglecting O(E), 
we can expand (4.12) as 


U (k,k’) = V (k,k’){1+-8[(k) fo(k) 
—(k’) fo(k’) ]}, (4.20) 


where 


V (k,k’) = V (k’ kk) = W (k,k’) fo(k) fo(k’) 
Use of (4.19) and (4.20) in (4.17) leads to 


x: grad, fo(k) = >-’ V(k,k’)[9(k’) + 2d (k’) 
~ 
—S8b(k)—2d(k)]. (4.22) 
If we write the value of ®(k) in the steady state as 
®,(k), it satisfies the Boltzmann equation: 


«- grad, fo(k) =>’ V (k,k’)[8®, (k’) — 84, (k) J, 


k’ 


(4.23) 


since \(k) vanishes in the steady state. Subtract (4.23) 
from (4.22) to obtain 


O0=>’ V(k,k’)(8[(k’) —&, (k’) ]+2A(k’) 
~ 


— B[&(k)—,(k) ]—2d(k)}. (4.24) 
This shows that 8[(k)—#,(k) ]+2A(k) is the value of 
®,(k) when there is no field and x=0. Therefore we 
conclude 
2 (k) =S8[_, (k) —4(k) ], (4.25) 

because ®,(k) vanishes when x=0. 

When we substitute (4.25) in (4.18) and neglect 
higher order terms, we can write 


(rL)— InG™({ f(D}; { f(K)} 


erste (32 Q) = = V (k,k’) {[®, (k) —#, (k’) ?? 
k k’ 


— 2, (k) —, (k’) [b(k)—(k’) | 


+[(k)—&(k’) 2}. (4.26) 


At this point it may be noticed that because of the 
symmetry of V(k,k’) indicated in (4.21), when (4.23) 
is multiplied with @(k) and summed over k it leads to 


25 &(k)x-grady folk) =3 © T’ V(k,k’) 
k s 


x [, (k’) —&, (k) J[(k)—(k’)]. (4.27) 


When (4.27) is used for the middle term of (4.26), we 
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arrive at the final form of the variation function: 
(8/rL) Ing™?C{ f(k)} ; (f(K)} J 
+8? > D>’ V(kk’)[®, (k)—4, (k’) }? 
kk’ 


= —48 >> &(k)«- grad, fo(k)—8? >’ V(k,k’) 
- k 


> 
7 


X([o(k)—(k’) (4.28) 
On the left-hand side, ,(k) is a still unknown function 
but is a constant in the same sense that p,“ is a 
constant in (3.13). Therefore we can apply the theorem 
of Sec. II and conclude that the right-hand side of this 
expression is the variation function we have been after 
which takes a maximum value in the steady state. It is 
easy to verify that the Boltzmann equation (4.23) is 
derived by varying (4.28) with respect to ®(k). 

Equation (4.28) is equivalent to the variation 
principle stated in Wilson’s book®*‘; namely, when 
(k) satisfies 


—2>0 &(k)x- grady fo(k) 
k 


=8> >’ V(k,k’)[@(k)—(k’) }*, (4.29) 
s * 


the right-hand side of (4.28) is modified so that the 
expression to be maximized is 


25D’ Vik k’)[(k)—4(k’) 


k k’ 


(4.30) 


This is the variation function used by Kohler,?” who 
derived it by reasoning backward from the Boltzmann 
equation purely on mathematical basis. 

The physical meaning of the variation function is 
now clear. As is seen on the left-hand side of (4.28), 
except for an additional constant it is the persistency 
GUD { f (k)} 5{ f(k)} J, which was defined in the theorem 
of Sec. II and was proved (starting from first principles) 
to take a maximum value in the steady state. Thus 
Kohler’s variation procedure is now put on the sound 
physical basis. 

It is instructive to compare (4.28) with the entropy 
production. The latter quantity is made up of two 
parts, the one in the system, dS,/d/, and the other in 
the heat bath, dS,/dt. The first part is calculated using 
the entropy expression known in the equilibrium 
statistical mechanics” as 


dS, d 
—=—k— > [f(k,d) Inf(k,)+f(k,s Inf(k,s))}. (4.31) 
dt dt & 


This is to be supplemented by the expression of 
df(k,t)/dt, which is the sum of two terms due to the 
drift and the coilisions, respectively, and can be 

37 See for example D. ter Haar, Elements of Stat 


tistical Mechanics 
(Rinehart Publishing Company, New York, 1954), p. 76. 
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written as 
d f(k,t)/di= —x-grady fo(k) 
+8 >’ V(k,k’)[o(k’,)—(k,d ]. (4.32) 
rw 


The entropy production in the heat bath, dS,/dt, 
is the energy flowing into the heat bath, i.e., the system 
of phonons in the present case, divided by the tempera- 
ture of the bath. Since the rate of this energy flow is 
expressed by the second term of (4.32), we obtain 


dS,/dt=—-T ¥ ExB L!' V(k,k’) 
k k’ 


x [(k’,t)—(k,4)]. (4.33) 


Combining the last three equations and after math- 
ematical transformations, we obtain for the rate of 
entropy production of the universe 


d(S,+S,)/dt= (82/22)D ¥ V(k,k’) 
k k’ 


xX [b(k,))—b(k’,4) }?. (4.34) 


This is the entropy production whose minimum with 
respect to @(k) would correspond to the Boltzmann 
equation if the “min(dS/d?)” principle should hold. 
Comparison of the right-hand side of (4.28) with 
(4.34) indicates that the latter is a part of the former 
(with the opposite sign) and thus the minimum of 
(4.34) does not give the steady state. This shows the 
failure of the min(dS/d?) principle for the present case.** 


V. DISCUSSION 


It is instructive to notice the similarity between the 
variational theorem proposed in this paper and the 
principle of minimum free energy in the equilibrium 
statistical mechanics for one-dimensional cooperative 
phenomena. It will be shown in this discussion that if 
we regard time ¢ as the coordinate along the one- 
dimensional axis and the time interval 7 as the lattice 
constant, the two variational procedures become 
identical. 

When the cluster-variation treatment?’ is used for 
the one-dimensional cooperative phenomena of nearest- 
neighbor interaction, the free energy of the system is 
first written in terms of two kinds of probability param- 
eters, {p:(R)} and {P,;(R, R+a)}; p:(R) is the prob- 
ability for finding the state i at the lattice point R, and 
P,;(R; R+a) for the states i and j at R and R+a, a 
being the lattice constant. P;;(R;R+a) and p,(R) 
satisfy the compatibility relations similar to (2.1). 
In writing the free energy F{P,;} for a system of N 
lattice points, we may introduce the concept of an 

38 Equations (4.33) and (4.34) are essentially the basis of 
Ziman’s interpretation (reference 21) of Kohler’s variational 
procedure. Ziman’s proposal, however, does not seem to provide 
any more meaning than an interpretation of individual terms in 
the expression of entropy production. 
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assembly composed of LZ systems, and write the 
equations: 


exp(— L6F{ P;;}) = (GiS2)%, 
where 
Gi=(Lp,)! TI (LP;,;)!"', 
t,2 


and 
G.=exp(—LB > €:;Pi;). 
t,2 


Here e,; is the energy for the i— j bond. For (5.1) it was 
assumed that all the lattice points are equivalent and 

pi(R) = p:(R+a). (5.4) 
G, is the number of different configurations having the 
same set of parameters {P,;}, and G2 can be regarded 
as the a priori probability that a change of state de- 
scribed by { P;;} appears. Equation (5.1) corresponds to 
G® of this paper with a restriction of stationarity, e.g., 
(4.16). The a priori transition probabilities, @ in Sec. IIT 
and W(k,k’) in Sec. IV, correspond to exp(—8e;;) of 
(5.3), except for a constant factor. 

In equilibrium statistical mechanics, the equilibrium 
state is derived by minimizing the free energy F{P,;} 
or by maximizing the whole quantity in (5.1) with 
respect to {P,;} under the “stationarity” restriction 
(5.4). This procedure exactly corresponds to the 
variational theorem of maximum persistency. 

The key to the success of the present treatment lies 
in the introduction of the path parameters (denoted by 
{P;;,(t; t+7)} in Sec. IT). It should be noticed that all 
the previous attempts (listed in Sec. I) which aimed 
at the same goal as the present work started with the 
state parameters (written as {,(t)} in Sec. II). The 
inadequacy of using only {p;(¢)} but not {P,;,(t; ¢+-7)} 
can be well understood when we remember, as was 
pointed out above, that these two kinds of probability 
variables correspond to the probability for the point 
{p.(R)} and that for the pair {P,;;(R, R+a)}, respec- 
tively, in the one-dimensional cooperative processes 
of equilibrium statistical mechanics. It is known in 
the theory of order-disorder processes, that as far as 
only the point parameters {p;(R)} are used, the theory 
cannot go beyond the Bragg-Williams approximation ; 
whereas when the pair probabilities {P;;(R, R+a)} 
are introduced, the one-dimensional cooperative phe- 
nomena of nearest-neighbor interaction can be solved 
rigorously, as was shown in Sec. IIA of reference 27. 
Since the Markov process in the time sequence problem 
corresponds to the nearest-neighbor interaction in the 
spatial problem, it is understandable that the Markov 
process can be solved rigorously when the path param- 
eters {P,;-(t; t+7)} are used. 

As the last comment, it should be emphasized here 
that the path probability method for Markoffian 
processes** used in this paper starts from a microscopic 
description and first principles and is constructed on 
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the basis as sound as that for the equilibrium statistical 
mechanics.*® 


APPENDIX I. DERIVATION OF S‘ 
(MATHEMATICAL PART) 


The path probability ¢‘ written in terms of the 
path parameters is the starting expression on which 
all the subsequent derivations in the present work are 
based. Therefore, although the expression was proved 
in ICP, it seems worthwhile to supplement the explana- 
tion in more detail how GS is constructed. As an 
example, (3.3) will be discussed here. 

This is a mathematical expression for the following 
problem of probability theory. Three different kinds 
of independent events happen with the a@ priori prob- 
abilities 1—7(0,+0,e-), 70,, and 76,e-%?. The 
probability that out of Lp; events, these three kinds 
happen LP, times, LP: times, and LP; times, respec- 
tively, [see the compatibility relations in (3.1)] is 
given by the multinomial expression as 


O,=[1—7(0,4-0,e~ ©?) JEP 1 (70,)-P2 (70-08 /2) LPs 

X (Lpp !C(LP1) (LP 2) '(LP3)!}'. (AT-1) 
Similarly, when there are another three kinds of 
independent events which happen with the a@ priori 
probabilities rO,e, 7@,, and 1—7(6,+0,e%), the 
probability that out of Lp, events they happen LP, 
times, LPs times, and LPs times, respectively, is given 
as 


P2= (rOye%#2)“P4(78,) “P50 1 — (0,4 Oye'8!2) JEP 
X (Lpu) C(L Ps) (LPs) (LPs) !}-. (AI.2) 

The product of these two probability expressions @; 
and ®, is (3.3). The correspondence between this 
mathematical problem and the problem for atoms in 
Sec. III is obvious and does not need further elaboration. 
The physics part of the derivation of (3.3) lies in 
how to identify the @ priori probabilities 76,, rO,e~**!?, 
etc. 6, and @, are the quantum-mechanical transition 
probabilities of the respective processes as were defined 
in Sec. III. For the interaction with the heat bath, 
however, 9, itself is not sufficient; when the energy is 
to be supplied from the bath (the process for P;), 05 
is to be decreased by the factor e~**/?; and when the 
energy is given to the bath (the process for P,), 05 is 
to be increased by the factor e**/*. These two Boltzmann- 
like factors are understandable because the ratio of 
populations in the upper and the lower levels in 
equilibrium is e~*=¢~*/?/e/2, The proof of these 
factors was given in Sec. IV and Appendix I of ICP in 


* Another advantage of using the path parameters and the path 
probability is that problems for which the kinetic equations are 
difficult to write down based on intuitive physical arguments can 
be treated by deriving approximate kinetic equations (for the 
natural path) starting from the path probability. All the problems 
of irreversible cooperative phenomena discussed in the papers 
listed in reference 23 are of this nature. 
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detail. An alternative, and probably more straight- 
forward, derivation is shown in the following Appendix. 


APPENDIX II. DERIVATION OF S‘? 
(THE BOLTZMANN-LIKE FACTOR)“ 


A heat bath is characterized as being very large 
compared with the system of interest, so that the former 
is practically in thermal equilibrium even when energy 
exchange occurs between the bath and the system. 
We may use as a heat bath any large system in thermal 
equilibrium. To be specific, suppose that the heat 
bath is made of M particles, each of which has energy 
states labeled with i=1, 2, ---. Let ;(#) be the state 
probability, P;;(t;t+7) be the path probability, and 
©,;; (47) be the quantum mechanical transition 
probability between the ith and jth states. Then the 
path probability S, for the heat bath is derived using 
the multinomial expression described in the previous 
Appendix as (in the logarithmic form), 


j#t 
InGo= MLS: dD; Pi In(7O.;) +d; Pi In(1—79,,) 
+3 p(t) Inp.()—->d: pF P;, InP3; |. (AIT.1) 


Here 1—70,; is the probability that the ith state does 
not change during r. The logarithm of the path prob- 
ability for the system of Sec. III is written from (AI.1) 
and (AI.2) as 


InS.= LU(P2+ Ps) \n(76,)+ (P34+-P,) In(76,) 
+P, In(1— 70,)+Pe In(i— 706) + pi Inpi 


+p. Inpu-¥; Pi lnP,J.  (ATI.2) 


In this expression, the effect of the heat bath is not 
included yet. The path probability for the whole 
universe is the product §,S.. 

The interaction between the system and the heat 
bath is such that the energy flow from the system into 
the heat bath is equal to the energy increase in the 
heat bath. Therefore the path parameters {Pj;} for 
the heat bath and { P;} for the system are not independ- 
ent of each other, but are related by 


Hi Ly M(Ej—E) (Pic— Pg) + Le(Ps— Ps) =0. (AI.3) 


Here E; is the energy of the ith level of a particle in 
the heat bath. In deriving the natural path in the 
heat bath we multiply (AII.3) with a Lagrange multi- 


“In Sec. IV and Appendix I of ICP, the path entropy of the 
heat bath, written as $®, $,, $,, and $ interchangeably, should 
be added with the kinetic terms; in other words, they should be 
replaced by (& times the logarithm of) the path probability. 
Thus (AI.1) of ICP should read 


S(t; t-+-7) =RN[D, De! Pre In (1O¢e) +L Pre In(1—7 De Ors) 
— Dr Le Pre inPre }, 


where (2.5) and (2.6) of ICP should be used of P,,. This modifica- 
tion does not lead to any change in the conclusions; (4.3) of ICP 
holds as before, but is not supported by a stronger condition than 
(4.2), namely by 

$.=5.+0(r’). 
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plier A, add the product to InS,+1nG, and then maxi- 
mize the sum with respect to P;;. Thus we obtain 


Py= TO jp: (the #29 +-0(7"). (AII.4) 


The value of A is determined as follows. Using 
(AII.4), the change of p,(¢) in the heat bath is derived 
as 

pi(t=>; (Pjs— P35) T 
om > 5 [pje\( E; — pie F- E) 1035. 


In the derivation, the quantum-mechanical reciprocity, 
©,;=0j;, was used. Since the definition of the heat 
bath requires that p;(t) is arbitrarily small even when 
the system is interacting with it, (AII.5) vanishes. In 
the sum of (AII.5), ©; is the kinetic quantity related 
to the transition among levels, whereas the equilibrium 
statistical mechanics tells us that the equilibrium 


(AILS) 
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values of p,’s are independent of ©,;. Therefore the 


coefficients of @,;’s vanish individually : 


pjed2i-Ei) — pe Bi-E) =O, (AIT.6) 


On the other hand, we know for the equilibrium 
distribution, 


j/ pis OF: “Bi) (AII.7) 
p 


where B=1/kT. From (AII.6) and (AII.7) we can 
identify 


A=B/2. (AIL.8) 


Thus, as far as the variations with respect to the 
quantities of the system, P; for i=2, 3, 4 and 5, are 
concerned, we may add only Le8(P4—P3)/2 to (AII.2) 
and need not worry about the detail of the heat bath. 
This is the origin of the Boltzmann-like factors in 
(AI.1) and (AI.2). 
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Extending the path probability method for irreversible statistical dynamics proposed previously, the 
two-gate probability distribution for a stochastic Markoffian system is written in the form of a path integral. 
The most probable path is derived as a solution of the variational Euler-Lagrange equation. Introducing 
the concept of the anticausal path, a method to calculate the one-gate probability distribution function (for 
fluctuations away from the nonequilibrium steady state) is explained. The distribution function derived 
recently by Mathews, Shapiro, and Falkoff for a system of many levels is shown to follow. The concept of 
the pseudo-entropy S is introduced. 5 always increases in time as the system approaches its steady state. 
It is shown that the rate dS/dt, rather than dS/dt of Prigogine, is minimum in the steady state, although 
the latter can serve as an approximation when the steady state is near equilibrium 


I. INTRODUCTION 


N a previous publication by one of the authors! a 

theorem was proved which shows that a function 
(of state probability parameters? {p,}) called the 
persistency, S§™[{ p,},{p:} ], takes its maximum value 
in the nonequilibrium steady state of a Markoffian 
system. This theorem has a wider range of validity than 
Prigogine’s principle of minimum entropy production® 
[min(dS/dt)], and the variation function G“@!” is de- 
rived from the path probability of irreversible statistical 
dynamics proposed previously.‘ In the present paper, 
the path probability is exploited further, and the 
relation between the proposed theorem and some other 
related principles will be discussed. 


'R. Kikuchi, preceding paper [Phys. Rev. 124, 1682 (1961)]. 
This paper will be called VS hereafter. 

* The curly brackets indicate a set of numbers. {p;} may be 
written in the vector form as p, ps being regarded as the ith 
component of this vector. See Sec. II of VS. 


51. Prigogine, Etude Thermodynamique des 
Irréversibles (Maison Desoer, Liége, 1947). 


*R. Kikuchi, Ann. Phys. 10, 127 (1960). 


Phénoménes 


Vhen the fluctuation from equilibrium is small, the 
two-gate probability distribution has been written in 
the form of the path integral.*~? Section IT derives the 
path integral representation of the two-gate probability 
for the case when the irreversible steady state may not 
be close to the equilibrium state. In Sec. III the concept 
of the anticausal path is used to calculate the probability 
for a specific fluctuation from the steady-state distri- 
bution. The relation between the maximum persistency 
theorem of VS and Prigogine’s principle of min(dS/dt) 
will be discussed in later sections with the help of the 
concept of pseudo-entropy. 


Il. PATH INTEGRAL REPRESENTATION 


In deriving the maximum persistency theorem in the 
previous paper, first the path probability §® is written 
in terms of the path parameters! { P,;,(¢; ¢+-7)}. Then 
C® is maximized keeping the end states {p; (¢)} and 

5 L. Onsager and S. Machlup, Phys. Rev. 91, 1505 (1953). 


6 N. Hashitsume, Progr. Theoret. Phys. (Kyoto) 15, 369 (1956). 
7D. Falkoff, Ann. Phys. 4, 325 (1958). 
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{p,2(t+7)} fixed to arrive at G@?[p®; p®]. The 
probability that the assembly follows a certain sequence 
of states p (4), p™ (+7), p® (¢+27), --- for a finite 
time interval is written, as in (2.2) of the previous 
paper VS, as 


Sle (4); pP™ (t++7); --- J=IT So? Lp; po] 


y=0 


=exp{>> rLT[p™,p™ ]}. (2.1) 


As was seen in (3.7) and (4.14) of VS, when 7 is small 
InG@?[p™; p’*?] is proportional to +r and to the 
number of systems L in the assembly, so that it was 
written in (2.1) as 


Ing? [Lp ; pet ]=rLT[p™,p™ ], (2.2) 
where 

p=lim(p°t?—p™)/r (2.3) 
is defined along the path specified arbitrarily. Thus for 
the limit of infinitesimal 7, the probability that the 
assembly follows a certain path p(t) for 4.<t< ty is 
written, as an extension of (2.1), 


ate 


G[p()) 3 iS t<te]= exp| L | diT [p(t),p(t) ] ; (2.4) 


The so-called two-gate probability of going from the 
initial state p(¢,) to the final state p(f.) after a finite 
time interval is obtained in the path integral form® 
from (2.4) as 


SL (ts) ; p(t2) ] 


-| “exp | [de T'[p(u),p(u)]}Dp(u), (2.5) 


1 


where /Dp(m) indicates to integrate over all paths 
starting from p(t,) and ending at p(t,). 

In many examples of the path integral method 
treated so far,* the function I’ is quadratic in its argu- 
ments ; this is because the path integral can be evaluated 
analytically only for this case. In the present treatment, 
however, we can include more complicated functions 
for I because we limit ourselves to the case when L, the 
number of systems in the assembly, is very large. This 
condition of a large L is analogous to the technique 
familiar in equilibrium statistical mechanics, and allows 
us to neglect terms of the order L~™ with respect to 
unity. Under this condition we can replace the path 
integral (2.5) by the most probable path, that is the 
path which maximizes the exponent: 


t2 


du T(p(u),p(u)}}. (2.6) 


SCp(); p(s) ]= exp| max i 


t1 


® The path integral in equilibrium statistical mechanics has 
been used successfully by Feynman and others. See, for instance, 
the review article, S. B. Brush, Revs. Modern Phys. 33, 79 (1961). 
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The most probable path is to be determined from the 
Euler-Lagrange equation. Because of the analogy 
between (2.6) and Hamilton’s principle in classical 
mechanics, we will call the function I'[p(),p(u)] the 
Lagrangian for the path. 


Ill. MANY-LEVEL SYSTEM 


The approach outlined in the previous section is to 
be applied here to the problem treated by Mathews 
et al.® A system has many states i=1, 2, 3, ---, and it 
obeys Boltzmann statistics. An assembly made of L 
systems will be considered. In order to make the 
treatment specific the system is assumed to interact 
with two heat baths of temperatures 7’ and 7’. The 
transition from the state i to 7 can occur by inter- 
changing energy with either of the heat baths. The 
quantum mechanical transition probability from i to j 
is written as 6;;’ and 6;;" where a single (a double) prime 
means the energy exchange with the first (the second) 
heat bath. 

The state parameter for the state i at time ¢ is written 
as p(t) and the path parameter of going from the 
state 7 at ¢ to 7 at ¢+7 is written as P,;’(¢;t+7) or 
P;;'"(t; t47), depending on the heat bath to which the 
energy is exchanged. They satisfy the compatibility 
relations: 

P(O=Pi(t; t4+7+d0/ (Pi/ +P"), 
pilltr)—pQ=Ls (Pi + Py" — Pa — Pa), 
where P,;’ stands for P,;’(t;t+7), and P,;(t; +7) is 
the probability that a system remains in the state i 
without making any transitions during 7. The prime on 
>, excludes the state i. 

The first form of the path probability G6 { P;;(¢; t+-r)} 
is written, extending the formula (3.3) of the previous 
paper, as 
L InG { P5;(t; t4+7)} 

=>); pi(t) Inp()—D; Pi InP; 

—D: Tj [Pe InPs/+ Py" InP,] 
+>: dj [Pij’ In(76;;')+ P;" In(70;;"") ] 
+>; Ps: In(l—76,) 

+35 doi (Pi'B’+ PB") (E:— E;)/2, 
where 6’ = (kT’)— and E£; is the energy of the ith state 
of the system. 6; is the @ priori probability that a system 
in the state i makes any transition out of the state 7 
during 7 and is determined by 


70;5= 7 [Psi! (5 tr) 4+ Pai! (t; t+ 7) pi), (3.4) 
where the superscript (m) indicates the natural path 
defined in VS. 

As the next step, the second form of the path proba- 
bility G¢°” is derived by maximizing (3.3) with respect 
to {Pi;(t;t+7)} keeping both {p,(/)} and {p;(¢+7)} 


*P. M. Mathews, I. I. Shapiro, and D. L. Falkoff, Phys. Rev. 
120, 1 (1960). 


> 
(3.2) 


(3.3) 
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fixed. With the use of a Lagrange multiplier \,(/) for 
(3.2), the maximization of (3.3) leads to 
Pi; (t; t+) = 70;;'pi(t) exp[B’ (E:— E,)/2] 
Xexp[A:(4)—A;( J+0(7°), 
and the corresponding expression for P;;’’. The natural 
path is derived from this by putting A,(t)=0, since 
there is no restriction on {p;(t+7)} for the natural 
path. Thus 


P,;' (1; t+ 17) = 7653p (D exp[p’ (Ei— 


(3.5) 


E;)/2] 
+0O(r*), 


and the corresponding expression for P,;’"“”. From 
(3.6) and (3.4) we can determine 6; as 


6;= La 0;;, 


(3.6) 


(3.7) 
where 
0,;=6,;' exp[@’ (E;—E;)/2] 

+6;;" exp[B”" (E:—E;)/2]. (3.8) 
The second form of the path probability 


SVC PO}; (hilt) } J, 


or the Lagrangian I’, for the path is derived by sub- 
stituting (3.5) in (3.3) as 


WEE OME ROPE 
= (rL) Ing"? {pi} 5 (pil+7))}] 
=P: di pOOifexpli(O—A,;(OJ—1} 
+d Api, 
where \,(¢) is determined from (3.2) combined with 
(3.5) as 
Di(N=dX i (0;()9j expDj()—A.() J 
— pi(t)O,; exp[A. ()—A,; (4) ]}. 


(3.9) 


(3.10) 


This is seen to be an extension of VS (3.8b). 

The most probable path is determined by varying 
JS Tdt with respect to {p,(¢)}. In order to derive a 
convenient equation, the following procedure is used. 
Substituting (3.10) for p; in (3.9), and then taking the 
variation, we obtain 


6 | PLE pi()} {pO} dt 


= |x. D7 {9 Aj—Ax) exp(Ai—A,) 


+exp(Ai—A;)— 1 ]6p:— p94; (A:i—A,) 


Xexp(Ai—A,)(Ai—A,) dt. (3.11) 


To evaluate the last term of this expression, we write 
the variation of (3.10) as 


Di dspi= Li Li’ LAj—A) Ou expQi—Aj)p. 


— piOis(Ai—A,j) exp(Ai—A,)b(Ai—A,) J. (3.12) 
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Eliminating 6(A;—A;) from (3.11) and (3.12) and 
partially integrating once to change 6p; to 5p;, we 
arrive at the following Euler-Lagrange equation: 


(=D Ofexpli()—d;()J—-1). 


The most probable path {,(/)}, and {\;(¢)} associated 
with it, must satisfy (3.10) and (3.13) for given initial 
and final conditions. When (3.13) is used in (3.9), the 
latter is simplified to 


ip.) {pO} ] 


and from (2.6) we arrive at 


SLp(4:) ; p(t2) J 
=exp{L >; Di(te) pi(te) —Ai(t) pi(t) J}. 


Although it is not easy to solve the path in general, 
two special cases are of importance. The first case is 
the natural path for which \;=0 as we have seen before. 
It is obvious that this satisfies (3.13) and for this case 
the familiar kinetic equation for the natural path 
results from (3.10): 


D™O=L/ [Li YO; — pL OO 5]. 


This is an integral of the simultaneous equations (3.10) 
and (3.13) and corresponds to the boundary conditions 
that ,(¢) approaches the stationary value, which is 
denoted by pix, as t goes to +. The steady state is a 
special case of (3.16) and satisfies 


ye [Pix 9ji— Pie iz] =. 


It should be noted that detailed balance: 


PijnOji= Piz is, 


does not necessarily hold. 
One special feature of the natural path is that when 
p(/,) and p(t2) are connected by the natural path, 


GL p(t1) : p(ts) |= .: 


which is derived from (3.15) by setting A,;(¢)=0. To be 
more precise, an additional term of the order of L~ is 
neglected in (3.19) ; this term dropped when we replaced 
the path integral of (2.5) by the most probable path 
in (2.6). 

Another case of special significance is the following 
solution of (3.13): 


(3.13) 


dL: A: (t)p.(t) dt, (3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


(3.19) 


exp(Ai(t)) = pin/ pi (0). (3.20) 


It can be shown that (3.20) satisfies (3.13) and (3.10) 
because of (3.17). When (3.20) holds, (3.10) becomes 


BE D=Lii Pi QO jPjce/ Piz 
— pj (1) OijPico/ Pin 1. 


In order to understand the meaning of this path, let us 
consider a special case when detailed balance (3.18) 
holds; then we see that p,“ (¢) or (3.21) is the negative 
of p(t) of (3.16). This suggests that even when 


(3.21) 
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detailed balance does not hold, the path governed by 
(3.21) is roughly obtained from the natural path by 
reversing the time, or we may interpret that the path 
of (3.21) starts from the steady state at time —« and 
deviates from it to approach a fluctuated state {p;(¢)} 
at ¢. We will call this path the anticausal path’ and 
indicate it with a superscript (a). It might seem that 
p;(a) for the anticausal path should be the negative of 
ps” of the natural path (3.16): 


pb (O)=—-Y/ [ps (OO; — pi (HO. ]. (3.22) 


rather than (3.21). However, this inference does not 
hold in general, since there is no solution of (3.10) and 
(3.13) of the form of (3.22) except when detailed balance 
(3.18) holds. 

When the anticausal path is known, we can calculate 
the so-called one-gate probability that the fluctuated 
state {;} occurs in the assembly which is in the over-all 
steady state. This probability G{p;} is calculated by 
considering a path which goes from the steady state 
{Pio} at t=— to the fluctuated state {p,} at ¢, since 
we can identify 


Gps) =SLPie(— @)) 5 (Pi(O}I. 
The right-hand side quantity, which is of the form of 
(2.5), can be calculated using the most probable path 
which is the anticausal path’ in this case." Thus we 
obtain, by combining (3.23), (3.15), and (3.20), 


G{ pi} =expLl Di pi In(pix/pi) ]. (3.24) 


Using Stirling’s approximation, we may write (3.24) as 


(3.23) 


' 


G{p}=— 


TT: (Pise)***. (3.25) 
II (Zp,)! 


This is the formula proved by Mathews, Shapiro, and 
Falkoff? by means of a different method. 


IV. PSEUDO-ENTROPY 


The expression (3.25) suggests a simple interpre- 
tation of G{p,}. If the system is interacting with only 
one heat bath and it is in thermal equilibrium, we know 
that pi. <exp(—S8E;) and —kT InG{p,} is the free 
energy for the fluctuated state {p;}, or +k InG{),} is 
the entropy (of the fluctuated state) of the universe 
including the system and the heat bath. In analogy 
with this property in equilibrium, we introduce a 


© The anticausal path was discussed by E. N. Adams [Phys. 
Rev. 120, 675 (1960) ] in a different context. 

“H. B. Callen [Phys. Rev. 111, 367 (1958)] calculated the 
one-gate probability using a different approach. His expression, 
however, has a close similarity with the integration along the 
anticausal path explained here. When the fluctuation is close to 
the equilibrium state, to which case Callen limits his treatment, 
the anticausal path is the negative of the natural path since the 
detailed }alance holds in the equilibrium state. In_Callen’s Eq. 
(45), (dQi(t)/dt)Qx(0) is the time derivative of Q; along the 
natural path at time ¢ when (;(0) at ¢=(Q.is given; this is equal 
to the negative of the time derivatiye of QO; along the anticausal 
path at time —¢ when the value of O,(0) at ¢=0 is to be specified. 
Thus Callen’s Eq. (45) can be interpreted as the integration along 
the anticausal path except for the time dependence of the driving 
force V;(t). 


AND 
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NATURAL 


Fic. 1. Schematic diagram for Eq. (4.2). G{p(t:)} =S[A — B], 
G{p(42)} =S[A — C], and S[A — C]>S[A — B— C]. The sta- 
tionary sate fp is written as p.. in the text. 


quantity 5{»,}, which has the characteristics of 
entropy, by 


S{ pj} =k InG{p3}, (4.1) 


and call it the pseudo-entropy (of the fluctuated state) 
of the universe, i.e., of the system plus the heat baths. 
The importance of the notion of the pseudo-entropy 
is that in the steady state it plays the role that the 
entropy plays in equilibrium. First we will show that 
5{:(t)} increases ag the state of the assembly follows 
the natural path. When the state p(t,) changes into 
p(t.) along the natural path, use of (3.23), (2.6), and 
(3.19) leads to 
G{p(t.)}=$Lp(—~), p(t) ] 
>SLp.(— ©), p(t), p(2)]=SLp.(— ), p(s) J 
XSLp(4),p(42) ]=G{p(a)}. (4.2) 
Thus 


S{p(te)} > S{p(ts)}. (4.3) 


Figure 1 explains (4.2) graphically. This result implies 
the following theorem: (I) The pseudo-entropy is a 
maximum in the steady state, or in equation form 


S{ Pic} > S{ pi}. 


In analogy with the entropy production, we may 
introduce the concept of the pseudo-entropy production. 
It is defined along the natural path of the change of 
state. Then using (4.3), we derive the second theorem”: 
(II) The rate of pseudo-entropy production vanishes in 
the steady state, and is positive otherwise. 

These two theorems concerning the pseudo-entropy 
were pointed out by Klein.” As he commented, the 
“principle of minimum pseudo-entropy production” 
cannot replace Prigogine’s principle of ‘minimum 
entropy production” in deriving the steady state, 
because the pseudo-entropy needs the knowledge of the 
steady state in its definition as is shown in (3.24) or 
(3.25). The two theorems in this section are useful, 
however, since the pseudo-entropy production is pro- 
portional to the persistency in some cases as will be 
shown in Sec. VI. 


(4.4) 


2 For a special case in which the steady state is the equilibrium 
state, these theorems express the second law of thermodynamics 
in the language of the path. 

3M. J. Klein, Transport Processes in Statistical Mechanics, 
edited by I. Prigogine (Interscience Publishers, Inc., New York, 
1958), Sec. IV, p. 311. 
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V. SMALL DEVIATION FROM THE STEADY STATE 


In order to illustrate some of the key relations, the 
case of small deviation from the steady state will be 
discussed. Going back to the problem of Sec. III, let 
us define the deviation a; from the steady state as 


pi(t)= pin (1+a:(2)). 
Use of (5.1) in (3.24) and (4.1) leads to 
S{ pj = —kL Yi pica?/2+0(o?). 
This clearly shows the theorem (I) in the previous 
section that the pseudo-entropy is maximum at the 
steady state. 
The two-gate probability distribution, (2.6) or (3.15), 
is next examined. When a,’s are small, A,’s in (3.10) are 


also small (since \;=0 when all a,’s vanish), so that we 
can expand (3.10) and (3.13) as 


Pindi= > 7 [Pic Oji(aj+Aj—A,) 
es PiwPij(aitrAi—A,;) ], 


(5.1) 


(5.2) 


(5.3a) 
hM=Dy' Oi;(Ai—Aj). (5.3b) 


These equations can be regarded as a set of linear 
simultaneous equations for the variables a,’s and },’s. 
It can be shown by simple substitution that (5.3) is 
equivalent to the following set of equations for the 
variables a;‘"’s and a;’s, which are linear com- 
binations of a,’s and \,’s as shown in (5.5) and (5.6): 


Pind = Doi [Pic Oji— Piers” Oi; ], 

Pitts = Doi [pina Ojs— pina; Os], 
a;(t)=a,;™ (+a; (2). (5.5) 
A () = —a;™ (2). (5.6) 


(5.4) 


On the other hand the two equations in (5.4) are the 
linearized forms of (3.16) and (3.21), so that (5.5) is 
interpreted as the decomposition of a,(/) into the 
natural component a;‘"(¢) and the anticausal com- 
ponent a;‘*(¢). Notice that (5.6) is the linearized 
version of (3.20). It must be emphasized here that the 
fraction of a,(¢) belonging to each of the two components 
depends on the initial and the final states of the path. 

Since we want to retain the square terms of a;,’s 
correctly in the two-gate probability, the direct use of 
(3.15) is not convenient ; we go back to (3.9) and expand 
it using (5.1), (5.5), and (5.6) to obtain 


PLa(t),@() =D: XY Pins 
X Laila; —a,) +4 (a; —a,)?] 
—>; Pico (aM+a;), (5.7) 
It can be shown by use of (5.4) that the first sum is 


equal to >); pizdi™a; which cancels with a part of 
the last sum, so that after integration of (2.6) we obtain 


GLa (ts) ; a (te) J=exp{—L SY: piel (ai (te)? 
— (a; (t)))?]/2}. (5.8) 
This is the two-gate probability when a,’s are small; 


it should be noticed that only the anticausal components 
appear in it. 
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Two cases of (5.8) are of special interest. When a 
natural path is decomposed as in (5.5), all the anti- 
causal components vanish so that for a natural path 
(5.8) results in 


GLe (ts) ; @ (te) ]=1, (5.9) 


which is a simplified form of (3.19). For an anticausal 
path, all the natural components vanish to yield 


iS? (t)=a,(t). (5.10) 


When “4; is taken as —* so that a,‘(—o) 
=a,;(— ©)=0, (5.8) reduces to the one-gate probability 
or to the expression of the pseudo-entropy (5.2) as is 
expected. 

The two-gate probability (5.8) can be used in de- 
riving the correlation function. For this purpose we 
express a, in terms of the end states. We notice that 
for a; and a,” of (5.4), without loss of accuracy, we 
can require 


Di Pica” =D: Pine ”=(, (5.11) 


since, if for instance 


Dd: Piccar:™ =c#0 


YF Pix (ai —c)=0, 
we see that a;“—c satisfies the same set of equations 
as (5.4) because of (3.17) so that we may take a; —c 
as the new a;. Equation (5.11) is used in expressing 
one of the components of a;“, say ai‘, in terms of the 
rest of a,’s. We introduce a vector 2‘ having a, 
(i=2, 3, ---) as its components; notice that i=1 is 
not included in it so that all the components of the 
vector z are independent. Similarly we define 2°”. 
Use of (5.11) enables us to eliminate a; and a,” 
from (5.4) and to write the latter in the vector form as 
zu" = —Nz™, s 
(5.12) 
Z°) = Az“), 
Here N and A are the coefficient matrices derived from 
(5.4); the explicit form of the matrix elements, how- 
ever, is not necessary for the present discussion. Using 
the formal integrals of (5.12) in (5.4), we can write 
z(t—t,;)=exp[—N(t—4;) Ja (41) 
+exp[A(t—t:) ]Jz@(4). (5.13) 
Equation (5.13) can be written for t=4 and f giving 
two vector equations which can be solved to yield the 
expression of the anticausal component in terms of the 
end states: 
2 (t;)= {exp[A (t2—4) ]—expl— N(42—4) ]}7 
X {2(te)—exp[—N (t2—t) Ja(ts)} 
z' (to) = exp[A (t2—t1) Ja (t1). 


(5.14) 


On the other hand, a; can be eliminated from (5.8) 
and (5.11) to obtain the expression for the two-gate 
probability in terms of 2 as 


C[a(ts) ; 2(te) J=exp{ — (L/2)[2 (t.)-S-2 (t2) 


—2 (ty)-S-2(t) Ty. (5.15) 
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The matrix S is now nondiagonal. We can substitute 
(5.14) into (5.15) to write the latter in terms of the end 
states. The resulting expression is not easy to simplify 
because N and A do not commute in general. However, 
it is apparent from the form of (5.14) that the two-gate 
probability does lead to the expected correlation 
similar to that given by Lax": 


(z(t;)z(te))=exp[—N(t2—t1) z(t:)z(t)). (5.16) 


VI. PSEUDO-ENTROPY PRODUCTION 


When the deviation from the steady state is small, 
the production of pseudo-entropy is derived either from 
(5.2) or from its modification corresponding to (5.15) as 


dS{2(t)}/dt= —kL[a(t)-S-2(t)+2(0)-S-2() 1/2. (6.1) 


Here z(t) is the change of z following the natural path 
starting from 2(#), so that from the first equation of 
(5.12), we have 


z(t)=—Nz/(Z). (6.2) 


On the other hand the persistency, GS“, which was 
defined in VS and was proved to take its maximum 
value in the steady state, is written from (5.15) as 
(rL)> InG®[a(2); 2(t+7) ] 


= —3[4 (t)-S-2+2(t)-§-2], (6.3) 


4M. Lax, Revs. Modern Phys. 32, 25 (1960). 
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where z (#) and its time derivative are to be calculated 
for the path for which 


z(t) =a (1) +4 (t)=0. (6.4) 
Use of (5.12) and (5.5) in (6.4) leads to the relations 
z°® (4)= (N+A)“Nz(d), 
z (t)=A(N+A)“Nz(2). 

The equations in (6.5) depend on the detail of N and 
A; a simplification results, however, when detailed 
balance (3.18) holds in the steady state. In that case 
N=A, so that from (6.5), 

2°) (t)=2(t)/2, 

x (t)= Nz(t)/2. 
When (6.6) and (6.2) are used in (6.3) and (6.1), 
respectively, we see that the latter two are connected by 

d5{2(t)}/dt= —4(k/r) InG™[a(t); 2(t+7)]. (6.7) 


It is a simple matter to verify this relation for the 
example of the two-level atoms treated in Sec. III of 
VS, since detailed balance holds in the steady state of 
the two-level problem. The comparison of (3.12) and 
(3.13) of VS with the help of (6.7) clearly shows the 
difference between dS/dt and dS/dt, the latter being a 
rigorous minimum in the steady state while the former 
is only an approximate minimum. 


(6.5) 


(6.6) 
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Correlation in the Fluctuating Outputs from Two Square-Law Detectors 
Illuminated by Light of Any State of Coherence and Polarization* 
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By treating light fluctuations as a random process (stationary and Gaussian to second order), an expres 
sion is derived for the correlation in the output fluctuations of two square-law detectors which are illumi 
nated by a plane light wave of any state of coherence and polarization. The expression takes a particularly 
simple form when, as is usually the case, the light is spectrally pure in the sense of a definition introduced 
elsewhere. The solution yields, as a special case, the basic formula relating to the Hanbury Brown-Twiss 
effect. The generalization discussed here is of particular interest for correlation experiments performed with 
light beams from optical maser sources. Moreover, the present analysis appears to be simpler than other 
treatments previously given in connection with more restricted cases. 


1. INTRODUCTION 


N a series of well-known papers,! Hanbury Brown and 
Twiss have shown that when a light wave illumi- 
nates two photoelectric detectors P;, P2, the outputs 
from the detectors are in general correlated and that 


* This research was supported in part by the Air Force Office of 
Scientific Research (Office of Aerospace Research). 


1R. Hanbury Brown and R. Q. Twiss, (a) Nature 177, 27 


(1956); (b) Proc. Roy. Soc. (London) A242, 300 (1957); (c) 243, 
291 (1957). 


this correlation is proportional to the square of the 
degree of coherence of the light vibrations at P; and P». 
This effect, which has also been studied by many other 
authors,?~’ has an important bearing on the problem of 


E. M. Purcell, Nature 178, 1449 (1956). 

L. Janossy, Nuovo cimento 6, 111 (1957); 12, 369 (1959). 
E. Wolf, Phil. Mag. 2, 351 (1957). 

F. D. Kahn, Optica Acta 5, 93 (1958) 

L. Mandel, Proc. Phys. Soc. (London) 72, 1037 (1958). 
L. Mandel, Proc. Phys. Soc. (London) 74, 233 (1959). 
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FLUCTUATING OUTPUTS FROM 
measuring stellar diameters. It appears that the Hanbury 
Brown-Twiss effect can also be used for other purposes, 
for example to determine the velocity of light,* the 
profiles of spectral lines,®!° or the degree of polarization 
of a light beam." Until recently it was difficult to 
demonstrate this effect, because of the very low value of 
the “degeneracy parameter” 6 of light generated by 
ordinary sources. As has been pointed out by Mandel,” 
usual sources give light with <1, but the degeneracy 
parameter of radiation from an optical maser is of quite 
a different order of magnitude (6~ 108). Thus one may 
now carry out with relative ease a number of experi- 
ments which make use of the Hanbury Brown-Twiss 
effect. 

In the present paper, some of the previously obtained 
results are generalized by using an approach that ap- 
pears to be simpler than that employed previously. An 
expression is derived for the correlation in the output 
from two square-law detectors illuminated by a plane 
light wave of any state of coherence and polarization. 
The formula takes a particularly simple form in the 
usual case of “spectrally pure” light." The limiting 
form of the solution for detectors whose resolving time is 
either very long or very short compared with the 
coherence time of the light are also derived from the 
general solution. The former case is of interest in con- 
nection with the experiments of Hanbury Brown and 
Twiss and our solution describes in a simple manner the 
essential features of the effect observed by them. The 
latter is of interest in connection with similar experi- 
ments using light from an optical maser. 


2. CORRELATION IN THE OUTPUTS FROM TWO 
SQUARE LAW DETECTORS ILLUMINATED 
BY CORRELATED LIGHT BEAMS 


Consider a plane, quasi-monochromatic light wave 
propagated in the z direction. Let E‘(r,t) denote the 
electric vector at a point P, specified by the position 
vector r, at time ¢. E™ is a rapidly fluctuating function 
of time and the fluctuations at any two points P; and P, 
(even when situated on the same “‘wavefront”’), gener- 
ally will not be the same. The correlation between the 
electric vectors E™ at P; and Pz, constitutes the 
phenomenon of partial coherence, while the correlation 
between the orthogonal components of E“ at any one 
point P constitutes the phenomenon of partial polar- 
ization. 

It will be convenient to employ in place of E™ the 
associated complex analytic signal E (cf. Born and 
Wolf," §10.2), as customary in current research on 


8 J. H. Sanders, Nature 183, 312 (1959). 

* A. T. Forrester, J. Opt. Soc. Am. 51, 253 (1961). 

“L. Mandel, Progress in Optics [North-Holland Publishing 
Company, Amsterdam], Vol. II (to be published). 

"1 E. Wolf, Proc. Phys. Soc. (London) 76, 424 (1960). 

2. Mandel, J. Opt. Soc. Am. 51, 797 (1961). 

‘SL. Mandel, J. Opt. Soc. Am. (to be published). 

‘M. Born and E. Wolf, Principles of Optics (Pergamon Press, 
London and New York, 1959). 


TWO SQUARE LAW DETECTORS 1697 


partial coherence and partial polarization: 


E(r,t)=E (r,t) +iE (1,2), (2.1) 


where E“® is the function conjugate to E™ (its Hilbert 
transform),!® 


E(r,)=—P — dt’, (2.2) 


1 s? E(t’) 
| t'—t 


P denoting the Cauchy principal value at /’=t. 
The instantaneous intensity J (r,t) of the wave may be 
defined by'® 
I (r,t)= E(r,t)-E*(r,2). (2.3) 
Let suffixes x, y denote Cartesian components with re- 
spect to a fixed set of axes at right angles to the direction 
of propagation. Then (2.3) may be rewritten as 


I(r,)=1,(r,)4+7,(t,0), (2.3a) 
where 
T,(r,t)= | E.(r,t) |?, 


T,(1,t)=|Ey(1,t)|2%. (2.4) 


Suppose now that a square-law detector is placed at 
the point P(r) and that this detector registers a time 
average of J(r,/) taken over a time interval of duration 
T, which plays the role of a resolving time. (Most de- 
tectors used at present have a resolving time which is 
not shorter than about 10~° sec.) An example of such a 
square-law detector would be a photoelectric detector in 
which the quantum nature of the incident light and of 
the photocurrent is ignored. The detector signal S(r,t) 
is then given by 


sin== | 


where a is some constant which represents the efficiency 
of the square-law detector. S(r) will fluctuate in the 
course of time. Let us consider the average value of S 
obtained from a large number of measurements. If 
stationarity of the process is assumed, this ensemble 
average will be equal to a time average, taken over a 
very long time interval, of a typical “sample.” Let 
sharp brackets denote such an average. Then 


t+T 


I(r,t')dt’, 


(2.5) 


(S(1,t))=a(I (r,))=a(I2(1,t))-+alIy(1,0)). (2.6) 
The cross-correlation between the signals from two 

16 For stationary fields, with which we shall mainly be con- 
cerned, the integral defining the conjugate field may diverge. To 
avoid this difficulty one may first assume that the field exists only 
for a finite time interval —7<t<T and one can proceed to the 
limit 77 —>+ « at the end of the calculations. The final results are 
formally identical with those obtained for fields for which the 
integral converges. 

If the field is quasi-monochromatic, then 


E (2,4) ~E™ (r, ¢+1/47), 


» being the mid-frequency of the wave. This relation follows 
immediately from Eq. (14), p. 494 of reference 14. 

16 Using elementary properties of the analytic signals, the in- 
tensity so defined may be shown to be proportional to the local 
value of the electric energy density, averaged over a time interval 
of duration equal to a few mean periods of the wave. 
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detectors placed at points P; and P2 is given by 
(S(t, t+r)S(t2,t)) 


et+T p-t+T 


| | (I(r, t’+7)1 (12yt!”))dt'dt” 
t t 


y T T 
E/ | Rij (ti, to, U—t!’ +7) dt'dt” 
364 0/0 
T 


a 
- ym [ (T- 7’ | )Rii(11, t,t+7')dr’, 
T? iuisuer 


where 


Ry; (11,82,7) =U s(th, t+ 7)1;(t2,t)), (i, j=, y), (2.8) 


denotes the cross-correlation function between the two 
intensity contributions. In the first line of (2.7) the order 
of the two averaging processes was interchanged; in 
going from the first to the second line, stationarity was 
assumed, and in going from the second to the third line 
the double integral was reduced to a single integral by a 
suitable change of variables (cf. Rice'’). The parameter 
r represents the time delay which may be introduced in 
one of the channels connecting the two detectors to a 
correlator. 

So far no assumptions has been made about the 
probability distributions which govern the fluctuations. 
It will now be assumed that the joint probability distri- 
bution of £,(r, +2’) and of E;(r, +2’) is Gaussian. It 
would be difficult to give a rigorous justification of this 
assumption ; however, if the field arises from the super- 
position of a large number of independently generated 
elementary fields as is usually the case, one may readily 
give a plausability argument by an appeal to the central 
limit theorem of probability theory (cf. Blanc-Lapierre 
and Dumontet,'* p. 18). With this assumption and with 
the assumption that the means of £; and £; are zero, the 
correlation functions R;; may be expressed in the follow- 
ing form, derived in the Appendix: 


Rij(01,82,7) 


= §44(11,11,0) §;;(12,72,0)+ | §4;(t1,82,7) 17, (2.9) 
where &;; are the elements of the electric correlation 
matrix 
64;(01,82,7)=(Ei (11, t+ 7) E;*(r2,t)), (2.10) 
which was introduced (for the more general 3-dimen- 
sional case) by Wolf" and studied in detail by Roman 
and Wolf. Note that in terms of &, the average in- 
tensity of each component is 
I(r) = ,(1,t))= &;;(1,1,0), 


(i=x,y). (2.11) 


17S. O. Rice, Bell System Tech. J. 24, 46 (1945). 
18 A. Blanc-Lapierre and P. Dumontet, Rev. Opt. 34, 1 (1955). 
19 E. Wolf, Nuovo cimento 12, 884 (1954). 


* P. Roman and E. Wolf, (a) Nuovo cimento 17, 462 (1960); 
(b) 17, 477 (1960); P. Roman, Nuovo cimento 20, 759 (1961). 
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Using (2.9) it readily follows from (2.7), (2.6), and 
(2.11) that the correlation 
(AS (rn, t+ Tr) AS (r2,t)) 
=([S(1n, t+ r)—m || S(r2,t)— me |), 
where m,=(S(ri,t)), m2=(S(re,f)), is given by 
(AS (1, t+-7)AS(r2,t)) 
a? T 


=—> (T—|r'|)| 6:;(1, re, r+7’)| 2dr’. 


LiIJ_7 


(2.12) 


The formula (2.12) is a general expression for the corre- 
lation in the fluctuations in the outputs from two square- 
law detectors, each of “resolving time” T, illuminated 
by a plane light wave characterized by the coherency 
matrix &. 

The right-hand side of (2.12) must evidently be in- 
variant with respect to a rotation of axes about the z- 
direction (direction of propagation of the wave). It may 
readily be verified that this is the case. To show this 
consider the matrix &&', where &' is the Hermitian 
conjugate of &. The (ij) element of this matrix is given 
by 
[&(11,t2,7) 8 (11,82,7) Ji; 

=>. 6 «x (1,82,7) 65%" (01,82,7), (2.13) 


and evidently &&' is a Hermitian matrix. (In the special 
case when r= r2 and r=0, discussed by Wolf,” & itself 
is Hermitian.) The trace of this matrix is 


Tr(&8&')=>- 85; (t1,12,7) $ ¢*(11,82,7), 
2 


(2.14) 


and this is precisely the quantity appearing on the 
righthand side of (2.12). Since the trace is invariant 
with respect to the rotation of axes, the formula (2.12) 
is independent of the particular choice of axes, as 
expected. 

It is of interest to consider two limiting cases of (2.12). 
Suppose first that the “resolving time” T is short com- 
pared to the coherence time (which is of the order of 
1/Av, where Av is the effective spectral range of the 
light). This case may prove of interest when light from 
an optical maser is used.“* Under these circumstances 
| 84;(t1, fe, 7-+7’) |? is effectively equal to | §;;(11,42,7) |? 
throughout the interval of integration and (2.12) re- 
duces to 

(AS (1, t+ 7r)AS(t2,t))~a? >>| &5;(01,82,7)/. (2.15) 


7 


Note that this correlation depends on the time shift 7 


but is independent of T. 


21 E. Wolf, Nuovo cimento 13, 1165 (1959). 

21a The output of an optical maser is not necessarily a stationary 
random process, but it seems likely that it is stationary for time 
intervals long compared with the coherence time. During such 
an interval the maser can be regarded as a feedback amplifier, 
and if the input light is describable by a stationary random process, 
so is the output. 
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Next consider the other (more common) extreme case 
when the “resolving time” T is large compared to both 
the coherence time and the delay time r. In this case one 
has from (2.12), 


(AS (11, t+7)AS(r2,t)) 


tg 0 
~—ZX | | Sis(t1,82,7’)|*dr’. (2.16) 
TROIS 


The correlation is now independent of 7 but varies in- 
versely with the resolving time T of the detector. 


3. REDUCTION FORMULAS FOR SPECTRALLY 
PURE BEAMS 


In deriving the main formula (2.12), no restrictive as- 

sumptions have been made about the light beyond those 
implied in the assumption that the underlying random 
process is stationary and Gaussian to second order. In 
some cases of practical interest, including those studied 
by Hanbury Brown and Twiss'“” certain simplifying as- 
sumptions may be made about the two beams that are 
incident on the detectors. These assumptions havé been 
expressed by a number of authors, in a rather formal 
way, equivalent to the assertion that the cross-correla- 
tion function &;;(11,%2,7) is expressible as the product of 
two functions, one depending on rm, and rz alone, the 
other depending on 7 alone. The physical significance of 
this requirement has recently been studied in detail by 
Mandel” who introduced the term spectrally pure beams 
for light beams of this type and he called the product 
formula just referred to the reduction formula. It was 
shown in reference 13 that if the light vibrations at r, 
and r2 have i 1e same normalized spectral distribution, 
and if, moreover, the reduction formula holds, then the 
light obtained by superposing these vibrations will have 
an identical normalized spectral distribution. 
s Mandel’s work referred to light that is adequately 
described by a single scalar function (e.g., unpolarized 
or linearly polarized light). In the present section re- 
duction formulas relating to light that must be repre- 
sented by vector wave functions (e.g., partially polar- 
ized light) will be briefly considered and will be used in 
Sec. 4 to simplify, in appropriate cases, the expression 
(2.12) for the correlation in the fluctuations of the de- 
tector signals. 

Consider first the propagation of a quasi-mono- 
chromatic beam of light from a plane extended source 2 
(not necessarily an incoherent source) in vacuo.” Let 
the xy-axes be chosen in the plane of the source. If 
§;;(@1,02,7), (i, j=, y), is a typical element of the elec- 
tric correlation matrix which represents the correlation 
at points (:(01) and Q2(o2) of the source, the elements of 


22 Strictly speaking, since plane waves only are being considered, 
in the present investigation, the source = should be at infinity. The 
concept of spectral purity applies, however, to more general 
situations and it is illustrative to derive the appropriate reduction 
formulas without limiting the derivation to the special case of 
plane waves. 
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the correlation matrix at any two points P(r.) and 
P2(r2) in the field (not to close to the source) may be 
expressed by means of the following propagation law 
strictly analogous to that derived by Wolf® (see also 


Born and Wolf,” p. 532) for the scalar case: 


& ;(1,82,7) 


& + ;(01, 02, T— (Ri— R2), ‘c) 

= [| eeeonne ae A,A2*doidos, (3.1) 
Jv RiR2 

where R,= | r1—1|, Re= | fr2—2! are the distances QP, 

and Q2P2, respectively, and Ay, Ae are inclination factors. 
We will now make a number of assumptions about the 

source and the geometry. First assume the source to be 

incoherent. Then &;;(01,02,7) will be zero unless the 


point Q2 is very close to Q:(@2~61) and it follows on 
integrating on the right-hand side of (3.1) that 


&;(1,82,7) 


—A,Ao*dp, 
Jz Rik2 


(3.2) 


&:;(0, dees (R,— Ro) ‘c) 
=of _ - —_ 


where o is the very small effective area of coherence 
associated with each source point. 

Next let us suppose that the difference in the distances 
of the points P, and P, from each source point are small 
compared with the coherence length™ of the light, i.e., that 
|R:— R.|<c/Av, where Av is the effective frequency 
range of the light. Under these circumstances, we have 
to a good approximation [cf. Born and Wolf p. 505, 
Eq. (10b) ]. 


&:;(0, ee (R,— Rs) ‘c) 


= &;4;(0,0,7) expl2ri#(Ri—R»)/c]. (3.3) 


Next let us assume that the source is homogeneous as 
regards its normalized spectral density distribution and 
polarization. This requirement is conveniently expressed 
in terms of the normalized correlation matrix 


& 5;(1,%2,7) 


¥:3(11,%2,7) =— 


CS i:(t1,11,0) 806 55(1r2,82,0) ]! 


& i;(1,82,7) 


Elen) PLL (1)? 


whose Fourier 7-transform is the normalized (cross) 
spectral density distribution. The assumptions of homo- 
geneity just made are equivalent to assuming that 
7i3(0,0,7) is independent of o, so that it may be set 
equal to 7;;(@0,00,7) Where go refers to some fixed refer- 
ence point on the source. Under these circumstances it 


2% E. Wolf, Proc. Roy. Soc. (London) A230, 246 (1955). 

* Strictly there are in general several coherence lengths since 
with each element 6&; of the correlation matrix an effective 
spectral range Av;; may be associated and these Av;; may be all 
different. We shall consider the usual case when the coherence 
lengths are effectively the same. 
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follows from (3.2), (3.3), and (3.4) that 


§ ¢;(11,82,7) = ¥ ij (00,00,7) MN s;(11,82), 


(3.5) 
where 9I;; is the integral 
(7 i(o) PLZ i(e) }! 
IW 5(r1, )=o| Se 
Jz RiR2 
Xexp[2rii(Ri—R2)/c JA 1A2*do. (3.6) 


The formula (3.5) expresses &;;(11,r2,7) as product of 
two functions, one depending on r, the other on r, and rz 
and is an example of a “‘reduction formula.” 

A further simplification is obtained if we assume that 
the spectral distribution of the vibrations is the same in 
all directions, i.e., if yz2(r) is invariant under rotation 
of axes around the direction of propagation of the wave. 
Most quasi-monochromatic partially polarized light 
beams, produced from incoherent sources by the intro- 
duction of thin polarizers will very nearly obey this 
condition. 

Now a rotational transformation of £,(r,t) and 
E, (t,t) to a new coordinate frame making an angle 0 
with the original one is expressed by 


E,'(r,t)=E,(1,t) cosd+E, (r,t) sind, 
E,/(r,t)= —E,(t,t) sind+E, (r,t) cosé. 


It is seen that E,’(r,t) and E,’(r,t) are obtained from 
E,(r,t) and E,(r,t) by a superposition with zero time 
shift. It follows from the analysis of Mandel that such 
superposition does not, in general, reproduce the original 
spectral distribution unless Z,(r,t) and E,(r,t) are 
spectrally pure “in the strong sense,” expressed by the 
reduction formula 


(3.7) 


¥j(¥,0,7)=7aj(1,7,0)yis(4,1,7). (3.8) 


Let us assume that this condition is satisfied. If we now 
substitute from (3.8) into (3.5) where r refers to the 
source point g» and divide by the corresponding equa- 
tion with r=0, we obtain the formula: 


& 5 ;(11,82,7) = ¥ii(00,00,7) 84; (11,8 2,0). (3.9) 


This formula is analogous to one found by Mandel" for 
spectrally pure unpolarized light. 


4. CORRELATION ARISING FROM SPECTRALLY 
PURE LIGHT BEAMS 


4.1 Beams Obeying the Reduction 
Formula (3.5) 


Suppose that two beams of light which obey the re- 
duction formula (3.5) illuminate two square law de- 
tectors situated at P; and P>:. It immediately follows 
from (2.12) and (3.5) that the correlation in the 
fluctuations of the outputs from the detectors is given 
by 
(AS(41, t-+7)AS(r2,t)) 


a 
TH Do | Ms j(t1,82)|7Ess(T,7), (4.1) 


AND €. 


WOLF 


where 
1 T 
£,;(T,r)=— (T—|r'| 
T Jr 
X | vis(@0, oo, r-+7’)|%dr’. (4.2) 


The quantity £;;(7,7) is a generalization of the parame- 
ter £ which was found by Mandel®’ to play a central 
role in the analysis of related problems. By similar 
arguments as given in connection with (2.15) and (2.16) 
it follows that 


if T is small compared with 1/Av, then 
£4;(T,7) ig T| ¥ ij(00,00,7) | 5 
if T is large compared with 1/Av and r, then 


(4.3) 


(4.4) 


@ 
€4;(T,r) ~| |¥43(@0,00,7') |°dr’. 
—2 


In the latter case, [given by (4.4)], &22(©,0) and 
£,y(,0) may be interpreted as the coherence times of 
the x and y vibrations, respectively (cf. reference 7, p. 
238 ahd reference 10, Sec. 3.2). 

Suppose that in addition to obeying the spectral 
purity condition expressed by the reduction formula 
(3.5), the two beams are linearly polarized, with their 
electric vectors in the x direction. Then all the elements 
of the & matrix except §., vanish and (4.1) reduces to 


9 


a 
(AS(1r,, t+-7)AS(r2,t))=—|M22(01,82)|\*E22(T,7). (4.5) 
T 


Also from (2.6), (2.11), and (3.5), one has 


(S(r,t))=09N22(4,8), (4.6) 


since ¥z2(0,00,0)=1. Hence (4.5) may be expressed in 
the form 


(AS (11, t-+7)AS(12,t)) 


_S22(T yT T) 


—S(11,t))(S(12,t))|22(81,82)|?, (4.7) 
T 


where 
are 2z(¥1,¥2) 


[om ee(ri,1) PCI 2e(r2,r2)} 





Me2(T1,82) ee 


is the normalized spatial coherence factor which ee 
readily be calculated from the formula (3.6). If r=0 
(4.7) is the classical analog of a formula derived by 
Mandel, Sec. 5.° 

Two limiting cases of (4.8) are of special interest: 
When r=0 and T is large compared to the coherence 
time 1/Av (which are the conditions usually encountered 
in practice), one has from (4.7) using (4.4), 


(AS (11,t)AS (12,1) 
=[&(< ,0)/T]S(11,t))XS (t,t) | wee (1,2) |?, 
where §(”,0)= (_,.”| 


| ¥ 22(@0,00,7) 


(4.9) 


2dr is the coherence 
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time of the light. The formula (4.9) is the basis formula 
in the theory of the Hanbury Brown-Twiss experiment 
(cf. Mandel*). 

Another limiting case, which is of particular interest 
in connection with optical maser sources, is represented 
by the other extreme condition: namely T small com- 
pared with 1/Av. From the experiment of Javan, 
Bennett, and Herriott®* it appears that coherence time 
of the order 10~ or 10-5 sec can now be achieved, while, 
as already mentioned, T may be as short as 10~° sec. 
Under such conditions (T<«1/Av), (4.7) with the help of 
(4.3) reduces to — + 


(AS (11, t-+7)AS (r,t) 
=(S(11,t))(S (t2,t)) | y22(@0,00,7) |?|22(11,82)|2. (4.10) 


It is to be noted that this correlation depends on 7 only 
through the normalized autocorrelation function yz of 
the light. Since y,, is the Fourier transform of the 
spectral density of the light, (4.10) implies that one may 
obtain information about the spectral distribution 
of the light from measurements of the correlation 
(AS (4, t+-7)AS(t,t)) over a range of 7 values. 

Let us now turn attention to uspolarized (natural) 
light. For such light one may assume 


°c °c ( 
622(1,%,7)= Oyy( r,¥,7), 

his fi (4.11) 
6 zy r,t,7)= Sy2(1,r,7)=0. 


(The less general case with r=0 is considered in Wolf?! 
(p. 1176) and Born and Wolf," pp. 545-546). Then 
(3.4) implies that yz2(0,00,7) = Yyy(00,00,7), Yzy(@0,00,7) 
=Vyz(00,00,7)=0 so that (4.2) then gives é,,(7,7r) 

Eyy (7,7), E2y(T,7) = &y2(T,7) =0. Moreover, (3.6) and 
(2.11) now give 91 ,2(11,%2) =IMy,("1,%2) and the formula 
(4.1) reduces to 


(AS (tn, i+ 7) AS (r2,t)) 


= (2a?/T)| IM 22(11,82)|2%E22(T,7). (4.12) 


Also from (2.6), (2.11), and (3.5), since 7 z2(00,00,0) = 1, 


(S(r,t))=2aM.2(t,4), (4.13) 


so that (4.12) may be expressed in the form 


(AS (11, (+7) AS (t,t) 


=4,.(T,r)/T S(11,t))(S (r2,t)) | w2e(ti,te) |. (4.14) 
Comparison with (4.7) shows that the correlation is now 
one half of that obtained with linearly polarized light 
beams. Again one may consider the limiting cases of 
large or small resolving time. One then finds, of course, 
that in both cases the resulting expressions for the 
correlation each differ by a factor } from the expressions 
appropriate to linearly polarized light. 


* A. Javan, W. R. Bennett, Jr., and D. R. Herriott, Phys. Rev. 
Letters 6, 106 (1961). 
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4.2 Beams Obeying the Reduction 


Formula (3.9) 


If the light incident on the detectors obeys the reduc- 
tion formula (3.9), the general expression (2.12) for the 
correlation takes the form 


(AS (11, t-+7)AS(r2,t)) 


a 
Tr D | 6s5(t1, 82,0) |*Ess(T,7), (4.15) 
i,] 


where £;;(7,¢) is again given by (4.2). 

Suppose further that the light is completely coherent, 
but of any state of polarization. According to a result 
recently derived by Mandel and Wolf,?* the assumption 
of complete coherence implies that 


(4.16) 


where 7; and 7 are certain time delays depending on 
the positions of the points P(r), P2(r2) relative to a 
fixed reference point Qo(po), and in general, of course, 
also on 7 and j. If one only considers points such that the 
time delay 7o1—7 02 is small compared to the coherence 
time [cf. (3.3) ] then one may neglect this delay on the 
righthand side of (4.16) and (3 4) gives 


&5;(11,82,7) = LT :(11) LT; (12) J’ ij (00,00,7). 


Now the directions along which the x and y axes were 
chosen have so far been arbitrary (apart from the as- 
sumption that they lie in a plane at right angles to the 
direction of propagation of the wave). Let us now choose 
them so that J,(@)=J,(). It has been shown by Wolf”! 
that this can be always done. If we choose the axes in 
this way and denote them by OX, OY, then it follows 
from (3.6) that SWzs(11,re)=Myg(t1,r2) and hence we 
have from (3.5) and (3.8) and (2.11), 


I;(r,)= 


T:(te)=I,(t2). 


7 i3(11,2,7) = V:j(0, Oot eg T02), 


(4.17) 


T(r), 
(4.18) 


On substituting from (4.17) into (4.15) and using (4.18), 
we obtain the following expression for the correlation: 


(AS (r1, (-+7)AS(12,t)) 
ae 
=— > 1 5(11)7 (12) | ¥:;(00,00,0) |2E::(T,7). (4.19) 
4,2 
#(T,r)=&,,(T,7) which 


If we recall the relation é; 
(4.19) reduces to 


follows from (4.2) and (3.8), 
(AS (11, t4+7)AS(t2,0)) 
[Es2(T,r)/2T KS (11,0))(S (12,0) 
XL1+ | v29(00,90,0) |*]. 


Consider now the special case when 7=0 and the 
resolving time T of the detectors is large compared with 


the coherence time 1/Av. Then &s2(7,r) ~ &z:( ,0) and 


(4.20) 


26[. Mandel and E. Wolf, J. Opt. Soc. Am. 51, 815 (1961). 
Actually in this paper a coherent scalar field is considered, but 
the extension of the result to a coherent vector field is trivial. 
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(4.20) reduces to 


(AS (11,t)AS (t2,t)) 
= [Es2( x 0) 2T KS (1,t) XS ( Yo,t)) 
x<[i+ | Y29(00,00,0) |}. 


Now as mentioned earlier, £::(©,0) may be identified 
with the coherence time of the light. Moreover, it has 
been shown by Wolf that |-y2)(@0,90,0) | is precisely the 
degree of polarization of the light as conventionally 
defined and (4.21) is then the classical analog of formula 
(8) derived by Wolf" for this special case.?” 


(4.21) 


APPENDIX 
Deviation of the Formula (2.9) 


Let 
W (H)=U,O)+iV;, (¢=1, 2), (Al) 
be two analytic signals, i.e., functions such that their 
real and imaginary parts U;, V; form a conjugate pair. 
It will be assumed that the U’s and V’s are Gaussian 
random variables each with zero mean. 
Consider the correlation function 


(Wi (t+7r)W1* (t-+7)W2(t)W2* (0). 

Then from (A1) 

(Wi(t+7)Wi* (4+) W2ODW* (E 
=(U2(t+7)U2())+(Vi(t+7) V2? (0) 


+(U2(t+7)V2()+-(Ve(i4+r7)U27(d)). (A2) 


Now if Fi, F2, F3 and F, are real random variables with 
a Gaussian joint’ probability density function and each 
with a zero mean, then the following identity is known 
to hold**: 


(P FoF 3F «) = (FP iP 2)(F oF) +(P iF 3{F oF 
+(F iF, (FoF 3 . 


77 In reference 11 the assumption of spectral purity was not 
explicitly made, but it is implicit in the derivation of formula (8) 
of that paper. 

8 Alternatively, formulae of the form (A4) may, of course, be 
derived by a direct calculation [cf. S. O. Rice, Bell Tech. J., 24, 
89 (1945), Eq. (3.9-7) or E. Wolf, Phil. Mag., 2, 351 (1957), 
Eq. (1.10). 


(A3) 


AND E. 


WOLF 


In particular, it follows from (A3) with 


= Utter), Fi=Fi=U;(0), that 
(UP(t+7)U27(t)) 


=(U 2(t)(U2())+2(U (t-+7)U2()), (4) 


and there are similar expressions for the correlations 
(V2(t+7)U27(t)) etc. Now since U and V are conjugate 
functions, the following relations also hold [reference 


21a, Eq. (A6) ]: 


(Ui(t+7)U2(t))=(Vilt+7)V2(0), | 
(Ui(t+7)V2(t))= —(Vilt-+7)U2(2)). | 


(AS) 


It follows on substitution from (A4) and three similar 
formulas into (A2) and on using (A5) that 


(Wi(t-+7r)W1*(t+7)W2()W2* (0) 
=(U2(t)+V2()XU2()+V2(0) 


+4{(U i (t+-7)U2()2+(Ui(t+7)V2(0))2}. (A6) 


Now the first term on the right-hand side of (A6) is 
evidently equal to (W1(t)Wi*()XWe(t)W2*(2)). To ex- 
amine the significance of the second term consider the 
correlation (W,(t+7r)W.*(t)). One has from (A1) 
and (A5) 
(Wi(t-+r)W2*(2) 
=2((Ui(l+r U2(t))—1U (t+ 7) Voll 
Hence the second term on the right of (A6) is equal to 
(Wy (t+7)W2*(t))(W1* (t+-7)We2(0)) and it follows that 
(Wy (t+7)Wi* (t+-7)W2(t)W2* (0) 
=(W,(t)Wi* (t)XW2(t)W2* (2) 
+H(Wi(t+r)W2*()XW 


t+7)W2(t) (A7) 


Finally, if W(t) is identified with £,(1,,t) and W2(¢ 
with E;(r2,t), then 


(Wi(t+7)Wi*(l4+-7)W,e DW o*(t 
(W (t+7)W ;*(t § 55;(81, 82,7 


R;;(81,8e, 


and (A7) reduces to Eq. (2.9) quoted in the text. 
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A comparative value for the lowering of the ionization potential in an argon plasma has been determined 
from values of the series limits for recombination of free plasma electrons into the 1s and 29 states of the 
argon atom obtained from the measured frequency dependence of the electron continuum. The results have 
been used to compare existing theories which relate the ionization potential lowering to the electron density 


and temperature. 


I. INTRODUCTION 


HEN computing the composition of a plasma 
using the Saha equation, one must not overlook 
the fact that the equation is derived for an equilibrium 
system with negligible interaction energy. Equilibrium 
conditions are enhanced at higher densities and tem- 
peratures due to the increased collision rates. As both 
density and temperature are increased, however, the 
effects of particle interactions must be considered. These 
interactions manifest themselves in the form of two 
important corrections which must be considered when 
computing the composition of an atmospheric pressure 
plasma, i.e., cutoff of the partition function and lowering 
of the ionization potential. 

Several methods for treating the partition function 
cutoff have been described in the literature. Bond,! 
using a method originally suggested by Bethe,’ has 
terminated the sum at the principal quantum number 
of the circular orbit whose radius is equal to one-half 
the mean distance between particles. Unsdéld* has de- 
rived an expression for the lowering of the potential 
energy distribution of an atom due to the microfield of 
the neighboring ion which he has employed to determine 
both the partition function cutoff and the ionization 
potential lowering. Elste and Jugaku‘ have calculated 
partition functions employing a probability function 
derived from the Unsdéld relation which in effect adjusts 
the statistical weights of the states to assure conver- 
gence of the series at the higher levels; the cutoff was 
based on the principal quantum number of hydrogen- 
like states. Ecker and Weizel® have derived an approxi- 
mate expression relating the cutoff principal quantum 
number to electron density and temperature by intro- 
ducing into the Schrédinger equation a screening po- 
tential according to the Debye-Hueckel theory for 
strong electrolytes. Again the method is applicable only 
to hydrogen-like states. 

Due to the complex nature of the argon atom’s energy 
level structure the above methods cannot be directly 


1J. W. Bond, Los Alamos Scientific Laboratory of the Uni 
versity of California Report LA-1693, 1954 (unpublished). 

2H. A. Bethe, Office of Scientific Research and Development 
Report No. 369, PB #27307, 1942 (unpublished). 

% A. Unsdld, Z. Astrophys. 24, 355 (1948). 

‘G. Elste and J. Jugaku, Astrophys. J. 125, 742 (1957). 

5G. Ecker and W. Weizel, Ann. Physik 17, 126 (1956). 


applied here. The approach taken has been to determine 
as accurately as possible the extent of the lowering of 
the ionization potential which is then used to determine 
the highest state which must be included in the partition 
function sum. The detailed effect of interactions on the 
energy level structure of the atom has not been taken 
into consideration. 

For theoretical determination of the lowering of the 
ionization potential several approximate expressions 
are available. Most widely used is the Unsdéld* relation, 
which considers only the microfield effect. Weizel and 
Rompe,‘ using Debye-Hiickel theory, give an expression 
which considers only the polarization effect. Ecker and 
Weizel® have improved upon the theory by considering 
contributions of the electrical interaction energy (micro- 
field and polarization) to the total internal energy of 
the gas. This energy was then used in the derivation of 
the Saha equation, yielding a theoretical expression for 
the total lowering of the ionization potential. More 
recently Brunner’ has treated the microfield effect in a 
more sophisticated manner than Unséld and proceeded 
to add it to the combined “lattice interaction” and 
“polarization” terms of Ecker and Weizel, thereby 
making what appears to be a double correction for the 
microfield effect. Duclos and Cambel® have pointed out 
that there is a critical electron density below which 
only the effect of Debye polarization is expected to 
contribute to the lowering of the ionization potential. 

The present work covers an estimate of the lowering 
of the ionization potential in an atmospheric pressure 
argon plasma from experimental observations, its com- 
parison with the above theories and the effect of their 
corrections on the computed plasma composition. 


II. EXPERIMENTAL 
A. Plasma Source 


The plasma was that of a 5-mm, 400-amp, direct- 
current thermal arc in argon at a pressure of 1.1 atm 
burning between a }-in. diam, 1% thoriated tungsten 
cathode ground to a 60° conical tip and a copper plate 
anode. Linde cylinder argon with <50 parts/million 

®R. Rompe and W. Weizel, Theorie Elektrischer Lichtbogen und 
Funken (J. A. Barth, Verlag, Leipzig, 1949). 

7 J. Brunner, Z. Physik 159, 288 (1960). 

8D. P. Duclos and A. B. Cambel, Z. Naturforch. 16a, 711 (1961). 
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Fic. 1. Radial intensity distributions measured in a 400-amp, 
1.1-atm, 5-mm, argon arc plasma. 


impurity was passed over a titanium getter heated to 
about 800°C and bled through the chamber at a flow 
rate of 3 to 5 ft®/hr. Under these conditions the arc has 
been operated continuously for periods up to 100 hr 
with <10 mg total weight loss from the cathode and 
no measurable change in the anode surface. The sta- 
bility of the arc was such that absolute radiation in- 


tensities measured during this period of operation were 
reproducible to +3%. Electrical and thermal properties 
of the plasma were described in detail in earlier 
papers.?-!0 


B. Measurements 


The principal experimental measurement was the 
radial intensity distribution of the total (free-free 
+free-bound) electron continuum at fixed wavelengths 
over the spectral range 3000<’<12 000 A. Integrated 
intensities were measured on an absolute intensity 
scale using the crater of the pure graphite positive elec- 
trode of a low-current carbon arc in air as a radiation 
standard. An Ebert-type plane grating spectrograph 
was used having a first order dispersion of 8.4 A/mm. 
Detection was made at \<6000 A with an RCA 1P28 
photomultiplier and at A>6000 A with a Dumont 
6911 infrared photomultiplier. Intensities were re- 
corded directly on a strip-chart recorder as a function 
of position along a projected diameter. Variations in 
depth of the plasma as a function of position along its 
diameter made it necessary to correct the observed 
integrated intensity distributions to true radial dis- 
tributions, which amounts to a numerical evaluation of 
the inverted Abel integral equation. The method used 
has been described in detail by Nestor and Olsen.“ In 

*H. N. Olsen, Phys. Fluids 2, 614 (1959). 

” H. N. Olsen, Fourth Symposium on Temperature, Columbus, 
Ohio, Paper B 8-4, March 27, 1961 (unpublished). 


"QO. H. Nestor and H. N. Olsen, Soc. Ind. and Appl. Math. 
Rev. 2, 200 (1960): 
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addition to the electron continuum, radial distributions 
of the A4806 Ar m and 7635 Ar I spectral line intensities 
were measured on the absolute scale at the same position 
along the axis of the plasma so as to provide inde- 
pendent measurements of the radial temperature dis- 
tribution. Because of the low intensity of the continuum 
in the infrared region of the spectrum, it was necessary 
to use a 3-mm wide exit slit on the spectrograph which 
meant measurement over a band width AA=25 A. In 
the visible and ultraviolet regions the band width was 
reduced to 0.4 A to avoid interference by neighboring 
spectral lines. In all measurements the wavelength 
region under consideration was first scanned in wave- 
length with a narrow exit slit to determine the optimum 
wavelength at which the radial continuum intensity 
distribution could subsequently be measured with the 
broad exit slit. 


C. Results 


Direct experimental results consist of radial intensity 
distributions of the electron continuum measured at 
fixed wavelengths from 3000 to 12000 A. A sample 
radial intensity distribution of the measured continuum 
is plotted along with similar distributions for the atom 
and ion lines in Fig. 1, and the corresponding radial 
temperature distributions determined from each of these 
radial intensity distributions are shown in Fig. 2. The 
two sets of points indicated on the radial intensity dis- 
tribution of the \7635 Ar 1 line on Fig. 1 were measured 
at the beginning and end of a 48-hr period of continuous 
arc operation using independent intensity calibrations. 
The results are indicative of the accuracy and repro- 
ducibility of experimental data. The Kramers-Unséld 
theory [Eq. (1) of Sec. III-A] was used to compute the 
theoretical ¢, vs T curve for the continuum shown in 
Fig. 3. Particle densities and partition functions were 
obtained from the plasma composition calculations de- 
scribed in Sec. IV. For calculation of the theoretical 
temperature dependence of the line intensities shown on 
Fig. 3, transition probabilities given in (10) were used. 
Numerical values for these are also given on Fig. 3. 

All observed continuum intensity distributions 
exhibit an off-axis peak which appears at the radius 
where the plasma temperature, determined from the 
atom and ion line intensities, is 16 000°K. This tempera- 
ture corresponds exactly with the location of the maxi- 
mum of the theoretical temperature distribution of the 
continuum and is defined as the continuum normal 
temperature. Although the radial position of this peak 
is affected by changes in plasma geometry, its maximum 
intensity for a given wavelength and ambient pressure 
remains constant. The measured off-axis peak intensities 
at any given frequency are reproducible to +3% except 
for the extreme red region of the spectrum where both 
the intensity of radiation (on \ scale) and sensitivity 
of the detection system are low. The frequency de- 
pendence of the continuum observed at its normal 
temperature is shown on the semilogarithmic plot of 





LOWERING OF IONIZATION 
Fig. 4. Each experimental point represents the average 
off-axis peak intensity of three radial intensity distri- 


butions measured at the given frequency. 


Ill. INTERPRETATION OF RESULTS 
A. Absolute Intensity of the Continuum 


The total continuum emitted by the plasma is due to 
a combination of two types of radiative transition of 
“free” plasma electrons. Electrons deflected by 
Coulomb interactions with positive ions are slowed 
down, transforming kinetic energy into radiation. This 
is the well-known bremsstrahlung continuum which 
results from radiative transitions between positive- 
energy states (hyperbolic orbits). Added to this radia- 
tion is that due to radiative recombinations of electrons 
with positive ions into elliptical or capture orbits. The 
two types of radiation are superimposed to the extent 
that it is not possible to separate them experimentally. 

Unséld,” using the classical Kramers theory, has de- 
veloped a theoretical expression for the sum of the two 
types of radiation. In this treatment he has assumed 
recombinations into hydrogen-like states which are 
sufficiently dense to permit the sum over discrete states 
to be replaced by an integral. The theory leads to a 
continuum which is frequency independent up to a 
cutoff frequency v, defined by the interval between the 
effective ionization potential and the energy level above 
which the assumption of dense states is valid. The 
theoretical total continuum emission coefficient ex- 
pressed in w/cm*-sr-sec~ is given by 


€,=5.41X10-*Z2n,n./T?, (1) 


where Z is the effective charge of the perturbing ion, 
n, and n, the electron and ion densities in cm~*, and T 
the plasma temperature in °K. 

For comparison with experimental results the 
theoretical continuum intensity corresponding to 
T= 16 000°K is plotted as the dashed curve in Fig. 4. 
The observed discrepancy between theory and experi- 
ment may be attributed to the assumption of dense, 
hydrogen-like states which is, of course, not valid for 
the argon atom. Also, the contribution from extremely 
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Fic. 3. Theoretical intensity-temperature curves for atomic and 
ionic spectral lines and the electron continuum of a 1.1-atm argon 
plasma. 


broadened spectral lines in some regions as well as an 
increase in the effective charge of the ion due to a pene- 
tration of the free electrons into the outer electron 
shells, which have not been taken into consideration, 
are in the direction to help account for this discrepancy. 
Because of the lower atom densities at this temperature 
and pressure, the atom bremsstrahlung is not expected 
to contribute appreciably to the total continuum. 

The discrepancy between measured and calculated 
continuum intensities may be further explained by the 
fact that the classical theory requires a quantum- 
mechanical correction. Greene" and Karzas and Latter“ 
have shown that this correction (Gaunt factor) is in the 
direction to increase the bremsstrahlung radiation by a 
factor of at most 1.3 in the visible region of the spec- 
trum. Again, these correction factors are based on 
hydrogenic, screened Coulomb wave functions which 
probably do not hold for argon A correction of about a 








1.0x10sec" 
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Fic. 4. Frequency dependence of the absolute intensity of the 
total electron continuum measured at T= 16 000°K in a 400-amp, 
1.1-atm, argon arc plasma. 

13]. Greene, Astrophys. J. 130, 693 (1959). 

4W. J. Karzas and R. Latter, Rand Corporation Report 
No. RM-2010-AEC, ASTIA #AD156046, 1957 (unpublished). 
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Fic. 5. Energy level diagram for argon I. 


factor of 5 is actually required to bring theory and 
experiment into agreement. 

It is interesting to note that despite this discrepancy 
between experimental and theoretical values of the 
continuum intensity, the temperature and density de- 
pendence appears to be correct as evidenced by the fact 
that measured temperatures in the region of the normal 
temperature obtained by the Fowler-Milne method 
using normalized relative intensities of the continuum 
measured at fixed frequencies, agree well with those 
obtained in the same manner from spectral line inten- 
sities as shown on Fig. 2. The existence of an off-axis 
peak which appears at the same radius for all intensity 
distributions measured over the entire wavelength 
range with a stable plasma geometry further supports 
this conclusion. 


B. Frequency Dependence of the Continuum 


Although the frequency dependence of the measured 
continuum cannot be explained in detail by the 
Kramers-Unséld theory, the theory does serve as a 
guide for interpreting the experimental results. The 
theory predicts a frequency-independent continuum up 
to the cutoff frequency, v,, as defined above. Referring 
to the energy level diagram in Fig. 5, one would expect 
the cutoff frequency for the unperturbed atom, which 
corresponds with the interval between the ionization 
limit and the 3d, term, to appear at 4.610" sec—'. A 
lowering of the ionization limit is in a direction to shift 
this cutoff frequency to a lower value. However, all 
that one can conclude about v, from the experimental 
results of Fig. 4 is that it is <3.0 10" sec~'. This means 
that the ionization potential lowering, AV, required 
to explain the observed radiation must be greater than 
0.65 v. The subscript R is introduced to distinguish the 
AV determined from the radiation characteristic from 
that required by the Saha equation. This differentiation 
will be discussed further in Sec. IV. 

A more accurate determination of AVr can be made 
by associating the sharp discontinuity in the continuum 
appearing at v;’=8.1 X10" sec with the effective series 
limit for recombination into the 1s, state of the atom. 


OLSEN 


This leads to an experimental value for AV z of 0.85 v. 
This association seems justified since the locations of 
series limits corresponding with all of the 1s and 2p 
states and the cutoff limit defined by the 3d, term agree 
well with the observed continuum when determined 
from this value of AV zr, as indicated by the short verti- 
cal lines on Fig. 4. 

For frequencies above the cutoff, the continuum 
should fall off according to e~*”/*", and the slope of the 
In € vs vy curve should yield the plasma temperature. In 
moving from the cutoff frequency to higher frequencies, 
the series limits for recombination into isolated terms, 
such as the 1s and 29 states of the atom appear as peaks 
in the continuum. On the high-frequency side of such 
peaks the continuum should again decrease as e~*’/* 
according to the above theory. The slope of the theo- 
retical frequency-dependent portion calculated for 
T= 16 000°K is indicated on Fig. 4. Slopes of corre- 
sponding sections of the experimental curve deviate 
strongly, except for the visible region of the spectrum, 
from the theoretical value. As a result, the frequency- 
dependent portions of the continuum do not yield a 
unique value for the plasma temperature. 

Busz and Finkelnburg!® have measured relative con- 
tinuum intensities under the same arc conditions as 
here with results which they believed to be in agreement 
with the Kramers-Unséld theory. Their results have 
been normalized to our value at 5500 A and are plotted 
for comparison in Fig. 4. The validity of the theory 
cannot be judged on the basis of their measurements 
over such a limited frequency range. 


IV. DISCUSSION 


A summary of the theoretical expressions relating 
the true lowering of the ionization potential, AV, 
associated with the Saha equation to electron density 
and temperature is given in Table I where AV,, denotes 
the microfield term and AV, the polarization term. 
Unsdld* has considered only the microfield effect on the 
lowering of the ionization potential where Z is the 
charge of the perturbed particle, Z’ that of the per- 
turbing particle, and the mean distance between them 
is ro. Rompe and Weizel,® on the other hand, have 
treated only the polarization effect by considering the 
energy required to remove an electron-ion pair from the 
plasma under the conditions of Debye screening. Ecker 
and Weizel® have derived the Saha equation adding the 
following interaction term: 


2e’a (1+Vv2) é& 
U, -| + | (2) 
r 2v2 D 


to the internal energy per electron-ion pair of the 
system and in the process obtained a theoretical ex- 
pression for the total lowering of the ionization poten- 


6G. Busz and W. Finkelnburg, Z. Physik 139, 212 (1954). 
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TABLE I, Comparative results of several theories on the lowering of the ionization potential. 


AVs=AlV,,+AV, 


Author 
e 
[Z+2(22’)*] 


ro 


Unsdéld 


Rompe and Weizel 


8 e 
-an- 
oF 
8 e e€ 
a-+2.3— 
37 ro 


Ecker and Weizel 
Brunner 


r= (1/n,)!; ro=(3/4an,)!; 


tial. The first term of Eq. (2) represents the lattice 
interaction energy which is treated independently of 
the Debye polarization. & is a mean Madelung coeffi- 
cient which has been assumed equal to that of a cubic 
lattice (@= 1.76). Since there is no fixed lattice, a varies 
with time and there has been some question about the 
validity of the assumption of the above mean value.!®16 

Brunner’ has considered as free those electrons which 
are able to transfer from atom to ion because of the per- 
turbing effect on the atom by the microfield of the 
nearest ion. He makes the assumption that these elec- 
trons contribute to the conductivity of the plasma in a 
manner analogous to hole conduction in a semiconduc- 
tor, and consequently they should be added to those 
freed from the atom by the “lattice interactions” con- 
sidered by Ecker and Weizel.> He has made what he 
considers to be an improved calculation of the Unséld 
relation taking into consideration the distance the ions 
can move during the transit time of the electron and 
claims that Ecker and Weizel’s comparison of their 
microfield term with the Unsdld term is not correct. It 
is the author’s impression that Brunner has erroneously 
counted the effect of microfields twice. 

Comparative numerical values of AV,, and AV, have 
been calculated for a singly ionized plasma and are 
given in Table I. As both the Brunner and Ecker and 
Weizel papers point out, the value of AVez obtained 
from the frequency characteristics of the electron con- 
tinuum must be equal to or larger than the AV 5 used 
with the Saha equation and is probably larger. This is 
due to the fact that atomic energy levels near the 
ionization limit are Stark broadened by the microfields 


'6Q, Theimer, Z. Naturforsch. 12a, 518 (1957). 

‘6s As the result of a private communication with G. Ecker on 
Oct. 11, 1961, it was learned that he has reviewed his theoretical 
work on plasma polarization and particle interactions and 
has concluded that there is indeed a critical electron density, 
nc = (kT /e*)’, above which only the microfield term applies and 
below which only the polarization term applies in the Ecker and 
Weizel theory. For the plasma treated here nc =~ Po" cm~ thus a 
should be set equal to zero. 


T=16000°K 
n,=n,.=2.2X 10"? cm 
AV, AVan AV, (volts) 


(volts) 
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to the extent that they become part of the continuum 
insofar as radiative properties are concerned. This does 
not mean that electrons in these levels are free in the 
sense that they are to be included with those computed 
according to the Saha equation. It is, therefore, not 
correct to equate AVs and AVR. 

Although a direct measurement of AV s does not seem 
possible, an upper bound for its value can be obtained 
from spectral observations. The 45606 Ar 1 spectral line 
which arises from an upper level well above the ob- 
served ionization limit, as shown on Fig. 5, has been 
observed to be emitted from this experimental plasma 
but is quite weak and extremely broadened relative to 
other lines. Even the complete disappearance of the 
line into the continuum due to Stark broadening would 
not be sufficient evidence to permit one to consider the 
level from which the line arises to have been cut off by 
the true lowering of the ionization potential. From this 
spectral observation we can conclude that AV 5<0.65 v. 
Since it has been shown that AV 5<0.65<AVa, it in- 
deed appears that Brunner has counted doubly the 
microfield effect and this then can account for the agree- 
ment of the AV s calculated according to his theory with 
the measured value of AV pr. 

Using the definition of # and ro given in Table I, the 
three theoretical expressions for AV,, may be written 
in the form AV,,=8e/ro, where, for single ionization 
(Z=Z'=1), Bv=3.0, Bew=2.9 and Bg=5.2. Using 
these three values for 8 the composition of the argon 
plasma at 1-atm pressure has been calculated iteratively 
in the temperature range of 5000-20 000°K assuming 
only single ionization. In these calculations the sum 
over states for the atomic partition function was cut 
off at the highest level which satisfied the expression 

E,<e(V;—ANV)), (3) 
where V, represents the first ionization potential. The 
results are shown in Fig. 6, where they are compared 
with earlier calculations that did not consider AV s and 
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used the statistical weights tabulated by Unsdéld" as 
approximate partition functions. Since there is a neg- 
ligible difference between the Unséld and the Ecker 
and Weizel microfield terms, only the Ecker and Weizel 
calculation was performed. Also shown are results of 
calculations including partition function corrections 
only, according to the method of Bethe,’ which agree 
so closely with results of calculations considering only 
the polarization term (8=0) that only the one curve is 
included. 


V. CONCLUSIONS 


It has been concluded, as was first pointed out by 
Ecker and Weizel® and later by Brunner,’ that the true 
ionization potential lowering, AV s, cannot be accurately 
determined from the observed radiation characteristics 
of the plasma. A review of the many theories which 
relate AV s to electron density and temperature has led 
to the conclusion that for plasmas at pressure below 
10 atm the microfield term disappears leaving only the 
Debye polarization term. This means that the widely 


7A. Unsdld, Physik der Sternatmosphiren (Springer-Verlag, 
Berlin, 1955), 2nd ed., pp. 90-91. 
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used Unsdld’ relation is not correct for most plasmas. 
That only the polarization term should be retained in 
the theory is consistent with experimental observations 
of Boldt'® and Wiese and Shumaker”™ in which AVez 
determined from the radiation characteristics of oxygen 
plasmas is smaller than the AV s computed from either 
the Unsdéld or Ecker and Weizel theories but larger than 
that given by the polarization term alone. The excep- 
tionally large value of AV determined here for the 
argon plasma might be expected because of the greater 
concentration of energy levels near the ionization limit 
of the argon atom which would permit Stark smearing 
to affect an overlap of levels farther below the true 
AV s cutoff than would be expected in the case of oxygen. 

On the basis of the results of the several composition 
calculations performed in the course of this work it 
can also be concluded that the cutoff of the argon atom 
partition function resulting from polarization only has a 
more pronounced effect on computed densities than 
the corresponding lowering of the ionization potential. 
Finally it is concluded that an experimental check of the 
theoretical value for AVs is quite difficult and can 
probably be made only by comparing it with the value 
required to bring computed densities into agreement 
with experimental values measured by some method 
which is independent of the computed composition in a 
volume element where the temperature is accurately 
known. 
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Be, Al, Cu, and Au targets were bombarded with 1-Mev protons. The resulting secondary electrons were 
investigated in respect to their intensity, energy distribution, and energy distribution as a function of angle 
of emission. The results show that, contrary to previous investigations, electrons with energies higher than 
those corresponding to the so-called “local-heating” effect contribute considerably to the total yield. About 
75% of the secondaries are emitted at low energies, and the remaining part is emitted with high energies (up 
to 2000 ev for 1-Mev protons). The electron spectrum decreases rapidly toward the high-energy end. The 
high-energy component is not emitted isotropically, but preferably backwards in the direction from which 


the protons arrive. 


INTRODUCTION 


HE secondary-electron emission by heavy par- 

ticles has been thoroughly studied in the past; 
however, most of the investigations were concerned 
with primary particles of several kev energy, and only 
few papers are available for the case where the primary 
particles were protons in the Mev range.'~? Recently 
interest has been aroused in the secondary-electron 
emission by protons in the Mev range by problems in 
plasma physics, outer-space physics, and by fast- 
neutron dosimetry at high dose rates. Experiments 
were performed using secondary electrons emitted from 
the hydrogenous wall of a vacuum chamber by recoil 
protons. The electrons were attracted to a centrally 
located electrode. It was found that, to attract all 
secondary electrons, collecting voltages of about 1000 v 
had to be applied.® This result indicated that there may 
be a significant amount of secondary electrons with 
several hundred ev energy, contrary to the results 
obtained by previous investigators, according to which 
only low-energy secondaries contribute considerably to 
the total yield. 

Therefore, measurements were made to investigate 
the yields, energy distribution, angular distribution, 
and energy spectra as a function of the angle of emission 
of the secondary electrons. 


EXPERIMENTS AND RESULTS 


To find the yields and estimate the energy distribu- 
tion of secondary electrons, we used the apparatus 
shown in Fig. 1. After passing through a set of collima- 
tors which assured that no electrons coming from 
sources other than the target could be counted, the 
protons hit the target and produced secondary elec- 


J. S. Allen, Phys. Rev. 55, 336 (1939). 

2'\. G. Hill, et al., Phys. Rev. 55, 463 (1939) 

3X. Aarset et al., J. Appl. Phys. 25, 1365 (1954). 

* A. I. Akishin, Zhur. Tekh. Fiz. 28, 776 (1958). 

5 E. S. Mironov, and L. M. Nemenov, Zhur. Eksptl. i Teoret. 
Fiz. 32, 269 (1957). 

*P. Kapitza, Phil. Mag. 45, 989 (1923). 

7 A. Hippel, Ann. Physik. 81, 1043 (1926) and 86, 1006 (1928). 

8S. Kronenberg, and H. Murphy, U. S. Army Signal Re 
search and Development Laboratory Report TM-2070, 1959 
(unpublished ). 


trons. The targets used in this experiment were thick, 
and only electrons emitted backwards were considered. 
These electrons moved against an opposed field and 
only those with sufficient energy arrived at the col- 
lector. If the secondary electrons have energies of only 
a few ev, as assumed in the previous investigations, 
there is no problem of production of tertiary electrons 
from the collector surface. However, when the second- 
ary-electron energy is of the order of several hundred 
ev, the probability of tertiary-electron release becomes 
close to one.’ The tertiary electrons are then repelled 
by the applied field from the collector to the target, 
and the net current through the collecting electrode 
becomes close to zero. This effect may give the errone- 
ous result that the maximum energy of secondary 
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Fic. 1. Apparatus to measure the yields and energy distribu- 
tions of secondary electrons using a three-electrode system. The 
application of the ring electrode with corona points proved to be 
more reliable than the use of a suppressor grid. 


®See, for example, Sanborn C. Brown, Basic Data of Plasma 
Physics (Massachusetts Institute of Technology Press, Cambridge, 
Massachusetts, 1959), p. 202. 
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Fic. 2. Integral energy distribution of secondary electrons 
obtained with the three-electrode, opposed-field method for 0.96- 
Mev protons on beryllium. 


electrons corresponds to the repelling potential at which 
the collector current vanishes. To avoid this error, 
we placed a third electrode in the assembly. This elec- 
trode was at the same potential as the target, sur- 
rounded it as a ring, and had four sharp corona points. 
Thus, electrons repelled by the retarding field on the 
collector returned to the target, whereas the tertiary 
electrons emitted from the collector were most likely 
to reach the corona points of the outer electrode. 
If J;,2,3 denotes the current measured by the readout 
meters 1, 2, and 3 in Fig. 1, J, is the proton current, 
Js and Jr secondary and tertiary electron currents, and 
V the applied voltage, the following relationships apply : 
I(V)=Je+Js, 
Jo V) = —Jst+Jr, 
J,(V)=—Jr, 

and 


¥ (V)=Js/Jp=(—J2—Js)/(Is+- Jot Js). 
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Fic. 3. Same as Fig. 2 but for 1.034-Mev protons on aluminum 
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For positive voltages Y is the total yield, and for 
negative voltages it is the number of electrons per 
incident proton with energy greater than V ev. The 
measurements were made using Be, Al, Cu, and Au as 
target materials. The metals were mounted on a modi- 
fied soldering iron tip to make outgassing by heat 
possible. The outgassing was accomplished by heating 
the materials in vacuum to 400°C for 15 min. The 
vacuum during the measurement in the vicinity of the 
target was 4X10-’ mm Hg. Figures 2-5 show the 
results of the measurement. If one adds J» and J; in 
the above measurement and calls the sum J2,3 one 
obtains the expression 


Yoi3(V) = (—Jo43) (Ji +Jo43). (2) 


This is the yield of a two-electrode-system arrange- 
ment, which was used in earlier investigations by 
different authors. An example is shown in Fig. 6. This 
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Fic. 4. Same as Fig. 2 but for 0.94-Mev protons on copper. 


curve agrees very closely with the typical yield-versus- 
energy measurements obtained in the earlier experi- 
ments. The three-electrode system of measurement 
shows that a high-energy component up to several 
hundred ev exists, and gives reliable total yields for 
positive collector potentials. The quantitative energy- 
spectrum analysis of the secondary electrons cannot 
be done very reliably with this method, because some 
secondaries that approach the collector but do not 
quite reach it are repelled to the corona points and so 
distort the measurement. Also the sensitivity of the 
method is not sufficient the maximum 
energy of the secondary electrons. 

Therefore, the measurement has been repeated using 
the magnetic spectroscopy method in which no electric 
fields can affect the path and energy of the secondary 
electrons. The experimental arrangement is shown in 
Fig. 7. Also, in this design the collimators were made 
so that only the electrons emitted from the target 
alone could be registered. The receiver was a tubular 


to establish 





ELECTRON PRODUCTION 
collimator with a Faraday cup at the end, all sur- 
rounded by metallic shielding except for a small opening 
in the front. The receiver part could be placed at differ- 
ent angles to the surface of the target. Between the 
target and the receiver, a magnetic field of variable 
strength could be applied perpendicular to the path 
of the electrons, so that secondary electrons below a 
certain energy, determined by the strength and ge- 
ometry of the magnetic field, would miss the Faraday 
cup and the electrons above this energy could be 
collected. Special care was taken to avoid exposed 
insulators that could charge up, produce an electric 
field, and affect the path of electrons. The absolute 
calibration of the effect of the magnetic field on the 
electrons was made by replacing the metal target with 
an electron gun taken from an old cathode-ray tube, 
shooting the electrons of known energy through the 
collimators into the Faraday cup, and establishing the 
necessary current through the magnet coil to prevent 
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Fic. 5. Same as Fig. 2 but for 0.95-Mev protons on gold. 


the electrons from reaching the cup. The calibration 
was repeated by measurement of the shape and in- 
tensity of the magnetic field and computation from the 
results of the path of electrons with a given energy. 
Results obtained with both methods agreed within 
2.5%. 

Two electrometers were used to detect the currents 
through the target and the Faraday cup. Under bom- 
bardment, they charged up with time to a small 
voltage (0.5 v), which did not distort the path or 
energy of the secondary electrons. The electrometer 
on the target was shunted with a 6-uf capacitor. The 
electrometer on the detector side detecting only about 
one millionth of the target current had an input 
capacity of 78 uuf. Both instruments had an open 
input with the resistance to ground above 10 ohms. 
The voltages on the electrometers were recorded as a 
function of time. From this data, plus the known 
geometry of the arrangement and the collimator, one 
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Fic. 6. Yield and integral energy distribution of secondary 
electrons emitted from aluminum. The points represent the 
measurement obtained for 1.035-Mev protons with the three- 
electrode system but evaluated for the two-electrode system 
according to formula 2. The solid curve is reproduced from 
reference (3) for 2-Mev protons on Al. The two curves are compa- 
rable because beyond 1 Mev the yield varies slowly with the proton 
energy. 


can compute the ‘‘differential yield” 


A¥s [Ce 
v(ew=[1+¥ 0 |/ ~—iot 8h 
AV c(E,y)|Co 


where AV7 and AV c(E,7) are the voltage rises on the 
target and Faraday cup electrometer, Cr and Cg are 
the corresponding input capacitors, and 27 the solid 
angle of the collimator. This expression is defined here 
as the number of secondary electrons per incident 
proton with energies higher than E emitted under an 
angle y with respect to the incident protons, for the 
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Fic. 7, Apparatus used to measure the differential yield of the 
high-energy component of the secondary electrons. 
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Fic. 8. High-energy component of secondary electrons. Dif- 
ferential yield as functions of integral energy distribution for 
different angles of emission. The measurement was obtained with 
0.96-Mev protons on aluminum. 


solid angle 4r/2. From this expression the total yield 
as given by (1) is: 


9 


Y(E)= | Y(E,y) sinydy. (4) 


/0 


The results of this measurement reconfirmed the 
existence of the high-energy component. The energy- 
spectrum measurements at different exit angles gave 
a surprising result: The high-energy electrons are 
emitted preferably within a small angle y, while the 
electrons with lower energy have the tendency to be 
emitted more isotropically. 

Figures 8 and 9 show the secondary-electron spectra 
given by formula (3) for different exit angles. Only 
electrons with energies higher than 100 ev could be 
recorded with the above method, because the stray 
field of the analyzer magnet of the Van de Graaff 
accelerator in the target area (~0.5 gauss) was already 
sufficient to prevent most electrons below 100-ev energy 
from traversing the collimator and reaching the Faraday 
cup. The same reason seems to account for the fact 
that in the opposed field method (Figs. 2-7), the 
saturation took place at about +10 v rather than at 
0 v as one would expect. Some of the electrons below 
10 ev seem to be deflected to the bottom of the ap- 
paratus by the stray magnetic field, and escape without 
being recorded. 


DISCUSSION 


In Figs. 8 and 9, we see that the maximum energy 


of the secondary electrons is about 2000 ev for 0.96-Mev 
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Fic. 9. Same as Fig. 8 but for 0.96-Mev protons on gold. 


incident protons. This value corresponds closely to the 
maximum energy a proton can deliver to an electron 
due to Coulomb scattering. In the laboratory coordinate 
system, this energy is given by 


Emax=4(m,./my)Ep 
or for 0.96-Mev protons, 
Emax = 2092 ov. (4 ) 


The data for dependence of energy on emission angle 
also confirm the explanation of the high-energy com- 
ponent by Coulomb scattering. Electrons escaping 
from the target must be the product of at least two 
consecutive scattering processes to comply with the 
law of conservation of momentum. The energy transfer 
is highest for electrons that were first scattered in the 
direction of the incoming proton, and then suffered a 
second collision which reversed their momentum. These 
electrons traverse the shortest distance in the target, 
lose least energy, and therefore the probability that 
they escape with high energy is big. The quantitative 
explanation of the phenomena described here seems 
to be similar to the one reported in the paper by 
Sternglass,” and a theoretical paper on this subject 
will be published in the future. 
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Equations for calculating the Lorentz corrections in cassiterites (space group D,,"*) are derived which take 
into account the actual crystal structure. The calculation of critical polarizabilities necessary to cause a 
polarization catastrophe is demonstrated for a few ferroelectric and antiferroelectric polarizations. The 
Lorentz corrections are evaluated in the case of rutile (TiO); they are quite different from the normal value 
47/3. The ionic polarizability of titanium in rutile at 300°K is found to be within 5% of the critical value for 
a ferroelectric transition. The calculated internal fields and polarizabilities in rutile are similar to the results 
of correspending calculations for the case of cubic barium titanate. 


INTRODUCTION 


ANY compounds of the type MX, crystallize in 

the cassiterite structure: e.g.,~-* CoFs, CrOs, 
FeF2, GeOs, IrO., MgFs, MnOo, MnF2, NbOs, NiFo, 
OsO., PbOo, PdF2, RuOs, SnOs, TiO (rutile), and 
ZnF,. A diagram of the unit cell is shown in Fig. 1. 
The sites in the lattice are numbered in the diagram 
to correspond to the notation used below. The space 
group is D4,"*. Sites 1 (0,0,0) and 2 (3,3,4) are occupied 
by M; X occupies sites 3 (u,u,0), 4 (1—u, 1—w, 0), 
5 (3+, 4—u, }), and 6 (}—w, 3+, 4). 

Several cassiterites are antiferromagnetic: e.g.,! 
CoFs, FeFs, MnOso, MnFs, and NiF». In the anti- 
ferromagnetic state, the magnetic moment on site 1 is 
in the +2 direction; that on site 2 in the —z direction. 

At least two cassiterites have large dielectric con- 
stants at room temperature: €-=170, eg=86 in rutile*® 
(TiO.); €-=24, €g=23.4 in cassiterite (SnO.).6 The 
local environment of the titanium ion in rutile is very 
similar to that in perovskite titanates such as barium 
titanate: Each titanium ion is surrounded by an 
octahedron of oxygen ions, with a Ti—O separation of 
about 2 A. However, the long-range order in the two 
crystal structures is quite different. 

Slater? and Triebwasser® have shown that ionic 
polarizations in barium titanate are accompanied by 
large local fields at some of the lattice sites. The local 
fields are especially large at sites in titanium-oxygen 
chains parallel to the applied field. 

In the present work, equations relating polarizations 
and applied fields in the cassiterite structure are 
derived. The point charge, point dipole approximation 
which is used for the interactions has been described 
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by Slater? and Cohen.’ The calculation of the critical 
polarizability for spontaneous polarization is also 
demonstrated for a few ferroelectric and antiferroelectric 
polarizations. 

These equations are solved in the specific case of 
rutile. The calculated polarizabilities and internal 
fields in rutile are compared with values in cubic 
barium titanate which have been calculated by a similar 
method by Slater,’ Triebwasser,* and Cohen.” 


LOCAL FIELD CALCULATIONS 


Rutile is used as an example in the following deri- 
vation of the local field equations. The results of this 
section are equally applicable to any cassiterite. 

The field E at a lattice site in a thin slab of dielectric 
may be written! 


E=E,+E,+E,. (1) 


E, is the applied field. E, and E, are fields due to the 
polarization of the dielectric. It is usually assumed that 
the dielectric can be divided into two parts for the 
purposes of this calculation : the immediate environment 
of the field point i, treated as discrete points, and the 
remainder, treated as a continuum. E, is then the field 
inside a spherical cavity in the dielectric due to the 
polarization P of the dielectric outside the cavity: 











Fic. 1. Unit cell of a cassiterite, drawn for the case of rutile 
(TiOz). In the general cassiterite MX», the filled circles represent 
sites occupied by M ; the open circles sites occupied by X. 

*M. H. Cohen, Phys. Rev. 84, 368 (1951). 

10M. H. Cohen, Phys. Rev. 84, 369 (1951) 

"C, Kittel, Introduction to Solid State Physics (John Wiley & 
Sons, Inc., New York, 1956) 
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E,=4rP/3. E, is the field due to sources within the 
cavity. If the sources are assumed to be point charges 
and point dipoles located at the lattice sites, this 
contribution may be written 


Qm¥ im 
+ 
Tint 


where 7; is the distance between the field point 7 and 
the source point m, gm is the effective charge on the 
mth ion, and p,, is its dipole moment. The prime after 
the summation sign in Eq. (2) signifies that the term 
i=m in the sum is omitted. The first term in Eq. (2) 
represents the contribution to the local field due to 
monopole sources; the second, that due to dipole 
sources; fields due to sources of higher polarity are 
neglected. If the field point has a cubic environment, 
E,=0. In cassiterites, the environments are not cubic 
and E, may be very different from zero. 

The cassiterite structure (Fig. 1) can be thought of 
as being composed of six simple-tetragonal lattices, one 
based on each of the numbered sites in the diagram. 
In any one of these simple-tetragonal lattices, it is 
assumed that the local fields at all lattice sites are 
equal and parallel and that the polarization is parallel 
to the local field. Then, from Eqs. (1) and (2), the field 
at a particular site in the ith lattice may be written 


3 imFim— Timed 


Pu’ ee 


5 
Tim 


(2) 


m 


(9;8:;+P;-F:,), (3) 


6 
E =E,+ z. 


l 


where g; is the effective charge on ions in the jth 
lattice, P;= p,/V, and V is the volume of the unit cell, 
cr 
—~ 


jth lattice 


(Fin/ Tin’), 


$= 


dir 
Fy=—i+V 
3 


3tinlin—Tinl 


Tin 


e 


jth lattice 5 


The monopole field, 
6 
G;= . e 93:3, 
=! 


is zero for titanium sites. The z component is zero for 
oxygen sites; the x and y components are related by 


G3:= —G42=G52= —Ge:z 


. s (6) 
=G3,= —Gy= —G5,= Gey. 


In rutile, for example, |G;!~5 v/A. The net polari- 
zation caused by these fields is zero. 

F.,; is the Lorentz factor for the dipole-dipole inter- 
action between the simple tetragonal lattices i and j. 
The first term of F,; in Eq. (5) comes from E,=44P/3. 
The other term comes from E,. If the environment is 
cubic, E,=0 and F,;= (44/3)1. 
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TABLE I. Relations between the components fjjs, of the 
Lorentz factors Fi;. fi jay= fiiay = fiiye. 








F;; Siizz 


Fi fizz 
12 Jitzz 
Fis hi azz 
Fis Siszz 
15 foszz 
16 foszz 
22 fizz fizz 
F.; 2322 foszz 
Fa Soszz foszz 
Siszz fiszz 

fiszz fi jrz 

fizz fi lzz 


J 34zrz 


fiiwy 


firzz 
firzz 


Jisez 


Jiszz 
foszz 


foszz 


Stacz 
fasvy 
Saszz 
fi lzz 


3irz 


Jsszz 
Jasyy 

lizz 
Sasyy 
Soszz 
Siizz 


Sizz 


Suz 


J 35yy 
Firzz 


Ssazz 





The components of the second rank tensor F;;; will be 
denoted by fijs, Here i and j refer to the simple 
tetragonal lattices which are interacting; 8 and y to 
the coordinates x, y, and z. For example, 


: 4 
Sijez=—t+ V 
3 


3X5 ine 


; nt 


jth lattice 5 


‘; n 
2 
IX i] nV n 


fiizy= V ps 


jth lattice r;,,5 

Because of the symmetry of the cassiterite structure, 
there are relations between the various components 
fisay. These relations are indicated in Table I. 


Optical Case 


When the frequency of the driving field is sufficiently 
high that all polarizations are electronic, the equations 
for the local fields are derived from Eq. (3). There are 
six such equations, one for each type of site. The 
polarizabilities a; are defined by p;=a,E;. 

Consider first the case of an applied field in the z 
direction. There is no monopole contribution to the 
field in the z direction. Since f;,;., and f;;,. are both zero 
for all i and j, the polarizations are all parallel to the z 
direction. The symmetries of the environments of the 
sites are such that for the titanium sites P1,= P2, and 
@1,=a2,; and for the oxygen sites, P3,= Ps.= Ps5.= Ps: 
and a3,=a4,=a5,=a%,. The six vector equations 
derived from Eq. (3) may immediately be reduced to 
two independent scalar equations: 


Eys=Eost Piel fitest fires) + P32(2fiseet 2 foszz), 
E3:= Eo:t P,,( fiseet foses) 
+ P3,( fitze+ fsazet2 fa5z2). 
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Since P1./£1,=a,, and P3,/E3,=a3:, there are only four 
unknowns. In addition, there is a relation between the 
total polarization and the optical dielectric constant n,*: 


n2Eo,= Eo:t+ 84(Piz+2P3,). (8) 


When the applied field is in the x direction, the 
equations corresponding to Eqs. (7) and (8) contain 
more terms. The monopole fields are not all zero; nor 
are the cross terms in the Lorentz factors. The sym- 
metries of the two titanium sites are such that P},= Poe, 
and P\,=—P2,; Gi=G,=0. By symmetry, the mono- 
pole fields at the oxygen sites are related by Eq. (6). 
Hence, in the absence of an applied field, the oxygen 
polarizations P,° are related by 


P3°= — P= P5°= —P,.° 


(9) 
= P;, = —Py = — P,°= Pe,’ 


The total polarization of an oxygen site is written 
§8,=P,°+P., where P; is the increment in the polari- 
zation caused by the applied field. The local fields are 
written in a similar manner. The polarization incre- 
ments when a field is applied in the x direction are 
related by 
P32= Paz= P5z= Pes, 
and (10) 
P3y= Py= > Psy= — Poy. 
It follows from Eqs. (9) and (10) that 
B32+ $..= Ps2+ Boz =2P3z, 
¥B3,+B4,= —¥s,— Bo, = 2 Psy. 
It is possible to use Eq. (11) to set up the equations for 
the local fields so that polarization increments due to 
the applied field may be calculated without evaluating 
the monopole field at a lattice site. 
Then the six vector equations derived from Eq. (3) 
relating the polarizations and the fields, summed 


appropriately to remove the monopole field terms, may 
be reduced to four independent scalar equations: 


Ey2= Eozt Pis(firzzt frre) + P322(fisest frszz) 
+ Psy2(fiszyt+ foszy)s 
Ey, = Piy(fiurzr— froze) + P22 (fiszy— foazy) 
+ Psy2(fisez— foszz), 
= Bozt Piz(fisezt foszz)+ PiySiszy— foszy) 
+ Ps2(firzzt frszzt foszzt fsszy) t+ Payfesszy; 
Ex, = Piz(fiszyt+ foszy) + Piy(fiszz— feszz)+Pizfsszy 
+ Psy (firzzt foszz— faszz—faszy), (12) 


(11) 


Ex: 


where E; is the increment in the local field at the oxygen 
sites due to the applied field. Since P12/Eiz=P1,/F1, 
=a2/V, and P32/E32= P3,/E3,=«a32/V, these equations 
contain only six unknowns. 

An additional equation relates the polarizations and 
the optical dielectric constant m,°: 


n@Eor= Eort+8m(Pizt+2P32). (13) 


TILE 1715 
There are no terms involving the polarizations in the 
y direction in Eq. (13) since 


> P;,=0. 


= 1 


Static Case 


When the driving frequency is low, there are addi- 
tional ionic polarization terms in the local field equa- 
tions. These terms will be due to the shift in location 
of the various lattices with respect to each other. 
Cohen* has shown that for small displacements, as in 
rutile, the appropriate equations are derived from Eq. 
(3) as before in the optical case, with the addition of 


terms of the type 
: q 
3 (P/- PY) Fi, 
y=! gi 


(14) 


P;' is the ionic polarization of the jth lattice. p,;’=4,6;, 
where q; is the effective charge of the ions in the jth 
lattice and 5; is the displacement of the jth lattice from 
its zero-field position. 

In rutile, g1=g2= —2qg3= —2q4= —2qs= —2qe. As for 
the ionic polarizations, the equations for the local 
fields are insoluble unless some assumption is made 
concerning the relative motions of the various ions. 
Several modes of motion are possible in rutile. In the 
cases worked out below, the ionic polarization was 
assumed to be a displacement of the titanium lattices 
with respect to the oxygen lattices, with the oxygen 
lattices held fixed. 

When the field is in the z direction, the electronic 
polarizations are related as before in the optical case. 
In addition, the ionic polarizations P,’ are in the z 
direction and are related by P,’= P2,’. The six vector 
equations derived from Eqs. (3) and (14) for the local 
fields reduce to 


Ey.= Eot+ Py2(firezt fizez) 
+ (2P32+Prie')(fiseet fosez), 
E32= Eot (Pict Piz’) (fisezt foses) 
+ Pel fitezt+ foacet2 fose2)- 


(15) 


The equation relating the polarizations and the static 
dielectric constant is 


€-Eo2= Eos+8a (Piet Pie’ +2P3:). (16) 


The ionic polarizability a,’ is defined by 
P,,'=a,'E;,/V. 


When the field is in the x direction, the electronic 
polarizations are related as above in the optical case. 
The ionic polarizations are in both the x and y directions. 
Assuming as before that the ionic polarization is a 
displacement of the titanium lattices with respect to 
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fixed oxygen lattices, symmetry requires that P,.’= P2,’, 
P,,’ = = Fs. and 1: = a,’ = P,, /E:s= P,,'/E wy. Re- 
writing the local field equations [Eqs. (12) ] to include 
the ionic polarization terms, the six vector equations 
derived from Eqs. (3) and (14) may be reduced to four 
scalar equations: 


Ei:z= Eozt+ P,( first fizez) 
+ ( Py2'+2P32)(fisezt foszz) 
_ (Pry'+2P sy) (fisey— fos 
Ey, = | Py2'+2P32)(fiszy— foszy) 
+ Fs (fizz— fie sa) ee 2Piy fiezz 
+ | Pyy'+2Ps,) (fisze— feszz); 
E32= Eort (Pizt Piz’) (fiszzt foszz) 
+ P32(firzzt faszzt fasezt Sosy) 
+ (Piyt Py’) Sfrszy— foszy) + Pay faary, 
Exy= (Pizt Piz’) (fiseyt frszy) + Pash sszy 


+ (Piyt Py’) (fiszz— foszz) 


sy)> 


+ Py fi uss t fuss fsszz— fs5yy)- (1 7) 
The equation relating the polarizations and the static 
dielectric constant is 


€aeEoz= Eozt+ 8a(Pizt Piz'+2P3z), (18) 


6 
> Pi,=9. 


It will be noted that in the local field equations the 
unknowns always exceed the number of equations. 
It is therefore necessary to make some assumption 
regarding the unknowns in order to solve the equations. 


Polarization Catastrophes 


The critical value of the ionic polarizability necessary 
to cause a polarization catastrophe may also be calcu- 
lated from equations for the local fields. Local field 
equations are written in terms of the polarizations. A 
nonzero solution for the polarizations is found in the 
case of no applied field. (This corresponds to spon- 
taneous polarization without a change in crystal 
structure.) The critical polarizability is then P,/ EZ. 

The critical polarizability for ferroelectric transitions 
in which the oxygen lattices are held fixed and the 
titanium lattices are spontaneously displaced may be 
calculated from Eqs. (15) and (17). It is assumed that 
the polarizations are related by Pi,’=P:,’ in the z 
direction and P;,’=P2,’ and P;,'=—P2,' or P1,'/= P2,’ 
and P;,’=—P2,' in the xy plane, or any combination 
of these relations. 

A similar calculation can be made for the case of an 
antiferroelectric polarization in the z direction. It is 
assumed that P;,’= P2,’; hence, by symmetry, P3.= P41: 


A. PARKER 


TABLE II. Components of the Lorentz factors in rutile 


Fi; Siizs 
Fi 0.50361 
5.92395 
8.04624 
— 2.04474 
6.97766 
14.51841 





Jijzy 


Siizs Jiivs 


11.55911 0 0 
0.71845 0 0 
—3.52614 9.65294 0 
16.65583 9.57433 0O 
— 1.38898 3.24913 0 
2.73800 0 0 


Siivy Seias 


0.50361 
5.92395 
8.04624 
— 2.04474 

6.97766 
— 4.69007 








=—Ps,=—Ps,. The resulting equations are 


Eu= Pi(fitez— Sizes) y= 2Prz fies 
+ (Pi. +2P32) ( fisez = foszz), 
E3.= (Pict Pi’) (fiseze— foses) 


+ Poel firezt fr4z2—2 fs5e2). (19) 


Other types of ferroelectric and antiferroelectric 
transitions in rutile are possible, but appropriate 
equations have not been derived. As long as the volume 
of the unit cell remains constant, the calculations will 
be similar to those outlined above, with the same 
Lorentz factors. If the transition requires a larger 
unit cell, the Lorentz factors must be recalculated for 
the new simple lattices. 

All of the calculations outlined in this section are 
applicable to any crystal with a cassiterite structure. 
The values of the components of the Lorentz factors to 
be used in the equations will be different in each case 
because of the variations in the lattice parameters 1 
and c/a. But otherwise the equations are identical. 


LOCAL FIELD CALCULATIONS IN RUTILE 


The local field equations derived above for the 
cassiterite structure [Eqs. (7), (8), (12), (13), and 
(15)—(18) ] were solved in the case of rutile. 

Rutile (TiO) is a cassiterite with a unit cell charac- 
terized by a=4.5931 A, c/a=0.6441, and «=0.3090." 
The components of F,; defined in Eq. (5) have been 
computed in the case of rutile.” They are listed in 
Table II. The components of Fj; agree with values 
calculated by Mueller." 


Polarizabilities in Rutile 


Slater’ has evaluated the polarizabilities in barium 
titanate using similar equations for the dielectric 
constants and local fields. His procedure was first to 
find reasonable values of the electronic polarizabilities 
which are compatible with the observed refractive 
index. Then the ionic polarizability was calculated 
from the static dielectric constant and these electronic 


2 F,. A. Mauer, Constitution and Microstructure Section, this 
laboratory, (unpublished results). 

%L. R. Walker, Bell Telephone Laboratories 
New Jersey (unpublished results 

4H. Mueller, Phys. Rev. 47, 947 (1935 


Murray Hill, 





LORENTZ 


polarizabilities. The same procedure was followed to 
deduce the polarizabilities in rutile from the optical and 
static dielectric constants. 

Slater’ has explained the refractive index of barium 
titanate by a titanium polarizability 4ma,= 2.34 A* and 
an oxygen polarizability 42a;= 30.0 A*. The volume of 
the rutile unit cell? at 300°K is 62.42 A®. The values of 
the refractive indices of rutile calculated from Eqs. 
(7), (8), (12), and (14) using these polarizabilities are 
n.=2.017 and ng=2.776, compared with the experi- 
mental values of 2.903 and 2.616, respectively.’® On the 
other hand, if the electronic polarizability of titanium 
is assumed to be 2.34 A*/4m, the electronic polariza- 
bilities of oxygen calculated from the experimental re- 
fractive indices are 47a3,= 32.68 A’ and 42ra3q= 28.73 A’. 
These values are listed in Table III. 

Cohen” has estimated the ionic polarizability of 
titanium to be 4ra,;’/=11.90 A’ in barium titanate at 
the ferroelectric transition. Using this value and 
4a, = 2.34 A® and 42a3;= 30.0 A® as before, the static 
dielectric constants calculated from Eqs. (15), (16), 
(17), and (18) are «-=31 and e,=76, compared with 
the experimental values of 170 and 86, respectively.*® 
However, if the electronic polarizabilities deduced from 
the refractive indices are used in the equations, the 
ionic polarizabilities calculated from the experimental 
dielectric constants at 300°K are 4ma,,’= 11.47 A® and 
4araya’ = 12.88 A’. 

If it is assumed that the electronic polarizabilities 
per unit volume are constant, the relation between the 
dielectric constant and the ionic polarizability in 
titanium dioxide may be written 


9.259 
€-= —0.823-+-— SSSeeraenees 
1—5.150(42a;.’/V) 

4.070 


€a=2./73+ (21) 


1—4.612(4mea’/V) 


The denominator in the corresponding equation for 
barium titanate” is 1—5.38(42a;’/V). According to 
Eqs. (20) and (21), the dielectric constant of rutile 
will be infinite in the ¢ direction if 4ma,.’= 12.127 A® 
and in the a direction if 4maiq’=13.542 A*. These 
values may also be calculated from Eqs. (15) and (17) 
as the ionic polarizabilities necessary to cause a ferro- 
electric polarization catastrophe. The critical polariza- 
bility in rutile is only a little larger than the value 
11.90 A® which Cohen" calculated for a similar transi- 
tion in barium titanate. All of the polarizabilities in this 
section are listed in Table IIT. 

Even at 300°K the ionic polarizability in rutile is 
nearly large enough to cause a ferroelectric polari- 
zation catastrophe. The ratio of the ionic polarizability 
at 300°K to the critical value is 0.946 in the c direction 


‘6 T). C, Cronemeyer, in Massachusetts Institute of Technology 


Laboratory for Insulation Research Report No. 46, 1951 (un 
published), p. 19. 
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TABLE III. Polarizabilities at 300°K in rutile. 





Polarizabilities (A) 
dra, 41a, 


Rutile 
titanium (electronic) 

oxygen (electronic 

titanium (ionic) 

Critical ionic polarizability 
ferroelectric catastrophe 
antiferroelectric catastrophe 

Barium titanate 
titanium (electronic) 

oxygen (electronic) 

barium (electronic) 

titanium (ionic) 

Critical ionic polarizability 
ferroelectric catastrophe 
antiferroelectric catastrophe 


and 0.951 in the @ direction. A temperature coefficient 
of the polarizability per unit volume 


V d(a’ 0.05 
-— a == 1.710-4/°E. 
a dT 300°K 


would be sufficient to cause a transition at 0°K. 

The value of the ionic polarizability necessary to 
cause an antiferroelectric transition in the z direction 
was calculated from Eq. (19). If the electronic polariza- 
bilities deduced from the refractive index are used, 
4a.’ = 286 A’ is calculated as the critical ionic polariza- 
bility. This value is so much larger than that calculated 
above from the static dielectric constant that this type 
of antiferroelectric transition seems unlikely. 

The critical ionic polarizability to cause a similar 
antiferroelectric transition in barium titanate” is 
9.89 A®, This is somewhat less than the value 11.90 A® 
which Cohen calculated was required for ferroelectricity 
in barium titanate. Hence he concludes that the favoring 
of ferroelectricity in barium titanate cannot be explained 
by this simple dipole-dipole interaction model. 


Polarizations in Rutile 


The equations relating local fields and dielectric 
constants [Eqs. (15), (16), (17), and (18) ] may also be 
solved for the local fields. The experimental values of 
the refractive indices and the static dielectric constants 
were used in the calculations. 

By symmetry, there are no net polarizations perpen- 
dicular to a field applied in the ¢ or a directions in 
rutile. However, because of the large off-diagonal 
elements in some of the Lorentz factors (Table IJ), 
there are sizeable individual polarizations perpendicular 
to a field applied in the a direction. These cross polari- 
zations are zero when the field is applied in the gz, 
[110], or [110] directions. The results of the calcu- 
lations will therefore be given in these directions. 
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ras_e IV. Lorentz corrections in rutile. The Lorentz correc- 
tion L; is defined by E;=E,+1,P. L;=4r/3=4.189 for cubic 


environments 


Lorentz correction 
Optical case 


Static case 
Rutile, ¢ direction 


titanium (1 or 2) 6.546 
oxygen (3, 4, 5, or 6 4.042 


6.548 
4.530 


Rutile, [110] direction 
5.378 11.307 
3.713 5.954 
oxygen (3 or 4 3.500 8.347 
5 or 6 3.310 0.362 


titanium 


Barium titanate 
6.02 
3.69 
5.45 
3.85 


titanium 
barium 
oxygen (a) 

b, or be 


The contribution to the total polarization due to the 
electronic polarization of titanium is £5% in all cases. 
Hence, the results of the calculations should not be 
strongly dependent upon the value assumed for the 
electronic polarizability of titanium. 

The relation between the applied field and the local 
fields and polarizations may be conveniently represented 
as an effective Lorentz factor or Lorentz correction. 


Lorentz Corrections in Rutile 


The increment in the local field E, at a site in the 
lattice due to an applied field Ey may be written 


E,=E,+L,-P, 


where P is the total polarization and L, is the Lorentz 
correction. If the environment of the field point is 
cubic, it follows from Eq. (3) that L;=4/3rl. More 
generally, 


As noted above, F,; is the Lorentz factor for the 
interaction between the simple lattices i and j. In the 
effective Lorentz factor L,, these factors are weighted 
by the relative contribution that the associated polari- 
zation makes to the total polarization. 

The calculated Lorentz corrections in rutile are 
listed in Table IV. The Lorentz corrections in barium 
titanate calculated from the results of Slater’ and 
Triebwasser® are also listed. In the optical case, none of 
these factors is very different from 44/3=4.189. In the 
static case in the z direction in rutile, the Lorentz 
corrections are about equal to those in the optical case. 
In the [110] direction in the static case, the Lorentz 
corrections are two or three times 47/3 at sites 1, 3, and 
4 and only one-tenth of 4/3 at sites 5 and 6. In barium 
titanate in the static case, the Lorentz corrections are 
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even larger at the titanium and @ oxygen sites and about 
one-half of 42/3 at the 6 oxygen sites. 

Sites 3 and 4 in rutile and site a in barium titanate 
correspond to oxygens in a titanium-oxygen chain 
parallel to the applied field. Sites 5 and 6 in rutile 
and sites b in barium titanate are in titanium-oxygen 
chains perpendicular to the field. In barium titanate, 
chains of the type O-Ti-O-Ti---- extend through the 
crystal in the x, y, and z directions. In rutile, there are 
chains of the type O-Ti-O-O-Ti-O-- ++ in the [110] and 
[110] directions. In both structures, the local fields in 
the optical case are similar to those for cubic environ- 
ments. But in the static case, the local fields are 2 to 4 
times larger when the field is parallel to the titanium- 
oxygen chain and 2 to 10 times smaller when the field 
is perpendicular. The Lorentz corrections in rutile are 
not quite as large as those in barium titanate. 


Effective Charge in Rutile 

The effective charge of the ions in the lattice may be 
estimated from the ionic polarizability"®: a,’=¢?/K, 
where q; is the effective charge of the titanium ion and 
K is the force constant of the vibration of the titanium 
ion. These force constants have been calculated from 
the Raman spectrum of rutile.'’"* The effective force 
constant for a vibration of a titanium ion with the 
rest of the crystal held fixed is ~ 1.08105 d/cm in the 
c direction and ~1.16X10° d/cm in the a direction.” 
a,;’~1A* has been deduced from the dielectric con- 
stants. Hence, g:/e~0.7, compared with the nominal 
value +4. Slater’ has estimated a similar effective 
charge (~1) for the titanium ion in barium titanate. 
According to Pauling,” the electronegativity of oxygen 
is 3.5 and that of titanium 1.6; the expected ionicity is 
then ~40% or qi/e~ 1.6. 

From this effective charge and the Lorentz correction 
calculated above (Table IV), the displacement of a 
titanium ion is estimated to be ~10-'® cm when a 1 
v/cm field is applied to the crystal. This is a justifi- 
cation of the assumption of small ionic displacements 
in the calculations of the local fields in rutile in the 
static case. 

CONCLUSIONS 

Local field equations have been derived for the 
cassiterite structure (space group D,,'*). Equations for 
calculating critical polarizabilities for representative 
ferroelectric and antiferroelectric 
tastrophes have also been derived. 

These equations have been solved in the specific 
case of rutile. The Lorentz factors for the interactions 


polarization ca- 


‘6 J. H. Barrett, Phys. Rev. 86, 118 (1952). 

‘7 B. Dayal, Proc. Indian Acad. Sci. 32A, 304 (1950 

'® P. S. Narayanan, Proc. Indian Acad. Sci. 32A, 279 (1950). 

*B. Dayal and N. Appalanarasimham, J. Sci. Research 
Benares Hindu Univ. 1, 26 (1950). 

*L. Pauling, The Nature of the Chemical Bond 
versity Press, Ithaca, New York, 1945) 
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between pairs of simple tetragonal lattices are quite 
different from 4/3 calculated assuming cubic 
symmetry. 

The electronic and ionic polarizabilities in rutile are 
deduced from the optical and static dielectric constants 
at 300°K. These are very similar to the polarizabilities 
used to explain the dielectric constants of barium 
titanate. The ionic polarizability is within 5% of being 
large enough to cause a ferroelectric polarization 
catastrophe in both the c and a directions. 

Calculations of the Lorentz corrections in rutile show 
no large enhancements of the local fields in the z 
direction over the field which would be predicted 
assuming cubic symmetry. The local fields in the 
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[110] direction in rutile are similar to those in barium 
titanate. The Lorentz corrections show that when ionic 
polarization occurs, there is a large local field parallel 
but a small field perpendicular to titanium-oxygen 
chains in these two crystals, whether the chain is 
Q-Ti-O-Ti-:-- as in barium titanate, or O-Ti-O-O- 
Ti-O-- ++ as in rutile. 
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The static dielectric constant ¢ of rutile has been measured as a function of temperature from 1.6 to 
1060°K. Rutile does not appear to be ferroelectric or antiferroelectric in this temperature range. At low 
temperatures, ¢ approaches a limiting value of 257 in the c direction and 111 in the @ direction. €300°« = 170 
and 86, respectively, and €:000°x =97 and 58. The ionic polarizability of titanium is calculated using the 
previously derived Lorentz correction in the rutile structure. The polarizability at all temperatures is very 
close to the critical value for a ferroelectric polarization catastrophe. The temperature variation of the ionic 
polarizability is explained qualitatively on the basis of other properties of the crystal. 


INTRODUCTION 


UTILE is a tetragonal crystal with a c/a ratio of 

0.6441.! It has large refractive indices? (n,= 2.903, 
Nq= 2.616) and large static dielectric constants** (e, 
=170, ¢.= 86) at 300°K. There are several reasons for 
expecting that rutile might undergo a ferroelectric or 
antiferroelectric transition at a temperature below 
300°K. 

In crystals in which all of the sites have cubic en- 
vironments, a polarization catastrophe will occur when 
>; 4ra;/3V >1, where a; is the polarizability, V is the 
volume of the unit cell, and the summation is per- 
formed over the unit cell. According to the polariza- 
bilities of O-* and Ti** calculated by Roberts® and the 
unit cell volume! at 300°K, this sum in the case of 

* Present address: Clarendon Laboratory, Oxford. 

1F, A. Mauer, Constitution and Microstructure Section, this 
laboratory (unpublished results). 

21D. C. Cronemeyer, in Massachusetts Institute of Technology 
Laboratory for Insulation Research Report No. 46, 1951 (un- 
published), p. 19. 

3A. R. von Hippel, Dielectric Materials and Applications (John 
Wiley & Sons, Inc., New York, 1954). 

4F. A. Grant, Revs. Modern Phys. 31, 646 (1959). 

5 C. Kittel, Introduction to Solid State Physics (John Wiley & 
Sons, Inc., New York, 1956). 

6S. Roberts, Phys. Rev. 76, 1215 (1949). 


rutile is 1.024. Hence, on the basis of this calculation, 
rutile would be expected to be ferroelectric at room 
temperature. The environments of the sites in rutile 
are not cubic, so this calculation is not entirely ap- 
propriate. But the large dielectric constants at room 
temperature suggest that the polarizability per unit 
volume is not very far from the value required for a 
catastrophe. 

The local environment of the titanium sites in rutile 
is similar to that in barium titanate: The titanium site 
is surrounded by an octahedron of oxygen sites with a 
titanium-oxygen distance of ~2A. Slater’ and Trieb- 
wasser® have shown that when ionic polarizations occur 
in barium titanate, there are large local fields at some 
of the lattice sites. Corresponding calculations of local 
fields in rutile? show that when the titanium ion is 
ionically polarized in the [110] or [110] direction, 
there are similar large local fields at sites in the rutile 
lattice. The values of the electronic and ionic polariza- 
bilities deduced from the optical and static dielectric 
constants at 300°K are very similar to those used by 


7]. C. Slater, Phys. Rev. 78, 748 (1950). 
8S. Triebwasser, J. Phys. Chem. Solids 3, 53 (1957). 
®R. A. Parker, preceding paper [Phys. Rev. 124, 1713 (1961) ]. 
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Slater? and Cohen” to explain the dielectric constants 
of barium titanate. Moreover, the ionic polarizabilities 
in both the ¢ and a directions in rutile at 300°K are 
within 5% of the critical value for a ferroelectric 
transition.’ 

In addition, von Hippel® has reported that the di- 
electric constant of rutile has a relatively large negative 
temperature coefficient (~—0.18/°K) at 300°K. This 
suggests the possibility of a polarization catastrophe 
at a lower temperature. 

In the present work, the possibility of a ferroelectric 
transition in rutile was investigated. Measurements 
were made of the dielectric constants in the ¢ and a 
directions at temperatures between 1.6° and 1060°K. 
From the experimental results it is concluded that 
rutile is not ferroelectric or antiferroelectric in this 
temperature range. 

The ionic polarizability as a function of temperature 
is deduced from the experimental results. This polariza- 
bility is at all temperatures within a few percent of the 
critical value for a ferroelectric polarization catastro- 
phe.® The temperature variation of the ionic polariza- 
tion is explained qualitatively on the basis of other 
measured properties of the crystal. 


EXPERIMENTAL 
Sample Preparation 


Boules of undoped rutile, grown by the flame fusion 
technique, were obtained from the Linde Company 
and from the National Lead Company. The boules 
were oriented by x-ray back reflection. Samples ap- 
proximately 1X5X5 mm were cut with a diamond 
saw. One of the dimensions of the sample corresponded 
to the c axis and the other two to a axes. The samples 
were polished on No. 600 corundum paper to remove 
irregularities in the surface. The dimensions were then 
measured with a micrometer. 

The orientation of the c axis of the samples was 
checked with polarized light and was in all cases 
correct within 2°. The samples were not perfect crys- 
tals; they seemed highly strained. 

Before capacitance measurements were made, the 
crystals were heavily oxidized in order to eliminate the 
difficulties with large low-frequency capacitances en- 
countered with oxygen-deficient crystals." The dielec- 
tric constants of these oxidized crystals were not a 
function of frequency for frequencies between 10? and 
10° cps. 

Two different types of electrodes were used for the 
capacitance measurements: soldered indium for meas- 
urements below 300°K and fired-on platinum for meas- 
urements above 300°K. The electrodes were removed 
with aqua regia or warm dilute nitric acid. The applica- 
tion of the electrodes and their subsequent removal 


109M. H. Cohen, Phys. Rev. 84, 369 (1951). 
R.A. Parker and J. H. Wasilik, Phys. Rev. 120, 1631 (1960). 
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with acid had no effect on the measured dielectric con- 
stants of the crystals. 


Apparatus 


For measurements of capacitance, the crystal with 
metal electrodes applied was held between the plates of 
a parallel plate capacitor. The two-terminal capacitance 
of the crystal was measured by a substitution method.’ 
The measurements were performed with General Radio 
716 and 716-CSL capacitance bridges and a 722-DQ 
precision variable capacitor. The experimental pro- 
cedure is described by von Hippel.* 

Temperatures below 78°K were measured with carbon 
resistors ; above 78°K, with thermocouples. 

The usual cryogenic techniques were used to cover 
the temperature range from 1.6° to 300°K. The sample 
was kept in a small pressure (~ 100 u) of dry helium. 
The measurements were primarily made at a frequency 
of 10* cps. 

Measurements of the dielectric constant at tempera- 
tures above 300°K were made in air in a vertical tube 
oven. At the higher temperatures, the conductivity of 
the crystals increases because of two reasons: thermal 
excitation of intrinsic carriers and the increase in the 
equilibrium concentration of oxygen vacancies. These 
capacitance measurements were primarily made at 1-3 
X 10° cps in order to reduce the difficulties’ due to the 
conductivity losses. The corrections to the capacitance 
due to this effect were too large to allow the accurate 
measurement of the dielectric constant at temperatures 
above 1060°K. 

In the sample holders used, capacitance differences 
could be measured to +0.02 uyf, but the value of the 
capacitance of the sample could not be determined 
directly because of the lack of precision in setting the 
electrode gap for the measurement of the capacitance 
of the empty holder. Therefore the value of the capaci- 
tance of the sample at room temperature was deter- 
mined to +1% in a micrometer holder. The tempera- 
ture variation of the capacitance of the empty holders 
as a function of temperature was also measured to 
+0.02 pyf. 

From this information and the capacitance of the 
sample and holder as a function of temperature, the 
dielectric constant of the sample was determined to 
+3Q% between 1.6° and 1060°K. 


EXPERIMENTAL RESULTS 


The measured dielectric constant in these experi- 
ments was not a function of frequency (10°—3X10° 
cps), ac field (0.1-30 v/cm), or dc bias (0-4000 v/cm). 
No significant difference was found in the dielectric 
constant of rutile cut from boules from the two different 
sources. 

The dielectric constants of rutile in the c and a 
directions determined in the present experiments are 
shown as a function of temperature as the solid lines in 
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Fic. 1. Static dielectric constants of rutile. The solid lines 


represent the results of the present experiments; the dashed lines, 
values given by von Hippel. 








Fig. 1. The dashed lines in Fig. 1 are dielectric constants 
reported by von Hippel.’ In the temperature range 
where the measurements overlap (300-700°K), there 
appears to be good agreement between the two sets of 
data in the c direction. The present values are some- 
what higher than those quoted by von Hippel in the 
a direction. 

In both the c and a directions, the dielectric constant 
as a function of temperature has a slope which ap- 
proaches zero as the temperature approaches zero, as is 
required by thermodynamics. At temperatures above 


30°K, the dielectric constant in both directions begins 
to decrease with increasing temperature. No discon- 
tinuities were found in the dielectric constant. X-ray 
measurements! show no change in the crystal structure 
in the range of temperatures used in these experiments. 


INTERPRETATION 


The ionic polarizability in rutile may be calculated 
from the data for the static dielectric constant by 
means of the relation between the applied and internal 
fields. Expressions for the Lorentz corrections in rutile 
have been derived previously.’ In order to calculate the 
ionic polarizability from these expressions, it is neces- 
sary to know the electronic polarizabilities of titanium 
and oxygen, the unit cell volume, the Lorentz factors 
appropriate to the lattice, and the relative motions of 
the ions when the ionic polarization occurs. 

Of these quantities, only the unit cell volume has 
been determined! as a function of temperature over the 
temperature range of these experiments. The cell vol- 
ume at 300°K is 62.42 A’. 

From the optical dielectric constant at 300°K, con- 
sistent values of the electronic polarizabilities a, and a3 
were deduced previously®: 4a1,=4maiq= 2.34 A’, 41ra3. 

32.68 A®, and 42aja= 28.73 A®. Values of the optical 
dielectric constants are not available for a large enough 
range of temperatures that the electronic polarizabilities 
could be calculated as a function of temperature. Under 
these circumstances, either the polarizability or the 
polarizability per unit volume is generally assumed con- 
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Fic. 2. Ionic polarizability of titanium in rutile, compared with 
the critical value for a ferroelectric polarization catastrophe. 


stant as a function of the temperature. For convenience 
in these calculations, the latter choice was made. 

The Lorentz factors for the lattice depend upon the 
c/a ratio and the relation between a and the titanium- 
oxygen separation. Measurements of the thermal ex- 
pansion of rutile!"? show that although @ changes by 
~2.5% in the temperature range of these experiments, 
c/a varies by 1 part in 600. Data of comparable ac- 
curacy for the titanium-oxygen separation are not 
available. Assuming that this temperature variation is 
similar, the effect of temperature on the Lorentz factors 
was neglected in the calculations. 

Several modes of ionic polarization are possible in 
rutile. The equations for the Lorentz corrections are 
insoluble, however, unless some assumption is made 
concerning the relative motions of the ions. In these 
calculations, the ionic polarization was taken to be a 
motion of the titanium lattices with the oxygen lattices 
held fixed. 

Using the same set of assumptions, the values of 
4ra’/V necessary to cause a ferroelectric polarization 
catastrophe were calculated to be 0.1942 in the c direc- 
tion and 0.2168 perpendicular to the ¢ direction. 

The calculated ionic polarizability divided by the 
critical value is shown as a function of temperature in 
Fig. 2. The ionic polarizability at 300°K is 95.0% of the 
amount necessary for a ferroelectric polarization catas- 
trophe. The calculated polarizability is close to the 
critical value at all temperatures, as would be expected 
from the large dielectric constants of rutile. 

An explanation of the temperature dependence of 
ionic polarizabilities in perovskite structures has been 
proposed by Barrett.’ Since the local environment of 
the titanium site in rutile is very similar to that in 
barium titanate, his expressions were applied to rutile 
in order to see whether the temperature dependence of 
the ionic polarizabilities in rutile could be understood 
qualitatively on the same basis. 

“RR, ; 3 Kirby, Metrology Division, this laboratory (un- 


published results). 
3 J. H. Barrett, Phys. Rev. 86, 118 (1952). 
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In Barrett’s analysis, the limiting value of the ionic 
polarizability at low temperatures, a(0)’, is related to 
the effective charge of the titanium ion g; by the force 
constant K of the vibration of the titanium ion: a(0)’ 
=q,/K. The force constants in rutile have been esti- 
mated by Dayal'* from the Raman spectrum of rutile 
measured by Narayanan." The effective force constant 
of a vibration of the titanium ion with the oxygen 
lattice held fixed is ~1.08X 10° d/cm in the c direction 
and ~1.16X10° d/cm in the a direction.'® From the 
present experiments, a(0)’~1 A®. q,/e is then calculated 
to be ~0.7, compared with the nominal charge of 4. 
Slater’ has estimated a similar small charge (~1) for 
the titanium ion in barium titanate. According to 
Pauling,” the electronegativity of oxygen is 3.5 and 
that of titanium is 1.6; hence the expected ionicity is 
~40% or g:/e~1.6. 

Barrett has suggested that the saturation of the ionic 
polarizability at low temperatures is a quantum- 
mechanical effect which will determine the temperature 
dependence of the polarizability when T < Av/k, where 
y is the natural frequency of the vibrations of the ion 
in the solid. Liebisch and Rubens'* find strong infrared 
reflections in rutile for wavelengths between 10 and 
1204; the temperature range which corresponds to 
these frequencies is 120-1400°K. The ionic polariza- 
bilities in rutile begin to saturate at about 100°K. 

The variation of the ionic polarizability with tem- 
perature at constant pressure may be written 


a(a’/V) 1 /da’ da’ a’ 
( a ) “4 (- ) +0 7 ) bs Ps 
oT >... NOLS} OV/J7r V 


where the thermal coefficient of volume expansion 8 
=V-'(dV /dT) ,. According to Slater,’ [(a’/V)/dV ]r>0 
in barium titanate. If this is the case in rutile also, 
then (da’/dV)r2a'/V. 8~2.6K10-°/°K at 300°K.' 
Barrett estimates that in perovskites a’(da’/dT) y ~ 
—4(3b,;+262)k/K* when the temperature is larger than 
that at which the ionic polarizability begins to saturate. 
Slater’ had earlier proposed );~b.~K/2r*, where r is 
the titanium-oxygen separation. If this calculation is 
applied to rutile, 5: K/8A?; K~1.1X10° d/cm; and 
the estimated value of a’~'(da’/dT)y is —3.2K 10-5/°K. 
Then, from the expression for the temperature varia- 


4B. Dayal, Proc. Indian Acad. Sci. 32A, 304 (1950). 

16 P, S. Narayanan, Proc. Indian Acad. Sci. 32A, 279 (1950). 

‘6B. Dayal and N. Appalanarasimham, J. Sci. Research 
Benares Hindu University 1, 26 (1950). 

17L. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1945), 2nd ed. 

aan Liebisch and H. Rubens, Preuss. Akad. Wiss. Ber. 8, 211 
(1921). 
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tion given above, 


V sd(a’/V) 
(=) == [—3.2+(22.6)—2.6]X10-*/°K 


aT 
: >—3.2x10-5/°K. 


, 


The values of the corresponding terms in barium 
titanate have been estimated” to be (—2.7+4.8—3.9) 
X10-5/°K = —1.8X10-*/°K. The values of the tem- 
perature coefficient of a’/V in rutile calculated from 
the present experiments are —6.4X10-°/°K and —3.9 
X10-5/°K in the ¢ and a directions, respectively, for 
temperatures above 100°K. Although these tempera- 
ture coefficients are larger than that in barium titanate, 
they are still much smaller than —0.05/300°K ~ —17 
X10-5/°K which would lead to a ferroelectric polariza- 
tion catastrophe at 0°K. Moreover, the experimental 
temperature coefficients in rutile are not constant; they 
decrease at low temperatures and are essentially zero 
below ~30°K. 

If (da’/dV)r were known, the temperature and 
volume effects in the experimentally determined tem- 
perature coefficient could be separated. One possible 
approach to determining this quantity would be to meas- 
ure the pressure dependence of the dielectric constant 
since (da’/9V) r= (da’/dp)r(0p/AV) r= —x (da’/dp)r, 
where the isothermal compressibility x=—(dV/dp)r. 


CONCLUSIONS 


No ferroelectric or antiferroelectric transitions are 
seen in the dielectric constant of rutile between 1.6° and 
1060°K. The ionic polarizability of the titanium ion is 
calculated from the experimental results using pre- 
viously calculated values of the Lorentz corrections in 
rutile. The calculated value of the ionic polarizability is 
at all temperatures close to the critical value for a ferro- 
electric polarization catastrophe. The ionic polarizability 
has a small negative temperature coefficient at 300°K. 
Below 100°K, the ionic polarizability saturates. The 
temperature coefficient approaches zero as the tempera- 
ture approaches zero, as required by thermodynamics. 
The value of the ionic polarizability and its variation 
with temperature are explained qualitatively on the 
basis of other measured properties of the crystal. 


ACKNOWLEDGMENTS 


It is a pleasure to thank Dr. H. P. R. Frederikse 
and Dr. J. H. Wasilik for many helpful discussions 
concerning this work. I am also indebted to F. A. Mauer 
and R. K. Kirby, who measured the lattice constants 
and thermal expansion coefficients of rutile which were 
essential in these calculations. 


"1 E. E. Havinga, J. Phys. Chem. Solids 18, 253 (1961). 





PHYSICAL REVIEW 


VOLUME 124, 


NUMBER 6 DECEMBER 15, 1961 


Effect of Bardeen-Herring Correlation on Vacancy Diffusion in 
Anisotropic Crystals* 


James G. MULLEN 
Argonne National Laboratory, Argonne, Illinois 


(Received August 9, 1961) 


From the Einstein relation, the principal diffusivities in anisotropic crystals are related to the atomic dis 
placements. The effect of correlation is expressed in terms of correlation functions which are analogous to 
the correlation factor in isotropic diffusion. These correlation functions are calculated for vacancy self 
diffusion in the primitive tetragonal, body-centered tetragonal, and hexagonal close-packed lattices by a 
computer technique. The possible use of correlation to determine mechanisms of anisotropic self-diffusion 


is discussed. 


I. INTRODUCTION 


INCE Bardeen and Herring! noted that tracer dif- 

fusion is not a purely random walk process for 
certain mechanisms of diffusion, considerable theo- 
retical and experimental progress has been made in 
calculating and measuring effects which are a conse- 
quence of correlated tracer diffusion. Theoretically, a 
number of transport properties should be altered as a 
result of correlation, e.g., deviations from the Einstein- 
Nernst relation? in ionic crystals, a reduction in the 
isotope effect’ of diffusion, and deviations from an 
Arrhenius temperature dependence*~* in impurity dif- 
fusion. Only the first two of these effects have thus far 
been demonstrated experimentally.7~"' The observation 
of the third effect will probably require considerable 
experimental accuracy in the absolute measurement of 
the temperature dependence of the diffusivity, since the 
primary effect of correlation is apparently to ‘‘shift”’ 
the activation energy,®"’ while deviations from the 
Arrhenius relation appear to be small over the tempera- 
ture range over which tracer diffusion measurements are 
typically made. 

In all of the theoretical discussions to date dealing 
with the problem of impurity diffusion via vacancies, it 
has been necessary to set up a model of three or four 
frequency factors which are considered to deviate from 
the self-diffusion jump frequencies of a vacancy in the 
host lattice. These models are highly arbitrary in that 
vacancy jumps of different symmetry are equated and 
only vacancy jumps which either start or arrive at a 
nearest neighbor site relative to an impurity are con- 

* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

'J. Bardeen and C. Herring, Imperfections in Nearly Perfect 
Crystals (John Wiley & Sons, Inc., New York, 1952), p. 261. 


2C. W. McCombie and A. B. Lidiard, Phys. Rev. 101, 1210 
(1956). 

*K. Tharmalingam and A. B. Lidiard, Phil. Mag. 44, 899 (1955). 

‘A. B. Lidiard, Phil. Mag. 46, 1218 (1955). 

6A. D. Le Claire and A. B. Lidiard, Phil. Mag. 1, 518 (1956). 

* J. R. Manning, Phys. Rev. Letters 1, 365 (1958). 

7W. D. Compton and R. J. Maurer, J. Phys. Chem. Solids 1, 
191 (1956). 

®R. J. Friauf, Phys. Rev. 105, 843 (1957). 

*A. S. Miller and R. J. Maurer, J. Phys. Chem. Solids 4, 196 
(1958). 

10 J. G. Mullen, Phys. Rev. 121, 1649 (1961). 
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sidered appreciably different from the self-diffusion 
jump frequency. Long-range screening effects of the 
type discussed by Friedel'*-“ would appear to indicate 
that the number of vacancy jump frequencies which 
are significantly affected by a nearby impurity is con- 
siderably greater than the three or four used in im- 
purity diffusion models. 

Like impurity diffusion, anisotropic self-diffusion 
will manifest temperature-dependent correlation effects, 
since more than one vacancy jump frequency will 
govern diffusion. If each lattice site is a center of sym- 
metry, ¢€.g., zinc or tin, then it is possible to set up a 
model for vacancy diffusion which has the advantages 
of both being realistic and permitting a theoretical 
analysis of the contribution from correlation to diffu- 
sion. To date there has been but one attempt to deter- 
mine the effect of correlation on anisotropic self- 
diffusion. Compaan and Haven!'® have treated a case 
with very special symmetry, for seven values of the 
relative frequency factors in and out of the basal plane, 
for Al sites in the corundum lattice. Their procedure 
involves setting up an electrical analog for each set of 
frequency factors and determining from appropriate 
measurements on the electrical network the various 
correlation factors. Because of the size of the networks 
involved, it is at best tedious to use this procedure for 
any realistic case with a sufficient number of relative 
frequency factors to be useful in analyzing experimental 
data. 

In the present paper, the problem of correlation in 
anisotropic diffusion is first studied for a general lattice. 
This results in the introduction of “correlation func- 
tions” whose values lie between zero and unity. These 
correlation functions are explicitly calculated for the 
primitive tetragonal (pt), body-centered tetragonal 
(bct), and the hexagonal close-packed (hcp) lattices by 
a computer technique. For the bet and hcp lattices, the 
mean cosine of the angle between consecutive jumps 
does not form a simple power series, and the calculation 


2]. Friedel, in Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 446. 

13 J. Friedel, Supp]. Nuovo cimento 7, 287 (1958). 

14 J. S. Langer and S. H. Vosko, J. Phys. Chem. Solids 12, 196 
(1959). 

16K. Compaan and Y. Haven, Trans. Faraday Soc. 52, 786 
(1961). 
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of correlation functions for these cases is consequently 
more involved, requiring additional approximations 
not required in the pt case or the case treated by 
Compaan and Haven. 


Il. EFFECT OF CORRELATION ON 
CRYSTALLINE DIFFUSION 


It was shown by Einstein'® that the diffusivity of a 
particle undergoing a sequence of random displacements 
is proportional to the mean-square displacement of each 
particle after a time r. We briefly restate Einstein’s 
derivation in the three-dimensional case to clarify 
notation and to emphasize the applicability of the 
derivation to both the correlated and uncorrelated 
random walk problems. 

We assume the following: (a) Diffusion occurs in a 
system where the “marked” or tracer atoms are in a 
negligible concentration gradient, and (b) a time 7 can 
be chosen sufficiently large that the probability of a 
tracer displacement of X, Y, Z, after the interval r or 
P(X,Y,Z,r), is symmetric to inversion in X, Y, Z, and 
at the same time small enough so that the initial dis- 
tribution of tracer atoms c(x,y,z,/) does not change 
appreciably in the interval r. From the definition of 
P(X,Y,Z,r), which from assumption (a) is independent 
of x, y, and z, we can write 


c(a +X, y+ Y, s+Z, t) 


pace 


C(X,Y,2, (7) = [ 
Il sj 


/a 


x P(X,Y,Z,r)dXdVdZ. (1) 


Expanding the left side in powers of 7 and the right side 
in powers of X, Y, Z, and using assumption (b) to dis- 
card higher order terms gives 
Oc(x,y,z,l) 
e(z,9,35)+1——— 
dl 
<< ce) i) é\? 
=c¢(x,y,2,l)+ | X—+Y—+Z— 
WN a Oy & 
Xce(x,y,2,1)P(X,V,Z,r)dXdVdZ, (2) 


where we have made use of the relation ( PdV =1, and 
P(X,Y,Z,r)= P(—X, —Y, —Z, r). 

Equation (2) is equivalent to Fick’s phenomenological 
diffusion equation, 


Oc 3 0c 
—= 2, Du——, (3) 
Ot im=l Ox'dx™ 

provided we make the identification 


2r. 


- all space 


X'X™P(X',X?, X38 r)dX'dX*dX*. (4) 


16 See, for example, A. Einstein, Theory of Brownian Motion 
Dover Publishers, New York, 1956), p. 12 
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The symbols X', X?, X* and «x', x°, x*° are used inter- 
changeably with X, Y, Z, and x,"y, z, respectively. Since 
the symmetry of P(X,Y,Z,r) is unaltered whether the 
diffusion mechanism is correlated or not, Eq. (4) is 
applicable to both correlated and uncorrelated diffusion. 
Also for those cases where P is symmetric to reflection 
in each of the X‘, in addition to inversion about the 
origin, then all of the D;,=0, for /#m. All of the lattices 
considered subsequently will have sufficient symmetry 
that such a principal set of axes can be determined by 
inspection. Having a principal set of axes the principal 
diffusivities are 


Dyz= (X*)/27, Dyy=(¥*)/27r, Dzz=(Z*)/27, (5) 


where the notation ( ) stands for an average defined by 
Eq. (4). For the isotropic case (X?)= (Y*)= (Z?)=4(R®), 
where (R®) is the total mean displacement of a tracer 
after a time r. Hence, for the isotropic case, D= (1/6r) 
X(R?). This relation which has been used as a basis 
for previous calculations of the effects of correlation on 
diffusion is not meaningful in the anisotropic case, and 
the theory must be formulated using Eq. (5) as a basis. 

The Einstein relation, represented by Eq. (5), can 
also be expressed in terms of the individual atomic dis- 
placements. If x; represents the projection of the ith 
tracer jump along the x axis, then 


= 
D..= 7% = 

with similar expressions obtaining for D,, and D,,. The 
average in Eq. (6) is obtained by taking the weighted 
mean of all of the possible (}0x,)? in the interval r. 
When diffusion is correlated, the cross terms, (x,;), ix /, 
in Eq. (6) do not vanish. In vacancy diffusion the cross 
terms do not average to zero because of the asymmetry 
in the vacancy distribution about a tracer following an 
initial vacancy-tracer exchange. The mean square dis- 
placement along the principal axes can be rewritten as 


(X*)=Po (xP) 4+2(exet its t+: - -41r2) 


i=! 


+2(x2%34+ - + Not, \ Ravi 


In evaluating the cross terms for vacancy diffusion 
it will be assumed that a tracer which exchanges with a 
vacancy will not make any exchanges with a different 
vacancy until the initial vacancy is far from the tracer. 
Because there is a significant probability that a vacancy 
will exchange with a tracer even after 20 or more 
vacancy jumps following an initial vacancy-tracer ex- 
change, correlation factors derived using this assump- 
tion could be significantly in error for systems where 
vacancy concentrations are large. (In cases where this 
assumption is not valid, correlation factors will be tem- 
perature dependent even for isotropic self-diffusion. 
Also, we will assume that (x;7;,;) is negligibly small for 
large j, and that m is sufficiently large that each of the 
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n—1 sets of cross terms shown in Eq. (7) can be con- 
sidered to have an infinite number of terms, i.e., we 
replace 


n—1 n- 


EE (eins) 


i=l j=1 


n~1l x 


> Dd (4x65). 


i=l j=l 


For diffusion in single crystals, many of the n—1 sets 
of cross terms will be equivalent, i.e., even for aniso- 
tropic materials many of the tracer displacements are 
equivalent in the sense that 


fo] 

Le (wirits) 

smi 
is the same number for a large fraction of the n—1 
values of 7. If there are N sets of displacements which are 
equivalent, and the ath set occurs mq times in the in- 
terval 7, then Eq. (7) will take the form 


y 
2rD zs - ps Note lin x 
a=1 


where 
=) 
Jaz= 1+2 > gt 
j=! 


and 


9 


Xa'y 

with similar expressions for (¥*) and (Z*), with «x re- 
placed by y and 2, and & by y and a, respectively. The 
effect of correlation is then accounted for by determin- 
ing faz, fay, and fq: for all a. This calculation requires a 
specification of the lattice and a model of the vacancy 
frequency factors in the vicinity of a tracer. 


III. SPECIAL CASES 
A. Isotropic Diffusion 


We shall now calculate the effect of correlation on 
diffusion in a two-dimensional square lattice. This is 
done to illustrate the computer technique used in the 
subsequent anisotropic problems, for a case which is 
easily visualized and physically simpler than anisotropic 
diffusion. The geometry of this lattice is shown in Fig. 1. 
We consider a tracer initially at the site labeled 1. 
After a period of time the tracer will exchange with a 
vacancy and move to an adjacent site labeled 2. For 
the isotropic lattices there is only one value of a@ since 
only one type of jump contributes to the diffusion along 
any principle axis. For the two-dimensional square 
lattice, Eq. (8) takes the form D,,= (1/27) (n/2)a?/, 
where f=1+2 5°,” &;. The subscript a=1 has been 
omitted to simplify notation. m is the total number of 
tracer jumps after a time 7, of which only half con- 
tribute to diffusion along the x axis. 


IN 
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Fic. 1. Two-dimensional square lattice. The heavy border 
line shows finite boundary approximation and labeling of lattice 
sites. 


The isotropic problem consists of essentially two 
parts; first, the calculation of &, or the difference in 
the “forward” and “backward” jump probability of a 
tracer, given an initial vacancy-tracer exchange, and 
second, expressing £; as a simple power of £, through the 
relation £;=£,’, which permits the exact summation of 
the expression for f to be performed. 

For the two-dimensional square lattice (Fig. 1), &1 is 
given by 

£1= W3- Wi, 


where IW is the probability that the tracer jump fol- 
lowing the initial jump is to site 3, and W, is the proba- 
bility that this second jump is to site 1. To calculate 
W;—W, we must examine the diffusion of the vacancy 
from site 1. If we designate p,() as the probability that 
the mth lattice site of a crystal is occupied after & jumps 
by a vacancy which is considered to start at the lattice 
site 1, then the sum of the probabilities that the lattice 
site # is visited after an infinite number of jumps is 


Pa => prlk). 


This sum of probability is simply related to W3;—W,, i.e., 
W3- W\= A (P3— P,), 


where A is the probability that a vacancy at site 3, or 
at site 1, will move to the particular site 2 where the 
tracer resides after the initial exchange, and is equal to 
i for the two-dimensional square lattice. The distribu- 
tion of probability after k vacancy jumps is related to 
the distribution after k—1 jumps by a linear set of 
equations 


bu (R)=Don Trrnpn(k—1), (9) 


where 7, is the probability of a transition from the 
site 2 to the site 2’. The number of equations will, in 
general, equal the number of lattice sites in the crystal. 
Since the vacancy is considered to start at site 1, the 
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Fic. 2. (a) The possible sequences of tracer jumps along the x 
axis due to a single vacancy with the appropriate probabilities for 
each sequence. (b) Net probabilities for successive “backward” 
jumps for &=1, 2, 3, with the coefficient (— 1)* indicating whether 
the sense of the sequence is the same or opposite to the initial jump 


initial probability distribution can be written as a 
column matrix 
p(0) = {1,0,-- -,O}. 


Expressing the set of linear equations (9) in matrix 
notation, the sum of the probabilities at each lattice 
site is 


P= > p(k)= > (1+T*)p(0). 


k=) 


(10) 


k=] 
Performing the s ati k gives 
g the summation on k gives 


P=(1—T)-'p(0). (11) 


The Bardeen-Herring' approach to the problem of 
evaluating P, and P; is to set up a matrix diagram, and 
by directly following the diffusion of probability to 
evaluate the contributions p(0)(1+ T+ T?+ ---). This 
procedure does not lead to a rapidly converging series, 
although Manning” has extended this approach to 
accurately calculate correlation factors in isotropic 
crystals. The approach to the problem used here is to 
construct a symmetric, imaginary boundary about the 
site 1, and to assume that vacancies which get out of 
this boundary can be considered as making a negligible 
contribution to the difference P;—P;. This finite 
boundary restricts the size of the matrix T, and permits 


7 J. R. Manning, Phys. Rev. 116, 819 (1959). 
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the direct evaluation of Eq. (11). The way in which P, 
and P; have been defined requires that transitions to 
site 2 be forbidden. This restriction need not be ad- 
hered to, however, for cases where each lattice site is a 
center of symmetry, as will be the case in all subsequent 
examples, since we are only interested in the difference 
P;—P,, which is unaffected by transitions to site 2. 
Relaxing this restriction greatly reduces the size of the 
matrix T since many of the sites will now be equivalent 
by symmetry. For the boundary chosen in Fig. 1, in- 
volving 96 lattice sites, only 12 are unique and require 
different labels. 

For the purpose of illustration we write the matrix T 
which would obtain if only the first six sites shown in 
Fig. 1 were used as a boundary. Within this approxima- 
tion we have 

0 0 0 0 

i , 0 O| 
0 
10 3 QO : 
10 0 
10 0 


T=. 


) 
) 


( 
( 

As for the second part of the problem, we can show 
that £;=& by considering the possible sequences of 
tracer steps and explicitly calculating the probability 
of each of these possibilities. The possible sequences of 
steps with the appropriate probability for each is shown 
schematically in Fig. 2(a) for & equal to 1, 2, and 3. By 
this diagrammatic procedure we are led directly to the 
relation §;=£,’. An even simpler way to arrive at this 
result is to regard £ as (—1) times the net probability 
of a “backward” jump. The relation £;=&,’ is then 
obvious, since the probability of a particular sequence 
of events is a product of the individual probabilities. 
This solution is diagrammatically depicted in Fig. 2(b). 
We may now sum the geometrical series for f in Eq. 
(8), with the result 


f= (1+ £:) (1- &). 


The size of the matrix T is, of course, determined by 
the accuracy desired in a given calculation. By examin- 
ing specific examples, it has been found that a boundary 
about twice the distance from the site 1 to the outer- 
most site relevant to £, (3 in this case), will yield very 
accurate values of f. For the example of a square lat- 
tice, if 9 sites are considered in T the resulting f is 
0.4679; for 12 sites the result is 0.4674. By an electrical 
analog technique, Compaan and Haven'* have found 
{=0.4669. Hence the error in the calculation is only 
0.1%, when a quite manageable T is used with the 
above procedure. 

The above analysis can be used for all of the iso- 
tropic lattices. In cases tried, excellent agreement 
exists with the second set of values tabulated by Com- 
paan and Haven. For example, using a 34X34 T matrix 


18K. Compaan and Y. Haven, Trans. Faraday Soc. 54, 1498 
(1958). 





VACANCY DIFFUSION IN 
for the cubic lattice gave a value of 0.6533 by the present 
technique, compared with 0.6531 given by Compaan 
and Haven. 

It should be emphasized that while the present pro- 
cedure can be used for isotropic diffusion, its real 
advantage is for the anisotropic cases where one desires 
a systematic variation in the various vacancy jump 
frequencies. 


B. Tetragonal Lattice 


The problem of correlation in anisotropic lattices 
generally has two additional complications not found 
in the isotropic case. First, there are generally more 
than one frequency factor involved, which means that 
the matrix T, which depends on the relative frequency 
factors, is not constant. Second, £;, yj, and w; cannot 
generally be expressed as a simple power of £1, ¥1, and 
w,. In the tetragonal lattice, vacancy diffusion is par- 
ticularly simple in that only the first difficulty is 
encountered. Hence, by the same argument used for the 
two-dimensional square lattice, we can show 


§j)= &1’ 

The geometry of the tetragonal lattice and the 
boundary used to determine the matrix T, with appro- 
priate labeling, are shown in Fig. 3. As the figure indi- 
cates, v4 is the mean frequency for vacancy jumps in 


and w=’. (12) 


the basal plane and vg is the mean frequency for va- 
cancy jumps out of the basal plane, or along the ¢ axis 
of the lattice. 

The connection between the principal diffusivities 
and the correlation functions can be written from an 
inspection of Eq. (8). If we let p be the probability that 
a tracer has a vacancy at an adjacent site, either in the 
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Fic. 3. (a) Geometry of the primitive tetragonal lattice. 
(b) Finite boundary and labeling used to specify matrix T. Each 
triangular region from bottom to top represents subsequent layers 
of the tetragonal lattice along the ¢ axis. 
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. 4. Correlation functions for the primitive tetragonal lattice 
as a function of the ratio of frequency factors. 


basal plane or along the c axis, then 


2 
na= 3PTVA, 
and 


(13) 


na= iprve, 


since there are twice as many sites adjacent to a tracer 
in the basal plane as there are along the c axis. Com- 
bining Eq. (13) with Eq. (8) gives 


Das = evapar fas, 


14) 
D.2= Gv Bpes sz, ( 


and 
(c/a)?Dz2/Diz=vafaz/vef pe. 


Because of the applicability of Eq. (12), fa. and fa, 
can be expressed in terms of & and a), i.e., 


faz= (1+£,)/(1—&), and fae= (1+-w;)/(1—w)). (15) 


In terms of the labeling shown in Fig. 3 we have &, 
=(P;—P,)A and w,;= (P2.—P;)B, where A and B are 
the probabilities that a vacancy will make an A- and 
B-type jump, respectively. In terms of the jump fre- 
quencies v4 and vg, we have A=v,4/(4v4+2vg) and 
B=vp/(4v4+2vpg). The matrix elements P;, P3, and 
Px. were calculated from Eq. (11) by the same pro- 
cedure used in the two-dimensional square lattice. For 
this case T is a 34X34 matrix whose elements vary as 
the relative frequency factors are varied. It is because 
of this systematic variation in T that the computer 
approach is so convenient. f4z and fg, were calculated, 
using 20 values of A/B ranging from 0 to 1 and 20 
values of B/A in the same interval. The results of this 
calculation’ are shown in Fig. 4. In the isotropic limits 
A/B— 0,1, ©, we find f,,-= 1.0000, 0.6533, 0.4674, and 
fpz=9, 0.6533, 1.0000 in excellent agreement with the 
Compaan and Haven values corresponding to these 
limits. These values of f4, and fg, were used to calcu- 

1 Tables of the functions shown in Figs. 4, 5, 7, 
obtained from the author on request. 
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Fic. 5. Diffusion anisotropy for the primitive tetragonal lattice. 
The solid line obtains for vacancy diffusion, and the dashed line 
for uncorrelated diffusion with the same set of basis jump vectors. 


late (c/a)*D../D.., from Eq. (14), as a function of 
va/vg. The result of this calculation is shown in Fig. 5. 
By comparing experimental values of (c/a)*D,,/D.. 
with the function graphed in Fig. 5 we can determine 
v4/vpg with the effect of correlation included. From 
v4/vg the correlation functions f4, and fg, are readily 
determined from the calculated values of these func- 
tions shown in Fig. 4. 


C. Body-Centered Tetragonal and 
Hexagonal Close-Packed Lattices 


For the bet and hep lattices, we shall carry out an 
analysis similar to that found in the previous section. 
The geometry ef these lattices is shown schematically 
in Figs. 6(a) and 6(b), with v4 representing the mean 
frequency that a vacancy jumps in the basal plane and 
vg the frequency of jumps out of the basal plane. The 
connection between the principal diffusivities and the 
correlation functions follows directly from Eq. (8). 
Using arguments completely analogous to the tetragonal 
case, it can be shown that 


Diz=fPap@(vafazt vB/ Bz); (bet) 


D..=Papervef w:, 
(¢ a)’D.z D,,.= (1 ‘fpz)(vafaz vet+fez), 


(bet) 


(bet) 


and 


(1/24) pa? (3vafaztvefes), 
= Jy pevef ee, 


= (2/frz)(vafaz/vat4fpz). 


(hep) 
(hep) 
(hep) 


MULLEN 


To calculate the correlation functions for the hcp and 
bet cases requires an alteration in the analysis previously 
used for the tetragonal case, since expressions analogous 
to Eq. (12) do not obtain for &;. For these cases the 
procedure used to express £;(j>1) in terms of & is as 
follows: We partition £; into two parts, a major part 
which can be expressed in a form similar to Eq. (12), 
and a lesser part which we will calculate explicitly by 
considering the contribution from the remaining pos- 
sible tracer jumps following an initial tracer-vacancy 
exchange. We proceed by calculating &:4 and £4 ex- 
plicitly, where the superscript A indicates that we refer 
only to the case where the initial vacancy-tracer ex- 
change is of the A type, i.e., where a= A. Following the 
initial exchange, the next tracer jump can be either of 
the A or B type, or symbolically the possible sequences 
can be written (AA) or (AB). Thus we can write 


£:4=£,(AA)+£,(AB), 


where (AA) is the contribution to £4 from (AA) 
jumps and £,(AB) is that from (AB) jumps. Consider- 
ing two jumps following the initial exchange, we have 
for the possible sequences (AAA), (AAB), (ABB), 
and (ABA), so that 


t.4=t,(44A)+£2(AAB)+£.(A BB) +£2(ABA). 


By the same type of argument used to arrive at the 
relation £;=&,’ for the two-dimensional square lattice 
we can show that £(44A)=£,(AA)&(AA), &(AAB) 
= £,(4A)§,(AB), etc. Thus 


§&4=£,(AA)E,(AA ) +£,(4 A), (AB) 


+£,(AB)¢,(BB)+£,(AB)i(BA). (18) 





Fic. 6. (a) and (b) Schematic representation of the lattice 
geometry of the bct and hcp lattices, respectively, as viewed along 
the ¢ axis. (c) and (d) Finite boundary and labeling used to specify 
matrix T for bct and hcp lattices, respectively. Successive units 
represent layers along the c axis. 
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TABLE I, Dependence of & and w; on elements of matrix P. 
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A similar expression can be written for &;8. We find 
that in general 


£;4 


= ,(AA)’+cross terms, 
£;? = &(BB)+cross terms. 


(19) 


Physically, it would be expected that the cross terms 
make a small contribution to the correlation functions 
in Eqs. (16) and (17), since (4B) and (BA) jump se- 
quences require a minimum of two jumps of a vacancy 
to one of the tracer. We can show this explicitly by 
calculating £:(AB) and &(BA) by the matrix tech- 
nique previously discussed. The é’s and w’s are obtained 
from inspection of the lattice diagram shown in Figs. 
6(c) and 6(d). Their dependence on the matrix elements 
is shown in Table I for the bet and hep lattices. Like 
the pt case, A and B are the probabilities of vacancy 
jumps in and out of the basal plane, respectively. Their 
relation to the jump frequencies is A=v4/(4v4+8vp) 
and B=vp/(4v4+8ve) for the bet lattice, and A= v4 
(6v4+6vg) and B=vz/(6v4+6vg) for the hep lattice. 
The elements of the matrix P shown in Table I were 
determined from Eq. (11), as before, with T specified 
by the boundaries and notation shown in Figs. 6(c) and 
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Fic. 7. Correlation functions for the bet lattice; (a) faz(va/va), 
(b) fee(va/vp), and (c) fs.(va/ve). Correlation functions for the 
hep lattice; (d) faz(va/ve), (e) far(va/ve), and (f) faz(va/ve). 
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Fic. 8. Diffusion anisotropy for the bet and hep lattices. The 
solid lines obtain for vacancy diffusion and the dashed lines for 
uncorrelated diffusion with the same set of basis jump vectors. 


6(d), for the bet and hcp cases, respectively. As a result 
of a numerical calculation, it was found that for the 
hep case the largest value of (4B) was 0.048 which 
occurred in the limit 4/5— 0, and the largest value 
of £:(BA) was 0.038 in the limit 4/B — 1.43. Since the 
cross terms contribute less than 10% to the correlation 
functions in first order, it will be sufficient to account 
for these terms to second order with a resulting error 
considerably less than 1% over the entire range of v4 
and vg. The contribution from the cross terms is of a 
similar magnitude for the bct case. 

Summing the contributions to the correlation func- 
tions which form a geometrical series exactly, and the 
cross terms to second order, gives 


1+£,(AA) 
faz= : +2£,(AB) 
1—£,(AA) 
«(1+6:(AA)+é1(BB)+ 


i(BB) 
a Se 1) 


£:(BA)], 
_it+ 


fa 
um - 
—§(B 


<[1+:(BB)+é 


_1+i(BB) 


“1—w1(BB) 


1(AA)+£,(AB)], 


This relation applies to both the bct and hep lattices, 
provided the appropriate £’s and w’s shown in Tabie I 
are used. The results of the numerical calculations of 
faz, faz, and fg, over the entire range of v4/vg, with 
the same intervals as for the pt case, are shown in Fig. 7 
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The diffusion anisotropy as calculated from Eqs. (16) 
and (17) is shown in Fig. 8. 

Since the accuracy of the present calculation depends 
on the size of the matrix T, i.e., the size of the region 
chosen in the finite boundary approximation, the corre- 
lation functions calculated for hcp and bet lattices are 
somewhat in error. This error is estimated to be of the 
order of 1% or less over the entire range of v4/v,. For 
the bet lattice, fg. and fs, differ by about 1% in the 
limit v4/vg— 0, which is probably because the matrix 
element P;; used in fg, is so near the edge of the chosen 
boundary. Because of present-day experimental limita- 
tions and the increase i: computer time required for a 
larger T matrix, a more accurate calculation was not 
believed to be warranted. 

As can be seen from Fig. 7, faz and fg, are very 
nearly the same over the entire range of v4/vg. Since 
the calculated differences between fg, and fg. are of 
the same order as the accuracy of the calculation, these 
differences must not be considered quantitative. The 
fact that fg. and fg, are the same to a good approxima- 
tion, however, shows that the effect of correlation for 
the hcp and bet lattices can be considered as primarily 
resulting in a scaling down of A- and B-type jumps with 
scaling factors f4 and fg. It can also be seen from Fig. 7 
that the magnitude of the correlation functions changes 
rapidly in the limits 4/B— 0 and B/A — 0. This in- 
dicates that even for highly anisotropic crystals where 
one frequency factor is much larger than the other, the 
correlation functions may be considerably different 
from those expected using a one-frequency model. For 
example, if B jumps occur only 5% as frequently as A 
jumps in an hep lattice, then f4, is altered from 0.560 
to 0.605, or about 8%, from the value obtained neglect- 
ing B jumps. 


IV. DISCUSSION 


Recent data on anisotropic self-diffusion are not 
extensive. Shirn, Wajda, and Huntington™ have shown 
that considerable information can be inferred about 
diffusion mechanisms in anisotropic materials from 
measurements of the temperature dependence of the 
diffusion anisotropy. Their method of analysis, how- 
ever, does not permit one to distinguish between 
mechanisms which have the same set of basis jump 
vectors such as the vacancy and exchange mechanisms, 
or more generally the ring mechanism. In principle, 
these mechanisms could be differentiated by sufficiently 
precise data, for the anisotropic lattices previously dis- 
cussed. For ionic crystals, departures from the Einstein- 
Nernst relations could be used to distinguish between 
certain diffusion mechanisms. The distinction between 


” G. A. Shirn, E. S. Wajda, and H. B. Huntington, Acta Met. 
1, 513 (1953). 
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correlated and uncorrelated mechanisms could be es- 
tablished by determining the ratio of the principal 
diffusivities to the principal conductivities, since this 
ratio is a constant for the uncorrelated mechanism but 
not for the correlated mechanism. For metals it should 
be possible to determine mechanisms of diffusion by 
accurate measurements of deviations from a Boltzmann 
temperature dependence for such quantities as D.,. A 
quantitative measurement of this effect which is in 
accord with that predicted in the preceding analysis 
would constitute strong evidence for the vacancy 
mechanism of diffusion. 

Of the metallic systems for which the temperature 
dependence of the principal diffusivities have so far 
been measured, either the temperature dependence of 
the anisotropy has been small or the data too imprecise 
to use the above criteria to determine mechanisms of 
self-diffusion. In this regard it should be noted that 
highly anisotropic materials might be the most favor- 
able for observing these effects. For example, in cases 
where D,,>D,,, i.e., va>>ve, then fg, will be very 
sensitive to small changes in vg and the deviations from 
exponential in D,, could be appreciable. 

In cases where the vacancy mechanism is responsible 
for diffusion, it should be noted that both the magni- 
tude and temperature dependence of the frequency 
factors inferred from anisotropic diffusion data can be 
appreciably in error when the effect of correlation is 
neglected. As an example of the error which can result 
from neglecting correlation, we have used the data of 
Shirn e? al. for zinc to calculate v4/vg as a function of 
temperature, both neglecting and including the effect 
of correlation. From the data of Shirn ef al. we take 
D,:/Duz=9.75 at 1000/T=1.5(°K)~” and D,,/D., 
=0.441 at 1000/T=2.0(°K)~. Assuming an exponen- 
tial temperature dependence for the frequency factors 
as predicted by reaction rate theory,”' we find 
neglecting correlation: 

va/vp= 10.9 exp(—3.22 kcal/RT), 
including correlation : 
va/vp= 17.0 exp(—3.83 kcal/RT). 


It should be noted that in addition to the large error 
in pre-exponential factors, the calculated difference in 
energy of motion of A- and B-type jumps is 16% in 
error when correlation is neglected. This effect could 
be much larger in crystals showing a large temperature 
dependence to the diffusion anisotropy. 


ACKNOWLEDGMENT 


The author would like to thank Mrs. Janet Heestand 
for programming equations used in this article for the 
IBM 704 computer. 

* G. H. Vineyard, J. Phys. Chem. Solids 3, 121 (1957). 





PHYSICAL REVIEW 


VOLUME 124, 


NUMBER 6 DECEMBER 15, 1961 


Radiation-Induced Recombination and Trapping Centers in Germanium. 
I. The Nature of the Recombination Process* 
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Extensive measurements on irradiated germanium indicate 
that previous analyses of the recombination process are incorrect. 
A model which explains the observations in both n- and p-type 
material is presented. According to this model, the recombination 
level lies 0.36 ev above the valence band in gamma-irradiated 
n-type germanium. Presumably due to the extensive perturbation 
caused by neutron irradiation, the level lies slightly lower in neu- 
tron-irradiated material. Trapping levels which are not present 


INTRODUCTION 


HE study of the recombination behavior of irradia- 
tion-induced defects in semiconductors should be 
very useful in determining the nature of those defects. 
Some recent reviews'? indicate the importance of re- 
combination measurements in radiation effects studies. 
Lifetime measurements have a great advantage over 
other electrical measurements because of their sensi- 
tivity to radiation-produced defects; very low concen- 
trations of defects playing the role of recombination 
centers can be detected. The reason that lifetime 
measurements are more sensitive than those depending 
upon carrier concentration is that, in a well-prepared, 
unirradiated germanium specimen, the number of re- 
combination centers present is very small compared 
with the extrinsic carrier concentration. 

Due to rather fortuitous circumstances involving 
primarily the limited range of carrier concentration in 
the material investigated in the past,? some erroneous 
conclusions have been drawn about the nature of radia- 
tion-induced recombination centers in Ge. The data 
previously reported could largely be explained on the 
basis of rather simple models. However, the data to be 
presented here indicate that a more sophisticated ex- 
planation of the recombination process is necessary. 
The temperature dependence of carrier lifetime varies 
among samples having different resistivities (apart from 
those differences predicted by the simple Hall*-Shockley- 
Read‘ theory), among samples having different doping 
impurities, and among samples exposed to different 
types of irradiation. It is the purpose of this paper to 
present a model which will explain these various results.° 

* This paper is taken in large part from the thesis of O. L. 
Curtis, Jr., submitted to the Graduate Council of the University 
of Tennessee in partial fulfillment of the requirements for the 
Ph.D. degree, and some parts were previously presented at the 
General Discussion of the Faraday Society, “Radiation Effects in 
Inorganic Solids,” Saclay, France, April 11-12, 1961. 

+ Oak Ridge National Laboratory is operated by Union Carbide 
Corporation for the U. S. Atomic Energy Commission. 

1G. K. Wertheim, J. Appl. Phys. 30, 1166 (1959). 

20. L. Curtis, Jr., J. Appl. Phys. 30, 1174 (1959). 

3R. W. Hall, Phys. Rev. 87, 387 (1952). 

* W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 


5 General Discussion of the Faraday Society, “Radiation Effects 
in Inorganic Solids,” Saclay, France, April 11-12, 1961. 


in antimony-doped germanium occur in arsenic-doped material 
~0.17 ev above the valence band. Other trapping levels are ob- 
served only in high-resistivity antimony-doped samples. It has 
not been possible, from the data presented, to determine the values 
of hole and electron capture cross sections associated with the 
recombination level; however, the ratio o,/o, has been de- 
termined: Its value is ~1000. 


Many of the data to be presented here arose in the an- 
nealing studies of radiation-induced recombination 
centers. However, discussion of this annealing behavior 
will be reserved for a later paper. 


RESULTS 

All lifetime measurements were made by observing 
the transient decay of photoconductivity in bulk speci- 
mens following a light pulse. For details of the experi- 
mental procedure, the reader is referred elsewhere.?:® 
The irradiations were carried out at 35°C and took on 
the order of several hours. Thus, any defects unstable 
below this temperature would have annealed. 

The recombination data herein reported arose from 
an effort to determine the annealing behavior of radia- 
tion-induced recombination centers in germanium. Since 
the nature of gamma-ray-induced damage is expected 
to be simpler than for the case of neutron bombardment 
and since the recombination process is better understood 
in m- than in p-type materials, emphasis has been placed 
on n-type germanium irradiated with Co gamma rays. 
Since annealing results based on lifetime measurements 
at a fixed temperature would not be very meaningful 
if there were a change in the recombination process, the 
effect of annealing upon the recombination process, as 
indicated by temperature dependence of lifetime, was 
determined. Figure 1 shows lifetime plotted logarithmi- 
cally as a function of reciprocal temperature for an 
antimony-doped, 15 ohm-cm specimen’ before and 
after gamma-ray exposure and after several anneal- 
ing treatments. At low temperatures an increase in 
the lifetime with decreasing temperature is noted in 
the post-irradiation curves. An analysis of this behavior 
in terms of a trapping process will be given in the dis- 
cussion. Similar results have been observed by others, 
both in gamma-ray-* and reactor-neutron-’ irradiated 

*O. L. Curtis, Jr., Ph.D. thesis, University of Tennessee, 1961 
(unpublished). 

7In the sample designation, the second pair of letters is the 
chemical symbol for the doping agent, and the number is the 
resistivity in ohm-cm. 

8S. M. Ryvkin and I. D. Yarosketskii, Fizika Tverdogo Tela 2, 
1966 (1960). 

®A. Czachor and J. 
published). 
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Fic. 1. The recombination behavior of 15 ohm-cm antimony- 
doped germanium following irradiation by Co® gamma rays and 
successive one-hour anneals. ‘ 


specimens. Another important point is that the slopes 
of the post-irradiation curves are much steeper than 
observed previously? for similar material. 

Figure 2 exhibits the temperature variation of re- 
combination for a 3.7 ohm-cm antimony-doped speci- 
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Fic. 2. The recombination behavior of 3.7 ohm-cm antimony- 
doped germanium following irradiation by Co gamma rays and 
successive one-hour anneals. 
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Fic. 3. The recombination behavior of 2.3 ohm-cm antimony 
doped germanium following irradiation by Co® gamma rays and 
successive one-hour anneals. 


men following irradiation and thermal treatment. Note 
here the very steep slope of the Inv vs 1/T curve, with 
no indication of trapping in the range of measurement. 
On the basis of simple theory, after subtracting 0.04 ev 
from the indicated slope (an approximate correction 
for the T! temperature variation of the density-of-states 
function V,), the position of the recombination level as 
measured from the valence band should be obtained.? 
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Fic. 4. The recombination behavior of 1.4 ohm-cm antimony 
doped germanium following irradiation by Co gamma rays and 
successive one-hour anneals. 





RADIATION-INDUCED 


For all the samples whose annealing behavior was in- 
vestigated, the temperature dependence of lifetime was 
obtained following each anneal. However, in the interest 
of clarity, only a few of the resulting curves are shown 
for each specimen. In Figs. 3 and 4, for 2.3 ohm-cm and 
1.4 ohm-cm, antimony-doped material, the behavior 
is very similar to that displayed in Fig. 2. Again, the 
post-irradiation slope is quite steep and no trapping 
is observed. For NCSb 1.4, the measurements were ex- 
tended to lower temperatures than for the other 
specimens. 

Compared to the other antimony-doped specimens, 
the recombination behavior of UMSb 1.3 was anoma- 
lous. Figure 5 illustrates this fact. The slopes here have 
lower values than those shown in Figs. 2-4. 
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lic. 5. The recombination behavior of 1.3 ohm-cm antimony 
doped germanium following irradiation by Co gamma rays and 
successive one-hour anneals. 


The recombination behavior is quite different in 
arsenic- and antimony-doped material. There are also 
important differences in the annealing behavior of re- 
combination centers for these two types of doping.®” 
In Figs. 6 through 8 the results of lifetime measurements 
for three arsenic-doped specimens are shown. In these 
three figures strong trapping is observed. In fact, for the 
high-resistivity specimen, NCAs 20, the trapping seemed 
to persist into the intrinsic range. Furthermore, the 
traps seem to anneal at a much higher temperature than 
did the recombination centers. (In fact, it appeared 
that the trap concentration actually increased following 
annealing at the lowest temperature.) 

It is evident from these data that, although irradia- 
tion by Co® gamma rays is expected to produce a simple 


“W. L. Brown, W. M. Augustyniak, and T. 
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lic. 6. The recombination behavior of 20 ohm-cm arsenic-doped 
germanium following irradiation by Co™ gamma rays and suc- 
cessive one-hour anneals. 


type of damage, even in this restrictive case, different 
types of recombination behavior occur in n-type ger- 
manium. In this paper we shall attempt to explain these 
results and to extend that explanation to include 
material which has undergone other types of irradiation. 


DISCUSSION 


The approach most commonly used in the analysis 
of recombination data obtained from irradiated semi- 
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Fic. 7. The recombination behavior of 5.4 ohm-cm arsenic- 
doped germanium following irradiation by Co® gamma rays and 
successive one-hour anneals. 
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Fic. 8. The recombination behavior of 2.6 ohm-cm arsenic- 
doped germanium following irradiation by Co gamma rays and 
successive one-hour anneals. 


conductors is to assume the presence of a single recombi- 
nation level. Using the analysis of Hall," Shockley, and 
Read,” the properties of such a recombination center 
can be obtained. However, the data presented here indi- 
cate that such an approach is not correct. Rather, the 
influence of trapping levels must be considered in treat- 
ing the recombination problem. A number of observers 
have reported trapping levels present in irradiated ger- 
manium.”—'® However, these observations were made 
at lower temperatures than those used here. Evidence 
will be presented that in some cases trapping levels 
affect the recombination behavior, even in the room- 
temperature range. 

Wertheim” has extended the calculations of Hall, 
Shockley, and Read to the consideration of recombina- 
tion in the presence of trapping levels. Ryvkin and Yaro- 
shetskii® have treated the problem differently, obtaining 
solutions in certain limiting cases. For the case in which 
the recombination level is located below the Fermilevel 
and above the trapping level,'* the result of Wertheim’s 


"R. N. Hall, Phys. Rev. 87, 387 (1952). 

'2W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 

‘8 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953). 

‘ H. Y. Fan, Phys. Rev. 92, 1424 (1953). 

'®R. G. Shulman, Phys. Rev. 102, 1451 (1956). 

16 J. W. Cleland and J. H. Crawford, Jr., J. Appl. Phys. 29, 149 
(1958). 

17 G. K. Wertheim, Phys. Rev. 109, 1086 (1958). 

'8Tt can be shown that Eq. (1) holds so long as the trapping 
levels lie below the Fermi level (not necessarily below the recombi 
nation levels). 
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calculation can be written in the following way: 
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where the symbols used are defined in Table I. This re- 
lationship is subject to certain assumptions, described 
by Wertheim. The six terms of Eq. (1) display four 
types of temperature dependence. Assuming tempera- 
ture independence of capture probabilities, plotting the 
magnitude of the terms logarithmically as a function of 
reciprocal temperature yields straight lines with four 
different values of slope. Correcting for the JT! tempera- 
ture dependence of the density-of-states function, 
(pir/CnomN,) and (Ni/¢y-Npu)+(1/cpepr) yield the 
energy-level positions of the recombination and trapping 
levels, respectively. The term (V¢)1,/¢am\,-pir) gives 
the difference in position between the trapping and 
recombination levels. The terms (1/c,,) and (1/c,,.V,) 
are temperature independent. 

The results of Eq. (1) may be applied in a very 
straightforward manner to the experimental data. In 
Fig. 9 an attempt has been made to synthesize repre- 
sentative temperature dependence of lifetime by adding 
three terms of Eq. (1) which affect the recombination 
behavior in arsenic-doped material. Here, the effect of 
the temperature dependence of the intrinsic carrier 
concentration has been included by replacing » by 
n+p where both m and include the intrinsic contribu- 
tion. This correction can only be approximate due to the 
assumption made in obtaining Eq. (1) that » is very 
large compared with . The points shown in Fig. 9 are 
the result of adding the three terms indicated in the 
figure. Inspection of Fig. 9 makes the results for arsenic- 
doped material quite understandable. For instance, the 
curve for’? V,=3 X10" cm~ corresponds to a sample 
resistivity of about 5 ohm cm and the shape of this curve 
is very similar to the lower four curves of Fig. 7. The 


Taste I. List of symbols. 


Cnr—Electron capture probability at a recombination center. 
C pr—Hole capture probability at a recombination center. 
C»t—Hole capture probability at a trapping center. 
N,—The number of recombination centers. 
N,—The number of trapping centers. 
n—The equilibrium electron concentration 
ni-—The electron concentration for the case in which the Fermi 
level lies at the recombination level. 
bir —The hole concentration for the case in which the Fermi level 
lies at the recombination level. 
pie—The hole concentration for the case in which the Fermi level 
lies at the trapping level. 
7—The time constant of decay of excess carriers; 
lifetime. 


the carrier 


° V4, the concentration of chemical donors, is equal to the ex 
trinsic electron concentration, n. 
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data of Figs. 6 and 8 are also well explained on the basis 
of Fig. 10. At high temperature some of the experimental! 
lifetime values are lower than predicted ; this fact is un- 
doubtedly due to the approximations made in account- 
ing for the contribution to recombination of intrinsic 
carriers. If p becomes comparable with n, then the re- 
combination equation will change completely, becoming 
more complicated than Eq. (1). For samples in which 
trapping centers affect the recombination to such high 
temperatures as demonstrated in Fig. 9, it is not possible 
to obtain the position of the recombination level with 
any accuracy. 

In Fig. 1 a rather steep slope in the trapping portion 
of the lower curves for this highest resistivity, antimony- 
doped specimen is seen. Evidently, the trapping level in 
this specimen is much higher than in the case of arsenic- 
doped material. However, there may be a contribution 
to the slope due to the fact that the carrier concentra- 
tion is decreasing with decreasing temperature in this 
range. The Hall curves for n-type material indicate a 
freezing out of carriers at an energy level 0.20 ev below 
the conduction band.” These levels are introduced at a 
rate”! of ~5X10~*/gamma-cm so the change in carrier 
concentration resulting from the filling of these levels 
would be ~ 4X10" in this case, or about one-half of the 
room-temperature value. The position obtained by 
Ryvkin and Yaroshetskii® for the trapping level in 
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Fic. 9. The result of adding three terms of the recombination 


equation including the effect of intrinsic carriers. The apparent 
slopes are indicated for comparison with the experimental data. 


2 J. W. Cleland, J. H. Crawford, Jr., and D. K. Holmes, Phys. 
Rev. 102, 722 (1956). 
21 J. W. Cleland (unpublished data). 
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Fic. 10. The recombination behavior of antimony-doped ger- 
manium following irradiation by 14-Mev neutrons. From refer- 
ence 6. 


near-intrinsic germanium was E,—E,=0.24 ev. Shul- 
man reported a trapping level at E,—#,~0.28 ev in 
electron-irradiated material].!® Hall measurements have 
also demonstrated the presence of an energy level in 
this region (E,— E,=0.26 ev).” Although Figs. 2 and 3 
do not display trapping behavior similar to that of Fig. 1, 
the reason that points are not included for lower tem- 
peratures in the case of the curves following anneal at 
160°C is that the photoconductivity decay curves be- 
came nonexponential, evidently due to the fact that 
trapping was beginning to occur. Since Eq. (1) was 
derived on the basis of a single time constant, it cannot 
be applied to these low-temperature data.” However, 
the trapping does not appear to be important in the 
higher temperature range. Assuming no dependence of 
capture probability on temperature, the recombina- 
tion center lies ~0.36 ev above the valence band in 
these antimony-doped specimens. Even though arsenic- 
doped material displays the presence of trapping levels 
not present in antimony-doped material, it seems reason- 
able to assume no difference in the position of the re- 
combination leve!. Although it cannot be proved that 
the same recombination center is effective in both 
arsenic- and antimony-doped material, the analysis 
shown in Fig. 9 indicates that this conclusion is reason- 


22 Let us emphasize that trapping can manifest itself in two 
ways. The photoconducting decay may remain exponential and 
the behavior of Eq. (1) is observed. However, there are solutions 
to the problem which do not manifest simple exponential decay. 
This is the situation observed in the samples of Figs. 2 and 3. 
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able. Thus, the differences in recombination behavior 
between arsenic- and antimony-doped material can be 
attributed to a trapping level present in y-irradiated 
arsenic-doped material, 0.17 ev above the valence 
band, which is not present in irradiated antimony-doped 
germanium. 

Samples cut from two ingots obtained from one source 
displayed recombination behavior which was anomalous 
as compared with the other antimony-doped specimens. 
A typical example of this behavior is shown in Fig. 5. 
Comparison with Fig. 4 shows that this difference in 
behavior is not due to a difference in carrier concentra- 
tion. It has been shown,® however, that this behavior 
can be explained on the assumption that a high concen- 
tration of trapping centers is present in the unirradiated 
crystal. This is not the only possible explanation, and 
the presence of such traps has not been proved. 

It should be noted that the model proposed here is 
quite different from that used to explain recombination 
behavior in previous papers? in which the effect of 
trapping centers was neglected. On the basis of the few 
studies then available, it was postulated that recombina- 
tion occurs through an energy level located ~0.20 ev 
below the conduction band and that the hole capture 
probability limits the recombination and is temperature 
dependent.” The earlier data are easily explained on the 
basis of the present model. For most of these samples 
Na~10" cm“ and the corresponding curve in Fig. 9 
agrees well with the data. 

The present model also adequately accounts for the 
results of reactor and 14-Mev-neutron irradiation.2™ 
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Fic. 11. The recombination behavior of 15 ohm-cm antimony- 
doped germanium following irradiation by reactor neutrons and 
successive anneals. 


* Ryvkin and Yaroshetskii*® also concluded that the recombina- 
tion center was at E.— E,=0.20 ev, even though they considered 
trapping. However, the samples which they used were all near 
intrinsic at room temperature. 

“QO. L. Curtis, Jr., and J. W. Cleland, J. Appl. Phys. 31, 423 
(1960). 
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Figure 10, taken from reference 24, shows the result of 
irradiating three antimony-doped samples of different 
resistivity with 14-Mev neutrons. Evidently, the rate of 
introduction of traps relative to the rate of production 
of recombination centers by 14-Mev neutrons is con- 
siderably less than in the case of gamma irradiation. 
Also, there is some indication that the position of the re- 
combination center is slightly lower in the forbidden 
gap, 0.32 ev above the valence band.** Figures 11 and 
12 demonstrate results for n-type germanium irradiated 
with reactor neutrons. These data are from an explora- 
tory investigation of the annealing behavior of neutron- 
induced defects.** Other data,? mostly on ~15 ohm-cm 
material, indicate a slope for the recombination curves 
of ~0.24 ev. The data were, quite logically, interpreted 
on the basis of recombination at a level known to be 
present in neutron-irradiated germanium ~0.20 ev 
below the conduction band (again correcting for the 
temperature dependence of the density of states func- 
tion). On the basis of present data, however, the ex- 
planation is that reactor-neutron irradiation represents 
an intermediate condition in which the traps are more 
important than in the case of 14-Mev-neutron irradia- 
tion but less important than for gamma-ray irradiation. 
The position of the recombination level in this case is 
estimated to be ~ 0.33 ev above the valence band. 
Comparing the experimental data with Eq. (1), 
certain conclusions may be drawn concerning the rela- 
tive magnitude of the terms in the recombination equa- 
tion. Specifically, pi-/¢.nmN>>1/c,,V, in the higher 


temperature range. Therefore, /1,/c,,,1>1 
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Fic. 12. The recombination behavior of 2.0 ohm-cm antimony 
doped germanium following irradiation by reactor neutrons and 
successive anneals. 

6 This is the position obtained previously™ for this case, 
out considering trapping effects. 

76Q. L. Curtis, Jr., and J. H. Crawford, Jr., Bull. Am. Phys. 
Soc. 5, 196 (1960). 


with 





RADIATION-INDUCED 


n> pir. Thus, €pr>Car. In Fig. 4 the nearly temperature- 
independent portion of the curves presumably corre- 
sponds to the condition that 1/c,,N,>pimnN,. These 
two terms are approximately equal at 1/T=3.35 
10 °K-!. At this temperature, Cp,/Cnr~mn/ pir, where 
n, the concentration of electrons in NCSb 1.4, is ap- 
proximately 1.110" cm, and #;, at the stated tem- 
perature is 2.810" cm~, or ¢5,/¢nr~400. Making the 
usual assumption that c~o(v), where (v) is the mean 
thermal velocity at the temperature of measurement, 
Tpr/Onr= 1000. This is in excellent agreement with a 
similar calculation based on the data of Fig. 10, for 
the case of 14-Mev-neutron irradiation. The flatness of 
the lower portions of Figs. 4 and 10 indicates that cp, 
is very nearly temperature independent. 

Since the electron-capture process is rate limiting, it 
can be argued that the recombination center responsible 
for recombination in n-type germanium would be highly 
ineffective in p-type material. Actually, the rate at 
which the lifetime is degraded by irradiation in p-type 
germanium is lower than in n-type material?’ but large 
enough to indicate the action of a different recombina- 
tion center. In spite of this fact, it is of interest to see if 
an analysis such as that carried out for n-type material 
might be of assistance in understanding the recombina- 
tion center in p-type germanium. Figures 13-15, taken 
from references 2 and 24, demonstrate the results of 
irradiating p-type, gallium-doped material with Co® 
gamma rays, reactor neutrons, and 14-Mev neutrons. 
There is no reason a priori to assume that behavior 
such as given by Eq. (1) holds for p-type material. 
That is, it is not known if a trapping level is effective 
in the temperature range of interest. However, attempts 
to treat the behavior in p-type material on the basis of 
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Fic. 13. The recombination behavior of gallium-doped ger 
manium following irradiation by Co® gamma rays. From refer 
ence 5. 
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Fic. 14. The recombination behavior of gallium-doped ger- 
manium following irradiation by reactor neutrons. From refer- 
ence 5. 


a single recombination level have not been successful. 
For conditions of small V, and low injection level, the 
Hall-"Shockley-Read” recombination equation may be 
written for p-type material (p>>n): 
a Nir, ‘CorP N ++ ( iM Gigi s) 1+ p1,/p). (2) 
If the recombination center in question lies well above 
the Fermi level, p1,/p<1; and Eq. (2) reduces to: 
T=Mr/CorPNr+1/CarN r. (3) 
This equation follows directly from the equation for 
p-type material corresponding to Eq. (1), when the 
effects of trapping centers are neglected. On the other 
hand, if the center lies below the middle of the gap, the 
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Fic. 15. The recombination behavior of gallium-doped ger- 
manium following irradiation by 14-Mev neutrons. From refer- 
ence 06. 
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term containing m,, becomes extremely small; and 
r=1 CnrN (1+ 1,/p). (4) 


It has been noted that levels near the center of the 
band gap are most effective for recombination. If such 
recombination centers are operative in p-type specimens, 
Eq. (3) would be expected to hold. Then the logr vs 1/T 
curve should have a slope at high temperatures similar 
to that for n-type material if hole capture is rate limiting, 
or should display no temperature dependence if electron 
capture is rate limiting. Inspection of Figs. 13 through 
15, however, reveals a small slope, ~ 0.09 ev in the case 
of reactor-neutron exposure and ~0.06 ev for gamma- 
irradiated specimens, with a somewhat higher value for 
14-Mev-neutron irradiation. It is, therefore, tempting 
to conclude that the recombination center lies near a 
band edge and either Eq. (3) or (4) is applicable, de- 
pending on whether the level lies near the conduction 
band or near the valence band. However, due to the fact 
that the temperature-dependent terms contain either 
Mi, OF Pir, a level at the position indicated would be 
10~ as effective as a level near the center of the band 
gap (for the same capture cross sections). This would 
tend to make such an explanation doubtful. It might be 
that the second term in Eq. (3) is dominant and the 
temperature variation observed is due to temperature 
dependence of electron capture probability. 

Wertheim and Pearson** have attributed similar be- 
havior in plastically deformed germanium to tempera- 
ture dependence of capture probability. For recombina- 
tion at a charged center, a variation in capture proba- 
bility with temperature might be expected. However, 
the data of Figs. 13 through 15 cannot be explained 
simply on the basis of a temperature variation of cap- 
ture probability. Note that the temperature behavior is 
approximately the same in Figs. 13 and 14 for the two 
p-type samples of different resistivity, yet the values of 
the lifetime at the same temperature are quite different. 
This would indicate that a temperature dependence of 
Cnr Cannot be responsible for the temperature depend- 
ence of lifetime since electron capture does not appear 
to be the limiting process. (The term in question, 
1/ca-N,, is carrier-concentration independent.) The 
behavior apparently cannot be ascribed to variations in 
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Fic. 16. The energy-level structure proposed to explain the 
recombination behavior of n-type Ge exposed to various kinds 
of irradiation. 
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Cpr Since the term in Eq. (2) involving ¢,, also involves 
ny,. The behavior can be explained,”® but with some diffi- 
culty, on the basis of coupled levels. However, it might 
be more satisfactory to use an explanation involving 
recombination in the presence of traps. Equation (1) 
was derived for n-type materials, but is easily shown 
that the solution is completely symmetrical for p-type 
material with the trapping and recombination levels 
above the Fermi level. In this case the proper expres- 
sion is 

1 Neti N 
pn Pir re tfel t 


CorPNr Corp 


CorPpV nit Car-V Mie 


othe . : 

Cnelie Cy , o 
This relation introduces a new type of temperature 
dependence, not predicted by the simple theory. The 
experimental results are not inconsistent with the prem- 
ise that the lifetime in gallium-doped, p-type material 
irradiated with Co® gamma rays and reactor neutrons 
obeys the following relation: 


=Nny,/CprpN ni; (6) 


and the temperature dependence shown in Figs. 13 and 
14 would correspond to the difference in position be- 
tween the recombination and trapping levels. The differ- 
ence in the case of 14-Mev-neutron irradiation is pre- 
sumably due to other terms from the recombination 
equation becoming important. For Eq. (6) to hold, 
the number of traps must be large compared with the 
number of recombination centers; and the recombina- 
tion process must be hold-capture limiting (¢,,>c>,). 
Since the pre-irradiation recombination behavior in 
these gallium-doped specimens is not unlike the post- 
irradiation case, the trapping centers entering Eq. (5) 
may be present in the unirradiated material. On the 
other hand, these trapping levels may result from a gal- 
lium-defect complex. As is true for the case of n-type 
material, the position of the recombination level appears 
to be nearer the center of the gap in the case of neutron 
irradiation. Again, this is probably due to the extensive 
local perturbation produced by neutrons, which would 
cause a spreading out of the energy levels. The energy 
levels nearest the center of the band gap, being most 
effective, would dominate the recombination process. 
Thus, it is possible to explain recombination behavior 
in p-type germanium by assuming a high concentration 
of trapping centers in unirradiated material. Although 
this argument explains the observed behavior in these 
particular specimens, it is only tentative and predicts a 
variation in behavior depending upon the method of 
preparation. The behavior observed in indium-doped 
material is somewhat different from that discussed here.® 
Specifically, there is no evidence for the trapping centers 
present in the unirradiated material. These two mate- 
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rials (gallium and indium-doped germanium) were ob- 
tained from two sources, and the difference in recombi- 
nation behavior may reflect a difference in preparation 
rather than a difference in dopant. 

Figure 16 displays the energy-level structure proposed 
to explain the recombination behavior of n-type ger- 
manium exposed to various kinds of irradiation. It is 
not possible from the present data to locate these levels 
for p-type material. In n-type germanium the energy 
level responsible for recombination apparently is shifted 
slightly downward in the case of neutron irradiation. 
The experimental results strongly indicate that the 
same defect is responsible for recombination in neutron- 
and gamma-irradiated material. The following specula- 
tive hypothesis, which is also useful in analyzing the an- 
nealing, behavior is offered to explain the recombination 
data. A germanium atom may be displaced to a nearby 
interstitial site which is stable, and less energy is re- 
quired to displace an atom to this position than to pro- 
duce completely separated vacancies and intersitials. 
This might be resonable on the basis that the strains 
produced by a vacancy would be partly compensated 
if the interstitial remained close to the vacancy. Further- 
more, there might be an electrostatic interaction be- 
tween the two. Wertheim” has obtained evidence that 
such close-spaced pairs occur in silicon. In this picture 
the energy level primarily responsible for carrier re- 
moval is associated with the coupled defect and the re- 
combination center is either an isolated vacancy or 
interstitial. 

This hypothesis would account for the difference in 
relative rate of introduction of recombination centers 
between gamma and neutron irradiation. In the case of 
Co® gamma irradiation, most of the Compton and 
photoelectric electrons which create displacements have 
only enough energy to produce relatively close-spaced 
Frenkel pairs and relatively few isolated defects are 
produced. On the other hand, with 14-Mev neutrons 
the average energy imparted to the germanium atoms is 
large, and so, relatively few germanium atoms would 
receive just enough energy to form a coupled pair. The 
case of reactor-neutron irradiation would, of course, be 
intermediate. The difference in trapping behavior ob- 
served for the various radiations would indicate that a 
trapping level below the center of the gap is introduced 
by these close-spaced pairs. On the basis of the meas- 
urements of Ryvkin and Yarosketskii,?* this level lies 
~0.25 ev above the valence band. Previously we have 
attempted to explain the difference in rate of lifetime 
change compared with carrier removal on the basis of 
a difference in capture probabilities for the different 
types of irradiation.? 

Unfortunately, it is impossible to determine the abso- 
lute values of capture probabilities and cross sections for 
recombination simply on the basis of the results pre- 
sented here. The reason for this is that the number of 


2G. K. Wertheim, Phys. Rev. 111, 1500 (1958). 
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recombination centers cannot be determined since their 
introduction rate is not known. (In earlier work,? when 
the energy level at 0.20 ev below the conduction band 
was thought to be responsible for recombination, the 
rate of introduction of this level as inferred from changes 
in carrier concentration was assumed to be identical 
with the rate of recombination-center introduction.) 
Furthermore, the addition of a trapping term to the 
recombination expression complicates any determina- 
tion of capture probabilities even if the number of 
centers were known. However, upon examining the an- 
nealing behavior, it will be seen that under certain as- 
sumptions the values of the electron-capture probability 
and cross section can be obtained for the recombination 
centers. 

The annealing results show that the stability of 
recombination centers depends upon the impurity con- 
centration. This, together with the complications im- 
posed by the trapping process, indicates that any analy- 
sis of recombination behavior based solely on the varia- 
tion of lifetime with carrier concentration is invalid. 
It has previously been stated,”° on the basis of the tem- 
perature behavior, that such an analysis for p-type 
material could not be made. Nonetheless, recent work 
has been based on such a method.” 


SUMMARY 


This study emphasizes the fact that the nature of the 
chemical dopant strongly influences the position and role 
of radiation-induced defects. In arsenic-doped german- 
ium, trapping levels are introduced approximately 0.17 
ev above the valence band which are not present in 
antimony-doped material. High-purity antimony-doped 
material displays the presence of a different trapping 
level, which is not effective in medium or low resistivity 
(medium or high antimony concentration) material. 
This level lies approximately 0.25 ev above the valence 
band* and may correspond to a level observed through 
Hall measurements.” By considering the effect of these 
different trapping levels, the recombination behavior 
in m-type germanium irradiated with Co® gamma rays 
can be explained on the basis of a single recombination 
level located approximately 0.36 ev above the valence 
band. The ratio of the capture cross sections ¢,/a, for 
this level was found to be approximately 1000. The 
same value for this ratio was obtained from 14-Mev 
neutron irradiated material. 

Evidence from the annealing data suggests that the 
recombination center may be a vacancy.® The number of 
isolated vacancies appears to be fairly small as compared 
with the number of coupled, vacancy-interstitial pairs 
in the case of Co™ gamma irradiation. These coupled 
pairs may be responsible for the energy level located 
0.20 ev below the conduction band commonly observed” 
through Hall measurements. It is even more likely that 

%® See, for instance, J. J. Loferski and P. Rappaport, J. Appl- 
Phys. 30, 1181 (1959). 
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they are responsible for a trapping level about 0.25 ev 
above the valence band. The behavior in p-type ger- 
manium which previously was not explained can be ac- 
counted for quite reasonably on the basis that a high 
concentration of trapping centers initially present in 
the material is effective in the room-temperature range. 
Differences in the recombination behavior among types 
of irradiation can be explained on the basis that particles 
which impart higher energy to the germanium atom pro- 
duce larger numbers of isolated vacancies as compared 
with the number of vacancy-interstitial pairs. There is 
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apparently a small shift in the position of the energy 
level for the free vacancy in the case of neutron irradia- 
tion. This is probably due to the heavy, localized dam- 
age produced by neutron irradiation. 
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An approximate method of computing the energy of a localized excitation in a solid described by the 
Heitler-London scheme is presented. The overlap of the excited electron with wave functions centered on 
neighboring atoms is explicitly taken into account through terms of second order. The use of a Schmidt 
orthogonalization process avoids questions of convergence of the overlap series expansions found in other 
methods. Some further simplifying assumptions which are of possible use in ionic crystals are subsequently 


introduced. The formalism is applied to the system Ne 


: Ar. In this case it is found that the electrostatic 


excitation energy predicted for the 3p°'S—3p54s'P transition using the approximation identical to the 
symmetric orthogonalization method is appreciably smaller than that given by an “exact” application of 
the present theory. Questions concerning the reliability of some previous calculations are thus raised 


I. INTRODUCTION 


HOUGH rather exhaustive investigations of the 

ground state and band structure of various 
specific crystals have been made in the past, interest in 
detailed, ab initio, calculations for nonconducting 
excited states of solid systems (e.g., excitons, impurity 
states) has flourished only recently.“ 

The systems considered in the work just cited are 
either rare-gas or alkali-halide crystals, and the cal- 
culations proceed to make use of the tight-binding 
(Heitler-London) scheme, which is known to be a good 
description of the ground states. The problem of the 
nonorthogonality of heterocentric atomic wave func- 
tions, which arises even in calculation of the ground- 
state energy of the systems, becomes much more 
formidable when spatially diffuse atomic functions are 
introduced in the description of an excited state. 

Thus far, all of the computations have adopted the 
method of symmetric orthogonalization (introduced by 
Léwdin® in the calculation of alkali-halide cohesive 


* Research partially supported by the Office of Naval Research 

1R. S. Knox, J. Phys. Chem. Solids 9, 238, 265 (1959). 

?N. N. Kristoffel, Optika i Spektroskopiya 7, 45 (1959) and 
references to earlier papers, therein. 

3N. D. Potekhina, Optika i Spectroskopiya 8, 437 (1960). 

* A. Gold, J. Phys. Chem. Solids 18, 218 (1961). 

5 P. O. Léwdin, Advances in Physics, edited by N. F. 

Taylor and Francis, Ltd., London, 1956), Vol. 5, p. 1. 
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energies) to account for the overlapping of atomic 
functions in both the ground and excited states. The 
resulting expressions for the energy are then expanded 
in a power series which is terminated at terms of the 
second order in the overlap integrals. This procedure is 
known to be very useful for the ground state,® but in 
excitation energy calculations very serious questions of 
the convergence of the expansion arise.'** 

However, in practice it is found that the only overlaps 
which contribute appreciably to the energy of the 
optical excitations are those involving the spatially 
diffuse excited electron. Thus, it natural to 
develop a formalism for such states using a Schmidt 
orthogonalization procedure, neglecting all other over- 
laps from the outset. The convergence difficulties of 
the symmetric orthogonalization scheme are thereby 
avoided completely. 

We shall, for simplicity, consider only transitions 
which may be described in terms of a single excited 
atomic state, neglecting “configuration interactions.”’ 
We shall generally use the word 
the constituent units of the crystal, 
ions or neutral atoms. 


seems 


“atom” to describe 


whether they be 


* The Schmidt procedure has been used previously in a limited, 
approximate treatment of the F center in ionic crystals. See the 
review by B. S. Gourary and F. J. Adrian, in Solid State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, New York, 
1960), Vol. 10, 
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Il. WAVE FUNCTIONS AND ENERGY 


Henceforth we shall assume that the Born-Oppen- 
heimer approximation has been made and that we are 
discussing a lattice which is static with its atoms lying 
in their positions of equilibrium for the initial state of 
interest (which will in general depend on whether we 
wish to compute an absorption or emission energy). 
Only electrostatic interactions will be discussed, al- 
though spin-orbit terms may, of course, be treated in 
the same manner. We shall consider only localized 
excitations appropriate, say, to an impurity center, but 
excitations may be built from these in the manner of 
reference 1. 

A double subscript notation will be used throughout. 
Thus, Jj refers to the electron which is described by 
quantum numbers / and is centered on nucleus J. The 
indices Aa are reserved for the electron which makes 
the transition under consideration. 

The ground- and excited-state wave functions for 
the system are given, respectively, by 


Vo = ay tall toatl aa) IT II v1 (17;,07;), (la) 
I xa 


Vv QWa(Paa@aa) TT I] Wri(tr,07,). (1b) 
I 


xa 


@ is the usual antisymmetrization operator acting on 
all electronic coordinates, ry; and oy;, which are, 
respectively, the space and spin coordinates of electron 
Jj, and the ~’s are a set of localized wave functions 
assumed to form an orthonormal set for each state. 
Based on the experience of previous calculation,’ 
we shall assume that we may make the following 
approximations to the y’s: 


Vii Vri= ri, 
Vaa=PaAa, 

(Oaa— Di Saari) 1— Di (Sa,s)”) 
(b41a— Di Saari). 


Here the ¢7,;’s are the solutions of the Hartree-Fock 


(1i¥ Aa) 


Visa 


Exut X (Ui) H\1i)+3 ¥O [Ui j\g) li j)— Ui j\ ¢\ J jli) 


li#Aa JT i 


“Aa 
) 


t > [(Aali| g| Aali)—(Aali| g| 1ida)]} —— 


li#Aa 


t— © [(Sae.2:)3(li| H|1i)+ 
le 


\ liz 


Here the matrix elements with the parentheses are to be 


evaluated using atomic wave functions. The bars remind 


us to use the excited state function for electron Aa. 


The notation /i#Jj on a summation instructs us to 


Y (S84eri(Aal|H\)+ ¥ 


\ li#Aa 
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equations for atom / in its ground state, and $4, is a 
solution for the appropriate excited state of atom A. 


The overlap integral is given by 


S4ali= | Basdrdr—S.arb, (3) 


All other overlaps are assumed to vanish. Given these 
assumptions, the function, Eqs. (1a), (1b), are properly 
normalized. 

The total energy of the system (in any state) may 
be written in the form 


E=Enxut D Ci/H\GI+3 D0 YD (Cis j\g\ ij] 
’ I Ti Jyj#Ti 


—[liJj g Jjlijy. (4) 
In Eq. (4), Ewue is the energy of the nuclei having 
charges Zye at sites Ry, 
Z1Z 3e" 
= 


kx TT é 
«1 |R,;—R,y 


= be, 
Shes 
I 


The second term is the kinetic energy of the electrons 
plus their potential energy due to the presence of the 
nuclei : 


[Ji| H| li ]= | vas"(4,9) Hdas(t,9)dr, (6) 


where 


H=— (h?/2m)V?—S-y Zye/|Rs—r}. (7) 


The last two terms of Eq. (4) are the Coulomb and 
exchange interactions of the electrons, and the notation 
should be read 


[Hid j g\ KRLD}= | vr (1)W*(2)ris 


XWxe( 1) 1(2)dr dT». (8) 
The integral over dz is always taken to include summa- 
tion over spin coordinates. Substituting the functions of 
Eqs. (2) into (4), we obtain the energy of the excited 
state: 


ahi . 
}}+—{ (Aa| H| Aa) 
N 


Ssa,xe(Aali | g| KkIi)] 
Kk#lI 


~Aa 


> 
— 
Kk+I 


x Aa 


(Saa,xu)°(KRIi|g| KkIi)]. (9) 


omit the term for which 7=J and i= 7. Terms of third 
and fourth order in overlap have been dropped; this 
is to say that no term containing more than two 
products of heterocentric or orthogonal wave functions 
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has been retained. [Orthogonal functions centered on 
the same atom are included in this definition of O(.S?) 
not because each of the O(S*) terms which contains 
them is expected to be small, but because all such 
terms occur in a manner giving no contribution to the 
calculated energy. For example, sums over terms of the 
form S4o,1i(Jilj| g| 1jAa), i*j, are omitted from both 
Eqs. (9) and (10a). As is easily seen, their inclusion 
would leave Eqs. (13) unaltered. Other rather compli- 
cated looking combinations of terms which are O(.S*) 
in the present sense are also omitted from Eq. (9). These 
combinations vanish identically in consequence of the 
fact that the wave functions involved are the (ortho- 
gonal) solutions of the Hartree-Fock equations for 
the atoms in question.] In the foregoing sense an 
exchange integral is said to be of second order in 
overlap. 

From the fact that all of the wave functions appearing 
in Eq. (9) are solutions of the Hartree-Fock equations 
of the free atoms it follows that [to O(S*) ] 


> [S402:(Aa! Ar|li)+ 


li#Aa 


LX Saari(Aalj|g\ Jil j)] 


Tj4li 


=> | 


li#Aa 


Saa1i)*Er:, (10a) 


E ((S4e.7)2(i| Ar 1+ ES (Sae.r)2(Uil j| g| Ti j)] 
li#Aa Ij+I 


= DY (Saa1i)*Eni. 


li#Aa 


(10b) 


In Eqs. (10), £7; is the eigenvalue of the atomic Hartree- 
Fock equation for electron /i and 


Hy = (—h?/2m)¥?—Zye/|Rr—r}. (11) 


Combining Eqs. (9) and (10) with the ground-state 
energy of the system given by 
Eo=Exuet EX {(i|H{1i)+4 O [i j\g|liJ;) 


Tli#Aa Ji#1i 
Aa 


— (lid j\ g| Jjli)}}+(Aa| H| Aa) 
+ ¥ [(Aali|g| Aali)— 


Ti#Aa 


(Aali|g\ IiAa) }. 


gives the excitation energy as 


AE=E-—Ey=EutEctExt+Er. 
Here 


>> > (Saari) En, 


TIAA i 
[ ior : 


"Adr+ ) 8 (Saori)? 


li#Aa 


1 - 
a Psa “C 
\ 


x (CH +C a | ~ | baa Cdr, 
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a > E[ — dari g|liAa) 


I#A i 


—(Aali\g riaa) | (13d) 


(13e) 


Fee —— FE Stay 


N I#A i 


| aa(C T+C 1°) ,dr. 


The new notations introduced in Eqs. (13) are defined 

as follows. E4, and E4, are, respectively, the excited 

and ground state atomic Hartree-Fock energies for 

electron Aa. Cy is the classical electrostatic potential + 
due to atom J: 


Cy(r)= ~ | ou;( r’ ao’) | 2e?|r—r' |— dr’ 
. —Z,e* R,-r .. 


\dr’ 


(14a) 


| o,;(r',o’) |e? r—r’ 
—Z,e|R;—r\-', (14b) 


C,*(r)= 


a 


ik J 


> ® 
a 


J#K,L, 


Cy(r). (14c) 


The contributions to AF are seen to have simple 
“physical” interpretations. E,, is the atomic excitation 
energy for the transition plus corrections due to overlap 
which have the somewhat surprising feature of involving 
the atomic energies of the unexcited electrons. Ee is 
in the form of a “Coulomb overlap” energy. Ex is a 
contribution due to the interatomic exchange. Er is 
formally a “‘three-center” term of the sort common to 
computations taking overlap explicity into account. 

It should be noted that no question of convergence 
of an expansion enters into the derivation of Eqs. (13). 
They may be expected to hold with reasonable validity 
so long as the overlap corrections of third and fourth 
order are small compared to the excitation energy. 


III. COMPARISON TO PREVIOUS FORMALISMS 
AND SOME SIMPLIFICATIONS 


To facilitate comparison with previous results, we 
expand N- in a power series and, once more retaining 
only terms of O(S?), obtain 
Eu.=Eae— East Z. 


li#Aa 


=[1+ 2D (Src Del 


liA#Aa 


+/ or: "cH+Cadr |- baal *CAdr, 
Ex~— > ¥ [(Aali|g| liAa) 


I#A i 


(Sae.t:)?(Eac— Ex (15a) 


-(Aali|g\ liAa) |, 


Joauccn 


(15c) 


Lr -2>, 2 Shas (15d) 


I#A i 


C'4")o; dr. 
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Of course, this expansion is possible only if 
Di (Saari)? <1. 


For the present case of only one nonvanishing 
overlap, we may write the excitation energy calculated 
by a symmetric orthogonalization process and sub- 
sequent power series expansion as* 

AE’= Eg +EctExt+Er’, (16a) 
where 


7 


> ys . 
Eat = Ae E day 


(16b) 


E,'=- > Sess | baaQCU+C+C ord (16c) 


li#Aa 


In Eq. (16a), Ec and Ex are to be taken in the approxi- 
mate form, Eqs. (15b,d), not from Eqs. (13). It should 
be noted that the expansion required to obtain Eqs. 
(16) are convergent if }°7;|S4o2;|<1 and divergent 
if S11 S4a,4>1. To O(S*) the atomic Hartree-Fock 
equations tell us that 


X ([Saari(li|Hs|Aa)+ ¥ (liAj\g|AaAj)] 


TiA#Aa j#a 


=B 4, y (S$ 40:75)". 


Ti#Aa 


(17) 


Combining this result with Eq. (10a) shows that 


EutEr=Ea'+Er’. (18) 
Thus, under appropriate conditions, the two methods 
yield identical results. However, Eqs. (13) remain 
useful even in the event that the expanded symmetric 
orthogonalization procedure is divergent. 

On the basis of our assumptions concerning the 
negligible overlapping of core functions, we can make 
some further simplifications in /r of particular useful- 
ness in ionic systems where the large Coulomb interac- 
tions are likely to outweigh small corrections due to 
small deviations from zero ‘‘core”’ overlaps. 

If ¢4; (j#a) and ¢;; are nonoverlapping, the region 
where $4.01;~0 does not overlap $4; and 


[ §s.Cs%1dr= —e?(Za—Nat )SaariRete', (19) 


where Z,4 and NV, are, respectively, the nuclear charge 
and number of electrons on atom A, and Reg is the 
distance from the “center of gravity” of the overlap 
charge distribution, daar, from nucleus A. Hence, 


[6 tac a*hr.dt 


—— e?(Z 4 a, Na + 1 ) (S4a.ri)?| M aa: | he (20a) 
where 


Miarni= [bance Ra)dr. (20b) 


‘*‘TIGHTLY-BOUND’’ SOLIDS 1743 


TaBLeE I. Contributions to the 3p* 'S—3 54s 'P electrostatic 
excitation energy in Ne:Ar. The column headed “Exact” is the 
result of using Eqs. (13). The values headed “Expanded” are 
from Eqs. (15). All energies are in ev. 


Contribution “Exact” “Expanded” 


20.53 
—3.27 
3.90 
2.27 
15.63 


at 22.16 

Cc - 3.36 

x —4.63 

T 2.72 

AE 16.89 

Shift from atomic value 
(AE—E gat Eaa) 


E 
E 
E 
E 


4.47 3.27 


This leaves only terms really involving three centers 
in Ey and may be a reasonable approximation to make 
even in systems of neutral atoms. 

Similarly, the remaining term of 7 may be thought 
of as the Coulomb interaction of a charge distribution 
Saa¢ri and the lattice with atoms A and J removed. 
Thus, we may write 


| tae Vr idr= —e? Y (Zy— Ny) Saari 


J#I 
ZA 


X | Rat (Maeri/Saari)— Rs|-. (21) 
Equation (21) is likely to be of value only in ionic 
crystals. The interaction has been found to be quite 
different from zero in simple molecular crystals.!4 


IV. APPLICATION TO Ne:Ar AND DISCUSSION 


The method of the last section has been applied to 
the calculation of the electrostatic energy of the 3p°1S 
—3p*4s'P transition of the argon impurity in a solid 
neon lattice. The computation has been made using 
both the ‘“‘exact” form, Eqs. (13), and the “expanded” 
form of Eqs. (15), recalling that the latter is equivalent 
to the symmetric orthogonalization results. The atomic 
energies appearing are taken from the appropriate wave 
function calculations.*~* Terms in £7 not really involv- 
ing three centers were computed using the approxima- 
tion of Eq. (20). All other numbers are taken from the 
computations of reference 4. A comparison of the 
results in the two cases is given in Table I. 

It will be noted that AF (exact) —AE (expanded) 
= 1.26 ev. The source of the difference is apparent. For 
the system in question V=0.834. Comparing Eqs. (13) 
and (15), we see that the latter althogether neglects 
the deviation of VN from unity in Er and approximates 
it with appreciable error in E,;. These two are the 
positive terms which are decisive in determining the 
excitation energy. The predicted shifts from the free 
atomic absorption differ by 30%. 


7 For excited argon: R. S. Knox, Phys. Rev. 110, 375 (1958). 

8 For argon in the ground state: D. R. Hartree and W. Hartree, 
Proc. Roy. Soc. (London) A166, 45 (1938). 

® For neon: B. H. Worsley, Can. J. Phys. 36, 289 (1958). 
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It should be noted that the results of reference 4 and 
the expanded results do not fulfill the condition E,.+ Er 
=F ,,'+ Er’. Using E.44,—E43»p as the atomic excitation 
energy in both for consistency, still leaves the present 
calculation 2.36 ev above the other. The discrepancy 
probably arises from the computation of Ey’ in the 
older work. The complicated integrals appearing there 
must be approximated in the summing of poorly 
convergent expansions which are used in their evalua- 
tion. In the present form most of the difficulty is 
“transformed away” into the simple form of Lat. 
Thus, the present results are probably more reliable. 
It should be pointed out that the use of Bre—E ne 28 
the atomic energy difference in this computation 
neglects some intra-atomic effects which lower the 
energy about 1 ev. However, these corrections are 
omitted for simplicity’s sake alone and can be taken 
into account in a straightforward way. They have 
little effect on the predicted blue shift, which should be 
taken as the most significant number. 

The most important insight gained from the present 
application is the realization of the errors encountered 
in the calculations using the symmetric orthogonaliza- 
tion procedure. The elaborate framework of that 
formalism has hidden a severe normalization error 
which arises in practical calculations of excited states. 
This becomes apparent in the simple Schmidt scheme. 

There are two further, specific points of particular 
interest. Knox’s predictions' for the lowest exciton 
states in solid argon are in severe disagreement with 
the experimental results of Schnepp and Dressler." 
Whereas the symmetric orthogonalization theory pre- 
dicts a red shift of about 2 ev, the experiments seem to 
indicate that the absorption lies very close to its atomic 
position. We conjecture that the large positive contribu- 
tions to Er and E£,, neglected in the theory may 
account for the difference. Potekhina’s recent calcula- 
tion’ finds good agreement between the observed 


 Q. Schnepp and K. Dressler, J. Chem. Phys. 33, 49 (1960). 
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absorption in NaCl:Ag and the predicted energy of the 
Ag ion’s 4d°—4d°5p transition. However, Martienssen" 
has presented strong experimental evidence that the 
band is due to the 4d'°—4d°5s transition. The spurious 
coincidence of the calculated level with the observed 
absorption may be another manifestation of the 
normalization error in the symmetric orthogonalization 
scheme. 

The present work presents a method for avoiding 
the question of series convergence in performing 
practical calculations of excitation energies explicity 
involving overlap. It is based on the results of earlier 
work which shows that the excited electron’s overlap 
makes the dominant contribution to the predicted 
energy difference. It remains valid when the usual 
expanded symmetric orthogonalization results are not. 
The results point out the possibility of making large 
normalization errors in symmetric orthogonalization 
calculations thereby engendering errors in the predicted 
excitation energies. Some further simplifications are 
suggested in the computation of the three-center 
contribution. If one makes additional simplifications 
such as representing an ionic crystal as a set of point 
ions surrounding the excited atom and estimating the 
exchange energy, then a crystal excitation energy 
may be quickly estimated from atomic wave functions 
by the comparatively simple computation of overlap 
and two-center-dipole matrix elements. However, more 
accurate computations still require the extremely 
lengthy task of evaluating the more complicated 
integrals which appear. 
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Plasmas composed of injected electron-hole pairs in p-type indium antimonide have been studied: The 
injection times have been measured. Pinching of the plasma has been observed. The current-voltage curves 
show a steep rise at voltages well below those required for breakdown, indicating a large increase in carrier 
density before breakdown. The Hall voltage measured as a function of current changed sign from that 
expected for hole transport to that expected for electron transport. Negative resistances have been observed 
in the plasma in the presence of transverse magnetic fields. Longitudinal magnetic fields decreased the 
plasma density, probably because of an increased radial diffusion of the plasma to the surface. Coherent 
oscillations have been observed on top of the pinch both with and without longitudinal fields. Their depend- 


ence on current and magnetic field is described. 


INTRODUCTION 


REVIOUS work on electron-hole plasmas in InSb, 

a material chosen because of its relatively high 
carrier mobilities, has been performed by Glicksman, 
Steele, and Powlus of these laboratories.~“* These 
workers have produced such plasmas in n-type InSb at 
77°K by giving the electrons, the majority carriers in 
the crystal, sufficient energy to excite electron-hole 
pairs. The resulting current-voltage characteristics were 
examined as a function of time. Characteristically, a 
rise in resistance was observed a fraction of a micro- 
second after the impression of a high electric field. It is 
thought that the increase in resistance is caused by the 
plasma pinching down in a manner similar to gaseous 
plasmas. The existence of a critical current at which 
pinching begins was found consistent with the ex- 
pression®~? 

I e=20ck(T -+T),)/eva amp, (1) 
where 7, and 7), are the mean kinetic temperatures of 
the electrons and holes, respectively, and vq is the elec- 
tron drift velocity in cm sec™!. Also observed were 
coherent voltage oscillations on top of the pinch, and 
incoherent oscillations in the presence of an external 
longitudinal magnetic field. 

Steele and Glicksman’ also studied high-electric-field 
effects in p-type InSb. It was observed that the Hall 
coefficient changed sign from positive to negative as the 
current was increased. An analysis of the data yielded 
a value for the ratio of electron to hole mobilities. Their 
current-voltage curves showed a sharp upturn as was 

* Present address: Boeing Scientific Research Laboratories, 
Seattle, Washington. 

1M. Glicksman and M. C. Steele, Phys. Rev. 110, 1204 (1958) ; 
M. C. Steele and M. Glicksman, J. Phys. Chem. Solids 8, 242 
(1959). 

2M. Glicksman and M. C. 
(1959). 

3M. C. Steele and M. Glicksman, Phys. Rev. 118, 474 (1960). 

4M. Glicksman and R. A. Powlus, Phys. Rev. 121, 1659 (1961). 

48 Note added in proof. See also A. G. Chynoweth and A. A. 
Murray, Phys. Rev. 123, 515 (1961). 

5’ W. Bennett, Phys. Rev. 45, 890 (1930). 

6 L. Tonks, Phys. Rev. 56, 360 (1939). 

7P. C. Thonemann and W. T. Cowhig, Proc. Phys. Soc. 

London) B64, 345 (1951). 


Steele, Phys. Rev. Letters 2, 461 


the case in the -type work; however, the qualitative 
behavior of the curves was different. The p-type curves 
were not indicative of plasma pinching. Although their 
currents were greater than that necessary to produce 
self-pinch, they felt that the time required for the 
plasma to contract in their relatively impure sample 
(2.3 10'® cm“) was greater than their observation 
time, 0.25 usec. Their suggestion that purer p-type 
samples should exhibit pinching as readily as the n-type 
InSb did led to the present work. 

Carriers injected from current contacts into a p-type 
sample can make an appreciable contribution to the 
total carrier density. Since electron mobilities are so 
much greater than hole mobilities, the transit time for 
injected minority carriers in p-type material is shorter 
than the corresponding time in » type by more than an 
order of magnitude. The purer the p-type material, the 
more readily does injection occur. The present work was 
undertaken to study the properties of plasmas composed 
of carriers injected into a semiconductor. 


EXPERIMENTAL ARRANGEMENT 


The experimental arrangement employed for these 
measurements was the same as that of Glicksman and 
Powlus.‘ High current pulses were produced by dis- 
charging a coaxial line through the sample and a known 
series resistance under constant current conditions. A 
fast dual-beam oscilloscope with differential preampli- 
fiers was used to observe the voltage drop across the 
specimen and across the known resistance so that the 
current and voltage were simultaneously observed as a 
function of time. The pulse duration was about 1 usec 
and the repetition rate was less than 1 sec to avoid 
heating the sample above its bath temperature, 77°K, 
at which all measurements were made. 

The samples were single-crystal p-type InSb (un- 
oriented) with initial hole concentrations between 
1.110" and 1.1X10'* cm“. They were cut into a 
bridge shape with asymmetrical current contacts as 
shown in Fig. 1. When the current was made to flow 
from the small to the large current contact, electrons 
injected from the lead at the large contact had a rela- 
tively long time and path length in which to recombine 
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TaBLe I. Conductivities, Hall coefficients, concentrations, and mobilities of various samples. 








a Ruo 
(ohm cm~) (cm?/v-sec) 


No. (sample) 


(cm7) 


Pr p Ma Ml 
(cm?/v-sec) (cm?/v-sec ) 





1 (101-D) 107 

2 (101-5) 89 

3 (80-V) 11.5 

4 (190-C-1-4) 2.67 
1-3) 


640 
935 
3630 
8250 
5 (190-D 1.19 6880 


before arrival at the region of the crystal under observa- 
tion. This resulted in a relatively low level of injection. 
When the current direction was reversed the density 
of injected minority carriers was made appreciably 
higher. Thus, by choosing an appropriate location for 
the electron injecting contact, the level of injection was 
readily varied. 


EXPERIMENTAL RESULTS 
A. Properties at Low Levels of Current Density 


The conductivities of the various samples studied are 
shown in Table I. The Hall coefficients, Ry, were meas- 
ured as a function of magnetic field. Hole concentrations 
deduced from these measurements are tabulated in 
column 4 and the Hall mobility is listed in column 3. 
Samples with a greater concentration of holes than 
about 10’? cm~ had essentially constant Hall coefficients 
over the available range of field strengths. The purer 
samples exhibited a strong magnetic field dependence 
as demonstrated in Fig. 2 which shows, as an example, 
the Hall curve for crystal No. 4. (All the data quoted 
refer to crystal 4 unless otherwise stated). At large 
magnetic fields the magnitude of Ry is slightly greater 
for higher injection levels even at the small current used, 
10 ma. Since the free electron density was much too 
small to produce the observed variation in Ry with H, 
light holes are assumed to be responsible for this effect. 
An analysis, to be described in another paper,’ of the 
Ry vs H curve has yielded the concentration p; and 
mobility u; of light holes as well as the corresponding 
quantities for heavy holes, p, and u, (see Table I). 








(2 = 0.508em 





{w= 0.042 cm 
_t = 0.05! em 





Whee 


Fic. 1. The sample shape showing asymmetrical current contacts 
and typical dimensions (exact for crystal 4). 


*B. Ancker Johnson and R. W. Cohen, (to be published). 


1.1 10"* 
6.0 10" 
2.0X 10"* 
2.1105 
1.1X 10'S 





640 
935 
3490 
8000 
6670 


42 000 
79 000 
97 000 


4.210" 
1.0 10" 
2.3X 10" 


B. Properties of Injected Plasmas 
1. Evidence for Injection 


Figure 3(a) illustrates the crystal behavior at high 
levels of current density. In this photograph the current 
pulse is the lower waveform while the simultaneous 
voltage response is shown above. The voltage rose 
initially to a maximum value and then decreased sharply 
after a time 7;. After a further time r,, it rose to what 
was apparently a steady-state value about which it 
oscillated in a coherent manner, as shown in Fig. 3(b). 
This waveform is very similar to that seen by Glicksman 
and Powlus‘ in n-type InSb. Their work indicated that 
the resistance decrease after +; was caused by break- 
down and the resistance increase after r, was caused by 
pinching. Their observations were made at fields large 
enough to cause impact ionization; in the present case, 
however, the fields were well below those needed to 
produce breakdown, as will be discussed in Sec. 1(c). 
The following experimental evidence indicates that a 
plasma has been produced in a crystal by injection of 
electrons from a current contact and the subsequent 
accumulation of compensating holes: 


(a) The finite time 7; for which the sample showed a 
marked enhancement in conductance agrees well with 
that predicted by a theory assuming injection of 
electron-hole pairs. 

(b) The behavior of the critical current for pinching, 
Ie, with varying injection level is consistent with 


theory. 
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Fic. 2. The magnetic field dependence of the Hall coefficient 
at a low current level (10 ma) for crystal 4 whose hole concentra- 
tion is 2.1 10'5 cm™. 
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(c) The current-voltage curves display a marked rise 
in conductance at fields well below those needed to 
produce impact ionization. 

(d) Measurements of the Hall coefficient Ry as a 
function of current through the sample show that Ry 
changed sign from positive for low currents to negative 
for high currents. 

(a) Injection time. When electrons are injected from 
a contact into p-type material, they are driven by the 
applied field & to drift into the sample at their natural 
drift velocity u.£. However, if only electrons were in- 
jected with density » comparable to the equilibrium 
density of holes o, large fields would be produced inside 
the crystal because of space charge. Therefore, a roughly 
equal number of compensating holes must be associated 
with the injected electrons in order to conserve space- 
charge neutrality. These holes may emerge from the 
same contact as the electrons or from the region of the 
crystal surrounding the contact, in which case they are 
ultimately replaced from the opposite contact. There 
results a neutral electron-hole cloud or plasma moving 
down the crystal at some velocity V which one expects 
to be a function of the injected density m. V should be 
less than the free-electron drift velocity because of the 
tendency of the holes in the plasma to travel in a 
direction opposite to that of the plasma. 

Following Herring? it is assumed that: 


which ensures that the net space charge is zero and 
hence the number of injected electrons n is equal to the 
number of injected holes, p— po. 

(2) The lifetime of the minority carriers is much 
greater than any other time concerned in this process. 
That this assumption is justified is evident from the fact 
that plasma effects have been observed. 

(3) Diffusion currents can be neglected in comparison 
with the currents driven by the impressed electric field. 

(4) The equilibrium concentration of electrons mp is 
much less than po. 

Under these conditions Herring® found that an in- 
jected plasma will propagate according to the following 
nonlinear partial differential equation: 


dn/dt= — V (n)dn/dx, 
where 
uel 


V (n)= ny 
[i+ (b+1)n po} 
b=pe/Mn, 


and x is the linear dimension along which the plasma 
propagates. 
The Ohmic current is 


Ig=epomrnEA, (6) 


°C. Herring, Bell System Tech. J. 28, 401 (1949); see also 
W. Shockley, Electrons and Holes in Semiconductors (D. Van 


Nostrand Company, Inc., New York, 1950), 328f. 
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po =2.0 X10'5 cm=3 


Fic. 3. (a) Voltage (above) and simultaneous current pulses 
proportional to the voltage drop across the crystal and current 
through it, respectively. A repetition of three pulses was used to 
make the oscillogram. ¢: 0.1 usec/em; V: 50 v/cm; 7=5.0 amp. 
(b) Same as in (a) except magnified 5X in amplitude and 24X in 
time scale. ¢: 0.04 usec/em; v~14 Mc/sec. Five pulses were used. 


where A is the sample cross-sectional area. The total 
current is 


I7=eporLA[1+ (6+1)n/ po]. 
Hence, V (12) can be rewritten in the form 
V (n)= pelt (Io Ty). 


If the plasma pulse travels a distance L while passing 
through the region where the field is being measured, 
the time for the pulse to traverse this distance is simply 


r= L/V (n)=(L/peE)(I2/Iq)*. (9) 


The injection time 7; is the time required for the voltage 
to drop from its maximum to a steady state as illus- 
trated in Fig. 3(a). If a value for the electron mobility 
of 2.0 10° cm?/v-sec is assumed, a reasonable value” 
when po=2.0X10" cm“, 7; can be calculated. L was 
approximately equal to 0.5 cm. Table II shows the 
calculated values of the injection times compared with 
the experimental values for the experimental arrange- 
ment with which the longest injection times occurred. 
This corresponded to minimal injection of plasma. 
There is good agreement between the measured 7; and 
those calculated from Herring’s theory which supports 


TABLE II. Injection times for the lowest injection level. 


E (v/cm) (I7r/Ig)* Ti cale (usec) T; exp (usec) 


0.06 
0.06 
0.07 
0.07 
0.08 
0.10 
0.11 
0.11 


7) 
sn 


0.063 
0.067 
0.068 
0.074 
0.081 
0.098 
0.104 
0.100 
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Putley , Proc. Phys Soc. (London) 73, 280 (1959). 
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Fic. 4. Plot of inverse pinch time versus plasma current 
for three different injection levels. 





the view that an injected plasma has been produced in 
the experiments. Since the reduction factor for the 
velocity in these measurements was about 7.5, use of 
the free-electron drift velocity rather than the plasma 
velocity would have yielded r,’s a factor of 7.5 smaller 
than those observed. 

(6) Pinch time. Measurements of pinch time rp as a 
function of the plasma current 


T,p=1Ir—Thg (10) 


have been carried out for three different levels of in- 
jection." As in the case of the studies on n-type InSb, 
it is expected that r, should depend on the current 
approximately through the relation” 


To=A(Ip—1 ee)", (11) 


where /,, is given by Eq. (1). However, J, was not in 
general a constant during any one experimental run as 
it was in the n-type experiments, since the electric field 
increased as the current increased (compare Fig. 5). 
Thus, the electron drift velocity vg which appears in J, 
was a function of /,. This was also the case for the 
parameter A, which would depend on the electron drift 
velocity and the radial mobility of the plasma (y,) in 
pinching, i.e., 


A =10%a?/2vau,. (12) 


The observed values of 7,~' are plotted as a function 
of J, in Fig. 4. The electric fields applied in these 
measurements were in the range 165-445 v/cm; for 
these values, the drift velocity is probably increasing 
only slowly with the electric field, since saturation was 
observed for fields in this range in n-type InSb.’ The 
curves are best-fit straight lines, for each set of points, 
and the resulting values of A and /,, are listed in Table 


4B. Ancker-Johnson and R. W. Cohen, Bull. Am. Phys. Soc. 6, 
311 (1961). 


2M. Glicksman (unpublished) ; see also reference 4. 
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TABLE ITI. Analysis of pinch-time data 


Calculated 
drift velocity 
(cm/sec) 


A Tes 
Injection level (coul) (amp) 


710-7 0.25 1.1108 
71077 14 1.910? 
2% 1077 19 1.4% 10? 


Lowest 
Intermediate 
Highest 


III. It should be noted that the vg which appears in 
Eq. (1) should be practically independent of injection 
level, since it corresponds to the current-carrying 
velocity of the plasma when it occupies the entire length 
of the semiconductor. However, u, will be equal to 
V (n)/E,, and will be a rather complicated function of 
injected density and time during the pinching process. 
The last column of Table III contains the values of vg 
which satisfy Eq. (1), with k(7.4+7)) set equal to 
2kT and T=77°K. Actually, T may be larger than 
77°K because of the expected heating of the plasma 
electrons at the fields used. 

The values calculated for vq at the intermediate and 
highest injection levels are reasonable, but the value 
which comes from the lowest injection observations ap- 
pears inordinately large. These latter data contained the 
largest scatter, and the value for /,, is the least accurate 
of those listed in the Table III. The ‘‘average’”’ value of 
ur, as Calculated using Eq. (12) and the values of A 
listed in the table, is about 5X10 cm?/v-sec. 

(c) Current-voltage characteristics. Figure 5 shows the 
current-voltage characteristics for three levels of in- 
jection. At low fields all three curves follow an Ohmic 
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Fic. 5. Conductivity characteristics for the three levels of 
injection used to obtain the data in Fig. 4. Also shown are the 
current-voltage curves in a transverse magnetic field of 6000 
gauss for the two lowest injection levels. The filled circles corre 
spond to the critical currents for pinching at each injection level. 
The large open circles indicate the lowest J-E magnitudes at which 
pinching was observed. 
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Pante IV. Density of injected carriers when pinch first observed 


Injection level n/po n(cm™) 
0.060 
0.106 


K 0.146 


T pias (a mp) 





1.310" 
2.2 10" 
3.110" 


Intermediate 


ma 
Lowest ae 
3 
Highest Si 


law that corresponds to the zero-field conductance. 
Departures from the Ohmic line begin at approximately 
50 v/cm. Thereafter the conductivity exhibits a sharp 
rise. This rise is attributed to the injection of an 
electron-hole plasma from the current contacts as 
discussed in the preceding sections. The various levels 
of injection were determined by the amount of current 
flowing through the sample at a given field, the higher 
injection level permitting the flow of more current. 

The departure of the curves from the Ohmic line 
continues to increase until a gradual flattening occurs in 
the region between 105 and 180 v/cm depending on the 
level of injection. At these voltages, the rise in resistance 
indicative of pinching was first observed. The flattening 
of the curves occurred because the cross-sectional area 
carrying the current was reduced from the geometrical 
cross section to the pinch cross section. Since the former 
was the value used to compute J, the values of J at 
fields above those where pinching was observed are in 
error by an amount equal to the ratio of the geometrical 
area to the pinched area. 

From Fig. 5 it is seen that the curves converge at the 
breakdown voltage, approximately 500 v/cm, where the 
current rose very steeply. The injected carriers have 
become energetic enough to excite additional electron- 
hole pairs by impact ionization. 

The density of injected carriers, 7, may be estimated 
at any field below that where flattening of the curves 
begins by reading the total current J7 and the Ohmic 
1, directly from the graph and substituting these values 
into the equation obtained by combining Eqs. (6) and 
(7): 


I7p/Ig=1+(b+1)n/ po. (14) 


Table IV lists the values of at the points where pinch- 
ing was first observed, for the three different levels of 
injection. It was assumed that the mobility ratio 6 is 25, 
which is correct for the crystal under consideration if!” 
ue= 2.0K 10° cm?/v-sec, since u,= 8000 cm?/v-sec (cf. 
Table I). The values of the plasma density at the onset 
of self-pinching are comparable to those seen in a strong 
gaseous discharge. 

The conductivity curves for crystal 3, po= 2.0 10"° 
cm~*, show only a very slight deviation from Ohmic 
behavior beginning at 240 v/cm. At ~300 v/cm pinch 
was first observed. Insufficient pinch time measurements 
could be made to allow determination of /.,. No hump 
attributable to injection could be observed in the still 
less pure samples, nor was it possible to see any signs of 
pinching in the time observations of the voltage pulse. 
It was apparently not possible to produce an injected 


INJECTED 


PLASMAS IN 1749 


i " ~ oe 


H, = 13209 


InSb 


RELATIVELY HIGHER _J 
INJECTION 
LEVEL 


Ta 


RELATIVELY LOWER 7 
INJECTION 
LEVEL 














a. | 1 
a 8 10 
I[amPs] 

Fic. 6. A plot of Hall coefficient versus total current for two 
levels of injection corresponding to the intermediate and lower in 


jection levels of Figs. 4 and 5 
plasma of significant density in samples with po much 
larger than 2X 10!* cm 

(d) Dependence of the Hall coefficient on current. Figure 
6 illustrates, at H=1320 gauss, the dependence of the 
Hall coefficient Ry on the total current /7 for two levels 
of injection. Ry is initially positive but soon drops to 
zero, reaches a maximum negative value and falls off 
rapidly, then slowly at high currents. The observed 
change of sign of the Hall coefficient is further evidence 
of injection. The current for which Ry=0 is larger for 
the lower injection than for the higher injection cases, 
independent of H, because a larger current is necessary 
for injection of the same number of electron-hole pairs. 

The condition for Ry=0 may be obtained by sub- 
stituting Eq. (2) into the Hall coefficient expression™ 


, naa nb? + b*y)"H?(p—n) 
- (15) 
eL (bn +p) ; +6717? (p— nN )?] 


where 0 is the mobility ratio, Eq. (5), at H=0. Solving 
Eq. (15) for Rn= 0) yields 


n/po= (1+u2H")/ (6-1). (16) 


In this particular example, H=1320 gauss, and again 
assuming that yu, is 2.0X10° cm?/v-sec, the result is 
n/po=0.013. Thus, only a relatively small number of 
injected electrons is required to change the sign of the 


R.A. Smith, Semiconductors 
New York, 1959), 106. 


Cambridge University Press, 
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TABLE V. Effect of a transverse magnetic field on injected density. 








Lowest Injection Level 


Tr for 
Ry=0 
(amp) 


n Po 
at 


a 
Ru=0 


(gauss) 





Intermediate Injection Level 
Ir for n/ Po % 
Ry=0 for Reduction 
(amp) H=0 


0 
Reduction 
in” 





200 
660 
1320 
2000 
6000 


0.0018 
0.0044 
0.013 
0.027 


1.50 
3.85 
5.05 
5.30 


A 


0.118 
* The Hall coefficient did not change sign for 7< 15 amp. 


Hall coefficient. The falling off of the negative Ry at 
high currents occurs when the injection level is so high 
that m>>po and 


ae ae apne (17) 
ne 


The bend in the curve for low injection level in the 
region between 1.5 and 4.5 amp, which is present also 
in plots of Ry vs J for other values of H, is as yet 
unexplained. 

The effect of a transverse magnetic field on injected 
density has been found by comparing the values of / po 
obtained through the use of Eq. (16) to those calculated 
by Eq. (14) in which the values of Jr for which Ry=0 
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Fic. 7. Conductivity curves in transverse magnetic fields at 
an injection level corresponding to the lowest injection level of 
Fig. 5. 


95 0.45 
~95 1.85 
~8&9 2.55 
~77 3.20 

100 a 


0.011 
0.089 
0.118 
0.146 


were employed. The results are given in Table V. The 
n/ po values for H=0 are only approximate at the higher 
Ir because of uncertainty in the ratio J7/Jg. The 
Table V shows that the density of the plasma is greatly 
reduced by the application of a transverse magnetic 
field. In fact, a magnetic field of only 200 gauss suc- 
ceeded in preventing about 84% of the injected carriers 
in the intermediate injection level case from reaching 
the region where the Hall voltage was measured and 
95% in the lowest injection case. This effect is due to 
the carriers being swept to the surface where they can 
readily recombine. The Hall angle at 200 gauss was 
approximately 20°. Since the crystal was 0.042 cm wide, 
the carriers traveled only about 0.1 cm down the crystal 
before they were destroyed. Magnetic field effects are 
discussed further in the next section. 


2. Properties of Injected Plasmas in the Presence 


of Magnetic Fields 


(a) Transverse fields. The conductivity characteristics 
of the injected plasma were drastically modified by the 
presence of both transverse and longitudinal magnetic 
fields. Either field, if large enough, inhibited or de- 
stroyed the pinch and flattened the humps in the J-E 
curves that were caused by injection. 

In a large transverse field the conductivity for a 
sufficiently low level of injection remained Ohmic at 
electric field strengths considerably larger than the 
breakdown electric field in zero magnetic field, Eo, as 
shown in Fig. 5. Whereas for 7=0 and a relatively low 
level of injected carriers, an increase in conductivity 
was observable at a few tens of volts/cm, in a transverse 
field of 6 kgauss the conductivity was Ohmic up to field 
strengths at least 300 v/cm beyond £». This transverse 
field thus was sufficient to sweep the injected carriers to 
the surface where they recombined. At still higher 
voltages the conductivity began to decrease. Also, as 
the level of injection was raised (circles in Fig. 5), a 
reduction in conductivity was observed to begin at 
lower voltages than was the case for lesser injection. 
These smaller values of conductivity may be attributed 
to a reduced mobility expected at high electric fields 
and large carrier concentrations. A voltage of 4£o was 
not sufficient under these conditions to initiate break- 
down. 
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At intermediate transverse magnetic fields negative 
resistance regions were observed in the J-E character- 
istics, Figs. 7 and 8. In a transverse field of 200 gauss and 
for the lowest level of injection (Fig. 7) the conductivity 
departed from Ohmic behavior at low voltages, but not 
so markedly as in the zero-field case. Hence a fraction 
of the injected carriers was lost by recombination at the 
surface, in agreement with the Hall data. Eventually, 
ihe injected electrons produced an avalanche of 
electron-hole pairs by impact ionization at Eo. At 400 
gauss the magnetic field was more effective in sweeping 
out injected carriers so that an electric field in the 
vicinity of Eo was reached without significant departure 
from Ohmic behavior. A slight further increase in the 
current, however, caused a sudden reduction in voltage 
to Eo. In the presence of 660 gauss the voltage reached 
a magnitude about 70 v/cm beyond £o before it sud- 
denly dropped to Eo and breakdown occurred. This 
negative resistance occurred because the magnetic field 
swept the injected carriers to the surface sink so that a 
voltage could be sustained in the crystal greater than Eo. 
As the voltage was increased further some injected 
electrons survived to acquire the high velocities dictated 
by the impressed voltage. They immediately initiated 
breakdown at £». A further rise in magnetic strength 
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Fic. 8. Conductivity curves in transverse magnetic fields at an 
injection level corresponding to the intermediate injection level 
ol Fig. 3. 
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Fic. 9. Conductivity curves in longitudinal magnetic fields at 
an injection level corresponding to the highest injection level of 
Fig. 5. The full line represents Ohmic conductivity. 


was still more effective in preventing injected carriers 
from contributing to the conductivity (compare Table 
V) and breakdown resulted at higher voltages than Eo, 
depending on the magnetic field. 

The magnitudes of the threshold voltages current 
densities and magnetic fields at which negative resist- 
ance occurred were lower as the density of injection was 
raised (compare Figs. 7 and 8). Why this shift takes 
place is not yet understood. The electron mobility was 
certainly reduced in the higher injection case as com- 
pared to the lower. For electrons to acquire the same 
velocity in the two situations, a higher voltage would be 
expected in the higher injection case. Also, since the Hall 
angle is approximately equal to uH, a higher magnetic 
field should be required to produce the same effective- 
ness in sweeping out carriers. The observations were 
surely of long enough duration (1 usec) to allow the car- 
riers to traverse the distance to the surface, on the aver- 
age ~0.02 cm, even though their velocity was reduced 
by ([9/Ir)*. Hence, the shift to lower thresholds with 
higher carrier concentrations is puzzling. 

(b) Longitudinal fields. Pinching was destroyed by 
the impression of a sufficiently large longitudinal 
magnetic field. It ceased being detectable by time 
observations of the voltage pulse at a field of approxi- 
mately 350 gauss (cf. Fig. 11). The conductivity 
characteristics of the injected plasma in the presence 
of longitudinal fields up to 2.4 kgauss (maximum avail- 
able) are shown in Fig. 9. These curves coalesce to the 
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Fic. 10. Voltage (above) 
and current pulse obtained 
using crystal 3 at 10.6 amp. 
V~10 v/cm; ¢: 0.04 psec/ 
cm; v*32 Mc/sec. A repeti- 
tion of three pulses was used 
to produce the photograph. 


po =2.0 X10'* cm=3 


Ohmic J-E curve at a few tens of volts/cm. The hump 
caused by injection in the zero-field case is increasingly 
flattened as the magnitude of H is raised and Ohmic 
behavior is approached up to high electric fields. Break- 
down occurs at the zero-field breakdown electric field 
independently of H,,. In between breakdown and the 
flat part of the J-E curve, humps occur at larger J and £ 
values as H,, is increased, but become less pronounced. 
These humps suggest that pinching was occurring 
although its time dependence could not be observed 
because the pinch time was too short. The cause of the 
steep rise in current before the humps occur at the 
higher H,, values is not understood. 

Kadomtsev and Nedospasov'' have proposed a type 
of helical hydromagnetic instability to explain the 
anomalous diffusion in gaseous plasmas. An incipient 
helical distortion of the plasma is shown to grow, pro- 
ducing oscillations and an increased velocity of the 
electrons transversely to the applied H,,. Glicksman"™ 
has suggested that these instabilities are the source of 
oscillations observed in semiconductors containing 
electron-hole plasmas and has modified the Kadomtsev- 
Nedospasov theory for application to such plasmas. 

The magnitude of the transverse drift or diffusion 
velocity V, accompanying such a helical distortion will 
determine the extent of loss of injected plasma by re- 
combination at the crystal surfaces, and hence, the 
extent to which the J-E characteristics approach Ohmic 
behavior. For the contribution of the injected carriers 
to the conductivity to be diminished V,20.04V,, as 
dictated by the geometry (cf. Fig. 1). At 100 v/cm, 
before pinching occurred in the absence of a field, 
Vi: =9.4X10* cm/sec for the highest injection level of 
Fig. 5, assuming again that u.=2.0105 cm?/v-sec. 


Taste VI. Effect of longitudinal magnetic fields on the 
intermediate injection level. 


Jr % Reduction Vi 
(amp/cm? n/ po inn (cm/sec) 


1230 0.139 0 0 

1080 0.117 16 0.6X 104 
920 0.094 32 1.2 

670 0.058 58 

570 0.044 68 

445 0.026 81 














4B. B. Kadomtsev and A. V. Nedospasov, J. Nuclear Energy 
1, 230 (1960). 

16 M. Glicksman, Bull. Am. Phys. Sox 
[Phys. Rev. 124, 1566 (1961) ] 


6, 116 (1961); this issue 
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Thus, for an appreciable loss of injected carriers V, 
would have to be at least 3.8X10* cm/sec. Table VI 
shows the percentage reduction of injected carriers for 
the various longitudinal magnetic fields employed and 
also the calculated minimum transverse velocity that 
would account for such a reduction. It is seen that V; 
rises rapidly with applied H and then saturates. If the 
percentage loss of carriers is the same at three times 
this electric field strength, i.e. E~300 v/cm, V, reaches 
a minimum value of 5.5 10° cm/sec for the 2.4-kgauss 
case just before the rapid rise in current occurs. 

(c) Oscillations. As shown in Fig. 3(b), coherent 
oscillations were observed on top of the pinch. Another 
example is shown in Fig. 10 for an order of magnitude 
higher initial density of holes (crystal 3). This oscillo- 
gram also differs from Fig. 3 in that it was taken at a 
higher current, and hence the pinch time was much 
shorter. 

It was observed (for any one level of initial hole 
density) that the oscillation frequency increased as the 
current level was raised. These oscillations may be 
attributed!® to standing hydromagnetic waves.!” Calcu- 
lations'* show that the frequency should be proportional 
approximately to the square root of the current or carrier 
density, in general agreement with these results. 
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Fic. 11. Voltage pulses at a constant current and varying 
longitudinal magnetic field (E=4Xv). Each photograph corre 
sponds to three pulses. 


16 The authors wish to thank R. Gajewski for this suggestion 

7H. Alfvén, Arkiv Mat. Astron. Fysik 29B, No. 2 (1942); see 
also L. Spitzer, Jr., Physics of Fully Ionized Gases (Interscience 
Publishers, New York, 1956), No. 3, p. 55ff. 


16M. Glicksman, Bull. Am. Phys. Soc. 6, 115 (1961). 
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Fic. 12. Voltage pulses (E=4Xv) at a constant longitudinal 
magnetic field and varying current whose value is obtained from 
the lower pulse in each oscillogram. Each photograph corresponds 
to three pulses. 7;;=700 gauss; ¢: 0.1 wsec/cm. 


The application of a moderate H,, enhances the 
amplitude of the oscillations as expected if a helical 
hydromagnetic wave grows." Figure 11 shows the volt- 
age response at a fixed current as H,, was increased. A 
long-wavelength oscillation was superimposed on the 
zero-field oscillations of about 14 Mc/sec as H,, ap- 
proached 200 gauss. Although several frequencies were 
observed in fields up to about 700 gauss, they were 
coherent from pulse to pulse. Pinch was completely 
masked beyond about 350 gauss, if it occurred at all. 
At 750 gauss for the particular current chosen, only one 
frequency was observed, v~ 20 Mc/sec. Further increase 
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in H,, produced oscillations that 
coherent. 

Figure 12 shows the oscillation behavior as a function 
of current in a fixed magnetic field. Several superim- 
posed coherent frequencies are again observed in general, 
but also there is a particular current value for which 
only a single frequency occurs. The frequency increases 
with current. 


were no longer 


SUMMARY 


A plasma composed of injected electrons and holes of 
controllable density has been produced at least 350 
v/cm below the breakdown voltage. The measured 
injection times agree well with those predicted by 
Herring’s theory. Self-pinching of the plasma has been 
observed by time observations of a voltage pulse across 
the sample. The measured pinch times are consistent 
with Bennett’s theory. The presence of an injected 
plasma was shown to be associated with a J-E curve 
which characteristically exhibits a steep rise in current 
at voltages well below those required for impact ioniza- 
tion. The densities of the injected plasmas at the onset 
of self-pinching were calculated. Hall measurements as 
a function of current showed that only a small fraction 
of injected electrons, less than 0.1%, is required to 
produce a reversal of Hall voltage. 

Negative resistances were observed in the presence of 
moderate transverse magnetic fields, dependent on their 
magnitude and that of the applied voltage, as well as the 
injection level. The effectiveness of the magnetic field 
in sweeping injected carriers to the surface accounts for 
the existence of a negative resistance, but the observed 
dependence on injection level is not yet understood. 
Longitudinal magnetic fields effective in 
reducing the injected density, in general agreement with 
the proposal that hydromagnetic instabilities are in- 
duced, with a resulting increased transverse diffusion. 


were also 
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Anisotropy of Color Centers in Calcite* 


W. F. Koise anp A. SMAKULA 
Laboratory for Insulation Research, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received August 4, 1961) 


In calcite colored by 3-Mev electrons (105 to 10° rads) at — 190°C, two absorption bands at 350 and 290 
my have been observed. Samples cut parallel to the c axis colored and measured with polarized light (E1. 
and Ej:-) showed that the band at 350 my is isotropic while that at 290 my is anisotropic. The former is 
correlated to trapped electrons and the latter to trapped holes. Both bands are stable at — 190°C but decay 


simultaneously at room temperature, accompanied by strong luminescence with a peak at 590 mz. 


INTRODUCTION 


OLOR-CENTER studies have for years concen- 

trated on cubic crystals, particularly the alkali 
halides with NaCl structure,!* and more recently the 
cesium halides* and alkaline earth fluorides.5-* Of the 
noncubic crystals, quartz (SiO,),*" corundum 
(Al,O;)," sodium nitrate (NaNO;)," and a _ few 
others have been investigated up to now. The 
color centers in quartz appear to be associated with 
aluminum impurities" since the intensity of coloration 
depends on the amount of Al present. The coloration 
of corundum, like that in very pure quartz, is very 
weak. In sodium nitrate the coloration is complicated 
by decomposition of the NO; complexes.” 

Anisotropy of color centers in noncubic crystals has 
so far been established in quartz*" and corundum.” 
In quartz for an electric vector perpendicular to the c 
axis (E,.) the absorption peak is at 485 my and for 
E\;- at 460 my. The difference is small and evidently 
not correlated to the crystal structure. 

Past investigations in noncubic crystals have thus 
been largely complicated by impurities, resistance to 
coloration, or chemical instability. Calcite (CaCOs;) 
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was selected in this study because large natural crystals 
of high purity and perfection were available and because 
calcite is known to be highly anisotropic. 


EXPERIMENTAL PROCEDURE 


Samples (2X2 X0.3 cm) were cut parallel to the c 
axis from a large, clear crystal which showed no 
absorption between 0.21 and 1.0 uw. The direction of the 
¢ axis was located by means of a petrographic polarizing 
microscope. The cut samples were ground and polished 
with “Linde A” alumina powder. 

For the coloration, electrons of 3 Mev (10° to 10° 
rads) produced by a Van de Graaff accelerator were 
used. Electrons have the advantage of providing large 
doses quickly, usually in less than one minute as 
compared to several hours for corresponding x-ray 
coloration. 

To prevent bleaching, the coloration and subsequent 
absorption measurements were done in a cryostat at 
—190°C. The absorption measurements were made 
with a Beckman spectrophotometer, model DK-1, 
equipped with a calcite air-gap polarizer. 

Figure 1 shows the absorption of a sample cut 
parallel to a cleavage plane, colored and measured with 
nonpolarized light, at —190°C. Coloration produces 
two absorption bands, at 350 my (3.54 ev) and at 290 
my (4.28 ev), superimposed on the continuous increase 
of absorption toward higher energies. At room tem- 
perature the maxima remain in the same spectral 
position but the resolution is slightly less. 
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Fic. 1. Absorption of calcite (cut parallel to the cleavage plane) 
colored with 3-Mevy electrons and measured at —190°C with 
nonpolarized light. 
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Fic. 2. Absorption of calcite (cut parallel to ¢ axis) colored 
with 3-Mev electrons and measured at —190°C with polarized 
light (2..). 


The absorption spectra of a sample cut parallel to 
the ¢ axis and measured with polarized light for Fy, 
and £),, are shown in Figs. 2 and 3. For £,. both bands 
are present while for /,,, the 290-my band disappears 
but that at 350 my remains practically unchanged. 
Thus the latter is isotropic while that at 290 my is 
anisotropic. 

The method for separating the two bands is shown 
in Fig. 4. The anisotropic band was obtained by sub- 
tracting the absorption for /,,, from that for E,.. To 
separate the isotropic band is was necessary to subtract 
the tail of the continuous absorption. This was some- 
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Fic. 3. Absorption of calcite (cut parallel to ¢ axis) colored 
with 3-Mev electrons and measured at —190°C with polarized 
light (Ei) 


what arbitrarily done in such a way that the band 
remained symmetrical. The half-width of both bands 
is approximately 0.8 ev and independent of coloration 
intensity. 

The increase of the absorption maxima with the 
irradiation dose for both bands is shown in Fig. 5. The 
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coloration, fast in the beginning, later increases more 
slowly, similar to that of alkali halides. Whether a 
saturation exists could not be determined. The intensity 
ratio of both bands is independent of the degree of 
coloration. 

At —190°C both bands remain without any indi- 
cation of bleaching for several hours. At room tem- 
perature, however, both bands decay simultaneously 
at about the same rate (Fig. 6). There is no simple 
exponential decay; the decay rate decreases with time. 

Parallel with the thermal bleaching of the absorption 
bands, a strong orange luminescence takes place. The 
emission spectrum, measured with a Cary spectro- 
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Fic. 4. Separation of isotropic and anisotropic bands. 


photometer model 11, equipped with luminescence 
attachment, is shown in Fig. 7. The broad lumines- 
cence band has a peak at 590 my (2.10 ev), is isotropic, 
and shows no structure. Its decay seems to consist of 
at least two exponential processes (Fig. 8). 

Absorption and emission have been measured simul- 
taneously to determine whether there is a connection 
between the observed absorption bands and lumines- 
cence (Fig. 9). There is close agreement between the 
derivatives of the absorption maximum and the lumi- 
nescence intensity. However, the luminescence at first 
decays more rapidly than the absorption. 
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Fic. 6. Bleaching of absorption bands at room temperature. 


DISCUSSION 


The trigonal structure of calcite can be visualized 
as NaCl deformed along the body diagonal where Ca** 
ions take the place of Na+, and CO;~ that of Cl- ions. 
The oxygen atoms are arranged symmetrically around 
the C atoms in planes perpendicular to the c axis. 
(Fig. 10.) By electron bombardment internal ionization 
of all three atoms (Ca, C, O) may take place, but only 
the electrons with the weakest binding forces can remain 
outside their original state after irradiation. These are 
the valence electrons of the CO; complexes. In an 
ideal lattice, however, the trapping of these electrons is 
not possible; some defects (vacancies or impurities) 
must be present. Reduced to the simplest terms, the 
coloration consists of a transfer of electrons from CO? 
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to Ca*+ ions, forming CO; and Ca*. In analogy to 
alkali halides Ca+ can be considered a trapped electron 
(F center) and CO; a trapped hole (V center). 

The correlation of the two absorption bands results 
from the lattice structure of calcite. Since the position 
of Ca ions in the lattice is intrinsically isotropic, the 
350-my band can be attributed to trapped electrons. 
The CO; complex, however, is anisotropic; the aniso- 
tropic band at 290my must therefore be correlated to 
a hole. The strong absorption increase at short wave- 
lengths is isotropic. It can belong either to another 
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TABLE I. Efficiency of coloration 


Radiation dose 
(rads) 


Color centers per cm® Energy (ev)/center 


3.2K 10? 
7.1 10° 
1.4 10+ 


5X 10* 
2X 105 
1x 10° 


6.9 10'5 
1.2 10'8 
3.2 10'6 
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Fic. 8. Change of emission with time 


band or to an intrinsic absorption edge modified by the 
presence of color centers. 

Nothing is known concerning the presence of defects 
in uncolored According to TIevins and 
Straumanis,'* colorless calcite samples may contain 
Sr, Mn, and Fe as impurities but not exceeding 
0.0001%. These elements would form substitutional 
solid solutions and slightly distort the lattice only. The 
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Fic. 10. Lattice structure of calcite. 


concentration of color centers at highest coloration, 
computed by Smakula’s formula,’® is of the order 
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10'6/cm*, If we assume that some defects may be 
created by irradiation, the defects originally present 
must be less than 10-®/cm*. The efficiency of coloration 
is given in Table I. 

At low coloration levels about 300 ev are required to 
form one color center. This is of the same order as in 
calcium fluoride.” The efficiency of coloration decreases 
rapidly with irradiation dose similar to other crystals. 

The strong luminescence with an emission band at 
590 my can be considered as the recombination of the 
trapped electron with the hole and simultaneous 
decrease of the absorption bands. This process (the 
reverse of coloration) depends on temperature. Illumi- 
nation with light of a wavelength exceeding 280 my 
did not produce any noticeable effect on bleaching or 
luminescence, nor could a photocurrent (>10~” amp) 
be observed. 
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A new and simple diagrammatic expansion is developed for the 
free energy of the Ising model with arbitrary spin and range of 
interaction. The contribution of each diagram is a product of 
(1) the reciprocal of the order of the symmetry group of the 
diagram, (2) a product of semi-invariants, with a factor M, for 
each spin in the diagram (m being the number of bonds joined to 
that spin) and (3) a sum of products Jy, ;, 4,...(28J:;) (2B ar) - ++, 
where 28J;; corresponds to a bond between spins 7 and j, and 
where the summation is carried out with no restrictions on the 
summation indices (i.e., no “‘excluded volume” corrections). The 
expansion variables are the spin deviation operators o5=S—Sjz. 
The quantity S is chosen to eliminate a large class of diagrams; 
this choice also minimizes the corresponding free-energy contri- 
bution and implies S=(S;,). By further renormalization of the 
vertices all reducible (i.e., simply articulated) diagrams are 
eliminated. To zero order the molecular field solution is obtained. 
The next approximation consists of the summation of renormalized 
simple loop diagrams. The justification of this choice of diagrams 


INTRODUCTION 


HE Ising problem has been one of the most 
actively studied problems in statistical mechanics, 
principally due to its being perhaps the simplest model 
exhibiting a cooperative phenomenon, or phase tran- 
sition.’ In its simplest form, the spin-} Ising model with 
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rests, at low temperature, on the decrease of the value of the 
higher order semi-invariants, on the relationship of these loop 
diagrams to the random phase approximation, and on the agree 
ment with the rigorous low-temperature series result. At the 
Curie temperature the same choice of diagrams is justified by a 
modification of Brout’s 1/z criterion, so that the expansion can 
be viewed as an expansion in 1/z, where z is the effective number 
of spins interacting with a given spin. Finally the choice of loop 
diagrams is justified at high temperature by exact agreement to 
second order in T./T (and by a very close agreement to fourth 
order) with the rigorous high-temperature series expansion. Thus 
the theory agrees with rigorous results in the low-temperature 
and paramagnetic regions and has a well-defined criterion of 
validity in the intermediate temperature region. For nearest- 
neighbor interactions and spin 4 the specific heat is continuous 
through the Curie temperature, with an infinite slope on the 
low-temperature side of the transition. 


nearest-neighbor interactions, it serves as a useful model 
for several physical systems, such as the ordering of 
binary alloys. Of particular interest to us is the fact 
that the Ising Hamiltonian is part of the ferromagnetic 
Heisenberg Hamiltonian, and that the Ising problem is 
a convenient preliminary to the ferromagnetic problem ; 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1960), 
Vol. 9, p. 140. H. N. V. Temperley, Changes of State (Cleaver- 
Hume, London, 1956), especially pp. 114-172. T. L. Hill, Sta- 


tistical Mechanics .(McGraw-Hill Book Company, New York, 
1956), pp. 286-353. 
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we shall give the extension of the present methods to 
the ferromagnetic case in a subsequent paper. We here 
consider the Ising model of a ferromagnet with arbitrary 
spin, and with a strength of interaction (‘exchange 
integral’’) which is an arbitrary function of the distance 
between the interacting spins. 

Rigorous solutions have been given for the simple 
Ising model for one-dimensional and certain two- 
dimensional lattices.* There also exist series expansions 
which are valid for temperatures either very low® or 
very high* compared to the transition temperature T.. 
Interpolations!:' between these regions provide the best 
available estimates of the Curie temperatures (or 
transition temperatures) of three-dimensional lattices. 

A number of heuristically appealing approximate 
methods have been proposed, such as the molecular 
field (or Bragg-Williams) method,® the Bethe-Peierls 
method,’ the Kikuchi method,’ and others. Most of 
these are in some sense an extension of the molecular 
field method, treating a small cluster of spins accurately 
and representing the remainder of the system in terms 
of its average properties. 

In the limit of an infinite range of interaction, in 
which each spin interacts equally with every other spin 
in the lattice, the molecular field method becomes 
rigorous, and all the cluster methods merge. 

The heuristic cluster methods have the advantage of 
providing closed form solutions and of having solutions 
through the transition region. Their disadvantage is 
their lack of a criterion of validity, or of a well-defined 
procedure for successively higher approximation; that 
is, they do not generally possess clear-cut expansion 
parameters. 

Another important approximation is afforded by the 
spherical model,® obtained from the Ising model by 
relaxing certain mathematical constraints. In particular, 
the spherical model permits each spin to be of arbitrary 
magnitude, constraining only the sum of the squares of 
all the spin magnitudes to have the proper prescribed 
value. Solution of this model, which can be carried out 
rigorously, gives a Curie temperature somewhat below 
the best estimates for the Ising model. It predicts a 
specific heat continuous at the Curie temperature, but 
with infinite slope on both high- and low-temperature 
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sides of the transition. As we shall see, the results of 
our first-order approximation give a Curie temperature 
very close to that of a spherical model. The specific 
heat is again continuous, but has an infinite slope only 
on the low-temperature side of the transition. 

A form of expansion was developed by Kirkwood,'° 
which, although it did not prove to be convenient, 
furnished a point of departure for a recent work by 
Brout." Kirkwood’s method used the formalism of 
semi-invariants to effect an expansion in powers of 1/7, 
valid at high temperatures. He utilized an ensemble 
microcanonical with respect to the z component of the 
total spin, thereafter evaluating the z component of 
spin to minimize the resultant free energy. Brout 
extended this analysis by rearranging the terms in the 
Kirkwood expansion, abandoning the criterion of 
expansion in powers of 1/7. Instead, he classified and 
ordered the terms in the Kirkwood expansion in powers 
of the expansion parameter 1/z. Here z is the effective 
number of spins interacting with a given spin—a 
number of the order of 8 to 12 even for nearest-neighbor 
interactions, and larger for a system with long-range 
interactions. If every spin interacts with every other 
spin (z—> «) the molecular field method becomes 
rigorous, so that the molecular field result is the leading 
order term in Brout’s expansion. Brout refers to the 1/z 
expansion as a “high-density expansion.” 

The approach which we develop in this paper has 
many similarities to Brout’s method, but there are a 
number of fundamental differences. Firstly, we use a 
canonical formalism with respect to the z component of 
spin, rather than Kirkwood’s microcanonical formalism. 
Secondly, our treatment applies to arbitrary spin rather 
than being limited to the case of spin }. Thirdly, we 
regroup the semi-invariant terms of the Kirkwood 
series into new basic terms which obviate the need for 
restrictions on the summation indices ; these restrictions 
were responsible for Brout’s “dotted-line diagrams’”’ 
and for a considerable complexity in his treatment. 

The expansion variables in terms of which our theory 
is formulated are the spin deviation operators o;=S 
—S;,. The quantity S is chosen to eliminate a large 
class of diagrams; this choice also minimizes the corre- 
sponding free-energy contribution and implies the self- 
consistency relation S=(S;.). By further renormaliza- 
tion of the vertices we eliminate all reducible diagrams 
(defined as linked diagrams which can be separated 
into unlinked parts by a single cut). Thus the renormal- 
ized diagrams actually represent many unrenormalized 
diagrams, and the diagrams which are summed repre- 
sent relatively large fractions of the over-all interaction. 
The renormalization procedure establishes an irre- 
ducible linked diagram expansion for the Ising model. 

The zero-order approximation in the theory yields 
the internal field or Bragg-Williams result. The first 
approximation consists of the summation of all simple 
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DIAGRAMMATIC EXPANSION 


renormalized loop diagrams, the second approximation 
consists of the summation of all double-loop renormal- 
ized diagrams, etc. We carry out the calculation 
explicitly to the first order. 

The justification of the above classification of dia- 
grams, in our opinion, cannot be based on a single 
consideration valid for all temperature ranges. How- 
ever, we believe that there are sufficient evidences of 
the validity of the procedure to indicate that the 
method is a valid procedure for all temperature regions. 
The fact that the free energy is minimum with respect 
to S§ at each stage of the approximation is one im- 
portant guide to the ordering of diagrams; this criterion 
is not satisfied if, for instance, the unrenormalized 
simple loop diagrams alone are summed. At very low 
temperatures the first-order theory agrees with the 
rigorous low-temperature series result—furthermore, 
the higher-order diagrams involve higher-order semi- 
invariants, which we expect to fall off rapidly in value. 
At high temperatures” the results agree with the 
rigorous expansion in inverse powers of the temperature 
exactly to second power in 1/7 and to an excellent 
approximation to 1/7‘. In the vicinity of the Curie 
temperature, the classification of diagrams corresponds 
to an expansion in powers of 1/z, where z is the effective 
number of spins interacting with a given spin. The 
application of the 1/z classification to the renormalized 
diagrams thereby modifies Brout’s criterion in a 
fundamental fashion, which we show to be at least 
self-consistent. Thus, by all the above considerations, 
and by the agreement of our results with the rigorous 
results in the regions of the latter’s validity, we believe 
that the ordering of the renormalized diagrams accord- 
ing to their numbers of loops defines a valid and 
convergent approximation scheme at all temperatures. 

In Sec. 1, the Hamiltonian is written in terms of the 
spin deviation operators and is separated into the 
noninteracting (“unperturbed”) part and the inter- 
acting (“perturbation”) portion. The corresponding 
contributions to the free energy are computed, and the 
unperturbed free energy is shown to correspond to a 
molecular field result, with a molecular field propor- 
tional to S. In Sec. 2 the properties of semi-invariants 
are analyzed. The linked cluster expansion of the free 
energy is set up and characterized by a diagram 
convention in Sec. 3. In Sec. 4 we regroup the terms 
of the linked cluster expansion into the more convenient 
type of series referred to previously, and a new diagram 
convention is introduced to characterize the terms of 
this new series. A more detailed analysis of the rear- 
rangement of the expansion, and an analysis of the 
resultant series, is given in Sec. 5. Section 6 briefly 
recapitulates Brout’s 1/z classification of diagrams. The 
simplest form of renormalization of S is presented in 
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Sec. 7, eliminating zero-order diagrams (‘Cayley trees’’) 
and establishing the simple molecular field result. The 
renormalization procedure required for this purpose 
does not eliminate all reducible diagrams, and we show 
in Sec. 8 that it is not a satisfactory procedure for the 
higher orders. In particular, the simple renormalization 
procedure leaves certain reducible diagrams in first 
order ; these are directly summed and are shown to lead 
to a formal divergence of the magnetization at the 
Curie temperature. Having thus demonstrated the 
necessity of a fully self-consistent renormalization, we 
analyze one aspect of renormalization procedures in 
Sec. 9. 

In particular, we show that certain large classes of 
diagrams can be eliminated by appropriate choice of S, 
and that this choice both minimizes the free energy 
and evaluates S self-consistently as the magnetization. 
The basis for this choice of § is developed in Appendixes 
A and B, and the fact that it is not yet a sufficient 
renormalization is shown in Appendix C. The second 
aspect of a full renormalization procedure, eliminating 
all remaining reducible diagrams (‘‘Husimi trees”’), is 
also briefly described in Sec. 9 and is illustrated in 
detail in Sec. 10, in which the free energy is explicitly 
calculated to first order by summation of the simple 
renormalized loops. Finally, the results are computed 
and discussed in Sec. 11. 

The Curie temperatures of several simple lattices, 
with nearest-neighbor interactions and spin 3, are 
compared with the results of several other investigations 
in Table I. The Curie temperatures are somewhat lower 
than the results of most other analytic theories, but 
are in close agreement with the results of the spherical 
model and with the estimates made by Trefftz® on the 
basis of graphical extrapolation of the reciprocal specific 
heats obtained from exact series expansions at high and 
low temperatures. To first order the specific heat is 
found to be continuous at 7., with an infinite slope on 
the low-temperature side of the transition but (in 
contrast with the spherical model) with a finite slope 
on the high-temperature side. 


1. THE HAMILTONIAN 


We consider a crystal containing V equivalent lattice 
sites, each occupied by a spin S. The spins interact by 
an Ising interaction (—J;;S;.S;.) with a positive 
“exchange integral” J;;. The exchange integral is not 
restricted to nearest neighbors, but is assumed to be a 
function of the distance between the interacting spins 
only. With an applied field along the negative z axis, 
the Hamiltonian is 


R= -> J sSieS je— 20H _. ee (1) 
i,j i 


The first summation extends over all i and j, and we 
define J;; as zero. The quantity g is the Landé factor, 
us is the Bohr magneton, and H is the magnetic field; 
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the quantity guoH is positive and all spins have S,= +S 
in the ground state. 
We introduce the spin deviation operator 


o;=S—Si., (2) 


where S is a quantity to be chosen subsequently. The 
Hamiltonian becomes 


H=Kot V, 
where 
Ko=Eot LD 5 43, 
Ey= —NS(gucH+J 0S), 
Jo= 


> ;J:; (a quantity independent of i), 


L=gusH+2J,S, 


V=—-D Jijouo;. 
2 


and 


The “unperturbed” Hamiltonian Ho is a sum of single- 
spin operators and the quantity L/ guo can be considered 
as an effective magnetic field acting on the spin devi- 
ations. 

The magnetic Gibbs function, or ‘free energy,” is 
given by 


— BF =In tr exp[ —8(K.+ V) ], (9) 


where 8=1/kT, and where the Hamiltonian Hy is 
actually the magnetic Hamiltonian (already trans- 
formed with respect to the external field) as defined 
by Eqs. (4)-(7). Thus, F is a thermodynamic function 
of T and H, the analog of the Gibbs function (which 
depends on T and pressure). 
Separating off the contribution to F arising from Hy 
alone, we write 
—BF= —BF.—BAF’, (10) 
where 
— BF =In tr exp(—B3p), (11) 
and 
exp(— Bo) 
— 8F’=In tu exp -Ww)--——— -| (12) 
tr exp(—BHy) 


The quantity Fy can be evaluated easily in the 
representation in which each of the a; is diagonal: 


—BFo= In tr exp[ — 8( Eot+L > ai) | 


= —BEy—BNLS+N In¥ exp(BLS.) 
es 


- —BNIS°+N In > exp(8LS,) 
—S 
> —BNIoS+N In sinh[Bl(S+3)] 


—N Insinh(Z8L). (16) 


AND HF. B. 


The remaining term in the free energy F’ can be 
written formally as an average by introducing the 
weighting factor p, 


exp(—83Co) 
-——— ain 
trexp(—BHo) i 
where the single-spin weighting factor p, is 
Sis 
pi=exp(—BLe,)/ > exp(—B8Le;) 


»s-—S 


=exp(8LS;.)/> exp(BLS;.). (18) 
s 


Then, using the notation ( to denote an average 
with respect to the weighting factor p, we rewrite 
Eq. (12) in the form 


— BF’ = In tr(pe~®") =In(e-*! (19) 


2. SEMI-INVARIANTS, OR CUMULANTS 


Preparatory to our expansion of F’, we consider a 
quantity of the form 


(a) = In(e**) = In trLe*“p(x) ], (20) 


where @ is a constant and p(x) is a normalized weighting 
factor. Such quantities arise frequently in statistical 
theory; when expanded in powers of a@ the coefficients 
define the so-called semi-invariants or cumulants M(x): 


2 gq” 


o(a)= > ~M ,(x). 


n=1 9! 


(21) 


It is, of course, clear that M,,(x) is not a function of x, 
but is simply a constant; the functional notation M , (x) 
merely identifies the variable x with respect to which 
M, is defined. A useful symbolic way of carrying out 
the expansion provides a convenient closed expression 
for the semi-invariants. We rewrite Eq. (20) in the form 


(a) =lim In(e**).=lim In trLe*“pa(x) |, (22) 


aww a-~" 
where 

Pa(X) ex ™o( x). 
Hence, 


(a) =lim In trl. e+ p(x) 


a 


= lime*”* In trLe**p(x) ], 


a) 
whe Te 


dD. fa) Oa, ( 26 ) 


and where e®« is the translation operator which 
transforms a function of a to the same function of 
(a+a). Expanding e*” in power series, 


o a” 
(a) = lim ) 2 —D," |n trl e**p(a 1, 


no 1! 


(27) 
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and noting that the #=0 term vanishes by the normal- 
ization of p, we find 


a) a” 
¢(a)=lim > —D," In tr[e*p(x) }. 


oO n= n! 


(28) 


Comparing Eqs. (28) and (21) we identify the semi- 
invariants 
M,(x)=limM ,, (x), (29) 
a) 


M ,\* (x)= D4" |n trLe*p(x) J. (30) 
Or, noting that D, In trLe**p(x) | is simply (x),, Eq. 
(30) can be rewritten 


M(x) =Da"\(x)a=DoM n(x). (31) 


Equation (31) can be used to compute the semi- 
invariants directly, but the following identity is useful 
for this purpose 


tr(x"e*“p) 
Dg———_ = (x"*")a— (x) a) a: 


DAx "a= ae : (32) 
tr(e“"p) 


With these two equations [ (31) and (32) ] we now find 
easily that 

M “(x)= (x), (33) 
(34) 


(35) 


M2‘ (x) = (2?)—.—(x) 2’, 
M 3° (2) = (29) a— 3x") aX) at 2(x) 0’, 


M &®™ (x)= (x) a— 0") aX) a— 


+12(x?) (x) a?—O(x)a'. (36) 


In the following we retain the symbol a@ explicitly 
only when necessary for clarity. The appearance of the 
D operator in any equation implies first that p is to be 
replaced by pa and that finally the limit a— 0 is to be 
taken. It should be noted that since pz is not normal- 
ized, replacing p by pa requires that the appropriate 
normalization denominators be introduced. Thus («") 

tra"p but (a")=trx"pa/ttpa. 

The semi-invariants clearly satisfy the following 
identities : 


M ,(bx)=6"M (x), 
M,(x+6)=M,(x)_ if 
M,(x+b)=M,(x)+0. 


(37) 
(38) 
(39) 


n>1, 


Another closed form expression for the nth semi- 
invariant is 

| (= 1) Px!) 

M,(x)=—n!> };Co(a;-1) J] —————-},_ (40) 

{ Pi} i i p(y!) 


where the first summation is over all sets of non- 
negative integers p1, p2---p» such that 


(41) 


} jpj=n. 
j=1 
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We note that the identity (32) also provides a useful 
operator for expressing the moments (x") in terms of 
the semi-invariants, for we can rewrite that equation 
in the form 
[D+(x) x") =(x"*), (42) 
or 
(x") = [D+(x) ]"-\(x). (43) 


and therefore, 

(«") = [D+ M(x) ]""Mi(x)=[D+Mi(x) Kx"). (44) 

In particular, we obtain 
(x?)=[D+M,]M,=M24 MY, 
(x3)=[D+M,](M2+M’) 


= M3+3M 1M.+M i’, 


(45) 
(46) 
(47) 
and this process of step-wise generation of higher 
moments is very easily continued. 

3. LINKED CLUSTER EXPANSION OF — BF’ 


Recalling that 
— BF’ =\n(e-*"), (48) 
we expand in powers of 8, as in Eq. (21), obtaining 


n 
oo n 


—sF'= > —M,(-V) 


n in! 


(49) 


where, as in Eqs. (29) and (30), 


M,(—V)=limM, (— V)=limD,""(— V)a 


a 


=limD,” In tr(e~2"p). 


a0 


(50) 
We now wish to consider the fact that V is the sum 


of terms corresponding to all pairs of spins in the 


lattice: 
—V=> Jijo0;= DY 2Wi;0%0;, 
2 


(i,7) 


(51) 


where (i,j) denotes summation over all pairs of indices 
i and j. To investigate the consequences of this form 
of V we define a set of parameters a;; which will replace 
the single parameter a. In place of pa we define pia) by 
the equation 


pial =P exp ajo, j=p T] erin, (52) 


and 
tr(—Vp{a}) ; 
(—V)tal= SSS > 2 iow ){a}- 
tp {a} (i,9) 


(53) 


The derivative D, is now replaced by 
rs] 
Dtq}= } 2) 5;—= z 2J 5 ;Di;. 
(inn) 


0a; (i 
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Then 
M,(—V)= lim M,'21(—YV) 
= lim > 2) :;D4;)" In trpja}. 


(i, 
Expanding the quantity (> «,j;) 2J:;Di;)" by the 
multinomial expansion, we write 


(2 55)? 
(S 2J;;D;;)"=n! & JT] ———?),;*%, 
\ted | Pij} (4d) pis! 


(56) 


where the summation is over all sets of non-negative 
integers p;; satisfying the equality 


Dd pig=n. (57) 


Thus 


—8F’= lim S TI —(28/;,D,,)"% Intrpje}, (58) 


Pij) (.] si: 


where [[,:;) 8?= 8", and where the summation over n 

in Eq. (49) is effected in Eq. (58) merely by removing 

the restriction (57) on the summation of the ,;. 
Consider the result of operating with D,;: 


D,; \n trp= lim D,; In trpja}=(oie;), (59) 


and 


DyWDj; In trp= Di kow (60) 


70 ;O,.C1 —(ai0;ox01), 


where we have omitted the notation {a} and where the 
limiting process is again understood. Similarly, 


Di) = (ba x0 ;) —(b (oe 5) (61) 


in analogy with Eq. (32). In this way we generate the 
quantity [[;:;) D,;?* In trpja; in complete analogy with 
the manner in which a semi-invariant is generated 
[Eq. (31) ]. For a given set of integers {;;} we define 


M (ni3}= I] D;,?* In trp, (62) 


and M {»;;) has precisely the form of M,(—V), but in 
each term there are 12 factors o102, po; factors 203, --° 
instead of m equal factors (—V). Thus 


M tpij}=(o102) if pr=1 andallother p:;=0, (63) 


M (pi;}=(o10 20203 (919 2)\9203 


if Pi2=pos=1, 


((102)*0 203) — 2(0102){0 1020203) 


all other p,;=0, 


(64) 
M (pi; = 
—((a102)")o203 + 2(0102)"(o203) 


if pPi2=2, p23>= 1, other pis=0. 


With this notation we now have 


1 
—6F’= Ss | II — (2844) [Mtv 


| Pi) 


(iy) pis! 


+ 2 


(3,3) (3,4) (3,5) 


wna Os 


(4.3) (4,4) 


(4,5) 


~S—— 
. ~ 
(5,10) 


(5,2) 


Fic. 1. Diagrammatic representation of terms. 


Each term in this expansion, corresponding to a 
particular set of integers {;;}, can be represented by a 
diagram. To do so we simply draw p;; bonds between 
i and j, for each integer f;; in the set. To every choice 
of a set of integers there corresponds a diagram, and 
the contribution to —8F’ of that diagram is 


1 
(1 — (28). Me 
(8,2) pi;! 


where /;; is the multiplicity of the bonds connecting 
sites ¢ and j. 

We see immediately that the term corresponding to 
any choice of integers {;;} vanishes if the nonzero 
integers p;; can be divided into two sets with no indices 
in common. That is, all “unlinked diagrams” vanish. 
This follows from the fact that in generating M {»;;) by 
Eq. (62) we can first apply all the D,; in one set. 
When we then apply a D;; from the second (nonover- 
lapping) set the quantity immediately vanishes. To 
see this we let (@) be one of the averages generated by 
the D,,; of the first set, so that @ involves the oo; in 
this set. We can let all the a;; which join the two sets 
vanish, and pjq} factors into pipe, where p; involves the 
spins of the first set and p2 involves the spins of the 
second set. Then 


tr(dpip2) [tr(dp:) |[tr(p2)] tr(¢p.) 


tr(pip2) (trp;)(trp2) trp 


and this quantity is independent of the indices of the 
second set. Hence D;¢@)=0, proving that all such 
unlinked diagrams vanish. 

All diagrams [or terms in Eq. (66) ] can be grouped 
into sets of “topologically equivalent diagrams.” A set 
of topologically equivalent diagrams is defined by the 
requirement that every diagram of the set is carried 
into a diagram of the set by any one-to-one relabeling 
of the sites of the lattice. We denote such sets of 
diagrams by the two indices (m,t), where the integer 
specifies the number of bonds in a diagram, and ¢ then 
numbers the various topologically equivalent sets of 
diagrams with » bonds. 

For n=1 there is only a single set, designated by 
(1,1), and consisting of a single bond, as shown in Fig. 1. 
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For n= 2 there are two sets of topologically equivalent 
diagrams. One set, designated by (2,1), consists of 
double bonds. The second set (2,2) consists of pairs of 
connected single bonds, which again are indicated in 
Fig. 1. 

For n=3 there are five sets: triple bonds, (3,1); 
connected double and single bonds, (3,2); triangles, 
(3,3); branched chains, (3,4); and chains of single 
bonds, (3,5). 

It should be noted that the diagrams in a set are 
similar only in a topological sense—the angles between 
bonds and the lengths of the bonds are irrelevant to 
the classification. 

Let us suppose that a particular set of integers 
{Pij}n,e Corresponds to a diagram in the set (n,f). The 
contribution of this diagram to —6F’ is 


1 
(28)"M {p55} II ( = ) II J 55? 4. (67) 
(i?) Dis! (i?) 


However the quantity M{p»,;} is independent of the 
particular indices selected ; that is, it is the same for all 
diagrams in the topologically equivalent set. As a 
particular example, any diagram in the set (2,2) 
(consisting of two connected single bonds) has 

M {p;;) 


(91025203 —(o102 (7203 = (a)*(o" )—(o)'. 


We consequently designate M {p;;} by M (n,1). Similarly, 


the product [[¢:;)(1/p;;!) is the same for every diagram 
in a set; it is unity for the set of two connected single 
bonds, and it is 1/3! for the set of triple bonds. We 
denote this product by Ppt. 

The summation over all diagrams in Eq. (66) can be 
replaced by a two-step summation; first over all classes 
of diagrams and then over all diagrams within a class. 


Thus 
(608) 


— BF’ =F (28)"M on.» Pad TL Jui”, 


n,t pij} (in) 


where the second summation is to be taken over all 
choices of integers {~;;} which give diagrams in the set 
(n,t). In this last summation the quantity to be summed 
is a product of m exchange integrals, with some indices 
repeating in a way which is characteristic of the class 
(n,t). Thus for the triangular three-bond 
diagrams the product to be summed is of the form 
J iJ jxJ i. For the class of diagrams (3,2) the summand 
is of the form J; ;7J jx. 

We inquire as to the possibility of replacing the last 
summation in Eq. (68) by a simple summation over 
the indices. Thus for triangular diagrams we consider 
the summation )>; jx JijJ jxJ xi. Obviously, this latter 
sum reproduces all triangular diagrams, but it repeats 
every diagram six times. This sixfold repetition results 
from the fact that the product J12J2;J3:, which should 
be counted once, occurs when (7,7,4)= (1,2,3), (3,1,2), 
(2,3,1), (3,2,1), (1,3,2), or (2,1,3). Hence the final sum- 
mation in Eq. (68) can be replaced by $30 i je JijJ jxJ i 


€ lass of 
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Let W,,,: be the number of ways in which the vertices 
of a diagram in the set (,t) can be numbered 1, 2, 3---, 
keeping the connectivity of these indices unchanged— 
that is, if vertex 1 is bonded to vertex 2 in one 
numbering it must be in all numberings. Then the 
final summation in Eq. (68) can be replaced by 
Wnt di.j,--’( ) where the prime on the summation 
excludes overlapping values of the summation indices. 
For the class of square diagrams we find W,.=8 
and the summation in Eq. (68) can be replaced by 


8 de J igJ sd eid ti, 


i,7,k,l 


where the prime on the summation implies i#k and 
j#l. It is, of course, immaterial whether 7= j, etc., as 
Ja=0. 

Similarly, for the diagrams (3,2) we find W,.=1, 
whereas for (5,10) we find W,,.=8. 

It is convenient to write P, .W,.4¢"=G,.7', so that 
G,,t is the product of W,,, and the factorials of the 
multiplicities of each of the bonds in the diagrams. 
Then we can rewrite Eq. (68) in the form 


— BF’ = (28)"M on, yGai? Qo’ Sis jue; 


n,t t,J°° 


(69) 


where the pattern of repetitions of the indices in the 
final summand corresponds to the class (n,/) of topo- 
logically equivalent diagrams. 

A convenient interpretation of the quantity G,,¢ is 
in terms of the order of the symmetry group of the 
diagram (n,/). The symmetry operations permitted are 
permutations of equivalent parts of the diagrams. Thus 
for the diagram (5,10) we can reflect the entire diagram 
through a vertical line, or we can reflect either the 
left-hand fork or the right-hand fork through a hori- 
zontal line, thereby permuting or interchanging the 
equivalent arms of the fork. Each of these operations 
is a twofold operation, giving G,,.=2X2xX2=8. If the 
central bond were a double bond, G,,; would contain 
an additional factor of two. 

For multiple bonds the symmetry group contains the 
p! permutation operations, where p is the bond multi- 
plicity. 

The linked cluster expansion, Eq. (69), is essentially 
that obtained by Brout."' We are concerned with this 
form of expansion only as an intermediate step, pro- 
ceeding to a further rearrangement of Eq. (69) to 
obtain a series in which the terms have a simpler form, 
and in which the troublesome restrictions on the 
indices (indicated by the prime on the last summation) 
are removed. 


4. REARRANGEMENT OF THE CLUSTER 
EXPANSION 


In the next section we will rearrange the terms in the 
linked cluster expansion to introduce a new type of 
expansion. In this section we first demonstrate this 
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rearrangement for the particular cases of one-, two-, 
and three-bond diagrams. 

For the class of single bonds we have 


—BF a »™ 28(0102)5 _ J i= 3N (28)JoMY, (70) 


where M,=(c) and where the factor of } arises from 
the factor G,_;~'. The quantity J» was previously defined 
[Eq. (6)]. In this case the terms are of simple form 
and require no rearrangement. 

For the class of two connected single bonds we have 


—BF (22 = 28)*[(o1027o3) — (o102)o203) |} bh J isJ jx 
i,j,k 


= }(28)?M,M.M, big J isJ jk 


ijk 


(71) 


The remaining class of two-bond diagrams is the 
class of double bonds. For these, G2.,.=4, corresponding 
to the interchange of bonds and to the reflection 
operation which interchanges the vertices. Hence 


—BF 21 — (28)*[(o 702?) —(o102)* fi > J 57? 
ij 
= (28)°[(M.+M?y— Mh 7. Ji3 
ig 


=}(28)°(M2+2M.M2]>, Ji?, (72) 
i,7 


where we have used Eq. (45) to express (0?) in terms of 
the M,’s. 

Equations (70) and (71) involve simple products of 
semi-invariants corresponding to the vertices in the 
associated diagrams. In Eq. (70) the diagrams involve 
two singly bonded vertices and the term involves M /’. 
Equation (71) is associated with three vertices; singly 
bonded, doubly bonded, and singly bonded. The 
corresponding term involves M,M2M,. 

Equation (72) has a more complex structure, involv- 
ing M.?+2M,M,. It can be read from the diagram as 
follows: From the diagram (2,1) we first read M,’. If 
the diagram were opened on either the right or the left 
we would read M,M,*. If the diagram were opened 
simultaneously on the left and right it would be 
unlinked, and we would write no contribution. Thus 
the proper combination of semi-invariants can be read 
from the diagram by successively considering it opened 
in every conceivable way which does not make it 
unlinked, and associating a simple product of semi- 
invariants with each such form of the diagram. 

Now combining all two-bond diagrams, we obtain 


= BSF. —8F 21 — BF (2.2) = 1(28)°M~? , Ji; 


i,j 


+3(28)°M MAD SeZ+D! JisJ in] 


ijk 


=1(28)°M2 > Ji2+4 (28MM 2 Jig] se, (74) 


‘) ijk 


AN 


D HH. 8B. CALLEN 
where the summations without primes permit unre- 
stricted summation over indices. 

The grouping of the restricted summations, coming 
from different classes of diagrams, to give an unre- 
stricted summation in Eq. (74) is a general result. We 
shall demonstrate how this occurs for the three-bond 
diagrams. 

The simple open-chain diagrams [ (3,5) of Fig. 1] give 


— BF (3,5) = (28)°M (3,53 Do! JisJ ju J xt 
i, 74,1 


= $(28)*?MP2M? de Ji jeJer. (75) 
l 


i,7,%, 
The three-bond branched chain diagrams (3,4) give 


— BF (3.4) = (28)°M (3.4 L + ig J iJ itd it 


=42(28)*M3M3 >’ JijJ J it. (76) 


t,7,%,6 


> . 


The triangular diagrams (3,3) give 


— BF (3,3)= (28)°M (3,398 2D J iiJ judi 


= é (28)*[(o7o:’o 3°) _ 3(e 1o2){o 1720 3") 


+2(a102)0203)(0301) |’ Ji5J jd ki 
ijk 


= §(28)*[M2+3M2M;’ | 7 J iJ je] ki. 


Note that M,.*? comes from the closed form of the 
diagram, whereas there are three ways of considering 
the diagram opened, each implying MM“. 

The diagrams of the type (3,2) give 


— BF (3,2) = (28)°M (3,23 Do! JZ J ix 


ijk 


=3(28)[M2M,;M,+M2M3M, 


4+2M2M 21D Ji? ix. 


ijk 


(78) 


The first term in brackets corresponds to the closed form 
of the diagram, the second term corresponds to opening 
it on the left, and the third term corresponds to the 
fact that either the upper or the lower double bond can 
be opened at the center vertex. 

Finally, the triple-bond diagrams (3,1) give 


1 
— BF (3,1) = —(28)*[M;? +6M,M.M, 
312 


+2M;,M+6M2M;]D Ji;*. (79) 


7) 
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Adding all three-bond diagrams, we find 


— BF y= }5(28)[M2 ¥ Ji +6MsMoM V(X! JiZJ js 


a2 ijk 


+> J 5?) +2M,' Be J i3J) jt] xi 
i7 


ijk 


+2M;M ,3( b hy J iJ rd at3 > iy IPI net d J i;*) 
7 


ijkl ijk 


+6M2M ;?( — J iJ jxJ at J iJ je] ke 


ijkl ijk 


+2 y ig JiFI x tA+L Ji;*)J, 


ijk ij 


(80) 


and we again note that the various summations within 
each set of parentheses combine to give unrestricted 
summations, so that 


—BF;=7 


> 


(28)°M? > J,;*+3(28)°M3MoM, > J: 7S 5) 


ijk 


42(28)®M8 DO Tig pF uct} (28)°MgM 8D Tigl ad a 
jk 


ijkl 


+3(28)3M2M 2 > Seid jad er: 


ijkl 


(81) 


(74) and (81) demonstrate our 
desired type of expansion, for the particular cases of 
one-bond, two-bond and three-bond clusters. The 
individual terms will be represented by diagrams, 
according to the following convention. 

In Eq. (74), the term }4(28)°M.2>°;;J;; will be 
represented henceforth by the diagram (2,1), and the 
term }(28)M.M?>°ij.JiiJ i. will be represented 
henceforth by the diagram (3,5). Thus each diagram 
henceforth implies the factors (28)"G,,.', a simple 
product of semi-invariants corresponding to the indi- 
vidual vertices, and finally an unrestricted summation 
of a product of J;;’s. 

In Eq. (81), the five terms are successively repre- 
sented by the diagrams (3,1), (3,2), (3,3), (3,4), (3,5), 
and it can be corroborated easily that the terms are 
associated with these new types of diagrams by the 
convention explained above. 

We now discuss the general features of this regrouping 
of terms, so that each new type of term (represented 
by a new type of diagram) involves a simple product of 
semi-invariants and an unrestricted summation of J;;’s. 


Equations (70), 


5. THE REARRANGED EXPANSION 


The specific examples above have demonstrated the 
general features of a rearrangement of the terms of Eq. 
(69), leading to a new type of expansion. This rearrange- 
ment does not mix terms of different 2 (where is 
number of bonds) ; we therefore fix our attention on the 
various terms of a given » in Eq. (69). Each term 
corresponds to a particular topological type of diagram 
and consists of three factors: a weight factor (28)"Gy.e', 
a quantity M,,.., and a restricted sum of products of 
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<_ 


-~ or  « 
oe 
Fic. 2. Opening of the old-type diagram at top [by Eq. (82)] 
gives the four new-type diagrams shown. 


exchange integrals. The restriction in this latter sum 
prevents the various indices from taking common 
values. After the rearrangement, the terms again corre- 
spond to particular topological types of diagrams and 
consist of three factors: the same weight factor 
(28)"G,,¢', and a product of semi-invariants of single 
spins (with degrees corresponding to the number of 
bonds joined to that spin in the diagram), and an 
unrestricted sum of products of exchange integrals. 

The essential step in the rearrangement of terms is 
the decomposition of the quantity M,,,4) into a sum of 
products of semi-invariants of single spins, these 
individual products then being reclassified among the 
diagrams of various topological type. 

Consider a representative quantity M(,,1); it is the 
sum of products of averages of spin deviation operators. 
The leading term is a simple average of all the o,’s 
represented in the diagram, and the remaining terms 
subtract all possible opened forms (i.e., separately 
averaged factors) so as to insure the vanishing of 
unlinked diagrams. 

Each term in M,,.14) can be written as a sum of 
products of single-spin semi-invariants, and each of 
these terms corresponds to one of the new-type dia- 
grams. Thus, (0;°02") [which is the leading term in the 
old-type diagram (2,1) ] can be written as 


l o(1)+1 7(1) M 9(2)--2 (2) = M 2({ yy 2\2 
M VU M .(2)+M (2 M2(1)M2(2) 
+M ?(1)M.(2)+M2(1)M?(2)+-MP2(1)M (2) 


associated with the four new-type diagrams shown 
in Fig. 2. In general, this decomposition into terms 
associated with new-type diagrams can be accomplished 
by using Eq. (44) to write 


(ox") = [De t+Mi(k)]" 2M (). (82) 


This equation is subject to a direct interpretation, for 
we note that 


[Di+M 1(k) JM mn (&) = M nga (k) +Mi(k)M m(R). 


Thus if a site has m bonds attached to it, and if we 
operate with D,+M,(k), we generate a site with m+1 
bonds and an opened site. Consequently, at each step 
in the building up of the term (o,") in Eq. (82) we 
introduce the possibility of the new bond being either 
closed or opened at the site &. In this way the leading 
term in an old-type diagram generates a series of new- 


type terms corresponding to every possible way of 


13 [t should also be noted that the remaining term corresponding 
to the old-type diagram (2,1) is — (0102)? = — M,?(1)M,2(2), which 
subtracts away the unlinked new-type diagram of l'ig. 2. 
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opening each vertex in the original diagram. The 
remaining terms in M,,., then subtract away all 
unlinked diagrams. Hence we arrive at the result 
which we have demonstrated in particular cases above: 

The spin factor M ;,,) of an old-type diagram can be 
written as a sum of spin factors M,(1)M,,(2)--- corre- 
sponding to new-type diagrams. The new-type spin 
factors correspond to each way of opening the original 
diagram, ignoring all unlinked diagrams. 

Symbolically, we write 


M n.t)— ye AuM n,t’)s (83) 


where Mn.) is a product of semi-invariants of single 
spins such that every p-bonded vertex in the diagram 
is represented by a factor M,(c), and Ay is the number 
of ways of opening the diagram (m,t) to obtain the 
diagram (n,t’). 

The second aspect of the rearrangement of the 
cluster expansion involves collecting all terms with 
similar spin averages of the new type. We therefore 
substitute Eq. (83) into the cluster expansion, Eq. (69). 


— BF’ = i. (28)"Ga.e 1A eM cn.’ b Be J isJ xv =e 


nit’ (t) 


(84) 


where the final summation is over the summation 
indices, which reflect the pattern of the diagram /. 
Collecting terms with similar M,,,.), we have 
— BF’ = =. (28)"*Ga OM cnt) In.t’s (85) 
n,t’ 
where 
Ga’ 


Jn.°=2- = 


t Gat 


Ary Do JigJer:. (86) 
t) 


The summation in Eq. (86) is over all classes of 
diagrams ¢ which can be opened to produce ?’. It in- 
cludes the particular term /=/’, and all other diagrams 
t which are more closed than ¢’. We indicate this 
explicitly by splitting off the term ¢=/’, to write 


(87) 


Gav 
Gn0= > Jide +E - Any Dd JiJurre:. 
t’) 


t<t’ Gat (t 


We now wish to show that the second term in this 
equation can be absorbed into the first term merely by 
removing the restriction on the first summation. That 
is, Jn, is the unrestricted sum of a product of J;;’s, 
with a pattern of indices corresponding to the diagram 
(n,t’): 

ei 


— mei 
£,3,%,l--- 


(88) 


In order to establish this result, we consider the 
effect of removing the restrictions on the summation 
in the first term of Eq. (87). Some sets of indices 
thereby become equal, corresponding to diagrams ¢ of 
greater closure. The number of such diagrams is clearly 
equal to the number of ways of closing the diagram ?’ 
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a 


a b c 


Fic. 3. A more-closed diagram (a) and two types of more-open 
diagrams (b) and (c) obtained from it. 


to obtain /. Let this number of ways of closing ¢’ to ¢ 
be denoted by Av. Then it would follow that these 
additional terms, introduced by removal of the restric- 
tions on the summation, are precisely supplied by the 
second term in Eq. (87), if we could show that 

Av t= (Gav /Gn Ate: (89) 

To prove this relation we proceed to count the num- 
ber of ways of opening the diagram (n,t) to produce 
the diagram (n,t’); that is, we compute A;.. For 
simplicity we consider first the case in which the 
diagram (n,/) must be opened at only a single point, 
as, for instance, Fig. 3(a) being opened to Fig. 3(b) 
(with A;7=2 and Ay ..=10 in this case). Now let us 
suppose that we agree to open the diagram at a partic- 
ular location, obtaining the various ways of opening 
the diagram by rotating or reflecting or permuting the 
diagram so as to bring various equivalent elements to 
the appointed location. We can count the number of 
ways of opening the diagram by counting the number of 
permutation operations which bring new (but equiva- 
lent) elements to this location. This number of permu- 
tations clearly is equal to the total number of permu- 
tations of the diagram G,,,, divided by the number of 
permutations which do not bring new elements to the 
location, G’. This latter number G’ can be thought of 
as the order of the symmetry group of the diagram if 
one of the elements to be opened is held fixed at the 
appointed location. Thus we have found that Ay 
=G,../G’. We now compute the number of ways of 
closing the diagram (n,t’) to produce (m,/), using the 
same device. Again we bring certain elements to the 
appointed location, where they will be joined together. 
The number of ways of doing this is equal to the total 
number of permutations G,,», divided by the number 
of permutations if a given set of elements is held fixed 
at the location; again G’. Hence Ay:=G'n4/G’, and 
from these relations we immediately corroborate Eq. 
(89). 

If there is more than one location at which the 
diagram (n,/) must be opened, as in opening Fig. 3(a) 
to produce Fig. 3(c), then the above formulas for both 
Aw and Ay, must be divided by G’’. Here G” is the 
number of permutations among equivalent cutting 
locations. The relationship (89) clearly remains valid. 

To summarize, then, we have established the follow- 
ing expansion for —SF’ 


— BF’ => (28) "Gnt Min yd n.t- 


n,t 


(90) 





DIAGRAMMATIC 


Here (n,/) designates a topological type of diagram 
consisting of m bonds and the sum is over all topologi- 
cally distinct diagrams. G,,; is the order of the sym- 
metry group of the diagram (n,/). M(n,1) is a product 
of semi-invariants of single spins such that each 
p-bonded vertex in the diagram is represented by a 
factor M>. Jn, is the unrestricted sum of a product of 
J;;s, the pattern of summation indices on the J;;’s 
corresponding to the pattern of bonds in the diagram. 
A diagram henceforth denotes the corresponding term 
in Eq. (90). 


6. CLASSIFICATION OF DIAGRAMS 


As in all diagrammatic methods, only limited subsets 
of diagrams can be summed. The essence of the ap- 
proximation scheme lies in the criterion for the selection 
of the dominant sets of diagrams. At this point we are 
not yet in a position fully to develop such a criterion, 
but it is desirable to indicate in a rough way the types 
of diagrams which are apt to be most important, so as 
to focus and guide the development of the theory. _ 

In succeeding sections we shall find it essential to 
renormalize the vertices in the diagrams, so that each 
vertex will represent not a single spin, but entire 
complexes of linked spins. Each renormalized diagram 
will then represent a large number (in fact, an infinite 
number) of unrenormalized diagrams. The criterion for 
the selection of subsets of diagrams will be formulated 
in terms of these renormalized diagrams, and we shall 
find that the mth order correction to the free energy 
arises from the summation of renormalized diagrams 
containing » loops. In order to motivate this classifi- 
cation we review an argument due to Brout." In its 
original form this argument ostensibly applies to the 
unrenormalized diagrams, and we so present it here. 
In the following sections we shall find that it fails for 
the unrenormalized diagrams, but it nevertheless guides 
the development of the renormalization procedure. 

Brout bases his classification on two observations. 
First, if the range of interaction is infinite (so that each 
spin interacts equally strongly with every other spin 
in the lattice) the rigorous solution of the Ising problem 
is the Bragg-Williams or molecular field solution, and 
it is observed that in the actual physical case the 
molecular field solution is at least qualitatively success- 
ful. The second observation is that even with short- 
range interactions each spin in a three-dimensional 
lattice interacts with a rather large number of other 
spins (eight for a bee structure, and twelve for an fcc 
structure). Brout has therefore suggested an expansion 
in powers of 1/2, where z is the effective number of 
spins with which a given spin interacts. 

A convenient definition of z is obtained by equating 
Jy to Jz, where J is the value of J;; when i and j are 
nearest neighbors : 

Jo=Jz. (91) 
Equivalently, 


Z=2t7reeetrszzt:::, (92) 


EXPANSION 
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where 2; is the number of nearest neighbors, z2 is the 
number of second-nearest neighbors, etc., and where r2 
is the ratio of the exchange integral J,; for second- 
nearest neighbors to its value J for nearest neighbors. 

The Curie temperature is at least roughly determined 
by equating kT, to the energy required to invert one 
spin: 


2 SLRT , (93) 


(28.J)S’~1/z (94) 
If we now recall the contribution of each bond to a 
diagram, we note that each bond contributes a factor 
28J ;;, as well as influencing the spin-dependent factors 
(semi-invariants) at its termini. We temporarily 
associate these contributions to the semi-invariants 
with the factor S? in Eq. (94), thereby identifying the 
contribution of each bond to a diagram as having a 
value of the order of 1/z. However, one of the summa- 
tion indices in Jn,. can take N values, and each other 
index summed in Jn,: can take z values effectively. 
Hence, a completely open diagram, with » bonds and 
(n+1) free summation indices, is classified as zero 
order in 1/z. A diagram containing one closed loop, 
with » bonds and m free summation indices, is classified 
as first order in 1/z. Diagrams containing two closed 
loops, such as (3,1) or (4,3) of Fig. 1, are classified as 
of order (1/2). 

Two points in the above argument are obviously 
inadequate. Equation (93) for the Curie temperature 
is not accurate, and the contribution of each bond to 
the semi-invariants at its termini is certainly not 
adequately represented by the factors S*. Correction 
of these factors will be made in terms of the renormal- 
ization techniques, and we shall find that Brout’s 1/z 
criterion is more reliably stated in terms of the re- 
normalized diagrams. At this point we use the above 
considerations to indicate that the most open diagrams 
are apt to be the most significant physically. 


7. ZERO-ORDER DIAGRAMS: THE 
MOLECULAR FIELD 


We shall now show that summation of all diagrams of 
zero order, or Cayley trees, leads to the familiar 
molecular field approximation. Direct summation of 
these diagrams is carried out in Appendix A, but we 
here utilize an alternative and much simpler procedure. 
We show that it is possible to choose the hitherto 
undetermined parameter S in such a way that all 
Cayley trees vanish identically. This choice of S 
transfers all contributions of zero order into the 
unperturbed contribution —8Fo, which we have already 
computed. 

Every Cayley tree, having a free end, contains a 
factor M,(c). Choosing S so that M,=0 therefore 
eliminates all such diagrams. Accordingly, we determine 
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S by 
M ,(c)=(c)=(S—S,)=S8—(S,)=S—M,(S,)=0, (95) 


or denoting this value of S by So, 


Ss Ss 
S.=(S)=> S, exp(8LS,)/¥ exp(BLS,) 
—S Ss 


=SB,(8LS), 


where B,(x) is the Brillouin function for spin S, 


1 2S-+1 
B,(x)= | (2S+1) cath (—— ‘| 
2S 2S 


(33) 
—coth| — }}. 
2s/ | 

It is to be observed that quantities are conveniently 
expressed sometimes in terms of spin variables o; and 
sometimes in terms of S;,. Semi-invariants can be 
written in terms of either variable, M,(c) or M,(S,). 
From the properties of semi-invariants given in Eqs. 
(37)-(39), we have M,(c)=M,(S,) for m even and 
M,(c)=—M,(S.) for n>1 and odd; for n=1, 
M,(c)=S—M,(S,). In the following, either M,(c) or 
M,,(S,) may be indicated simply by M, in those places 
in which its specific meaning is clear by context. 

From Eq. (16) we now have 


(97) 


— BF y= — VBI Se+N In sinh[Bl(S+3)] 
—NInsinh(48L), (98) 
and the magnetization is, to this approximation, 


Mo= _ OF dH= guoN(S, = guoN Sy 
=guoVSB,(BLS). (99) 

This, of course, is the familiar result of the Weiss 
internal field approximation, and from Eq. (7) we 
identify the Weiss field as 2/oS/gyo. 

It is useful to write the expressions for the magnetic 
susceptibility and the specific heat for comparison with 
later results. The susceptibility is, to zero order, 


Xo= (1/N)(AMo/9H)=guo(dS,/AH), (100) 


where 


—OMA(S,) A8o 


a 


| ’ 


0 Sy OH 


a8, &M,(S,) 


(101) 
0H 


0H 


and where 0M,/0H implies constant Sy, and €M,/d8, 
implies constant H. Thus 


aS, guchM » 
—= —-. (102) 
0H 1—28J,M2 


Inserting Eq. (102) into (100) we obtain 


Xo= (guo)?BM » (1— 2BJ 9M 2). (103) 
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The specific heat is obtained from 


OE, sa aS, 
k8’— = NB 2) Sot guoll |- 


0B 0g 


OE» 


cvo= — 


(104) 


where 


0p 0g 


a8, @Mi(S,) 9@M,(S,) aS, 
“ne peers am, (105) 
ONSo 0g 


with So constant in the differentiation of M, with 
respect to 8, and 6 constant in the differentiation with 
respect to So. Thus 


88o/dB= (2J So+guoll)M2/(1—28JoM2). (106) 


Thus the specific heat becomes 


Cvo= NRE2BI oSot+ gucpH PM, { 1- 28] 0M 2). (107) 


There remains one important formal property of the 
expression for Fy, which should be noted. Before 
committing ourselves to a choice of S we might have 
inquired as to the dependence of Fy on this undeter- 
mined parameter. Then from Eq. (15) 


OF» aS= 2NJ[S— (Ss 1, ( 108) 


and the choice of S for which 


dF, /aS=0 (109) 
is S=§,=(S,). 

Consequently the choice of S which we made for 
analytic convenience, in Eq. (95), is the ‘‘best” choice 
of S. To summarize, then, we have found that the 
choice of S which eliminates diagrams of the zero 
order has two important physical properties. It is equal 
to the average value of S., evaluated to zero order. 
And it minimizes the free energy to that order. These 
properties will be important guides to the choice of S 
in higher order. 


8. SUMMATION OF FIRST-ORDER DIAGRAMS 


The straightforward procedure for improving the 
zero-order approximation is the summation of all 
diagrams in Eq. (90) which, according to Brout’s 
criterion, would be of first order in 1/2. This is very 
easily done, but as we shall see, it leads to an unsatis- 
factory result. The procedure is of interest, nevertheless, 
because analysis of the cause of its failure suggests the 
renormalization procedure which provides a satisfactory 
solution of the problem. 

We consider those diagrams in Eq. (90) with a single 
closed loop. To this loop there can be appended an 
arbitrary number of branched or unbranched chains; 
however, the choice of S which we have adopted 
eliminates all such chains and leaves only the bare 
loops. For n=2, 3, 4, these single-loop diagrams 
are, respectively, a double bond, a triangle, a square, etc. 

The symmetry of an n-sided polygon consists of an 
n-fold rotation and a reflection, so that the order of the 
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group is G,,:=2n. Alternatively, there are 2 ways of 
numbering the vertices, as we can assign the number 1 
to any of the m vertices, and then proceed with the 
numbers 2, 3, 4--- in either clockwise or counterclock- 
wise order. Thus, 


2 1 
— BF = + (28)"—M." Zz. J 5 JF jn: . J i. (110) 
n=2 2n er eer 
Let 
7 °t; = 51, 


ig 8 y= de, 


(111) 


r;—F= dn, 


where r; is the vector position of the ith site. Then, 
assuming that the exchange integrals J;;= Js, depends 
only on the vector distance 5; between the sites (and 
not on r; as well), the summation over the indices i, /, 
k--+ can be replaced by 


a J is J jx: --Jy=N 


i,j, hess 


aa ae 


51,52---dn 


(112) 


with the restriction that 
$=5,+5.+---+56,=0. (113) 


This restriction on the sum of the 3’s insures the closure 
of the chain, to make a loop. This condition can be 
incorporated into Eq. (112) by introducing the repre- 
sentation of the Kronecker delta, 


1 if 5=0 


(114) 
0 if 80, 


1 
— > exp(iq-5)= 
N a 


where the q ranges over the Brillouin zone, taking the 
discrete values of the reduced, rationalized, reciprocal 
lattice. Then 


DL Iii Ju=L DL SJaJea--- 


oe q 51,52--- 
X Jin expliq: (6: 4+82+---+8,)] (115) 
=> J*(q), (116) 
q 


where /(q) is the qth Fourier component of J;, 
J(q)=2s Js exp(iq:5), 


and where, in carrying out this summation, it is to be 
recalled that for 8=0, J; has been defined as zero. This 
has the consequence that 


» 2 J(q)= J3~0=0. 


Equations (116) and (118), which will prove to be 
very convenient, have a simple interpretation." The 
quantities J;; can be considered as elements of an 
NXN matrix. The elements of this matrix are trans- 
lationally invariant, from which it follows that the 


(117) 


(118) 
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eigenvectors transform according to the irreducible 
representations of the translation group of the lattice. 
The ith element of the qth eigenvector therefore is 
e‘t-'i, and the qth eigenvalue is J(q). Equation (116) 
represents the trace of the mth power of the matrix, 
which is equal to the sum of the mth powers of its 
eigenvalues. The diagonal values of the matrix, Ji, 
vanish, so that the trace of the matrix, and hence the 
sum of its eigenvalues, vanishes, as in Eq. (118). 
Inserting Eq. (116) into Eq. (110) we now find the 
contribution of the first-order diagrams to be 


o | 
—6F®=5 O—[26MJ(q@)}, (119) 
q n=l 2n 
where the inclusion of the term for n= 1 is justified by 
Eq. (118). Carrying out the summation 


—BF=—-2>, In[1—28/(q)M2]. — (120) 


Combining this first-order contribution with the zero- 
order contribution [Eq. (15) ], the free energy to first 
order is 


— BF \= —B(FotF) =— BNI S2+N In = ef LS: 
~1 5 In[1—28/(q)M2]. (121) 
4 


The magnetization is, to first order, 


OF ee 1 OM, 
w= — —*= Neu Sut —r—| (122) 
aH guod oH 
where 
28] (q) 


r= 


T nin (123) 
q 


1 
2N “a 1-28] (q)M2 
But for any ” 


dM ,,/dH= (dM ,/dH)+(M ,/dS),0S/dH, (124) 


the first derivative on the right being taken at constant 
S. Furthermore, noting that the density function with 
respect to which the spin averages are taken in M,(S,) 
is of the form ¢e45:=exp[@(guoH+2JoS)S.], and 
comparing this form with the pa defined in Eq. (23), 
we can introduce a D operator by the definitions 


D= (1/Bguo)(0/8H), (8S constant), (125) 
and 

D= (1/28Jo) (0/8) x. (126) 
This new D operator is the negative of the D, operator 
previously defined and used; accordingly, it generates 
the M,(S,) rather than the M,(c), by the equation 
M azi(S.)=DM,(S;). In this connection the comments 
just below Eq. (97) should be recalled. Henceforth we 
shall use the notation D for either type of operator, 
implying always that D appropriate to the type of spin 
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operator in the context. Hence, by Eqs. (31) and (102), 


gu08M 2 4 
= guo8M n41+28) 0M n4.1———_ (127) 
1—26J,M, 


OM,(S;) 
0H 
M n+i(S;) 


= guo3—— , 
1—28/)M2(S,) 


and inserting this into Eq. (122), 


4 MI 
M1 = guo.V Sy+———— — 
1—28/ oh 2 


MT 


= puod| Mt — | (129) 
1 nit 28M» 
The susceptibility is 
1 omy VU 
X= — = gua ——— 
N 0H 1—28/ 0M, 
MI+MA 28) .M ?T 
——_—___—__+}- ~~} (130) 
(1 a 28] .M >)? (1 28] >M>2)* 


where 


1 
maith (— 
2N “a \1—28J(q)Me2 


(131) 


28J (q) ) 


and where Eq. (128) has again been used to carry out 
the indicated differentiation. 

From Eq. (130) we find that the susceptibility 
diverges at 28,/9M.=1, or at the same temperature as 
in zero order. However, this is not a satisfactory 
solution, as we shall now find by an examination of the 
behavior of the magnetization at this temperature. 

The second term in the magnetization is M,I'/ 
(1—28J 9M). The factor IT is well-behaved as the 
temperature approaches the Curie temperature; the 
denominator vanishes as 8—>8., and the factor M; 
also vanishes. This latter fact follows from the definition 
of M; in terms of averages of odd powers of S,, which 
vanish at (and above) the Curie temperature. Conse- 
quently, we must carefully consider the ratio M;/ 
(1—28.JoM2). To do so we assume a small magnetic 
field to be present and we expand in powers of this field : 


M;+(0M;/dH)H 
lim ——— lini i alii as 
4#—~ 1-28 Jo M2+(0M2/dH)H| —28.J.(0M>2/dH) 


guoM ; , 
(~ 28040 te IE ei © 1; ) 
1—28,.J 0M, 


0M;/dH 





guoM . 
1—26.JoM; 
M, 
=— (132) 
—28JoM; 


where we have again used Eq. (128) in order to carry 
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out the differentiations. But M, involves averages of 
even powers of S, and does not vanish at 8=8,, whereas 
M; does vanish. Hence the magnetization is divergent 
at the Curie temperature. 

The divergence of the magnetization can be shown 
explicitly for the case of spin }. The semi-invariants in 
this case are 


M,=(S,)=} tanh($8L), 
M,.=} sech?(38L), 


(133) 
(134) 
(135) 


The Curie temperature is defined by 


28.J 0M 2 = 38.J of sech?( EBL) |r =]. (136) 


BJ o=2. (137) 
The quantity of interest in the magnetization is 

M; 
1—28.JoM2 ©” 1—28Jo[} sech*(98L)] 


tanh($8L) sech?($8L) 


—} tanh(38L) sech?(38L) 


— 5 
=—jlim 
L—0 


1—sech?(38L) 
=—} lim[ sinh (382) cosh(48L) }-! 


= 6. 


(140) 


One might, perhaps, surmise that the divergence of 
the magnetization arises from some subtlety in the 
manner in which we have approached the limit V — «. 
Specifically, the upper limit w= © in Eq. (119) implies 
that closed loops of unbounded length can be drawn in 
a lattice, whereas the true upper limit is of the order 
of NV. However, let us not specify this upper limit, and 
merely substitute the sum (119) for the last term in 
Eq. (121). Then the magnetization becomes 


; @ 
Mi= Vgpot o— 33" 7 7 — ao [28] (q)M> |" 
a » 2ndOH 


(141) 


aM, 
= NguoSo—} eal ¥ X[28/(q)M2]", (142) 
0 qn 


and the quantity 0M,/dH is precisely the quantity 
which, as we have seen, diverges. Hence the divergence 
is quite independent of the process of taking V-— ~. 

Finally, we note two aspects of the solution to first 
order. Whereas in zero order 5 represented the magnet- 
ization, we see from Eq. (129) that it does not do so to 
first order. Secondly, whereas Fy was minimum with 
respect to variations in S, F; is not. For 


OF; rs 
—_—_= 2NJ of S— M, (S,) ] 
as 


ra 
— 38 >) — In[1—26)(q)M2} (143) 
q as 
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= Jd 8 M,(S;) 
1 28] (q) 


2N “a 1-28 (q)M> 
=2NJ.S—M,(S.)—M;(S,)1]<0, 


ms (144) 


(145) 


where we have used the relation (126) to carry out the 
differentiation. Now F is clearly independent of 8S, and 
we should expect that 8F,,/35 should vanish to every 
order in a consistent expansion. The fact that F; is 
not minimum with respect to S is an indication of an 
improper classification of diagrams, and it provides 
us with a guide to the reclassification which eliminates 
the divergence in the magnetization. 


9. RENORMALIZATION; ELIMINATION OF 
S-REDUCIBLE DIAGRAMS 


Preparatory to generalizing the method of elimination 
of diagrams by appropriate choice of S, it is convenient 
to review the standardized diagram terminology as 
used, for instance, by Uhlenbeck and co-workers." 

A vertex of a diagram is called an articulation point 
if the diagram can be severed into disjoint parts by a 
single cut at that vertex. A linked diagram having one 
or more articulation points is called a tree, whereas a 
linked diagram having no articulation points is called 
a star. Thus every tree can be thought of as composed 
of stars joined together at articulation points. 

Trees can be classified according to the types of stars 
of which they are built. A Cayley tree is a tree for which 
every star is a simple bond, and consequently every 
vertex is an articulation point (or a terminal vertex) ; 
these are the diagrams which were summed in Appendix 
A. A Husimi tree is a tree composed of stars which are 
simply polygons or “‘loops.’”’ Another tree of particular 
interest to us is that for which every star is either a 
simple bond or a loop, such as (4,6) of Fig. 1; we shall 
refer to these as Cayley-Husimi trees. 

Returning now to the analysis proper, we can describe 
our procedure as follows. The summation of Cayley 
trees, as carried out in Appendix A, is equivalent to the 
method of Sec. 7, in which all Cayley trees were elimi- 
nated by the choice of S. The diagrams classified 
provisionally as first order in 1/z were the Cayley- 
Husimi trees consisting of a single loop and appended 
chains of bonds, but the choice of S reduced these only 
to simple loop stars, which were then summed in Sec. 8. 
Because this procedure did not prove to be satisfactory, 
we now consider the possibility of eliminating a much 
wider class of diagrams by a different choice of the 
parameter 8. 

The diagrams which we shall eliminate by the new 
choice of S consist of all diagrams having a single bond 
joined to an articulation point; we call such diagrams 


“R. J. Riddel, Jr., and G. F. Uhlenbeck, J. Chem. Phys. 21, 
2056 (1953). 
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S-reducible. The S-reducible diagrams can be considered 
to be composed of S-irreducible diagrams connected to- 
gether by single-bond chains. It is useful to refer to these 
S-irreducible substructures as hypervertices of various 
types. The single bonds joining these hypervertices in an 
S-reducible diagram can also be considered to be of 
various types, corresponding to the types of hyper- 
vertices at their ends. To stress this classification of the 
bonds we refer to them as hyperbonds. If we then think 
of the S-reducible diagrams as chains of hyperbonds 
and hypervertices, they form an evident generalization 
of the Cayley trees. 

Consider the class of S-reducible diagrams composed 
of a prescribed class of hypervertices and connecting 
hyperbonds. These diagrams can be generated and 
summed by the following method. A given type of 
hypervertex is selected as a generator, and this gener- 
ator is considered as unique and distinguishable from 
all other hypervertices which may subsequently be 
joined to it; such a distinguishable structural element 
is called a root. The general set of S-reducible diagrams 
is built up by adding hypervertices and hyperbonds to 
this root, just as the Cayley trees were built in Appendix 
A. We shall later describe this synthesis process in 
greater detail, but we now assume that the total free- 
energy contribution from the complete set of rooted 
diagrams is computed. This is not the true free energy 
from the desired class of S-reducible diagrams, because 
the selection of a unique root introduces certain errors. 
However, as shown in Appendix B, these errors are 
eliminated by repeating the calculation using every 
separate type of hypervertex as root and every separate 
type of hyperbond as root; subtraction of the contri- 
butions generated from all hyperbonds from the contri- 
butions generated from all hypervertices gives the 
proper free-energy contribution. 

Consider the synthesis of rooted diagrams generated 
from a specific type of hypervertex as root. Let —8F. 
be the contribution of this (type a) hypervertex itself, 
considered as a diagram. To generate S-reducible 
diagrams from this hypervertex we first add one or 
more single bonds to each of the vertices of the hyper- 
vertex; this is accomplished by replacing every M,(c) 
in —6F, by exp[28/.M,(c)D |M,(c), where we inter- 
pret exp[26JoM1(0)D ] as > (m!)-"(28JoM 1(c))"D". The 
linear term in the series expansion of the exponential 
adds a single bond, the quadratic term adds two single 
bonds, etc. The operator D promotes M, to M,4, as 
required when an extra bond is appended at the vertex, 
and the factor M,(c) is the contribution of the free- 
hanging end of the added bond. The second step in the 
generation of rooted diagrams is the addition of a 
hypervertex of any of the permitted types (a,8,---) to 
the free-hanging end of each of the single bonds. This 
is accomplished everywhere by replacing, in every 
exponential operator above, 


M,(c) > Mi(a)—(8/N)DF a—(8/N)DFs—-*-. 
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Single bonds can then be attached to each point, again 
with the replacement of all M,(¢) by exp[28/oMi(c)D] 
XM,(c). The indefinite continuation of this process 
leads to the generation of all rooted S-reducible dia- 
grams with a root of type a. The process can be closed 
by replacing every M,(c) by exp[28J/o.M.(c)D]M,(c), 


where, self-consistently, 
M,(c)=M,(c)—(8/N)DF.—(8/N)DF,-—---, 


and where —(8/N)F., —(8/N)Fs, --- are obtained 
from —(8/N)Fa, —(8/N)Fs, --- by replacing every 
M,(c) in each by exp[28/.M,(c)D]M,(c). The sum 
of all diagrams rooted in the a-type hypervertex is then 
— (8/N)F,. Similarly, the sum of all diagrams rooted 
in the 8-type hypervertex is —(8/N)Fs. To obtain 
the sum of all unrooted diagrams we must, according to 
the procedure described previously, subtract from 
— (8/N)P.—(8/N)Fs—(8/N)F,—--- the sum of 
diagrams rooted in each type of hyperbond. 

Generation of diagrams from a given type of hyper- 
bond as root follows the above procedure closely. The 
contribution of an a-8 type hyperbond is, for instance, 
28J o. — (8/N)DF.)[—(8/N)DFs]; the factor 28/, 
represents the bond itself, —(8/'))DF, represents the 
hypervertex at one end, and —(6/N)DFg represents 
the hypervertex at the other end. To this root we can 
then adjoin single bonds, then hypervertices on the 
ends of these, and so on. 

Rather than carrying out the calculation outlined 
above, the procedure can be aborted at the first step 
by choosing S so that the right-hand member of Eq. 
(146) vanishes. Physically, we choose S so that the 
sum of contributions of all hypervertices which can be 
affixed to a free bond end vanish. Then 


M,(c)—(8/N)DF..—(8/N)DF3+---=0, 


(146) 


(147) 
or, writing this in terms of the S, variable, 
S=M,(S.)+ (8/N)DF.+ (8/N)DFs+---. (148) 


The bars on F, and Fz indicate that the value of § 
appearing within these quantities is that value deter- 
mined self-consistently from Eq. (148), or that value 
for which S=M,(S.) [compare Eqs. (148) and (146). 
With this choice of S, the only nonvanishing diagrams 
are the hypervertices themselves, so that 


— BF =—BF,—BP.—BF3+---. (149) 


The above result can be seen alternatively in terms 
of the general procedure of subtraction of hyperbond- 
rooted diagrams from hypervertex-rooted diagrams. 
With the choice of § above, the hyperbond contributions 
sum to zero, since a bond can have the end M,(c), or 
—(8/N)DF,, or —(8/N)DF, etc., which sum to zero 
by Eq. (147). The hypervertex-rooted diagrams give 
just —(8/N)P., —(8/N)Ps, etc. Adding these contri- 
butions to the zero-order contribution, and multiplying 
by N to account for the possible positions of the root, 
we again obtain Eq. (149). 
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Two important points, which we now demonstrate, 
are the following. The choice of S in Eq. (148) minimizes 
the free energy (149). And the significance of S is that 
it is equal to the average value of S,, as determined by 
Eq. (148). 

That S minimizes the free energy follows from the 
fact that, when applied to the contribution of S- 
irreducible diagrams [see Eq. (126) ], D is equivalent 
to (1/28Jo)(8/8S8), where D is the generating operator 
for the M,(S,). Furthermore, M,(c)=S—M,(S,) is 
equal to (1/28Jo)(8/N)(@Fo/8S), where Fo is the 
zero-order free energy [see Eq. (108) ]. Hence, Eq. 
(148) can be rewritten as 


1 OFy OF, aFs 
o- | p48 —+p—+-: | 
2BJ»>NL aS as as 
1 (BF) 
(150) 


2BJoN a8 
Similarly, the fact that S is equal to the expectation 
value of S, follows from the equivalence [see Eq. (125) ] 
of the operator D to (1/guo8)(0/8H), and from the 
identification of M,(S,) as (1/guoV)(0Fo/0H). Hence 
Eq. (149) states 


(151) 


1 [— oF. oF; 
mee *: 


guNLdaH dH aH 


1 f 
2 [Mot+Ma +-N%g+ ars ]. 
guoN 


(152) 


To summarize, then, we can henceforth restrict our 
attention to S-irreducible diagrams alone, with contri- 
bution —8F, providing that we impose the condition 
that dF/dS=0, or alternatively and equivalently, that 
guoN'S is evaluated self-consistently as the magnet- 
ization. 

The choice of § described above eliminates only 
S-reducible diagrams; it does not eliminate all reducible 
diagrams. That this is an insufficient renormalization is 
corroborated in detail in Appendix C by computing the 
free energy to first order using only the S renormal- 
ization. Whereas the simple renormalization gave a 
divergent magnetization at the Curie temperature, the 
S renormalization leads to no Curie temperature at all. 
In order to obtain physically acceptable results it is 
necessary to eliminate all trees, carrying out the 
expansion in terms of the remaining irreducible dia- 
grams (stars) only. 

As an illustration of the diagrams which are not 
eliminated by the S renormalization we consider 
specifically the first-order contributions. The basic 
first-order diagram is the simple loop, and a full 
renormalization should leave only this diagram. We 
therefore consider all Cayley-Husimi trees, or all 
diagrams which can be made by interconnecting loops 
and chains of single bonds, excluding the possibility of 
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closing these chains. All such diagrams containing any 
single bonds are eliminated by the S renormalization, 
leaving clusters of loops, or Husimi trees. Unfortunately, 
we do not have another parameter such as S with 
which to eliminate these remaining reducible diagrams. 
We therefore do this by summing all ring diagrams 
which can be attached to a given vertex, incorporating 
this sum into the contribution of the vertex. This 
method of renormalization will be illustrated in detail 
in the following section. 

From this point of view it is perhaps useful to 
characterize the S renormalization as a renormalization 
of terminal vertices, and the remaining renormalization 
as one of internal vertices. That is, if we start with a 
simple diagram composed of loop and bonds, we first 
reinterpret the terminal vertex so that its contribution 
implies the possibility of addition of a loop; this is the 
5 renormalization, and we renormalize to zero, so that 
such diagrams vanish. In the remaining diagram we 
then select an internal vertex and reinterpret it so that 
it implies the possibility of adjoining all combinations 
of loops. We cannot renormalize to zero, so that the 
single loop diagram does remain. However each of its 
“vertices” now has a relatively complex meaning. 


10. RENORMALIZATION: ELIMINATION OF 
REDUCIBLE DIAGRAMS TO 
FIRST ORDER 


In Sec. 9, a procedure for the elimination of S- 
reducible diagrams was exhibited. That renormalization 
was effected by an appropriate choice of the parameter 
S. In this section we complete the elimination of all 
trees, making use of the method of subtraction of 
hyperbond-rooted diagrams from hypervertex-rooted 
diagrams, which was shown in the concluding portion 
of Appendix B to be applicable even to trees which are 
not S-reducible. The discussion which follows will be 
specifically in terms of the renormalization of the first- 
order diagrams constructed of simple closed-loop stars ; 
generalization to higher orders offers no special diffi- 
culties. 

We designate as type a hypervertices all hyper- 
vertices which are Husimi trees (clusters of loops). 
Let —8F, be the contribution of this type of hyper- 
vertex. 

Consider now the class of diagrams consisting of type 
a hypervertices interconnected by open chains of simple 
bonds, i.e., what we have called Cayley-Husimi trees. 
All such diagrams, other than the particular diagrams 
consisting simply of a single type a hypervertex, are 
5 reducible by definition and can be eliminated by 
choosing S as the self-consistent solution of 

d(—BFo) 8(—8F,.) 
acide Vaan (153) 
as Os 
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Fic. 4. Insertion of hypothetical dotted-line bonds to reduce 
S§-irreducible diagrams to analogs of S-reducible diagrams. 


The remaining diagrams consist only of single type a 
hypervertices; that is, of Husimi trees. 

In Appendix B we have shown that the Husimi trees 
can be generated in a manner completely parallel to 
the S-reducible diagrams. We introduce a construct 
there which makes it evident that these diagrams are 
topologically similar to the S-reducible diagrams and 
further allows them to be described by the same 
terminology. The construct consists of “dotted line 
bonds” which schematically separate each articulation 
point from the various loops with which it is associated, 
as indicated in Fig. 4. These diagrams can now be 
described as consisting of simpler hyperbonds. In this 
case there are two types of hypervertices, the articu- 
lation points and the loops. There is a single type of 
hyperbond, for every dotted bond terminates in a simple 
vertex and in a loop (with a point removed). We shall 
now review the general discussion of the subtraction 
technique, as discussed in Sec. 9, for application to 
this class of diagrams. 

To compute the free energy contribution —#F, of 
the Husimi trees or loop clusters, the diagrams are 
generated first from each type of hypervertex regarded 
as a root; in this case a simple vertex root and a loop 
root. From the contributions of these hypervertex- 
rooted diagrams we subtract the contributions of the 
same set of diagrams generated from the hyperbond, 
as root; in this case the dotted-line bond. 

Consider first the diagrams generated from a single 
vertex by connecting in turn one, two, three, . . . loops 
at the given point. Each of these diagrams has a 
distinguishable point, the root, and contributes a factor, 

P= (1/2N)>-, 28) (q)[1—26) (q)M2}', (155) 
for every loop joined to that point. The root itself 
contributes M2, M4, Mz, . . . for one, two, three, . 
loops joined at the root. The contribution of these 
diagrams is exactly analogous to the series obtained 
for the zero-order diagrams in Eq. (A2). The contri- 
bution of these diagrams is thus 


1 
qa? = N(Mar-+ 4a" M .I°+--- ) 
3! 


2 | 

N > —T"D;*"¢, (156) 
i n! 

where 


S 
g=lIn Def hSs 
—S 
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Dry is an operator raising the order of a semi-invariant 
in precisely the same fashion as the operator D, except 
that the subscript denotes that I is to be regarded as 
constant when operating with Dr. Thus the series of 
Eq. (156) can be summed, giving 

qi? = N[exp('Dy*)—1 ]¢. 
The generation of all appropriate Husimi trees by 
successively including loops at each vertex of the above 
loops, etc., as we have seen in Sec. 9, is accomplished 
by merely replacing [ by I, where 


(158) 


(159) 


5 28] (q) 
f=—> — 


=—- ——- —=T(M.), 
2N a 1—26/(q)M:2 


(160) 


and where, self-consistently, 


M.=exp(T'D;")M». (161) 


It is to be noted that the differentiation with differential 
operation Dr is now to be performed with constant P. 
Thus we can also write (161) as 


M;= Df exp(TDr)¢= Dr, (162) 
where 


é=exp(fDP)¢. (163) 


Thus for the direct sum of diagrams generated from a 
point-root we obtain 


i= N[exp(fD;*)—1]}6= Né—N¢. 


The second direct sum, consisting of the contribution 
of diagrams generated from a loop-root, is obtained 
from the contribution of the loop-root itself by replacing 
M, by M.. Thus the second direct sum is 


G2= —4 E, Inf1—28/(q)M2], 


with M, given by Eq. (161). 

To obtain the compensating sum, we now generate 
diagrams from a dotted line bond-root. First we recall 
the contribution of the generator itself, before affixing 
additional loops. The contribution of loops with no 
points distinguishable is 5°, >) .(1/2n)[28/(q)M:2 ]", 
as we saw in Eq. (119). When affixed to a dotted-line 
bond, one point of the loop is distinguishable, thereby 
eliminating the n-fold rotational symmetry, and giving 
as the contribution of the generator 


28] (q)M» 
$> Y[28)(q)M2)"=3 & — -=NT'M 
as + 1—28J(q)M: 


(164) 


(165) 


Affixing all possible loops to this generator clearly is 
accomplished merely by replacing M2 by M2 and I by 
I’. We thus find for the compensating sum, 


Qa VMS. (166) 


AND H. 5B. 


CALLEN 


Subtracting the compensating sum from the direct 
sums we obtain for —6F,, 


—BF,= N¢é—No—} S, Inf 1—28/(q)M2] 
—NM._I. 


Adding —8F, to —8Fo= —BNI.S+No we obtain 


— BF, = —pF—pP, (168) 
where 7 %. 
—BP=—NJ BS+N4, (169) 


and 
—BP®=—-4 >, In[i—28/(q)M.]—NM.P. (170) 


Equation (169) represents the renormalized zero-order 
term, in which the renormalization consists of replacing 
@ by ¢. Equation (170) represents the renormalized 
first-order term. In addition to replacing M2 by M,, 
i.e., renormalizing the vertices, there is the additional 
term —NI'M; in the free energy, arising from the 
dotted-line bond-rooted diagrams. In this term again 
M> is replaced by M.. 

In Appendix D we obtain an integral representation 
for the renormalized semi-invariants. We find 
M,(gL)= (2) du M (8L—u(2P)!) 

“—3o 


Xexp(— 


aD 


$(8L)= (2r) '| du ¢(8L—u(2T)) 
ager Xexp(— 
Further, 
a'M,/a(BL)*=M,,.., 
while 
a'M ,/at'= 


Move. (174) 


This renormalized form of the first-order free energy 
[Eqs. (168)—(172)] is our fundamental result. Along 
with the elimination of all reducible diagrams to first 
order we have maintained the convenient properties of 
S; namely, that 5S be equal to the average value of S,, 
and that this choice of S is the best choice in the sense 
that the free energy is a minimum with respect to S. 
In the next section we shall examine some of the 
properties of our solution. 


11. RESULTS AND DISCUSSION 
From Eqs. (168)—(170) the free energy is 
—pP, = —BNJ S2+N¢ ey ¥- 
—} . Inf 1 — 2B | q)M, l- \ PMs, 


where 


x 


M,(BL)=(2r) ‘| du M (8L—u(2T)') 


Xexp(— u?/2), 


D 


(BL) = (2x) if du exp(—?/2) 


2 


S 
XIn © exp{(@L—u(2P)*]S,}, 
—5 
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and where (175) is subject to the condition 
dF ,/aS=0, 
which is equivalent to 


§.= (Nguo)0F,/dH at constant 6 and § 
=I 1/ Nguo. 


(178) 


(179) 


The choice of §; is associated with the elimination 
of the S-reducible diagrams. The renormalization of 
the semi-invariants, as defined in Eqs. (176) and (177), 
is associated with the elimination of the remaining 
reducible diagrams to first order. 

The first-order free energy is stationa 
to functional variations in [ at constant 


with respect 
, 8, and H, for 


8(—SF,)/af=N[(a¢/aT)—M.]=0. (180) 


The fact that —AF, is stationary with respect to 
both S and [Pf is useful in the evaluation of S from 
Eq. (179) 

IN, 
(181) 


the derivatives (dF,/aT)(df/aH) vanishing by Eq. 
(180), and similarly with respect to (@F,/88)(88/dH). 

The internal energy is obtained again by differ- 
entiation at constant S and I [by virtue of Eqs. (178) 
and (180) ], giving 


E,/N=N—0(6F,\)/0B, (H,T and S constant) 
=JoS2—[2J 8it-guol M1 
—fM./8+TM,—TM, 
rs | JS guolS 


(182) 


(183) 


1 28 (q)M, 
— > -—— —_| (184) 
2N6 « 1—28)(q)M- 


The first of these terms has exactly the form of the 
molecular field result (with, of course, a different value 
of §). The second term is readily recognized as the sum 
of (renormalized) simple loop diagrams. This latter 
term represents the effect of short-range spin-spin 
correlations, absent in the molecular field result. 

The susceptibility is 


x= N09, / 0H = gudS,/dH. (185) 


In Appendix E we have evaluated 0S/8H and from 
Eq. (E7) we have 
M.+4M;?/( i- AM,) 

9 nner nretetrccmmsnnrnrnntae an, 

1— 28) ol M2+AM;7/(1— AM,) } 


(186) 


In order to study the above results it is convenient 
to express [' and A in terms of a function F(x) which 
has been studied by Lax” in connection with the 


15 M. Lax, Phys. Rev. 97, 629 (1955). 
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spherical model. Defining F(x) by 
F(x)=(1/N)Xq [e—-J(@)/JoP, 
x= (28JoM 2)“ 


(187) 
then if 
(188) 
we have 

f=) [22°F (x)—x], (189) 
and 


« 28J (q) P 
Aiba) 
2N “a \1—26/(q)M 


= —_[atF’ (x) +2xF (x)—1]. 


(190) 
2M 


The properties of F(«) for three-dimensional lattices 
with nearest-neighbor interactions have been shown to 
be as follows. F(x) has some finite value (of the order 
of unity) at x=1, and decreases monotonically for 
values of x greater than one, behaving as const/x for 
sufficiently large x. For x>1, but in the vicinity of 
x=1, F(x) has the approximate form F(«)=F(1) 
—0.8(a—1)!, the coefficient 0.8 varying slightly from 
lattice to lattice. Thus F(x) has a negatively infinite 
slope to the right of x=1. Furthermore, F(«) diverges 
for «<1, and this region of the variables is not 
physically acceptable. It should be noted that I is well 
behaved as « > 1 (from above), whereas A diverges as 
x— 1. 

With these results we are able to investigate the 
behavior of x, and in particular to evaluate the Curie 
temperature. The Curie temperature is the temperature 
at which x diverges (for H=0) and is therefore deter- 
mined by the condition 


1—28.J.M.—28.JoAM;3?/(1—AM,)=0. (191) 


We see that a solution of the equation is obtained from 


1—28,.J.M.=0, (192) 


%,= 1. (193) 


That this is so follows from the fact that A diverges at 
x=1, so that the third term in Eq. (191) reduces 
simply to M;?/M,. This ratio, in turn, vanishes at the 
Curie temperature because all odd semi-invariants 
involve averages of odd powers of S, and therefore 
vanish at 7, whereas even semi-invariants do not. 

In order to compare our results with other investi- 
gations we specifically study the case of spin 3 and 
nearest-neighbor interactions in face-centered, body- 
centered, and simple cubic lattices. 


M\(x)=} tanh(}x), 
M(x) = DM ,(x) = 
M(x) eae 2 MoM. 


(194) 
(195) 
(196) 


1 sech?($2), 


Using the integral form of M, particularized to spin 
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Fic. 5. Determination of critical temperature by graphical 
solution of Eqs. (197) and (199). 


+, we obtain for Eq. (192), 


4 du exp(—u?/2) 


J —ow - ‘~~ — 

Xsech*[u(2P)'/2]. (197) 

We have evaluated this integral numerically as a 

function of [, and plotted the result in Fig. 5. [. is, 
however, itself a function of ¢, since 


P.= Jol x2F (x)—x]=(1/)2CF(1)—1]. (198) 


F (1) has been evaluated for the three lattices considered, 
for nearest-neighbor interactions, by Watson.'’® He 
obtained the values /(1)=1.51638 for simple cubic, 
F(1)=1.39320 for bec, and F(1)=1.34466 for fcc 
lattices. 

In Fig. 5 we also plot / versus [, for each lattice 
from the equation 


t= 2[F(1)—1]/T.. (199) 


The intersection is the simultaneous solution of the two 
equations, (197) and (199), and gives T. for each type 
of lattice. Comparison of these critical temperatures 
with the results of other theories is presented in Table I. 

It will be noted that our results for J, are in rather 
close agreement with the results of the spherical model, 
and with the estimates of Trefftz.5 Her values were 
obtained by extrapolation of graphs of the reciprocal 
of the specific heat obtained from exact series expansion 
at high and low temperatures. 


6G. N. Watson, Quart. J. Math. 10, 266 (1939). 
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The specific heat is given by 


1 ok, 0 
cy = —. == Q2 


4 Nk a T Of 


[JoS2+guHSi:+68-fM.2] (200) 
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. a8, _ aif; 
=B[2J Si + gull 6 gemma + We 
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— ra: | (201) 


a a a Coe 
= [8L+26/ o~M; |e— —+ [M2+ MT} ~- 
0g 0g 
+[8LM;—M;]f. (202) 
The behavior of this, and similar quantities, in the 
vicinity of the transition temperature is studied in 
Appendix F. It is shown there that the specific heat is 
continuous at 7. with an infinite slope on the low- 
temperature side and with a finite slope on the high- 
temperature side.!” 

The expression (192) for T, is of interest in recon- 
sidering the validity of the 1/z classification of diagrams, 
either as applied by us to irreducible linked diagrams 
or as applied to unrenormalized diagrams. For definite- 
ness, consider simple loops. If the loops are renormalized, 
each bond contributes a factor 28/;;Me, and Eq. (192) 
for the Curie temperature shows that this quantity is 
of order 1/z. If there are bonds in the loop we have n 
such factors, and (w—1) summations, each of which 
gives a factor z. Hence the diagram is of order 1/2, as 
we assumed. If the loops are unrenormalized, however, 
each bond instead contributes a factor 26/;;M»2 and 
hence the diagram is of order (M,_ M.)"(1/z). As M; 
deviates significantly from M2, the ratio (M:/M.)" 
becomes enormously large for large » (large diagrams), 


TaBLeE I. Approximations to the Curie temperature. 


Body- 
centered 
cubic 


Face 
centered 
cubic 





Molecular field* 1 1 

Bethe® and quasi-chemical 0.864 0.914 
Rushbrooke® and Scoins 0.835 0.882 
Kikuchi? (2nd approximation) 0.869 0.835 
Low-temperature® series 0.784 0.805 
High-temperature! series 0.794 0.816 
Spherical model> 0.718 0.740 
Trefitze 0.704 0.718 
Our calculation 0.712 0.739 


* See reference 6. 
See reference 7. 
G. S. Rushbrooke and I. Scoins, Proc. ,. Soc. 
(1955). 
! See reference 8. 
© See reference 3. 
‘C. Domb and M. F. Sykes, Proc. 
# See reference 5. 


London) A230, 74 
London) A240, 214 (1957). 


Roy. Soc 


17 For comparison with the specific heat of the spherical model 
see reference 9. 
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totally dominating the factor 1/z and vitiating the 
basis of the classification of unrenormalized diagrams. 

The agreement of our results with the rigorous high- 
temperature series is evident, thereby providing an 
independent justification for the selection of the loop 
diagrams. Each bond in a diagram is associated with a 
factor 8, and the first-order term in @ is contributed by 
a single bond, the second-order term by the summation 
of all diagrams with two bonds, etc. Our first-order 
expansion contains all diagrams with one and two 
bonds, omits only the diagram (3,1) (Fig. 1) of all 
those with three bonds, and only the diagrams (4,1), 
(4,2), and (4,4) of the twelve types of diagrams with 
four bonds, and since odd semi-invariants vanish at the 
Curie temperature and above, the only one of these 
omitted diagrams which makes a nonzero contribution 
in the high-temperature region is the quadruple bond 
(4,1). Furthermore such omitted diagrams probably 
contribute the smallest contributions because they 
involve the highest-ordered semi-invariants. Conse- 
quently, the first-order results agree exactly with the 
high temperature results to the coefficient of T~*, and 
the coefficient of T~ is approximately correct. It would 
be quite easy to add the missing four-bond diagram, 
and, in fact, our method provides a technique for 
carrying out a rigorous high-temperature expansion 
which is much simpler than the conventional Kirkwood 
method.'8 

Finally, our results agree with the rigorous low- 
temperature results—and in the ferromagnetic case, in 
fact, reduces to the spin-wave result, as we shall see in 
a separate paper. This again justifies the choice of 
renormalized loop diagrams in the low temperature 
region. An a priori rather than an @ posteriori justifi- 
cation apparently could be based on the behavior of 
the semi-invariants considered as functions of their 
order. The second semi-invariant M.2(S,) is the mean 
square of (S,—S) and the third semi-invariant M;(S,) 
is the mean third power of (S.—S), although higher 
semi-invariants do not maintain this simple form. 
Nevertheless, it is plausible that the values of the 
semi-invariants decrease rapidly with increasing order. 
Particularly in the low-temperature region this suggests 
a classification of diagrams according to the order of 
the associated semi-invariants. The closed-loop dia- 
grams which we have summed are just those which 
involve no renormalized semi-invariants of higher than 
second order. 

In conclusion, then, we have given a theory which, 
to first order, agrees with the rigorous low-temperature 
and high-temperature results, which agrees well with 
the best estimates in the Curie temperature regions, 
and which is justified by plausible and self-consistent 
criteria, in each temperature region, for the choice of 
diagrams. 

Note added in proof. M. Coopersmith has informed 


18D. ter Haar, Elements of Statistical Mechanics (Rinehart and 
Company, New York, 1956). 
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us of his discovery that the spontaneous magnetization 
of the spherical model becomes zero at two distinct 
temperatures, one corresponding to the conventional 
Curie temperature at which the susceptibility diverges, 
and a second temperature at which the magnetization 
is discontinuous. The conventional solution is formally 
unstable. Our model exh‘bits similar properties. Englert 
and Brout have suggested the following diagrammatic 
interpretation. The susceptibility is obtained by differ- 
entiating the free energy twice—each such differenti- 
ation effectively rooting a point. By rooting two points 
the differentiations effectively introduce cross-link 
bonds, and thereby inconsistently introduce 1/z* dia- 
grams in the expression for x. Englert points out that 
elimination of these spurious diagrams can be effected 
simply by holding 8" constant in the differentiations 
with respect to H or 8, or equivalently, by setting 
A=0 in our result. The Curie temperature is unaffected, 
but the specific heat is then discontinuous (and nonzero 
above the Curie temperature). A detailed discussion of 
this problem will be given elsewhere by Englert. 


APPENDIX A. DIRECT SUMMATION OF 
ZERO-ORDER DIAGRAMS 


In this Appendix the zero-order diagrams are summed 
directly, thereby giving the zero-order free energy; 
we thereby illustrate the equivalence of the direct 
summation to the alternative procedure of elimination 
of diagrams by an appropriate choice of S. 

A second important point illustrated is the use of a 
compensating summation technique whereby diagrams 
are summed by first summing several classes of rooted 
diagrams and subtracting certain classes from others. 

The zero-order diagrams consist of open chains, 
which may be forked in complex ways. A diagram 
having 2 bonds has (m+1) vertices. Consider some 
particular zero-order diagram, such as Fig. 6(a), which 
has 6 bonds and 7 vertices. There are two sets of 
equivalent vertices; the vertices 1, 2, and 3, and the 
vertices 6 and 7. Each such set of r equivalent vertices 
contributes a factor 1/r! to the weight factor of the 
diagram. Suppose we now add some structure to the 
diagram, joining it in every possible way to one or 


I'tG. 6. Generation of Cayley trees. 





1778 G. 


more of the equivalent vertices; let us say to the 
vertices 1, 2, and 3. Furthermore, let the contribution 
of this added structure when formed be A, this quantity 
including a product of exchange integrals, internal 
weight factors, and spin factors (semi-invariants). The 
result of adding these structures is to change the factors 
M }/3! which occurred in the initial diagram to 


(1/3!)M3— (1/3!)(Mi+4)* 
= (1/3!)(M+3M 24+3M,42+4?). (Al) 


The four terms on the right correspond to the following 
four ways of adding the structure A. The first term 
involves the addition of no new structures. The second 
term involves the addition of one new structure; this 
leaves only two equivalent vertices and changes the 
proper weight factor from (1/3!) to (1/2!)=(3/3)). 
The third term involves the addition of two new 
structures; these are equivalent, and again the proper 
weight factor is 1/2!. Finally, the fourth term corre- 
sponds to the possibility of adding the structure A to 
each of the three vertices. 

According to the above procedure, to join structures 
A to r-fold equivalent vertices one merely replaces M,’ 
by (M,+A)’, and this properly accounts for the 
changes in the multiplicities. 

We fix our attention on a particular vertex, to which 
we adjoin bonds, in turn adjoining new bonds to those, 
and thus sequentially building up all possible diagrams. 
We shall find that certain diagrams are counted 
multiply, because they can be built up in different ways. 
However, we first ignore this fact and sum the sequen- 
tially built diagrams directly. We shall then demonstrate 
the procedure for correcting for the multiple counting 
in the summation. 

Consider the sequence of attaching one, two, three, 
. . . bonds to a particular vertex. The contribution of 
this sequence of diagrams is 

2 oo [28JoM1(c) |" 
TO= Yt. = LD M,(2) , » (A2) 


n=l n=l nn! 
or, by virtue of Eqs. (20) and (21), 
© =In(exp[28JoMi(a)e }). (A3) 


Now consider the particular diagram with three 
bonds, which is responsible for the contribution ¢; in 
Eq. (A2). To each of the free ends we can affix one, 
two, three, . . . bonds in turn. As we have seen, the 
effect of these additions is 


1 1 
13 — arene — ene 


1 
x| Mit ats (2a FM) ee 


1 3 
+.+-+—M,,;(28BJoM,)"+-- | , (A4) 
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or 
1 
13 — 15 =—M;(2BJ r™)?, 
3! 


where 


o 1 
ToO= , —M n41(2BJoM;)" 


n= n! 
7] s- 1 
0(2BJoM,) »—0 (n+1)! 





M nai(28J 0M)" 


=—————- In(exp(28/»M0)) 
8(28JoM;) hexp (28) olf 10 


=(¢ exp(28JoM10))/(exp(28J 0M 10)) 
=5-M,%S), 
and where 
(S; exp(28JoM)) 


MY (S;) si 
(exp(28JoMc)) 





= c S, exp{[28J0Mi(S.)-+-guo8H]S.})/ 


c exp{[28JoMi(S,.)-+guo8H]S.}). (A11) 


To summarize: adding bonds to the vertices of the 
diagram ¢; merely replaces M,(c) by =“ [Eq. (A5) ]. 
The quantity =“ has precisely the same form as M,(c) 
[Eq. (A10)], except that in the density function the 
quantity S is replaced by M,(S,) [Eq. (A11)]. 

If the process above is carried out for every diagram 
represented in Eq. (A2), we obtain 


co} 


1 
TY = Y —M,(0)(28J02)" 


n=l 1" 


=In(exp(28Jozc)). (A112) 


Adding another shell of bonds to each of these 
diagrams, we find 
T® = In(exp(28J »a)), (A13) 
where im 
r= §-—M,(S,), (A14) 


and where M,(S,) has the form of M,(S,) with 
M,(S,) replaced by M,®(S,) in the exponential 
weighting factors, 


8 
M, (S,)= > a exp{[26JoM," , (S,)+gu08H }S.})/ 
—S 


Ss 
(X exp{[28JoM i (S,)+-guoBH]S,}). (A15) 
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Continuing, we find 


T= In(exp(28/o2a)), (A16) 
where “ 
2 =§—M,(S,), (A17) 


and 


S 
My (S.)=(X S, exp{[28JoM i" (S,) + guo8H]S.})/ 


(S exp{[28JoM i" (S.)+-guoBH]S.}). (A18) 


In the limit, as n— ”, we equate M,'(S,) to 
M,‘"-»(S,) and denoting the limiting value by 


Ss 
M\(S,)= (L S, exp{[26/oM 1(S.)+ guo8H ]S,})/ 


(© exp{[28Jollf:(S.)+guo8H]S,}) 


=SB,[26/0.Mi(S,)S+gu08HS], (A19) 
where, as in Eq. (97), Bs is the Brillouin function. 
The correspondence with the zero-order result of Sec. 7 
begins to emerge, the quantity M,(S,) being identical 
to the quantity 5, there introduced. 

The limiting value of JT‘ is obtained by replacing 
M,™(S,) by M,(S,) in Eqs. (A17) and (A16): 


T =In(exp{28J ol S—M(S,) ]o}). (A20) 


However, this quantity is not the proper contribution 
to the free energy, because certain diagrams have been 
multiply counted. For instance, adding one bond to 
Fig. 6(b) produces Fig. 6(c). Also, adding one fork to 
Fig. 6(d) produces Fig. 6(c). In our counting we have 
permitted both of these possibilities, so that the latter 
diagram has been multiply counted. 

In the above procedure, we have arbitrarily singled 
out one particular vertex as the generating center of 
all diagrams. By making this vertex unique we have 
destroyed the symmetry of some diagrams, attributing 
to them incorrect weight factors. Thus suppose our 
initial vertex is labeled 7 in Fig. 6(e). Adding a fork 
to j we obtain Fig. 6(f), and we have attributed the 
weight factor 4 to this diagram. Clearly, it has a 
threefold symmetry, but that symmetry was reduced 
by singling out the origin vertex i as a root. In terms 
of the expansion having no distinguishable points, the 
rooted diagram gives the wrong contribution unless j 
rather than 7 is the root. 

Let us consider an alternate way of generating 
diagrams. We fix our attention on a particular bond as 
root, rather than a particular vertex. This bond alone 
gives a contribution 


R = (1/2!)(28Jo)M 2(o), (A21) 


Adding all possible bonds precisely as we have done 
above again simply replaces M,(c) by S—M,(S.) so 
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that the sum of all diagrams generated by a unique 
bond is pilin 

R= (1/2 !)(26Jo) [S—M,(S,) P. 


Again, various diagrams have been incorrectly counted. 
However, we now show that by subtracting R from T 
we cancel all counting errors and obtain the correct 
contribution to zero order. 

Consider some diagram such as Fig. 6(g). In gener- 
ating from a unique point, this diagram can be built 
with the central vertex as the root, and it then carries 
the correct symmetry factor. But it can also be built 
with one of the other vertices as roots, and it then 
carries an incorrect symmetry factor. Both of these 
possibilities are included in 7. In generating from a 
bond, the diagram has the same (incorrect) symmetry 
factor as it has in building from an outer vertex. 
Hence in the difference T—R, only the contribution 
arising from the central vertex root remains, and it 
carries the correct symmetry factor. 

For every Cayley tree a similar pairing of bonds and 
vertices is possible, so that in the difference T—R only 
the contribution from certain central elements remain. 
The basis of this pairing of vertices and bonds lies in 
the concept of the central element of a diagram. 

It is a well-established theorem” that every Cayley 
tree has either a central vertex or a central bond, 
defined as follows. One severs the diagram at the 
articulation point closest to each extremity of the 
diagram, thereby removing every bond with only a 
single articulation point (i.e., every terminal bond). 
One then repeats the process with the residual diagram, 
again removing each terminal bond. After repeating 
this procedure a certain number of times (this number 
is called the order of reducibility of the diagram), only 
a single vertex or a single bond (with its two associated 
vertices) remains. This remaining vertex or bond is 
called the center of the diagram. 

At each step in the reduction of a diagram, the 
removal of a terminal bond also removes the terminal 
vertex. The bond and vertex which are thus removed 
together clearly have the property that in the original 
diagram rooting one or rooting the other changes the 
symmetry of the diagram in the same way. The diagram 
rooted at such a vertex and the diagram rooted at such 
a bond cancel in the difference T7—R. 

Rooting the central element of a diagram does not 
change the symmetry of the diagram. This is almost 
self-evident, for rooting the diagram at an element 
merely makes that element unique and distinguishable. 
But the central element is already unique and dis- 
tinguishable, so that rooting it does not alter the 
diagram symmetry. 

The considerations above are essentially a proof of 
the subtraction procedure. In the first and simplest 
case, in which the diagram of interest has a central 
vertex, then all contributions cancel in 7—R except 


(A22) 


19M. S. Green, J. Math. Phys. 1, 391 (1960). 
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that generated from the central vertex as root, and 
that contribution carries the correct symmetry factor. 
If the central element is a bond, however, we must 
consider two cases. Let us suppose that the two vertices 
at the ends of this bond were nonequivalent in the 
original diagram. Then each of these vertices con- 
tributes the given diagram to T, and each with the 
correct symmetry factor. The bond itself, as a root, 
contributes the diagram once to R, again with the 
correct symmetry factor. Thus the diagram remains 
correctly in the difference 7—R. The remaining case is 
that in which the two vertices at the ends of the central 
bond were equivalent in the original diagram; this 
implies a twofold reflection symmetry in the original 
diagram, as in (5,10) of Fig. 1. Then we generate the 
diagram from one of these vertices in T (only from one 
of the vertices, because we use every type of vertex 
once as root). But in rooting such a vertex the diagram 
loses its reflection symmetry and hence has a symmetry 
factor twice as large as it should. From this we subtract 
(in R) the bond-rooted diagram, with the correct 
symmetry factor. Again the difference T—R is correct. 
Accordingly, we obtain the zero-order free energy by 
writing 
—BF = —BFo+ N(T—R), (A23) 
where F4 is given in Eq. (15). We thus find 


— BF = —4N(28J.:)M 2(S:) 


(A24) 


8 
+N In} exp{[28/oMi(S.)+gu8H}S.}, 


which is identical with Eq. (98), in virtue of the 
identity of M,(S,) and So. Thus we corroborate that 
the renormalization process of Sec. 7 is completely 
equivalent to the direct summation procedure, utilizing 
the method of subtraction of rooted diagrams as 
developed above. 

The zero-order diagrams have been summed by the 
expedient of subtracting the contribution of all dia- 
grams generated from a unique bond root from the 
contributions of all diagrams generated from a unique 
vertex root. In Appendix B a topological analysis of 
these and related higher order diagrams leads to the 
conclusion that it is always possible to generate dia- 
grams from various roots regarded as unique, and that 
by appropriate subtraction of the resulting contribu- 
tions all unrooted diagrams can be counted correctly. 


APPENDIX B. SUMMABILITY OF S-REDUCIBLE 
DIAGRAMS 


In this Appendix we extend the method of sum- 
mability by subtraction of rooted diagrams, established 
for the zero-order diagrams in Appendix A, to a more 
general class of diagrams. 

It was shown in Appendix A that the zero-order 
diagrams could be generated and summed as follows. 
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One first chooses a vertex as a root. To this vertex 
root one adds bonds in various ways, in turn adding 
bonds to these bonds, and thereby successively rami- 
fying the structure to obtain all possible zero-order 
diagrams. Rooting the diagrams simplifies the calcu- 
lation of the effect of adding successive structures, but 
leads to two types of errors. The symmetry factors so 
obtained are incorrect, and diagrams are multiply 
counted. Each of these errors is compensated for by 
repeating the process, starting from a unique bond-root, 
rather than from a unique vertex-root. The difference 
in the contributions so calculated gives the proper 
contribution of the zero-order diagrams. 

The diagrams to which we first wish to extend the 
above method of summation are the “S-reducible 
diagrams,” defined as diagrams having a single bond 
joined to an articulation point. Further generalization 
to all trees will be made subsequently. 

It is clear that any S-reducible diagrams can be 
considered as composed of S-irreducible diagrams con- 
nected together by single-bond chains. To suggest a 
relationship of S-reducible diagrams to Cayley trees it 
is useful to refer to these S-irreducible substructures as 
“hypervertices” and, for our present purposes, to think 
of them merely as different varieties of points, strung 
on single-bond chains. It is useful also to think of the 
single bonds as “hyperbonds” of several varieties, 
determined by the nature of their two associated 
vertices (or hypervertices). 

As discussed in Sec. 9, all S-irreducible substructures 
can be considered as hypervertices, so that S-reducible 
trees become analogous to Cayley trees. 

Each S-reducible tree has either a central bond or a 
central hypervertex, defined by a straightforward 
generalization of the reduction procedure described for 
Cayley trees in Appendix A. 

Each step of reduction removes, from each branch, 
a single bond along with its external hypervertex. 
Furthermore, the symmetry of the diagram is identical 
if either this bond or this hypervertex is considered as 
root. That is, the contribution calculated for the 
diagram if generated from that hypervertex as root is 
identical to the contribution generated from that bond 
as root. 

Consider the class of diagrams that is composed of 
all possible interconnections (by single-bond chains) of 
a particular set of types of hypervertices. We could 
attempt to calculate the contribution of this class of 
diagrams by generating the diagrams from a dis- 
tinguishable hypervertex of any type. Or we could 
calculate the contribution by generating the diagrams 
from each type of hyperbond as root. If the sum of the 
contributions calculated on the basis of each type of 
hyperbond as root is subtracted from the sum calculated 
on the basis of each type of hypervertex as root, all 
contributions except those arising from the central 
root of the diagram will vanish. 

If the center of a diagram is a hypervertex, it is clear 
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that the above subtraction procedure leads to the 
correct summation of diagrams. 

If the center of a diagram is a hyperbond, the net 
contribution after the subtraction procedure consists 
of the contributions generated from the hypervertices 
at the ends of the bond, minus the contribution gener- 
ated from the single bond itself. We consider two cases; 
either the two hypervertices are of the same type, or 
they are of different types. In the former case the 
hypervertices generate the diagram with a spurious 
factor of two, arising from the fact that the true 
symmetry of the center should contribute a factor of 
one-half because of the reflection symmetry, but that 
this symmetry is destroyed if one of the equivalent 
hypervertices is considered as unique. The central bond 
generates the diagrams properly, and the subtraction 
procedure therefore again leads to the correct summa- 
tion. In the second case, the two hypervertices at the 
ends of the central bond are different. In this case, 
each of the hypervertices generate the diagrams with 
correct symmetry factors, as does the central bond 
itself. In the subtraction the bond-rooted diagrams 
cancel the hypervertex rooted diagrams of one hyper- 
vertex, leaving those of the other hypervertex root. 

To repeat then, we have shown that all S-reducible 
diagrams are summable as follows. Each type of 
S-irreducible substructure is considered as a “hyper- 
vertex” and used as a root for the generation and 
summation of the diagrams. Similarly, each type of 
hyperbond (a simple bond terminated by particular 
types of hypervertices) is used as a root. If the sum of 
hyperbond-rooted contributions is subtracted from the 
sum of hypervertex-rooted contributions, the resulting 
difference is the correct summation of the diagrams. 
This is the result required for Sec. 9. 

The generalization of this subtraction procedure to 
more complicated trees which are not S-reducible, is 
straightforward. For any such tree every articulation 
point is a junction of two or more stars. In order to 
make clear the direct applicability of our previous 
discussion to this case, we make the following construct. 
At each articulation point we indicate the connection 
of each star to the articulation point by a hypothetical 
dotted-line bond, as in Fig. 4. Such dotted-line bonds 
make no contribution to the free energy, of course, but 
serve to reduce the topology of these S-irreducible 
diagrams to that of the S-reducible diagrams already 
considered. The analysis applied above to the S- 
reducible diagrams is then clearly applicable to trees 
that are not S-reducible. The hypervertices in this case 
are either the articulation points or one of a set of stars. 
The hyperbonds comprise the dotted-line bonds, which 
now always join one simple vertex to a star. 

Consider finally the class of trees composed of 
interconnections of a particular set of types of stars. 
These diagrams can be generated from a distinguishable 
star of each type (excluding single bonds) as root, 
leading to a set of contributions. Or, alternatively, these 
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diagrams can be generated from the distinguishable 
hyperbonds and dotted-line hyperbonds as roots. 
Subtracting the latter sums from the former sums then 
gives the correct contribution for all diagrams. Thus 
we find that we can sum all trees by this subtraction 
procedure, and we shall consider all trees as reducible 
diagrams, all stars as irreducible diagrams. 


APPENDIX C. A SIMPLE BUT ASYMMETRICAL 
RENORMALIZATION PROCEDURE 


In Sec. 10 we develop the theory of symmetric 
renormalization of all vertices. A simpler procedure, 
described briefly in Sec. 9, is simply to renormalize 
open end-vertices, as done in zero order. We show that 
such a procedure results in § being equal to the magnet- 
ization, and in the free energy being minimum with 
respect to S, although it does not eliminate all reducible 
diagrams. That this last requirement is important is 
demonstrated by the fact that this simple renormal- 
ization does not yield a satisfactory solution to first 
order; all divergences are eliminated, even in the 
susceptibility, so that no Curie temperature is obtained. 

As first-order diagrams we consider closed loops with 
attached chains (Cayley-Husimi trees). These chains 
may either terminate in open ends, or may have simple 
loops attached to their ends. This latter possibility 
associates with the first-order diagrams a certain 
number of higher-order diagrams, of course—this being 
a feature of any renormalization process. We choose S 
so that the contribution of the “end” of the chain (be 
it open or terminated by a loop) vanishes. The only 
first-order diagrams remaining then become the simple 
loops without side chains, and we therefore obtain the 
expression (121) 


— BF y'=—BNIvS+N In ¥ exp(8Ls,) 


—}$> In[1—28/(q)M2]. (C1) 


In this expression, the quantities Z and M, are defined 
in terms of the §, which still must be computed. 
Consider a particular chain attached to some diagram. 
If the chain is open it contributes a spin factor M,(o) 
to its diagram. If it carries all possible double bonds 
(the simplest closed loops) it contributes an additional 
factor of (28)?>°;J:i?M3;Me to its diagram. If it 
carries all possible 3-bond loops it contributes 
4(28)* > ix JiiJ jx J iM 3M 2 to its diagram, the factor of 
+ coming from the possibility of interchanging the 
equivalent indices 7 and &. In fact, if we denote the 
contribution to —8F of a closed cycle diagram by fr, 
its contribution when joined to a chain is (1/N)DF,, 
where DM."=nM,..""'M3; that is, D is our index- 
raising differential operator. The factor 2 accounts for 
the fact that any of the points on the loop can be 
joined to the chain; and the promotion of one of the 
factors M2 to M; corresponds to the effect of the 
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RY: 


Fic. 7. Diagram (a) is eliminated, but diagram (b) is not elimi- 
nated, by the renormalization procedure of Appendix C. 


jointure. The quantity /, is the mth term in Eq. (119), 
and the sum of all possible contributions arising from 
loops attached to the end of the chain is 


eel 
M \(c)— —DF° 


4 


1 
=M,(c)— —D¥ Inf1—28/ (q)M2(c)] 
2N ‘« 


’ 1 _ 28)(q)M;(0) 
=§-M,\(S.)+—=X 
2N “T 1-28) (q)M:2 


= 5—M,(S.)—TM(S.), (C2) 
where I’ was defined in Eq. (120). Setting the total 
contribution of the end of the chain equal to zero, we 
evaluate S by 


S=M,(S,)+TM;(S,). (C3) 


We now show easily that this choice of S minimizes 
F,’. Differentiating Eq. (C1), which is identical to 
Eq. (121), we obtain the result given in Eq. (150), 
whence 


(aF /'/08)y=2NJo. S—M\(S,)—'M3(S,)]=0. (C4) 


This relation also makes it particularly easy to 
compute the magnetization, by differentiating F’ at 
constant S, 


My’ = — OF y'/9H = NguolMi+ TM; ]= NguoS. 


Hence this renormalization achieves both of the 
desirable features: F;' is minimum, and S is the 
magnetization. However, computing the susceptibility, 
we obtain 


1 aN ’ 


val = guodS/0H = guo(0/0H)[M,4+1M; | 
N 0H 


M.+TM,4+-AM? 


1—28)(Ms+TM,+4M;?) 


= g7u0°B— (C5) 
The quantity AM;? approaches zero as S approaches 
zero (as it must at the Curie temperature). If there is 
to be a transition, the remaining terms in the denomi- 
nator must vanish as S vanishes. However, there is no 
solution to the equation 


1 = 28] of M.+TM al, 


and hence this type of simple renormalization leads to 
no transition at all. 
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The fact that renormalization confined to the ends of 
chains eliminates the reducible diagram Fig. 7(a), but 
retains the diagram of Fig. 7(b), suggests that these 
diagrams should be treated in a symmetrical fashion. 
This is done by renormalization of all vertices in the 
diagrams, in Sec. 10. 


APPENDIX D. INTEGRAL REPRESENTATION OF 
THE RENORMALIZED SEMI-INVARIANTS 


In this Appendix we obtain an integral representation 
for the quantities M, and ¢. An examination of the 
properties of those quantities will show that the M, 
retain all the basic properties of the original semi- 
invariants, and that ¢ serves as the generating function 
of these renormalized semi-invariants. 

We have previously defined [in Eqs. (162) and 
(163) ] the quantities 
M,(gL)=M,(x)=exp(T'D,)M,(x), 

r=0,1,2,---, (D1) 


and where in addition 


M.= o= exp( P'D;?)¢(BL) 


S 


=exp(PD,;*) In © exp(8Ls,). 


S 


(D2) 


The differential operator Dr was defined by 


Dr= (1/28Jo)(0/A8), TP const. (D3) 


The only detailed property of the M, which we use 
is the index raising property of the differential operator : 


DrM.=Mosr. (D4) 


In particular it is to be observed that all these functions 
depend on the external field H and the parameter S 
only through the function @L=«=8(2J~S+guoll). 
Thus we can also regard 


Dr=(0/dx), fF const. (D5) 


The exponential exp(ikx) is an eigenfunction of any 
operator function of the form exp[_a(d/dx)" ], where 


exp[a(d/dx)"] exp(ikx) = exp[a(ik)"] exp(ikx). (D6) 


This suggests the utility of introducing the Fourier 
integral for the M,, 


M,(x)= (2m) | e-‘*2M7,(k)dk, 


/ —2 


(D7) 
where 


M(k)= (2x) if e*=M ,(x)dx. (D8) 


0 


On substituting (D7) in Eqs. (D1) and (D2), we obtain 
for the transformed semi-invariants, 


M A(x)= (29) / e~**= exp(—Tk)M,(k)dk. (D9) 
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We regard this integral as the Fourier transform of the 
product of two functions: 


M,(x)= (2m) / F(k)G(k)e**dk, — (D10) 


where 
F (k)=exp(—Tk?), (D11) 
and 


G(k)=M,(k) (D12) 


The Fourier transforms of the two functions F(k) and 
G(k) are 
f(x)= (an)-4[ F(k)e~**dx 

he: = (2P)-! exp(—2?/4P), 


p® 


g(x) = (2x)-3 | G(k)e-*#dx=M,(x). (D14) 


2 


(D13) 


and 


The Faltung theorem relates the Fourier transform of 
the product F() and G(R) to an integral of the product 
of f(y) and g(x—y) in the form 


Qn) [ F(k)G(k)e~**dk 


¥ —eo 


= (2n)-3 [ “f(y)g(x—y)dy. (D15) 


Thus using Eqs. (D13) and (D14) for f and g, we obtain 


M,(x)= (2m) | (2T)-! exp(—y?/4P) 
ah, XM,(x—y)dy. 
It is convenient to make the substitution 


(2r)-3 


(D16) 


(D17) 
whereby 


M,(x)= (27) | exp(—?/2)M,[x—u(2P)* |du. (D18) 
This is then the integral representation of M, which 
we have sought. It will be observed that in the limit 
that the first-order effects become negligible, i.e., 


f—0, M(x) M,(x). 


More explicitly, the M,(«) are functions not only of 
x=BL, but also of the quantity [f. The differential 
properties of the M,(«) are conveniently obtained by 
means of the partial derivatives (OM,(x) Ox)F and 
(0M,(x)/aP),. The first of these is obtained directly 
by differentiating equation (D18): 


aM Lx—u(2 Pr) 1 


— [- 
( Ox Jf ¥ 7 Ox (2m)! 


Xexp(—u?/2)du=M,,,(x). (D.19) 
The derivative with respect to f can be obtained by 
differentiating equation (D16) directly and integrating 
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by parts. It can also be obtained from the expression 


— m= £ 
M,=exp(fD;*)M,= = _ Tr") 


0 a 


Lr2n(x), (D20) 
a. « aan 
=F —_ BM 39) 
or 1 (n—1)! 
0 [ 
=>" —M 532107 


0 n! 


(x)=M,42(x). (D21) 

Thus all of these quantities can be generated by 
repeated. operation of Dr on the generating function 
M = 4, just as the M, were generated from ¢. 


APPENDIX E. CALCULATION OF TOTAL 
DERIVATIVES OF 5 AND f° 
Equations (154) and (160) for S and Ff are of the 
implicit form 


S= M,(6,H,S(8,H),T(8,4)), (E1) 


and 


=W(6,H,5(8,H),P(8,H)). (E2) 


Differentiating oes respect to H leads to coupled 
equations for 0S/dH and éf/aH: 


as aM, 
aH dH 
ar aw 


0M,aS oaM, 


aS aH af an’ 
aw af 


(E3) 


— as 
ona oe ' (E4) 
aH on as 0H of 0H 


Similarly, for 8S/a8 and af 


equations 


08 we must solve the 


aS aM, aM,aS8 am, af 


on ae een, (ES) 
0B OB as a8 or ag 


or ow aw as aw af 
ee 
0p OB 


Recalling that 
W = (2N) 3) {28J (q)/[1— 28] (q)M2}}, 


= (E6) 
as aB or 0B 


we compute the eight derivatives listed in (E3)—(E5): 
1 0 My 1 aM, -_ 


Beuo 9H 28J, aS 
1 ow 1 ow 


pray aH 

am, 

ed 
om, 

- 


28S as 


=M;, 


op 
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Solving Eqs. (E3) and (E4) for 0S8/dH and df/aH 
we obtain 


as AM? 
—= Seu) M. are a 
OH 1—AM 


AM; —l 
x| 1-284 (7.4 — ) ~ Ce 
i— Am, 
and 


ar AM; — AM; i 
—=Bgu { =| 230o{ Mat | . (E8) 
oH 1—AM, 1-AM, 


The solutions of Eqs. (E5) and (E6) in turn are 


as L as 
=— —+¢°M,(f+AM,) 
08 Bguo dH 


<[(1— 28JoM>)(1-AM,)—28J,.AM2}", (E9) 


~ 41-1) 1—287 MM, \— 237, 4M. 


(1—28J,.M.)+4(LM;+6°M.— 2) .M; r) 


(E10) 


In addition to these total derivatives the derivatives 
of various higher order semi-invariants are of interest. 
Thus, for example, 


aM./ 08 = LM;+ 28) .M 8 08+M of 0g. (E1 1) 


APPENDIX F. BEHAVIOR OF THE SOLUTION AT 
THE CURIE TEMPERATURE 


In this Appendix the behavior of the solution at the 
Curie temperature is examined and the results of Sec. 
11 for the specific heat are validated. We examine the 
limits as the Curie temperature is approached from 
above and below as follows: To determine the behavior 
as T. is approached from below, we take the limit 
8— 8. for nonzero H (and hence also nonzero §), and 
we then take the limit H—0. To determine the 
behavior as T, is approached from above, the limits 
are not so delicate, and we can first take H (and all 
odd semi-invariants including S) to be zero, and then 
we allow 8 to approach £,. 

We evaluate several auxiliary quantities in order to 
obtain the limiting values of cy at 8, as approached 
from both low- and high-temperature sides. One such 
quantity is 


1—28,J.M> 
lim —————-= lim — 


H-0 Ms H-) 4M, 3 


—28.J (@M2/dH) 


(aM,/aH) 


where the last form of (F1) follows by the use of 
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CALLEN 


L’Hospital’s rule. Differentiating, we obtain 
, 1—28.J.M: ss 2B Jo B. guoM ; 
lim ————-= lim —— |= —— 

“| =r - 4 M¥(a8, 3H) 


28.J oM 3 


Mm; 


M, (ef/aH) 
Mm, 3 (a8, =o 

In the calculation of the susceptibility, Eq. (192), we 
saw that 8, corresponds to 28,.J)M2=x""'. The quantity 


A diverges as F’(x) or (x—1)~4. Using the divergence 
of A at T, we find, from Eq. (E7), 


as, 
lim (—) - 
H-0) \0H / 2. 


and from (E8), 


or 
lim (=) - 
4) \0H/s. 


Inserting these results in Eq. (F2) we obtain 


1—28J.M- — (28.Jo)?/M;\3 
itt cenistetnioemncieoe it Mat somes (=). (F5) 
1 


H-—0 M i if 


H#~ 4M.M, 


B. gHoM » 
1—28, Jol» +28, TM? M 


(F3) 


— Bega M; Mo 


. (F4) 
1—28,J M, +28, TM? a 


We now examine 


M; 
lim (=) - 
H-—0 M, 


again by use of L’Hospital’s rule. 
differentiation, 


M; 
lim ( ),- 
H-~ M, 


(0M;/dH) 
= lim —— 


4H” (9M, /aH) 


(F6) 
This becomes, on 


E bHoM 
= im 
HL @S,/aH 


as _ df 7d8.\— 
+28.J.M.+M; (- ) i (F7) 
OH\0H 


the other terms vanishing as a consequence of Eqs. 
(F3) and (F4). Thus Eq. (F5) becomes 


i- 28-JoM» 
lim em SB 
H-0 M+ 


_ — (28. Jy)? 
-(28.J oM ,)? 
4M, M, 


‘ Me 
=—}(28Jo)—, (F8) 
i.e., 1—28.JoM2 goes to zero as M\‘=§,', 
~(x—1)-! diverges as M,?, or M2Ai~MA 
at the Curie temperature. 

Using these results we can evaluate [from (E10) ] 


af 26.J 0M; My M, 
im (g—) = 
w-0\" 9g /s. —28.JoM3? 


while A 
= const 
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and from (E9) 

M.M; 
"a8 28.JoMl? 
The specific heat is given by Eq. (202), with H=0, 


lim 
H-0 


cnatesamerete =0. 
28.JoM?/M. 


as 28.J.M.M, 
( ) = (F10) 
Be 


1 dk 
= ii. 
N 


. as, 
—= 28 o(M +) 3 ‘)B- = 
ag 0p 


an 


+(M.4+M.P)p—+ (28/.M\M;—M,)f, (F11) 
0g 


and using the limiting values of 805,/08 and BaT/ag 
from (F9) and (F10) respectively, we obtain 
CV 


lim — 
TT B 


—M.L 


28.J oM ‘ 


M; - 
=— —-2MP. 


(F12) 
M, 
Since all terms depending on odd semi-invariants vanish 
in the limit T7— 7; and are identically zero (H=0) 
above 7., it is clear the limit T—T7,* will give the 
same value as J —T-;, i.e., the specific heat is con- 
tinuous at 7,. Thus 
’ CV ‘ Cv M2 _ 
lm —= lim —=— — —2M I. (F13) 
ToT R TTe* k M, 


The slopes of the specific heat curve for TST, and 
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T=T, can be obtained from the approximate forms of 
cy slightly above and below T,. For TST, 


1 — — 28] .M M 2 
~cy (i+ M0.) — ioe 
k M2/M, 


, 1 Ocy T(a4/ag)[(M, +M; )] 
——, oa —* an cee — 
T>Tc” k OB M;? 


(F15) 
Since, near x= 1, 
dA/dB~1/(x—1)!~1/M), (F16) 
while a 
A’~ 1/(x—1)~1/M4, (F17) 
it follows that dcy/d8 diverges as M,-*. Similarly, for 
tate Pat x 
(1/k)cv~—M?/M,—2M.1; (F18) 
carrying out all differentiations and taking the limit 
T — T.*, we find that 


Ocy 
lim —— 
TT -* 0g 


is finite. Thus the slope of the specific heat versus 
temperature curve is finite if 727, and is infinite if 
, ate 
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Energy Bands in Periodic Lattices—Green’s Function Method 


F. S. Ham AnD B. SEGALL 
General Electric Research Laboratory, Schenectady, New York 


(Received August 4, 1961) 


The mathematical basis of calculations of energy bands in periodic lattices using the Green’s function 
method is presented and the method’s usefulness discussed. The original formulation of the method by 
Kohn and Rostoker is modified to achieve more efficient and accurate evaluation of “structure constants”’ 
using symmetry considerations and the full Ewald summation procedure. Formulas are derived giving 
the wave function both inside and outside the sphere inscribed in the unit cell. The method is demon- 
strated with the 3-dimensional Mathieu potential. Convergence is found to be very rapid both in this test 
case and in practical calculations on metals, and accurate energies and wave functions can be obtained 
without elaborate calculation even at points of low symmetry within the Brillouin zone. 


I. INTRODUCTION 


N separate papers we give the results of calculations 

on the energy bands of the alkali metals,' aluminum,? 
and the noble metals,’ obtained by a procedure proposed 
by Kohn and Rostoker* which we shall call the Green’s 
function method. (The same method was proposed 
previously by Korringa® from the different point of 
view of the multiple scattering of waves. This alter- 
native approach has also been discussed by Morse.*) It 
is the purpose of this paper to present the mathematical 
basis of these calculations. Although the fundamental 
equations of the Green’s function method were given by 
Kohn and Rostoker in their original paper,‘ we have 
found it essential to modify their procedures in several 
important respects to make the method suitable for 
extensive accurate calculations. In particular, accurate 
evaluation of the “structure constants” necessitates use 
of the full Ewald procedure of summation in both 
coordinate and reciprocal spaces, and advantage may 
be taken of symmetry to reduce to a minimum the 
number of independent structure constants that must 
be computed. We have extended the derivation to 
provide a formula for the wave function outside the 
sphere inscribed in the unit cell, and we have found a 
more accurate procedure for calculating the coefficients 
of terms in the wave function inside this sphere. 
Together with these new results, this paper summarizes 
the formulas of the Green’s function method in the 
form we have found most convenient for practical use. 
We also give a brief demonstration of the method’s 
accuracy by using it on the 3-dimensional Mathieu 
potential, exact eigenvalues of which are known.’ 

The Green’s function method for calculating energy 
bands in solids shares with other methods such as those 


' F, S. Ham (to be published). 

? B. Segall, following paper [Phys. Rev. 124, 1797 (1961) ]. 

* B. Segall (to be published). 

4W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954). 

5 J. Korringa, Physica 13, 392 (1947). 

*P. M. Morse, Proc. Nat. Acad. Sci. 42, 276 (1956). 

7 The Green’s function method has been applied previously to 
the diamond structure and has been tested on a potential for 
which the tight-binding approximation is valid [B. Segall, J. Phys. 
Chem. Solids 8, 371 (1959) ]. 


of augmented** or orthogonalized plane waves" and 
the various cellular methods®" the advantage of 
taking accurate account of the polyhedral shape of the 
atomic cell. With these other methods, it thus represents 
a major advance over the spherical approximation of 
Wigner and Seitz,'® which has been used extensively 
in band calculations on metals. This is especially so 
when one seeks departures from spherical energy surfaces 
such as occur even in a “nearly-free-electron” metal 
like sodium for states near the Brillouin zone surface. 
Recent interest, both theoretical and experimental, has 
attached particularly to the shape of the Fermi surface 
in metals,!” and knowledge of band shapes in semicon- 
ductors and semimetals has been of vital importance in 
understanding the properties of these substances. 

An especial advantage of the Green’s function method 
is its rapid convergence. This is much better than that 
found in calculations with other methods as reported 
in the literature, though it is probably rivaled by recent 
work with forms of the augmented plane-wave method. 
In particular, the method permits accurate calculation 
at points of low symmetry within the Brillouin zone 
without requiring use of unmanageably large deter- 
minants. The method has the further advantage that 
the calculations are relatively simple and in many 
interesting cases can be done by hand, once tables are 
prepared of “structure constants” which are charac- 
teristic of lattice type but independent of the particular 
crystal potential or lattice constant. The method is a 
variational one leading to a stationary value for the 

® J.C. Slater, Phys. Rev. 51, 846 (1937). 

'M. M. Saffren, Ph.D. thesis, Massachusetts Institute of 
Technology, 1959 (unpublished). 

10 C. Herring, Phys. Rev. 57, 1169 (1940). 

"T, O. Woodruff, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1959), Vol. 4, p. 
367. 

2 J. C. Slater, Phys. Rev. 45, 794 (1934). 

°F, von der Lage and H. Bethe, Phys. Rev. 71, 612 (1947). 

4D. J. Howarth and H. Jones, Proc. Phys. Soc. (London) A65, 
355 (1952). 

'8 W. Kohn, Phys. Rev. 87, 472 (1952). 

‘6 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); ibid. 46, 
509 (1934). 


1 The Fermi Surface, edited by W. A. Harrison and M. B. Webb 
(John Wiley & Sons, Inc., New York, 1960). 
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energy, but the convergence is sufficiently rapid to 
permit satisfactory calculation of wave functions as well. 

We are concerned in the Green’s function method 
with solving an integral equation within a single unit 
cell. As with “cellular” methods and the augmented 
plane-wave method, this is conveniently done only if 
the crystal potential can be represented approximately 
as being spherically symmetric about each ion and 
constant in the cell corners—the “muffin-tin” form of 
potential.'* This restriction does not seem a severe 
handicap in dealing with most solids of current interest, 
particularly metals. This approximation to the potential 
can generally be corrected for by perturbation theory. 

In the course of our work on the alkali metals and 
aluminum we have made extensive calculations of the 
structure constants for body-centered and face-centered 
cubic lattices. These have been collected in tables for 
some of the more interesting points in k space and are 
available from the authors.’ If calculations are under- 
taken at more general points in k-space than those 
covered in the tables, the structure constants may be 
computed efficiently from the formulas of Sec. VII 
below using an automatic computer of capacity and 
speed comparable to that of the IBM 704. 

We do not repeat in this paper the derivation of the 
Green’s function method or of many of the formulas 
we use but instead refer the reader to the relevant 
portions of Kohn and Rostoker’s paper for such proofs.” 
We conform so far as possible to Kohn and Rostoker’s 
notation, although we have found it desirable to make 
some changes in their choice of the basic quantities, in 
order to facilitate calculation. 


II. BASIC EQUATIONS 


We seek propagating solutions ¥(r) of Schrédinger’s 
equation 
(2.1) 


[-—V?+V (r)—E}y(r)=0, 
in a periodic potential V(r), so that 
¥(r+r,)=exp(ik-r,)y(r). 


Here k is the crystal momentum vector, and fr, is any 
translation vector of the lattice. Kohn and Rostoker 
have shown that y(r) satisfies the integral equation 


(2.2) 


'8 The restriction of standard cellular methods to a muffin-tin 
form of potential has not generally been recognized, the usual 
tacit assumption being that it suffices if the potential within the 
entire unit cell is spherically symmetric about the central ion 
But if the potential is not constant in the outer parts of the cell, 
one has no assurance that the usual spherical harmonic expansion 
of the wave function converges outside the inscribed sphere. This 
question is discussed in an article by Ham (reference 17, p. 9). 

 B. Segall and F. S. Ham, “Tables of Structure Constants for 
Energy Band Calculations with the Green’s Function Method.” 
These unpublished tables for the bec and fcc lattices may be 
obtained ote the authors. They include the principal symmetry 
points and a few points on the symmetry axes, for a limited range 
of energy. 

20 Equations in reference 4 will be indicated by, for example, 
(KR 2.14) if reference to Kohn and Rostoker’s Eq. (2.14) is 
intended. 


IN PERIODIC 


LATTICES 
(KR 2.14) 


vin= | G(r,r')V (9) (r’)d7’, .3) 


where the integral is over the interior of the unit cell 
of volume 7, and (KR 2.9) 


1 exp[i(K,+k)-(r—r’) ] 


G(r,r')=— (2.4) 


, fe (K,+k)?-£E 


Here the summation is over all vectors K, of the 
reciprocal lattice, and E is the energy eigenvalue appro- 
priate to ¥(r). The Green’s function G(r,r’) satisfies 


(V+ E)G(r,r’)=6(r—r’), 


Gi 7)=G"(e1r), 


(2.5) 
(2.6) 


and 
G(r+r,, r’)=exp(ik-r,)G(r,r’), 


for all r, r’ within the cell. 

Kohn and Rostoker introduced a variational pro- 
cedure (KR 2.15, 2.16) for solving (2.3) and showed 
that if the resulting wave function is in error by an 
amount éx(r), the error in the energy is of order #. 
Restricting our discussion to a potential of the ‘“muffin- 
tin” form—spherically symmetric about each ion within 
the sphere inscribed in the unit cell,?!” and constant 
elsewhere—we use a trial function of the form 


in 
Y(r)=>> > iC, Ri(r) Yi;(8), (2.8) 


l=) 7 


within the inscribed sphere. Here Rj(r) is a radial 
function which is finite at r=0 and satisfies the radial 
differential equation 


1d d 1(i+1) 
| - ( + +V()-E |Rilr)=0, (2.9) 
r? dr\ dr r° 


for the same value of £& used in constructing G(r,r’). 
The functions Yz;(r) are linear combinations of 
spherical harmonics of angular momentum /, with 
argument the angular coordinates of r. These com- 
binations are chosen such that they transform under 
the irreducible representations of the symmetry group 
of the wave vector k, and they are normalized, real, 
and mutually orthogonal : 


[ de | sinddéY,;(r)Yy j (4) =8 14 ;;”. (2.10) 


Only those combinations having the same transforma- 


*| We restrict out attention to lattices with a single ion in each 
unit cell, located at the center of the cell. “Complex” lattices are 
considered by Segall in reference 22, and the methods of the 
present paper may be generalized directly to such cases. 

* B. Segall, Phys. Rev. 105, 108 (1957). 
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tion properties under the group of k enter (2.8) for a 
single y(r). 

If the zero of energy is adjusted to coincide with the 
constant value of V(r) in the region outside the 
inscribed spheres, the integrand in (2.3) differs from 
zero only within the inscribed sphere. Kohn and 
Rostoker’s variational principle then prescribes that 
the coefficients C;; in (2.8) be chosen to make a func- 
tional (KR 2.16) stationary under variations in the C;;. 
This requirement leads to equations determining the C;; 
(KR 2.27) 

Ler vrAi.vyCrvy =0. 
Here (KR 3.15) 


Auj.v = CRi(r), filer) {Buy.v 7 LRe (1), jv (wr) ] 
+ 5155 5°LRi(r),ni(xr) ]} ° 


(2.11) 


(2.12) 


The coefficients %,;..; derived from G(r,r’) are 
functions of k and E and will be defined below. We 
define 


[F,G]=(F(n)dG(r)/dr—G(r)dF (r)/drjr_r;, (2.13) 


the functions being evaluated at the radius r; of the 
inscribed sphere. In (2.12) 


x=E}, E>0 


=i(—E)!, E<0 (2.14) 


and j,(xr) and m,(xr) are the spherical Bessel and 
Neumann functions,”’ which are related to the standard 
Bessel functions J_(x) by 


jilx) = (x/2x)J 44 (x), 


2.15 
ny(x) = (—)'**(4/2x)1J_14(x). em) 


A necessary condition for a nontrivial solution of (2.11) 
is (KR 2.28) 


Det Ajj. j=. (2.16) 


Since Aj;;.1j is a function of E through the structure 
constants, the spherical Bessel functions, and R,(r), 
(2.16) provides an equation for the approximate energy 
eigenvalue obtained for a given k from the trial function 
(2.8) with its summation terminated at ly. 

The Green’s function G(r,r’) can be expanded for 
r<r’ <r, as (KR 3.13) 


G(r,r’) =>" > [i a B:; ij jilxr) jv («r’) 


+61) 65; jilxr)ni(xr’) \Yij(2) Yr; (2). (2.17) 


Alternatively, since G(r,r’) is a function of R= (r—r’), 
we have (KR A2.8) 
G(r,r’) = — (1/44R) cosxR 


(2.18) 


+¥° i’Drsjr(eR)Yrs(R), 
LJ 


% P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Vol. I, 
p. 622. 
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for R<rs. The D_,y are the “structure constants” which 
we have evaluated. We have the relation (KR A2.14) 


Biju jp =4e DV DrisjC", 


LJ 


(2.19) 


where 


CHrey= | de| sin6d@ Vrs (1) Yi;(r) Y; i (r). 
0 0 


(2.20) 


C¥ 133 is zero unless |/—I1’| < L< (/+1’) and (J+-1’+L) 
is an even integer. Hence 


Bij = Br jrsti, 
and, from (2.12), 


Aaj, 7 = Av 5°;1;- (2.21) 


The equations above have been modified from the 
form given by Kohn and Rostoker, in order to eliminate 
powers of i=(—1)! that otherwise enter the final 
equations when E>0. Thus we use real angular func- 
tions Y,;(r), and we introduce a factor i! in (2.8) to 
permit choosing all the C;,’s real in a lattice possessing 
inversion symmetry at the ion. Accordingly, i~'?B3;, 1; 
in (2.17) replaces Ajj, ; in (KR 3.13), and from (2.18) 
and (KR A2.8) we find that our Dz, equals i-” times 
Kohn and Rostoker’s D,y. Our Dz, are real numbers 
for simple bec and fcc lattices for E>0. 

For E<0, « becomes imaginary according to (2.14). 
In place of (2.12) we now express Aj;,;"j as 
Aaj.v j= ([Ri(r) U(x 1) Jew hw Bis. 

XCRr (r), Ur ( x|r) |+ K 5 14/8 5” 
<[Ri(r), —Vil\x\r)]}, (2.22) 
where 
2 g(t) | (1+1’) odd 
(i+1’) even, 
(1+1’) odd 


(J+1’) even 


= jel) 
=f. 
Ui K\f) = § ‘a(kr), 


Vil \x|r)=a- 


(2.23) 
11 (xr), 


are real for E<0. Bj;.1; is obtained from (2.19). When 
E<0, Drs is real when L and (/+/’) are even, and 
iDzy is real when L and (/+/’) are odd. Thus (2.22) 
permits calculation of A;;,,; in terms of real quantities 
when E<O, as does (2.12) for E>0. 


III. PROCEDURE FOR EVALUATING EIGENVALUES 


Energy eigenvalues are found by locating the values 
of E for which the determinant of the A;,;-,;- vanishes, 
according to (2.16). We have found it convenient to 
tabulate the structure constants Dz, , the radial 
functions, and the spherical Bessel functions at a 
sequence of energies, evaluate the determinant at a few 
of these energies near an eigenvalue, and interpolate to 
locate the zero. Starting from a trial function com- 
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prising a single Y.;(r), we have added independent 
terms until further increase in the size of the deter- 
minant makes no further change in the eigenvalue. 

The quantity [R:,j;] is a factor in all Aj;,1 ; appearing 
in the (17) row of the determinant. Hence if [Rn,jn] is 
zero at E=E’, all determinants arising from trial 
functions containing Y,;(r) are zero at £’. However EL’ 
is not an eigenvalue of the original integral equation 
(2.3),24 so that such roots of (2.16) must be distin- 
guished and excluded. 

An inconvenience in interpolation may occur if an 
eigenvalue falls near a value of (K,+k)*, for G(r,r’) 
as a function of E has simple poles at these points. Such 
singularities occur whenever there exist solutions to the 
homogeneous free electron Schrédinger equation 


(—V?—E) ¢(r)=0, (3.1) 


and to the boundary conditions (2.7) for the same k 
for which G(r,r’) was constructed, since at this E a 
solution of the inhomogeneous equation (2.5) does not 
exist. A determinant of the Aj;-,; is thus singular at 
this £ if from these free electron solutions one can 
form a linear combination belonging to the same irre- 
ducible representation of the group of k as the Y;;(r). 

Eigenvalues frequently occur near such singularities, 
since an eigenvalue in a crystal is often close to the 
corresponding free electron energy. It is possible to 
reformulate the integral equation (2.3) to eliminate a 
singularity, and to construct a variational principle 
equivalent to the resulting inhomogeneous integral 
equation which leads to a stationary value for the 
energy. However, we have not found this to be as con- 
venient a procedure for calculation as that based on 
the homogeneous integral equation (2.3). Accordingly, 
we have chosen to use the latter in all of our work and 
to tabulate the structure constants using a sufficiently 
small interval in /. Satisfactory interpolation has usu- 
ally been possible if there is at least one tabulated point 
between an eigenvalue and the nearest singularity. The 
singularity in Aj;.~j; may of course be removed by 
multiplication by [E— (K,+k)*]. 


IV. CALCULATION OF WAVE FUNCTIONS 
Within Inscribed Sphere 


The wave function within the inscribed sphere is 
given by (2.8); the coefficients C;; are determined by 
the linear homogeneous equations (2.11). 

Instead of solving these equations directly at the 
eigenvalue, which necessitates evaluating the structure 
constants at that energy, we may set one of the coef- 
ficients equal to unity and solve for the (m—1) others 
at the tabulated energies, using (n—1) of the equations 

*4 This follows from Appendix 1 of reference 4, where the integral 
equation is converted to a set of linear equations for the Cy. 
These equations differ from (2.11) in that the coefficient of Cy; 


is Auj;1j/LRi,jij. The determinant of these equations does not 
vanish at the zeros of [Ri, jz]. 
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used in constructing the determinant that gave the 
eigenvalue. We then interpolate the resulting values for 
each C,; to the eigenvalue. However, although many 
Ci; are small at the eigenvalue, they are often found in 
this fashion to vary rapidly with energy. Interpolation 
is consequently unreliable, and this procedure provides 
little means of estimating the accuracy of the final 
result. 

We have chosen to calculate the coefficients by 
modifying this procedure to permit more accurate inter- 
polation and to make evident the extent to which the 
value of the coefficient converges to a final result as 2 
is increased. Let us denote the linear equations (2.11) by 


(4.1) 


where we have ordered the C;; in order of decreasing 
importance in the construction of the wave function 
and have relabeled them for simplicity as C,, g=1---n. 
Setting 


C,=1, (4.2) 


we prove in Appendix I that for g=2, 3, --: 


(4.3) 


A lm 


Azm| > (4.4) 


A mm 


A lm 


Am 1,3 Am—1,m| 


K» is the (m—1)th order determinant obtained from 
(—)""L,, by suppressing the first column and last 
row. Hm, is (—1) times the determinant obtained from 
K,, by replacing the last row by zeros except for a one 
in the column that contained Am_i,q in Km. 

From (4.3) we see that C, has been expressed as a 
series such that an increase in m, the number of equa- 
tions and coefficients in (4.1), adds terms to the series 
without modifying the terms already present. Ly» is 
the mth order determinant of the A,,’s, the zeros of 
which give the eigenvalues in the approximation of 
retaining m terms in the trial function. Thus terms in 
the series (4.3), evaluated at the approximate eigenvalue 
obtained from L,, should diminish in magnitude with 
increasing m as the eigenvalue obtained from L, 
approaches that obtained from L,. The individual 
determinants Lm, Km, and Hmg vary smoothly with 
energy, except of course near a singularity, and they 
can be interpolated to the eigenvalue more satisfac- 
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torily and their error estimated more reliably than has 
been possible with the C, themselves. Thus the advan- 
tage of (4.3) is that it exhibits the convergence of the 
value of C, as m is increased and permits a satisfactory 
estimate of its error due to uncertainty both in the 
location of the eigenvalue and in the interpolation of 
the various necessary quantities. 

The principal source of uncertainty in the C, as 
obtained from (4.3) is in the interpolation of L», since 
a small absolute error in the value of L,, at the eigen- 
value causes a large relative error in the corresponding 
term of (4.3) if Z,, is small. To reduce this uncertainty 
we may take advantage of the fact that the different 
L,, usually vary with energy in a very similar fashion 
over a small energy range. We then determine constants 
am» and 8,, such that 


s(E)=Ln(E)—an—BuLl,(E) (4.6) 


is as small as possible over an energy range including 
three or four tabulated points Z, near the eigenvalue. 
In particular, we find the values of a, and 8, which 
minimize >>; [s(£,) >. If the zero of LZ, defines the 
eigenvalue E’, then by (4.6) 


La(E’)=ant+2(E’). (4.7) 


If z(£) is plotted at the few tabulated points, one 
usually finds that z(£) is a smoothly varying function 
of energy and that one can estimate its value at. FE’ 
with less uncertainty than one would have to attach 
to a direct interpolation of L,,(E’). 


Outside Inscribed Sphere 


Since the part of the unit cell outside the inscribed 
sphere does not have spherical symmetry, expansion of 
the wave function in spherical harmonics as in (2.8) 
does not provide a convenient representation in this 
region. Instead, we expand y(r) in this region in plane 
waves. 

We recall that V (r) is zero for the muffin-tin potential 
outside the inscribed sphere, so that the domain of 
integration in the integral equation (2.3) is the interior 
of the sphere. We can then transform the integral 
equation to provide a representation of ¥(r) for r>r, 
in terms of known quantities evaluated at the surface 
of the sphere. 

Substituting for [V(r’)¥(r’)] in (2.3) from Schré- 
dinger’s equation (2.1), integrating by parts, and using 
(2.5), we obtain 


vin)= | A-[G(r,r')9'p(r’) 
- 2 ~V(r)v'G(r,r') Mas’, 


(4.8) 
where r lies within the unit cell but outside the inscribed 


sphere. We now use the expansion 


G(r,r')=Do13(—i)’Drs(n)jr(er’)Yzs(r'), (4.9) 
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which is valid for r’<r, for r within the unit cell.2° The 
function D,,s(r) may be expressed as 


in 4r 1 
Drys(r)=-— ote 
T Ji(ks) » 


exp[i(K,+k)-r] 
(K,+k)?—E 


< jr(| KK, +k! s)Yr7(K.+k), (4.10) 

where s is arbitrary, O0<s<r. Substituting from (4.9) 

and (2.8) into (4.8), we obtain for r>r; 
V(r)=r2 0 CuiDi(OLiiler),Rilrs) ]. (4.11) 

The functions D,,(r) are closely related to the 
structure constants D,,, in particular to those of 
“complex” lattices.” 

To obtain a plane-wave expansion for ¥(r) outside 
the inscribed sphere, we use (4.10) directly in (4.11). 
However, whereas D_,(r) is independent of the choice 
of s used in evaluating the series (4.10), the coefficients 
of the plane waves in the resulting expression for y(r) 
do depend on the choice of s. This lack of uniqueness 
in the series is not surprising, for we require of the 
series only that it converge to the correct ¥(r) for 
r>r,; different plane wave expansions may represent 
the same function in this region but entirely different 
functions within the inscribed sphere.2* To obtain the 
“best” possible approximation to y(r) outside the 
sphere in terms of .V given plane waves, 


" 
¥(r)~¢en(r)=> F, expli(K,+k)-r], (4.12) 


n=! 


we vary the F,, to minimize 


[ ¥(r)— ¢w(r) 7dr. (4.13) 


JTr>ry 


On substituting from (4.11) for ¥(r) using (4.10), we 


26 G(r,r’) satisfies the homogeneous equation (V"+ £)G(r,r’) =0 
throughout the region r’ <r if r lies within the unit cell. G(r,r’ 
therefore has an expansion of the form (4.9). Equation (4.10) 
follows in a manner analogous to the proof of Eq. (A.9) of 
reference 22. 

26 Morse (reference 6) has proposed an alternative plane-wave 
expansion for y¥ outside the inscribed sphere. This is obtained by 
substituting into (4.8) from (2.4) and (2.8): 


exp[i(K,+k)-r] 
z Cry p Vi; ( K,+k) 
T qj bed (K,+k)?—E 


4er 2 


v(r= 
XCRi(r), (| Ka +k] 15) ]. 


However, it appears to us that this series may not converge, 
because of the appearance of [(d/dr) 7:(| K,+k|r;)]. Even if the 
series should converge, its convergence is conditional and very 
slow, so that the series is at best inconvenient for practical use. 
On the other hand, the series (4.10) can be proved to converge 
for s>0, although conditionally, and it can be summed readily 
using the Ewald procedure (Sec. VII). The series in (4.14) 
converges absolutely for s>0. 
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obtain as equations for the F, 


a der? ws... 
, f cecilia la p> iy Cju(kr.),Ri(r i) J 


"al + “GE Galas) 


- Lmn 
x Se (K,+k'\s Vij K,,+k ’ 
eae rs 


for 1<m<N, where 


Kmn>= expl—i(K,,—K,,)-r Jd 


-_ 
2 


K,,.—K,,|)7:(|K,.—K,,!r,). 


= Thmn— (4a7r?7 


A simple way to obtain the ratio 


w= if y(r) ar |/| | vs)/ar | 
JST; ~ cell 


[and thereby to make possible normalization of y(r) 
once the integral of |y(r)|* over the inscribed sphere 
is evaluated | is to shift the potential for r<r,; by a small 
constant amount AV with respect to the constant level 
V=0 in the cell corners. We then find the new eigen- 
value by the usual method of Sec. III. The difference 
AE between this and the original eigenvalue is also 
given by first-order perturbation theory as 


AE=AV (1—«), (4.16) 


which then determines w. 


V. RELATION OF “MUFFIN-TIN” POTENTIAL 
TO CRYSTAL POTENTIAL 

Direct application of the Green’s function method 
has been restricted to potentials having the “‘muffin-tin”’ 
form. We shall show here how a suitable muffin-tin 
potential, V(r), may be derived from the actual 
crystal potential V,(r). We shall give expressions for 
their difference in a form convenient for the use of 
perturbation theory. 

Inside the sphere of radius r; inscribed in the cell, 
V.(r) may be expanded in terms of those linear com- 
binations of spherical harmonics which are unchanged 
by the symmetry operations of the crystal. For a cubic 
crystal with one atom per unit cell, we have thus for 
°<S; 


V.(r)= Vo(r)+ Va(r)La(r)+ Ve(r)Le(r)+ x? (5.1) 


Here Ls and L¢ are (47)! times the normalized sym- 
metric “Kubic harmonic” (type a) of J=4 and 6, 
respectively, as defined by von der Lage and Bethe.” 
We choose the muffin-tin potential to be 


V me(r)= Vo(r), (5.2) 
for r<r;. 


In the cell outside the sphere we choose 


Vmi(t)=V., 
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where V, is a constant chosen equal to the average of 
V(r) in this region: 


[r— (40 3)r2\V = [ v(0)dr— [ V.(r)dr. (5.4) 


Jf Jr<ari 


Here 7 is the cell volume. In calculations we select the 
zero point in the energy scale such that V.=0. 

The difference 6V(r)=V.(r)—Vme(r) may be ex- 
pressed throughout the cell as a Fourier series 


6V (r)=>_,. 6V,, exp(iK,,-r). (5.5) 


If, however, such a representation is to be used only in 
the region outside the sphere, the series is not unique. 
This was also the case for the wave function as discussed 
in Sec. IV. We may then choose a “best” representation 
for a given N plane waves, for use only in the region 
o> fi. 

N 

> W, exp(iK,.-r), 


n=l 


6V (r)=Wy(r) (5.6) 


by minimizing 


[ 6V (r)—Wvy(r) |7dr, (5.7) 
with respect to W,. We find that the W, satisfy the 
equations 
N e 
> Waltma= | 5V(r) exp(—iK,,-r)dr, (5.8) 
for m=1---N, with um, given by (4.15). Using (5.1) 
and (5.5), we have therefore 


V 
DY Wrtmn=tIVem—4r DY (-)! 21.(K,,) 


n=! l=4,6--- 


x | rVilr)ji(Kmr)dr. (5.9) 


This choice of the muffin-tin potential insures that 
perturbation corrections due to 6V(r) are small if the 
wave functions are simple. Thus if terms with />2 are 
negligible in the wave function, the terms involving 4, 
Le, etc., in 6V (r) for r<r; give no first-order correction. 
The choice of V, in (5.4) leads to a zero first-order 
correction if |¥(r)|? is constant for r>r,. Thus this 
correction is small if ¥(r) can be approximated accu- 
rately in this region by one plane wave. 

First-order perturbation corrections may be calcu- 
lated in a straightforward manner using (5.1) and (5.6) 
when ¥(r) has been found for the muffin-tin potential. 
We have expressed ¥(r) and 6V (r) in terms of spherical 
harmonics for r<r;, and in terms of plane waves for 
r>r,. Second-order corrections may also be calculated 
if other states of the same k and the same symmetry 
have been treated. 
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Explicit expressions for V;(r), V., and 6V, are given 
in Appendix II for a crystal potential which can be 
expressed as a sum of spherically symmetric terms 
centered on each lattice site, 


V.(r)=>., U(|\r—r., |). (5.10) 


VI. THE MATHIEU POTENTIAL—AN EXAMPLE 


As an example of the application of the Green’s 
function method, we consider here the Mathieu problem 
for a simple cubic lattice. We shall compare our results 
with exact solutions obtained by separating Schré- 
dinger’s equation in Cartesian coordinates and using 
known properties of one-dimensional Mathieu func- 
tions.?? 

We take as the crystal potential, 
V.(r)=U,+ U-[cos(2rx/a)+cos(2ry/a) 

+cos(2xz/a) ]. 
Expanding V(r) as in (5.1), we obtain 


V o(r) =U, + (3U 2E-) siné, 


(6.1) 


(6.2) 
where §=2rr/a. The “muffin-tin” potential is then 


V me(r) = Vo(r), 
= Fo 


for r<a/2, 


for r>a/2, (6.3) 


where from (5.4) 
V.=U,—U[9/x(6—7z) }. (6.4) 
Choosing the zero of energy such that V.=0, we have 
',=U.[9/4(6—z) }. 
The “best” representation, (5.6) and (5.7), for 6V (r) 
= V.(r)—V (4) outside the sphere is trivial: 
W,=U[9/x(6—x)], for K,=0, 
W,=3U2, for K,=(2x/a)(1,0,0), etc., 
W,=0, for |K,|>2zx/a. 


(6.5) 


(6.6) 


For a test case we choose Up= —4(2x/a)*. Calculated 


eigenvalues for several states at I (center of zone) and 


TABLE I. Eigenvalues for the Mathieu potential and its 
“muffin-tin” approximation. 








e for> the 
muffin-tin 
approximation 


—0.810 
+0.335 
+0.254 
—0.215 
—0.730 


e for the 
Mathieu 
potential 


—0.843 
+0.364 
+0.250 
—().263 
—0.756 


* The notation used for the irreducible representations of the simple 
cubic lattice is that of L. P. Bouckaert, R. Smoluchowski, and E. Wigner, 
Phys. Rev. 50, 58 (1936). 

> The parameter ¢ is related to the energy eigenvalue through 


E =(2/a)*e. 


7,P. M. Morse, Phys. Rev. 35, 1310 (1930); Tables Relating to 
Mathieu Functions (Columbia University Press, New York, 1951). 
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X (end of [100] axis) are listed in Table I along with 
the exact values for the Mathieu potential. The cal- 
culated values were obtained by including in the trial 
function all terms of correct symmetry with / <4. The 
rapid convergence found as terms are added is illus- 
trated by the results for X;, in Table II. 

We may also illustrate the usefulness of perturbation 
theory in correcting the calculated eigenvalues for the 
difference between the crystal potential, in this case 


TABLE II. Convergence of the X; eigenvalue for the 
“muffin-tin” approximation to the Mathieu potential.* 


Order of matrix € 


XI 
2x2 
4X4 


-—0.723 
~0.730 
—0.730 





* The parameter « is related to the energy eigenvalue through 


E = (2/a)*e. 


the Mathieu potential, and its muffin-tin approxima- 
tion. For the lowest state at I’; in Table I, we find by 
the methods of Sec. IV that the normalized wave 
function outside the inscribed sphere is given by (4.12) 
with a!F,,=0.302, 0.048, and 0.007 for the reciprocal 
vectors K,=0, (2x/a,0,0), and (2x/a,2x/a,0), respec- 
tively. The first-order perturbation correction due to 
5V(r) given by (6.6) is then found to be Ae = (a?/4x”) 
X AE = —0.025. This is small, as expected from the 
fact that V, is chosen so that (“6Vdr=0. To estimate 
the second-order correction we replace the energy 
denominator in the second-order perturbation formula 
by an average energy of excitation, (F,—»), and sum 
over excited states, obtaining 


4x? {(0| (6V)?|0)— ((0|6V'|0))*} 
AE® =—Ae® = ———___________ 
a? (E,— E>) 


(6.7) 


Taking for (E,—o) the difference between the two 
lowest states of symmetry I), we find Ae® ~—0.01. 
Thus Ae®-+ Ae® ~ —0.03, while the difference between 
the exact and approximate lowest T, eigenvalues in 
Table II is Ae= —0.033. 

The Mathieu potential is a severe test of the Green’s 
function method because the exact potential is repre- 
sented poorly by the muffin-tin approximation, par- 
ticularly in the region outside the inscribed sphere 
where the Mathieu potential varies considerably with r. 
Nevertheless, the eigenvalues for the muffin-tin poten- 
tial listed in Table I are not greatly different from the 
exact values for the Mathieu potential and it appears 
from the results for T';(1) that this difference can be 
calculated correctly and conveniently by perturbation 
theory from the difference in the potentials. The crystal 
potential for a real solid should usually vary less 
outside the inscribed sphere than is the case for the 
Mathieu potential. Thus these results indicate that the 
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muffin-tin approximation should usually suffice to yield 
fairly accurate eigenvalues for crystal potentials en- 
countered in practical calculations, and that improved 
accuracy can be achieved if the difference between the 
crystal potential and muffin-tin potential is corrected 
for by perturbation theory. 


VII. CALCULATION OF THE STRUCTURE CONSTANTS 
Ewald’s Method 


Practical use of the Green’s function method requires 
accurate tabulation of the structure constants Dzy 
appearing in the expansion (2.18) for G(r,r’). In order 
to achieve a desired accuracy of six significant figures, 
we have found it necessary to use the complete Ewald 
method including summations in both coordinate and 
reciprocal spaces. The use of reciprocal space alone as 
proposed by Kohn and Rostoker in Eq. (KR A2.10) 
requires an inconveniently large number of terms in the 
sum. We present in this section the complete Ewald 
procedure. 

An alternative representation 
where R= (r—r’), is (KR A2.20) 


1 exp[ix|R—r,| ] 
4dr s |R—r, | 
where the sum is over all lattice sites r,, and x is related 


to E by (2.14). 


Following Ewald’ we use the relation 
expLix R— r, 
R—r, 


) nD 


= | exp[— (R—r,)?&?-+42/4#?}dé, (7.2) 
J J oc) 


of 


G(r,r’)=G(R), 


—- exp(ik-r,), 


(7.1) 


T nm 


—l_t 
jn? 8 


These series converge absolutely for any finite »>0 
and each term is an analytic function of E throughout 
the complex plane except at the simple poles of (7.5) 
at E= (K,+k)*. Hence by analytical continuation, the 
sum of the series represents G(R) for all E. 
Expanding Gi(R) and G,(R) termwise in spherical 
harmonics with respect to R, and comparing with 
(2.18), we obtain 
Drg= D1IM+ Di + Doo Sz. 


(7. 


D 


7) 


Since R may be chosen arbitrarily in evaluating Dz, 


28 P. Ewald, Ann. Phys. 64, 253 (1921). 


1 exp{i(K,+k) 
= : . 
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Fic. 1. Contour of integration C in complex & plane for integral 
in Eq. (7.2) of text; [p6=arg«, O0<p<7 J. 


which follows by a simple transformation of an integral 
representation of the Hankel function H_;“?(z).” The 
contour of integration C in (7.2) is shown in Fig. 1, 
where ¢=argx, and for the following manipulations we 
require that 0<@<z. Thus we require that x have a 
nonzero positive imaginary part in our derivation, but 
the final formulas are valid for arbitrary x as may be 
proved by analytical continuation. 

Distorting the contour of integration in (7.2) to 
run along the real axis beyond the point £=}n', where 
n>O is arbitrary, we substitute from (7.2) into (7.1) 
and break each integral into two parts, (0, 3y') and 
(3n', +). G(R) is thus expressed as the sum of two 
terms 


G(R)=G,(R)+G,(R). (7.3) 


An identity given by Ewald, which may be proved by 
Fourier analysis and is valid at each point along the 
contour (0,3n!), then may be used to transform G,(R): 
>, exp[— (R—-r,)°2+ik- (r,—R) ] 

(x3/r#) >, expL— (K,+k)?/42+7K,- R]. 


We obtain, setting E=k’, 


(7.4) 


‘RJ exp{L- (K,+k)?+£]/n} 


’ 


(K,+k)?—E 


> explik-r,— (r.— R)?#?+ E/42 |dé. 


we take the limit R — 0, obtaining™ 


1) “ exp(E/n) 


= — (4qr/r)k 


|K,+k| 4 exp[— (K,+k)?/n] 
(K,+k)?—E 


xd 


*XYr7(K, +k), (7.8) 


*% G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, New York, 1944), 2nd ed., p. 178, 
Eq. (4). 

8° Formulas equivalent to these have been derived also by 
Morse (reference 6). 
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woh — 2) Ek S' ” exp(ik-r,) Yrs (r,) 


os) 


E 
| pL exp| er+— fis, (7.9) 
int 4e° 


(E/n)* 


2m s=0 s!(2s—1) 


n © 


(7.10) 


where in the summation in Dz, the term r,=0 is to 
be omitted. In deriving these results we have combined 
the term in [(cos«R)/R] obtained from (2.18) for L=0 
with the r,=0 term of G2(R) in (7.6). The singularities 
in each of these terms as R— 0 cancel when they are 
combined, and Doo in (7.10) results. 

A similar derivation yields corresponding expressions 
for the structure constants of “complex” lattices,” or 
for the functions Dz,,(r) introduced in (4.9) and (4.10) 
to express the wave function outside the inscribed 
sphere. For the latter we find Doo (r)=0 and 


Dry (x) =a (— 2) 


xX, |r.—r| * exp(ik-r,)Yrs(1,.—18) 


E 
x pl exp] — P(r + — (7.11) 
4g? 


J int 


where the sum is over all r,, including r,=0. Dry (r) 
is given by (4.10) if the convergence factor 


exp{(—(K,+k)*+£]/n} 


is inserted in each term of the sum, and the limit s — 0 
taken. 


Symmetry of Structure Constants 


Setting R= (r—r’), we see from (2.4) and (2.6) that 
G(—R)=G*(R). Since the Yz,(R) were chosen to be 
real, it follows from (2.18) that Dz, is real for E>0O 
and that i*D_,, is real for E<0. Accordingly in (7.9) 
we may replace i” exp(ik-r,) by [-+cos(k-r,)] or 
[+sin(k-r,)] according as L is even or odd. [For 
“complex” lattices, Dz is in general complex. ] 

It is evident from (2.4) that G(SR)=G(R) if the 
operator § is any symmetry operator belonging to the 
group of the wave vector k. From (2.18) it then follows 
that only those Dz, are different from zero which 
correspond to a Yz z(R) belonging to the symmetric 
representation of the group of k. This fact can be used 
to greatly reduce the number of independent Dz, that 
need be computed if the group of k contains more than 
the identity operator. 


VIII. DISCUSSION 


Our experience with the Green’s function method 
from our work on the alkali metals! and aluminum? has 
borne out Kohn and Rostoker’s expectation that the 
method converges rapidly as terms with increasing / 
are added to the trial function. We have found that a 
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trial function including all independent terms with 
1=0, 1, 2 that are allowed by symmetry generally 
suffices to give an eigenvalue for the muffin-tin potential 
accurate to at least +0.002 rydberg for states in the 
conduction bands of these metals. This is similar to the 
accuracy found in this paper for the Mathieu potential. 
At symmetry points (for example ', H, P, and N ina 
bec lattice) where for 1<2 there are at most two 
independent terms, this accuracy can thus be achieved 
very simply since it requires at most a second-order 
determinant. Along symmetry axes such as [100], 
[111], and [110], and along certain lines in the 
Brillouin zone surface, three or four independent terms 
suffice for this accuracy. Such calculations can be done 
quite easily without the help of anything more than 
a desk calculator, once tables of the structure constants 
have been prepared and suitable radial functions 
obtained. Points of lower symmetry in the zone of 
course require more terms and are best done with the 
assistance of an automatic digital computer, but even 
for these the number of terms required for good accuracy 
is comparable to that required at symmetry points in a 
calculation by the orthogonalized plane wave method. 
Usually the simpler calculations on symmetry points 
and lines suffice to give valuable insight into the elec- 
tronic structure. If a suitable interpolation formula is 
available, it is possible to get from these alone a good 
quantitative understanding of the entire band. 

For states in unoccupied bands above the conduction 
bands, corrections due to terms with />3 increase 
with increasing energy. Many such states at symmetry 
points, however, require no more than 3 or 4 terms in 
the trial function for the accuracy discussed above. The 
ultimate accuracy that can in any case be obtained by 
adding terms to the trial function is limited by the 
accuracy with which interpolation of the determinants 
can be carried out between the energies at which the . 
structure constants have been tabulated. Using a 
tabulation interval of Ae= (a/27r)*AE=0.0333 in most 
of our work, we estimate that interpolation can usually 
be made accurate to Ae= +0.001. 

Wave functions may also be calculated from the 
Green’s function method, and the results using the 
procedure we have outlined have been gratifying in 
their convergence. Inside the inscribed sphere, the 
coefficients of the s, p, and d terms in the spherical 
harmonic expansion of the wave function of a con- 
duction band state can be obtained with an accuracy 
which we estimate for the alkali metals and aluminum 
to be usually within 5%. If one of the coefficients is 
small compared to the others however, as in the case 
of !>3 for conduction band states, or /=1 or 2 for k 
near k=O, then the relative accuracy with which it is 
given is poorer.: Outside the inscribed sphere the wave 
function is given as a Fourier series. We have found 
that the coefficients are reasonably small except for 
those plane waves having (K,+k)? close to the cal- 
culated energy eigenvalue. Thus a few plane waves 
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usually suffice to represent ¥(r) in this outer region, 
provided we use the “best” of the many equivalent 
Fourier series in this region, with the “best” series 
chosen as discussed in Sec. IV. 

Explicit examples of the convergence of eigenvalues 
and wave functions are given in our papers reporting 
the results for the alkali metals and aluminum. 

The Green’s function method offers substantial 
advantage in a number of respects over other methods 
that have been described in the literature. Since it 
imposes via the Green’s function the correct periodicity 
boundary conditions for the polyhedral unit cell, the 
method makes available results on distortions in energy 
band shapes, particularly near the zone surface, that 
cannot be provided by the widely used Wigner-Seitz 
method.'® This latter replaces the boundary conditions 
on the polyhedral cell by similar conditions on the 
equivalent sphere and thus insures that the resulting 
bands will be spherical. Although usually an accurate 
method for obtaining the energy and effective mass of 
the conduction band of a metal at k=0 (as we have 
verified with the Green’s function method!), the 


Wigner-Seitz method thus cannot be used without 
substantial modification to obtain desirable information 
on the shape of the Fermi surface and the various band 
gaps at the zone faces. 

Other cellular methods such as those proposed by 
Slater," Kohn,!® and Howarth and Jones," either 


require the tedious evaluation of surface integrals over 
the cell surface or use the correct boundary conditions 
at only a few selected points on the cell surface. In the 
latter case the results have proved to be rather sensitive 
to the selection used, and in all the cellular methods 
there is good reason to doubt that the usual spherical 
harmonic expansion of the wave function converges in 
the part of the cell outside the inscribed sphere.'* The 
Green’s function method uses such an expansion only 
within the inscribed sphere, where it is unquestionably 
valid with a muffin-tin potential. 

The convergence of the Green’s function method is 
much better than that reported in published calculations 
with other methods that take account of the polyhedral 
shape of the unit cell, notably the orthogonalized plane 
wave (OPW) method. This is true even if core functions 
needed in the OPW method have been carefully deter- 
mined to be appropriate to the crystal potential; if 
inaccurate core functions are used the OPW convergence 
is very much further worsened. Recent work® with forms 
of the augmented plane wave (APW) method, however, 
reportedly exhibits convergence comparable to that of 
the Green’s function method, although hand calcu- 
lations at symmetry points would appear easier with 
the latter if structure constant tables are available. 
Calculations have usually heretofore been limited to 
points of fairly high symmetry, in order to reduce to a 
manageable number the terms in the wave-function 
expansion needed for adequate convergence. Because 
of the rapid convergence of the Green’s function method, 
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calculations are practicable at general points in the 
Brillouin zone, although a stored-program computer is 
usually necessary for such work. 

A great advantage of the Green’s function method 
over all other methods, as pointed out by Kohn and 
Rostoker, is that much of the work in using the method 
is done once and for all for a particular lattice structure 
when tables of the structure constants, Dz, have been 
prepared for suitable values of k and FE. These have 
proved rather more difficult to calculate than was 
believed at the time of Kohn and Rostoker’s proposal 
of the method, as rather extensive tabulations have 
been required, and the infinite series for Dz, converges 
too slowly to give adequate accuracy unless the Ewald 
procedure is used and the sums in both spaces evaluated. 
But with the availability of high-speed digital com- 
puters with a large rapid-access memory, such as the 
IBM 704, the structure constants now can be computed 
readily. 

The Green’s function method, as well as the APW 
method (and in a rigorous formulation all cellular 
methods too), is convenient to use only with solids in 
which the potential can be approximated by one in the 
muffin-tin form. While the OPW method has the 
apparent advantage that the potential is not restricted 
to any particular form, this is offset by its relatively 
slow convergence and the need for accurate knowledge 
of the core states. For most solids of interest it should 
be possible to choose a muffin-tin potential that ap- 
proximates the crystal potential sufficiently closely to 
permit correcting for the difference by perturbation 
theory. The muffin-tin potential need not be continuous 
at the inscribed sphere, so that it may be chosen in each 
region as in Sec. V to equal a suitable average in that 
region of the actual potential. As we have seen in Sec. 
VI, even for the Mathieu potential the difference 
between the exact eigenvalues and those obtained for 
the muffin-tin approximation is not large and is ade- 
quately corrected for by perturbation theory. A self- 
consistent potential for most solids departs relatively 
less from its muffin-tin approximation than is the case 
for the Mathieu potential. This is particularly so for a 
metal since for the latter the conduction electrons act 
to screen the electric field due to an ion within a distance 
typically 3 to } the lattice constant. Estimates of the 
perturbation corrections for occupied states in alu- 
minum? using Heine’s self-consistent potential, are only of 
the order 0.01 ry. In practice, of course, a self-consistent 
potential is not yet known with any reliability for most 
solids, and the region of principal uncertainty is the 
cell corners. Use of a suitable “muffin-tin” potential is 
therefore likely to be as accurate, particularly in metals, 
as other approximate potentials that have been used 
in calculations, and as our knowledge of potentials 
improves, perturbation theory should provide a means 
of making the necessary corrections. 

We conclude, then, that the Green’s function method 
is one of the most accurate and rapidly converging 
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methods available for calculating eigenvalues and wave 
functions in solids. Structure constants may be cal- 
culated readily using the formulas developed in this 
paper, or in special cases are now tabulated and avail- 
able from the authors. The further calculation of eigen- 
values and wave functions for particular solids then 
may be carried out using the procedures we have out- 
lined, and at many points and lines of symmetry in the 
Brillouin zone this work can be done with the use of 
only a desk calculator. 
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APPENDIX I. PROOF OF SERIES SOLUTION FOR 
COEFFICIENTS C, 

We prove here that (4.3) is the solution of the first 
(n—1) linear equations (4.1) if we set C;=1 as in (4.2). 
We drop the equation with 7=7n in (4.1), this being the 
one added in extending the trial function from (n—1) 
to m independent terms. From Cramer’s rule* and some 
simple manipulation of the determinants, we have 


Cy=Enq/K my (A1.1) 


g=2,---n 
where 


Ain An 
Aon Aoy 


(A1.2) 


The last row of E,, has all zeros except for 1 in the 
column containing A;,. We now apply a theorem of 
determinant theory” to the 2-rowed minor in the lower 
right corner of E,,: “If D’ is the adjoint of any deter- 
minant D, and M and M’ are corresponding m-rowed 
minors of D and D’, respectively, then M’ is equal to 
the product of D”" by the algebraic complement of 
M.” Using definitions of L,,, Km, and Hy», given in 
Sec. VI, we have 


E, l.q — Hyg 


| ae K, 


EK 17 (A1.3) 
whence 
Fug En-tie Haglho-s 
= ——-+-—____—, (A1.4) 
K. Ker K,.Ka-1 
Applying this recurrence relation for E,.,/K» repeatedly, 


1M. Bocher, Introduction to Higher Algebra (The Macmillan 
Company, New York, 1907), p. 43. 
# Reference 31, p. 31. 
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we obtain from (A1.4) 


Eg Ea 


= 


Bahia 
m=q+l Rukh ns , 
From (A1.2) and (4.4) we find that 


a a (A1.6) 


The desired equation (4.3) follows from (A1.1), (A1.5), 
and (A1.6). 


APPENDIX II. DEVIATIONS OF LATTICE SUM 
POTENTIAL FROM MUFFIN-TIN FORM 
If the actual crystal potential is given by (5.10), we 
have in (5.1) 
V(r) = (1/42) > | de| sinddé@L,(r)U(\r—r,) ). 


' J0 /0 


We find 
1 preter 
Vo(r)=U(r)+ ely | 
2rr, 


EU (E)dé, 


and 


1 s2/+1\3 preter 
Vi(r)= ( ) >,’ an . | EU (£) 
2rr.\ 4r ; J re-r 


rP+re—§ 
«P( Jae 
? » 


where P;(x) is the Legendre polynomial of degree /, and 
the prime on the sum means that r,=0 is omitted. The 
coefficient azo is that of [(2/+1)/42 }!P:(cos@) in the 
expansion of L;(6,¢) in terms of normalized spherical 
harmonics with polar axis taken along r,. For a face- 
centered cubic crystal and ‘“Kubic harmonics” as 
defined by von der Lage and Bethe," we have for the 
nearest-neighbor sites, in the [110] directions, 


(A2.3) 


ago= — (1/4)(72/3)3, ago =—(13/16)(2r)'. (A2.4) 


Only these sites will contribute appreciably to V;(r) 
if U(r) falls off sufficiently rapidly with increasing r to 
be negligible beyond adjacent cells. 

The constant potential V¢ is found from (5.4) to be 
given by 


[r—(4/3)ar? ]V. 


P 


= | r-U (r)dr— in| r-Volr)dr. (A2.5) 
The coefficients 5V,, in the Fourier series (5.5) for 
6V (r), valid throughout the cell, is 


5V m= (4a, | U(r) jo(Kmr)r'dr 


— (4x/r) [ Volr) jo(K mr)r'dr 


+(4x/7)(Ve/Km)reji(Keri)—Vdmo. (A2.6) 
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The Green’s function method for investigating the band struc- 
ture of crystals is applied here to aluminum. The potential used 
in the calculations is close to that employed by Heine, the dif- 
ference consisting of a correction and a small modification required 
for the simple application of the Green’s function method. Extensive 
calculations were made in order to study the convergence of the 
energies and wave functions and the perturbation arising from the 
use of the ‘‘muffin-tin’’ potential instead of the originally deter- 
mined V(r). The convergence of the energies is shown to be very 
rapid; the convergence for the eigenfunctions is somewhat slower 
but is still satisfactory. The perturbations of the eigenvalues are 
shown to be smaller than the errors expected as a result of the in- 
accuracies in the present potential, which is known comparatively 


I. INTRODUCTION 


N the first of this group of papers,’ the application 

of the Green’s function method for studying the 
band structure of solids was discussed in some detail. 
As a mathematical test of the method, the three- 
dimensional Mathieu problem—the only nontrivial 
three-dimensional problem for which exact solutions 
are known—was studied there. An earlier test had been 
carried out for a case in which the tight-binding approxi- 
mation was applicable.? Here we are concerned with 
the more realistic problem of the band structure of 
aluminum. Ham’ has dealt with the corresponding prob- 
lem for the alkali metals. While the principal goal of 
these studies is the elucidation of the electronic struc- 
ture of these metals, which is essential for the under- 
standing of their physical properties, we have also 
endeavored to study the various aspects of the applica- 
tion of the Green’s function method discussed in HS! 
to several different types of metals. With these two 
purposes in mind, we have made rather extensive 
studies. These include, in addition to the energies of 
the aluminum energy bands at a large number of points 
in the Brillouin zone, the calculation of the wave func- 
tions, and the perturbations arising from the use of the 
‘“‘muffin-tin” potential [HS Sec. V_] instead of the origi- 
nal potential. 

Aluminum was chosen to be investigated by this 
method for several reasons. Of primary importance is 
the interest in the physical properties of metal. Closely 
associated with this is the existence of a substantial 
body of experimental data bearing on the band structure 
in general and the Fermi surface in particular that come 
primarily from the de Haas-van Alphen, cyclotron 
resonance, anomalous skin effect, specific heat, and 
ultrasonic attenuation measurements. It is of consider- 


1F. S. Ham and B. Segall, preceding paper [Phys. Rev. 124, 
1786 (1961) ]. This paper will hereafter be referred to as HS, and, 
for example, Eq. (2.15) of that paper will be indicated by (HS 2.15). 
2 B. Segall, J. Phys. Chem. Solids 8, 371 (1959). 

3 F. S. Ham (to be published). 


accurately. The relative separations of the calculated levels are 
in good agreement with those for Heine’s result except for his 
upper K; level which is about 0.25 ry too high. Our energies lie 
about 0.1 ry below Heine’s as a result of the correction to the po- 
tential. It is shown that the calculated eigenvalues can be fitted 
remarkably well for filled and low-lying excited states by a nearly 
free electron (pseudopotential) interpolation scheme. It is also 
shown that the Bloch functions can be determined in a simple 
fashion from the nearly free electron scheme. By virtue of the 
similarity of the present bands with those Harrison obtained by 
the pseudopotential interpolation procedure, we conclude that the 
shape of the Fermi surface associated with the present results is 
consistent with available experimental data. 


able importance to see if a careful band calculation can 
yield results consistent with the above-mentioned data. 
Harrison,‘ using essentially an interpolation scheme and 
Heine’s® symmetry point energies, was successful in 
obtaining a Fermi surface that appears to be in good 
agreement with experiment. It is our purpose to deter- 
mine the £(k)—and hence the Fermi surface—directly 
from the Schrédinger equation with a realistic crystal 
potential. 

In the past, theoretical investigations of polyvalent 
crystals have been, in general, considerably less success- 
ful than those for the alkalis largely due to the greater 
difficulty of determining the fields acting on the valence 
electrons in the polyvalent solids. Hence, interest at- 
taches to an attempt to do a careful calculation of these 
materials. One such study of Al was undertaken by 
Heine® using the orthogonalized plane wave method. 
In this extensive work, Heine made a rather careful 
calculation of the crystalline potential which his results 
indicated was at least to some degree self-consistent. 
It was later shown by Behringer® that one of the con- 
tributions to his potential, albeit not one of the large 
ones, was incorrect. Also, some doubt was cast about 
one of his eigenvalues at the important symmetry point, 
K [(a/2r)k= (2,3,0) ] near the Fermi surface.‘ It was 
thus felt that it would be very desirable to compare 
the results of a careful calculation employing the Green’s 
function method with Heine’s results. 

Another point about Heine’s work that is worth com- 
menting on concerns the difficult and unsettled question 
of the correlation and exchange corrections which 
Heine treated on the basis of the first-order Bohm- 
Pines theory. It is very doubtful that such a treatment 
is quantitatively correct for real metals. In Sec. IV, we 
discuss this point briefly and also give arguments for 
why we believe that the many-body corrections should 
not be included in calculations like the present one. 

4W. A. Harrison, Phys. Rev. 118, 1182 (1960). 

5 V. Heine, Proc. Roy. Soc. (London) A240, 361 (1957). 

®R. E. Behringer, J. Phys. Chem. Solids 5, 145 (1958). 
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A striking feature of the energy bands reported on 
here is their close resemblance to the bands of a free 
electron, the differences being essentially the small 
splittings of the degeneracies specific to free electron 
bands. This relates to the work of Harrison,‘ who on 
the basis of Heine’s symmetry point energies inferred 
that a “nearly free electron” (a pseudopotential) inter- 
polation scheme would be applicable to aluminum. 
With our much more extensive calculations we were 
able to thoroughly investigate this approach and have 
found it to be valid for the occupied and low-lying 
excited states. 

Further, we have investigated the relationship be- 
tween the detailed Bloch functions and the nearly 
free electron eigenfunctions, and have found that the 
Bloch functions can be determined fairly accurately 
and easily from the simple functions. This fact can be 
very useful in future calculations of the properties of 
this metal. 

The results of the calculations described in this paper 
clearly demonstrate the validity of the claims made in 
HS regarding the usefulness of the Green’s function 
method in obtaining detailed information about the 
electronic structure. The convergence of the eigenvalues 
has been shown to be very rapid, that for the eigen- 
functions somewhat slower but still satisfactory. Finally 
the perturbations arising from the use of the muffin-tin 
potential have been shown to be smaller than the errors 
expected from our incomplete knowledge of the rela- 
tively well-known potential for Al. 

A comparison is made with results of Heine,> who 
calculated the energies at the symmetry points. Aside 
from a shift of all his eigenvalues upward due to the 
previously cited error in his potential, the relative 
separations of the levels found here are generally in 
quite good accord with his. The one exception is his 
upper K, root which is much too high. 

In the next section we discuss the potential that was 
employed in these calculations. Section III contains 
the results of the calculations for the eigenvalues, eigen- 
functions, and perturbations, along with the application 
of nearly free electron approximation. In Sec. IV we 
conclude with a discussion of the results and the 
method. 


II. POTENTIAL 


Now that there exist powerful methods for solving 
the eigenvalue problem in a three-dimensional periodic 
potential, the critical and most difficult remaining prob- 
lem is that of determining the appropriate crystalline 
potential. In this paper we assume the validity of the 
Hartree-Fock, or one electron approach, or at least 
that the many-body aspects can be handled approxi- 
mately by a contribution (possibly k dependent) to 
the potential [e.g., see contribution (vi) below]. We 
will thus not discuss in detail the basic but difficult 
problem concerning electron correlations. 

The problem of obtaining a realistic potential for 
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Al is of interest, even though it is one of the simpler 
multivalent metals, because it involves some features 
that are not present in the case of the simplest metals, 
the alkalis, where the potentials are most well under- 
stood. The atomic configuration of an alkali atom con- 
sists of a single valence electron outside a tightly bound 
core which is essentially unaffected by the metallic 
binding. In studying these metals one generally intro- 
duces the Wigner-Seitz assumption which is that the 
potential acting on the electron is that due to the ion 
core within the cell. This simplification is further 
exploited in the quantum defect method’ in which the 
explicit use of a potential is obviated by utilizing atomic 
spectra to determine the logarithmic derivatives of the 
radial wave functions. 

In the case of a polyvalent material, however, since 
the fields that act on a valence electron depend in an im- 
portant way on the distribution of the other valence 
electrons, and since the valence wave functions are 
significantly different in the solid than they are in the 
free atom, the previously mentioned simplicity does 
not exist. Here, for example, the quantum-defect method 
cannot be used, at least not in a straightforward manner. 
It is then necessary to construct an explicit potential. 

The fact that the core in Al occupies only about 10% 
of the cell volume simplifies the determination of the 
potential. A further important simplification results 
from the assumption that the energy bands and the 
wave functions outside the core exhibit free electron 
behavior. It is important that these assumptions be 
justified in order that the claim for the potential’s 
accuracy be made convincing. Our justification is that 
the results of our band-structure studies will be shown 
to be quite consistent with the assumptions. 

The potential that was used in the calculations that 
we are reporting on is very close to that determined by 
Heine’ in his extensive study of this problem. We refer 
the reader to his paper for the details. Except for the 
differences between his potential and the one used in 
this work, we will confine ourselves to a brief enumera- 
tion and comments on the various contributions that 
make up the potential. They are: 


(i) The contribution of the ion core as determined 
from the Hartree-Fock equations. 

(ii) A correction for correlation among the core elec- 
trons. This contribution is probably not very precise; 
but since it is small compared to the total, it cannot 
lead to any significant error. 

(iii) The contribution due to the exchange interaction 
of an s and a p wave function with the ion cores. The 
difference between the terms for the s and # functions 
is small over the most important part of the region of 
integration. 

(iv) The potential due the conduction electrons in one 
“atomic” sphere (i.e., a sphere whose volume equals 


7T. S. Huhn and J. H. Van Vleck, Phys. Rev. 79, 382 (1950) ; 
H. Brooks and F, S. Ham, Phys. Rev. 112, 344 (1958). 
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that of the cell). The charge density of electrons for a 
given k is assumed given by a single orthogonalized 
plane wave. The resultant contribution is averaged 
over a Fermi distribution. 

(v) A correction to (iv) resulting from the fact that 
the charge distribution of electrons in the metal is not 
the sum of charge densities centered at the lattice sites 
which drop to zero outside the atomic spheres. As 
mentioned in the Introduction, this contribution was 
computed incorrectly by Heine. For this term we use the 
values given by Behringer.® 

(vi) The final contribution is that due to the correla- 
tion and exchange among the conduction electrons. 
This term was computed by the first-order Bohm- 
Pines® theory which attempts to take into account the 
fact that the correlation and exchange “holes” move 
with the electrons. This contrasts with the Wigner- 
Seitz approach in which the hole is fixed at the nucleus. 
Heine writes this contribution as 


Vur(k)+V..(r), 


where V, the so-called exchange correction, is rather 
small and the more important term, Vsp(k), is inde- 
pendent of r. The term V pgp can then be treated as a 
correction to the energy. In the work that follows, the 
crystal potential that we will employ will not include 
this term, and the energies given will be for that crystal 
potential except where the addition of the Vgp correc- 
tion is specifically indicated. This procedure is advan- 
tageous as our results (those without the Vgp term) are 
then not dependent on the doubtful validity of the first- 
order Bohm-Pines theory. 


TaBLe I. The “charge” for a single ‘‘atomic” sphere, 2Z(r)= 
—-rU(r), and for the “muffin-tin” potential, 2Zmt(r) = —rVime(r). 








2Z(r) 2Z mt (r) 2Z mt (r) 


(}=1) (l=0) (l=1) 


26.00 26.00 26.00 
25.64 a b 
25.28 F b 
24.56 : b 
23.18 F b 
21.99 b 
19.70 ‘ b 
17.48 é b 
15.66 g b 
12.77 b 
10.59 g b 
7.917 : b 
5.651 b 
3.543 : b 
3.161 b 
2.683 b 
2.239 b 
1.504 1.544 
0.877 1.087 
0.384 








* Same as 2Z(r) (1 =O), 
+ Same as 2Z(r) (1 =1). 


*D. Pines, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 368. 
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TABLE II. The coefficients of the fourth- and sixth-order har- 
monics, V4(|r|) and V¢(|r|), of the crystal potential, V(r). 





r (a.u.) Va(r) (ry) 


Ve(r) (ry) 


a 


0 0 

0.0005 0.0012 
0.0031 0.0076 
0.0100 0.0219 
0.0218 0.0404 
0.0314 0.0508 
0.0396 0.0514 


rm O CO 


NM MN & Ne 


oo 


The sum of contributions (i) to (vi) yields the poten- 
tial in the form, 


V(r)=L U(|r—r, |). (1) 


In the second and third columns of Table I we have 
tabulated 2Z(r)=—rU(r) for the =0 and 1 potentials 
at a fraction of the points that were employed in the 
computations. The potentials for /22, aside from the 
centrifugal term, r-*/(/+1), are taken equal to /=0 
potential. 

From Heine’s estimates, the approximate potential 
is expected to lead to errors amounting to a few hun- 
dredths of a rydberg in the relative positions of the 
levels. 

The procedure for appropriately determining the 
muffin-tin potential V m:(r) and the perturbing potential, 
56V(r)=V(r)—Vimt(r), for a potential of the form Eq. 
(1), is given in Sec. V and Appendix II of HS. The 
quantities 2Z1(7)= —rV me(r) for =0 and 1 are given 
for r<r; in the fourth and fifth columns of Table I. 
In order to investigate the perturbations we have com- 
puted V4(r) and V¢(r) which are defined in HS 5.1, 
and have tabulated them in Table II. In Table III 
we have listed the first few Fourier coefficients for 
56V(r) (HS A2.7). Finally, we have determined the 
constant potential, V., to be —0.273 ry. 


Ill. RESULTS OF THE CALCULATIONS 
1. The Energies 


Aluminum crystals have the face-centered cubic 
structure and the related Brillouin zone is the truncated 
octahedron illustrated in Fig. 1. In this work we will 
use the notation introduced by Bouckaert ef al.’ for 


TaBLe III. The Fourier coefficients of the difference between the 
crystal potential, V(r), and the “‘muffin-tin” potential, Vimt(r). 


(a /2r)K,, 


V(K,) (ry) 
—0.00755 
—0.0117 
+0.00572 
—0.00440 

— 0.00486 


(2,2,2) 








*L. P. Bouckaert, R. Smoluchowski, and E. Wigner, Phys. Rev. 
50, 58 (1936). 
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Fic. 1. The Bril- 
louin zone for the fcc 
structure with points 
and lines of high 
symmetry. 


the symmetry points and lines and the irreducible 
representations associated with them. 

The procedures used in the calculations of the ener- 
gies and wave functions are those discussed in Secs. 
III and IV of HS. For computations with the large 
matrices an IBM 704 digital computer was used. In an 
endeavor to study the convergence we have included 
harmonics with /S6 in the trial functions. A typical 
example of the rapid convergence is illustrated in Table 
IV for the A; root for k= (2x/a)(3,3,3). Comparable 
behavior was observed for the other eigenvalues studied 
here and in Ham’s* work on the alkalis. 

To compare our results with those of Heine® we first 
determined the energies for the symmetry points using 
a muffin-tin potential based on exactly the same V(r) 
that he employed. The comparison is provided by Table 
V where Heine’s® results (with the Bohm-Pines cor- 
rection subtracted out) are given in the second column 
and the present results in the third column. In general 
there is quite good agreement between the two sets of 
energies. However, our third zone K, value is more than 
three volts lower than his. This large discrepancy, 
which Harrison‘ noted from his interpolation calcula- 
tions, persists in the comparison with the computations 
with the “corrected” potential. Our K, value is further 


TABLE IV. Convergence of the k= (27/a) (3,3,2) eigenvalue. 


| a ( ry) 


~ 
S 


—0.105 
—0.1723 
—0.1799 
0.1801 
0.1801 
—0.1801 
0.1802 


ke ore 


= 
oS 


confirmed by the continuity of neighboring energies 
on the 2; axis. 

The principal calculations were performed using the 
muffin-tin potential based on the V (r) determined from 
Table I, i.e., including the corrected values of the 
contribution (v) of Sec. II. The eigenvalues were 
computed for many points on the A, A, and © axis, 
i.e., the [100], [111], and [110] axes, respectively, in 
the interior of the Brillouin zone and on the Z and S 
axes on the square face. The energies at the symmetry 
points for the “‘corrected’”’ potential, which are listed 
in the fourth column of Table V, are seen to lie generally 
about 0.1 ry lower than Heine’s. More interesting than 
the absolute values are the relative positions of the 
levels. The sixth and seventh columns give the separa- 
tion of the levels from I[;, the state at the center of the 
first zone, for Heine’s and the present calculation, re- 
spectively. For these values we find substantial accord 
between the two sets of results except, again, for the 
K, value in the third zone for which Heine’s value is 
much too high. 

A point of interest in the study of metals like alumi- 
num is whether or not the energy bands have a free- 
electron character. Figure 2, in which the calculated 
energies for points on the A, A, and © are simultaneously 
plotted against |k|, throws light on this point. It is 
immediately evident that E(k) is quite spherically 
symmetric except for small regions near the zone surface 
where the effects of the gaps are manifested. Neglecting 


TABLE V. The energies* for the states of high symmetry in aluminum. 


Ea, present 


Eg, present 
results for@ E-E(r 
V ests Ept+Vpp* Heine Ep 


Heine’s 


Energies” 


results for*® 
V Heine 


E B rT; 





—0.390 
0.239 
0.313 
0.578 
0.422 
0.396 
0.092 
0.140 
0.320 
0.367 
0.452 


—0.377 
0.215 
0.340 
0.572 
0.449 
0.397 


— 0.966 0 0 
—0.166 0.592 0.622 
— 0.087 0.717 0.698 
0.158 0.949 0.923 
0.054 0.826 0.819 
0.011 0.774 0.776 
—0.325 tee 0.483 
— 0.296 ee 0.512 
—0.076 0.699 0.699 
—0.052 0.742 0.723 
0.027 1.075 0.802 


— 0.463 
0.159 
0.235 
0.460 
0.356 
0.313 
0.020 
0.049 
0.236 
0.260 
0.339 


0.322 
0.365 
0.698 


* The unit of energy is the rydberg ( =13.60 ev). 

* V. Heine, reference 5. The values tabulated here do not include the Bohm-Pines correction. 
* Viteine is the ‘‘muffin-tin’ potential based on Heine's potential. 

4 Veorr is the potential described in Sec. II. 

* Vap is the Bohm-Pines correction. 
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Fic. 2. The conduction band energies, E(k), relative to the 
energy at the center of the zone for the [100] (A), [111] (A), 
and [110] (2) directions. 


these regions, the curve can be closely approximated 
by a parabola E(k)=F)+ak® with a=0.976 (which 
corresponds to an effective mass'® m*=1.025 mp) to 
within 0.003 ry except for a few points at the extremity 
of the curve. A still better fit over a larger range of the 
curve can be obtained, of course, by including higher 
powers of k. For example, 


E(k) = Egtak?+ Bk', 


with a=0.9981 and B= —0.0378. 

In Fig. 3 all the results for the various axes are plotted 
and are juxtaposed. For comparison, the free electron 
energies are given by the dashed curves. These curves 
again illustrate the fact that except for the small gaps 


(00,0) 
1.2 


Fic. 3. The energy bands 
for the various symmetry 
axes within the Brillouin 
zone and on the zone sur- 
face. The circles represent 
the calculated energies 
while the dashed curves in- 
dicate the free electron en 
ergy bands 
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at the zone surfaces and the lifting of the specifically 
free electron degeneracies the bands are nearly free 
electron-like. 

It is in such circumstances that one would expect the 
pseudopotential interpolation scheme proposed by 
Phillips" to be most successful. This approach, which 
perhaps can be best understood in terms of the orthog- 
onalized plane wave (OPW) method, is based on the 
fact that the orthogonality to the lower states can be 
represented to a fair degree by a repulsive potential 
which tends to cancel off the major part of the potential 
in the core region. The residual weak potential can then 
be taken to consist of only the first few terms of a Four- 
ier series. By far the most important of these are those 
with reciprocal vectors, K,, which connect equivalent 
k vectors on the zone surface. The calculation then re- 
duces to that of the well-known nearly free electron 
problem. Harrison calculated the energy bands and 
the Fermi surface of aluminum with this scheme on the 
basis of Heine’s symmetry point energy values. We 
have applied this approach to the results of the present 
calculation. With the choice of the following values for 
the adjustable parameters, 


a=0.971 (i.e., m* 
V (1,1,1) =0.023 ry, 
V (2,0,0) = 0.043 ry, 


mo= 1.03), 


we obtain the energy bands indicated by the dashed 
curves in Fig. 4. For comparison purposes the values 
obtained from the Green’s function method are again 
indicated by the points on the solid curve. It can be seen 
that the nearly free electron interpolation scheme re- 
produces the calculated values remarkably well through- 
out the Brillouin zone. The differences are generally 
(1,0,1/2) 


(V2,V72,1/2) _[34,340) (1,90) 


| 
| 
| 
| 


FERMI LEVEL 


(x5)e 


10 Tt is to be emphasized that this effective mass is the parameter which determines the shape of the bottom of the bands (i.e., at 
k=0), and is not the mass measured in a cyclotron resonance experiment. ae 
J. C. Phillips, Phys. Rev. 112, 685 (1958); J. C. Phillips and L. Kleinman, ibid. 116, 287 (1959). 
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smaller than 0.01 ry except for energies well above the 
Fermi level where they are somewhat larger. This 
demonstrates the validity of this approach for 
aluminum. 

As discussed in Sec. IT, the major part of the exchange 
and correlation contribution, (vi), to the potential 
determined by the Bohm-Pines theory is a spacially 
independent term Vgp(k). This term which was not 
incorporated in the potential V(r), Eq. (1), could be 
added directly to the eigenvalue. The energies for the 
symmetry points with the addition of Vgp(k), which 
was evaluated using a “cutoff” parameter” of 
8=0.40rs'=1.437 (where rs is in atomic units), are 
given in the fifth column of Table V. We have chosen 
to keep this contribution separate from the remainder 
of our results because we feel that it is probably the 
least soundly based aspect of this work. An indication 
of this is the fact that the second-order terms” which 
we have evaluated for aluminum are not sufficiently 
smaller than the first-order terms for all of the occupied 
states to warrant confidence that the corrections are con- 
vergent. In general it is probably correct to state that 


TABLE VI. The expansion coefficients of the wave functions in 
the region r<r; for states with k in the [100] direction. The 
Ri(r;) are the radial functions evaluated at the inscribed sphere 
radius 


Ri (r;) 


—0.322 
—0.302 
—0.271 
— 0.233 


Ro(r R3(r,) 
0.576 
0.530 
0.460 


10,0 1.0 
40,0 1.0 
20,0 1.0 
1.0.0) Xq 0 
1,0,0) X, 1.0 
(7,0,0) 2nd zone 1.0 
0,0) 2nd zone 1.0 


4“) 


1.679 
1.520 
1.269 
0.909 
0.768 
0.587 


0.364 
0.328 
0.283 


—().202 
—0.175 


® The interelectronic spacing, r,, is defined by 
where po is the average valence electron density 


'8 J. G. Fletcher and D. C. Larson, Phys. Rev. 111, 455 (1958). 
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Fic. 4. The comparison of 
the “nearly free electron” 
or ‘‘pseudopotential”) in- 
terpolation scheme results 
with the calculated values. 
The solid curve passes 
through the circles which 
represent the calculated en- 
ergies. The dashed curves 
represent the “nearly free 
electron” fit obtained with 
the following parameters: 
m*/mo=1.03; V(1,1,1 
=0.023 ry, V (2,0,0 
=().043 ry. 


and 


at present there is no very satisfactory procedure for 
including the effects of correlation in calculations of a 
real solid. 

2. Wave Functions 

As discussed in Sec. IV of HS, the wave function for 
r <r, is expanded in a series of lattice harmonics, ‘Y,;(r), 
and solutions of the radial Schrédinger equation, R;(r), 
according to (HS 2.8). The coefficients for /=0, 1 and 2 
were determined for k along the [100] and [111] axes 
from the center of the zone to points near the Fermi 
surface. Since the wave function is not a stationary quan 
tity, the convergence for the C; 
as rapid as for the energy. Nevertheless, it is rapid 
enough so that these coefficients can be conveniently 
determined to within a percent for the 
considered. 

The values of the C;;, of course, depend on the norma- 
lization of the R,(r). For this reason we have listed 
in Tables VI and VII the values of R,(r) at the sphere 
radius along with the values of C,;. The tabulated coeffi- 
cients for the [100] axis are more precise than those 
for the [111] axis because of the inclusion of contribu- 
tions from higher order harmonics in the former. 


is not exper ted to be 


few states 


TaBLeE VII. The expansion coefficients of the wave functions 
in the region r<r; for states with k in the [111] direction. The 
Ri(r;) are the radial functions evaluated at the inscribed spher: 
radius. 


( Ci Ry (r; Rot 

0.580 
0.545 
0.490 


0.323 
0.309 


1.0 1.47 
1.0 3.00 
1.0 —4.75 
0 1.0 
1.0 0 

1.0 6.9" 
1.0 8.23 


0.417 
0.383 
0.345 


* These values are less accurate than the others because the energy of the 
state is close to a free-electron singularity in the Green's function 
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"P/; RATIO: FIRST ZONE ©, SECOND ZONE 4 
“d/g RATIO: FIRST ZONE @, SECOND ZONE © 
Fic. 5. The relative amplitudes of the /=0, 1, and 2 harmonics 
of the wave functions at the inscribed sphere radius for k in the 
[100 } direction. The ratios obtained from the detailed band calcu 
lations are indicated by the small geometric symbols (e.g., C 
and A). The solid curves represent the # to s ratios for the “‘nearly 
free electron” scheme used to fit the energy bands, while the dashed 
curves give the d to s ratios. 


In view of the success of the nearly free electron mode! 
in describing the energy bands, it is natural to inquire 
whether the wave functions also exhibit some free elec- 
tron character. It is obvious that within the core region 
there will be little resemblance between the correct 
wave function and free or nearly free electron eigen- 
functions because of the large fields and the related 
atom-like oscillations of the correct functions that exist 
there. However, outside the core, say in the region near 
the inscribed sphere, the fields are not rapidly varying 

With this in mind we have computed the ratios of the 
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"dj," RATIO« FIRST ZONE @, SECOND ZONE © 
Fic. 6. The relative amplitudes of the /=0, 1, and 2 harmonics 


of the wave functions for k in the [111] direction. The symbols and 
curves have the same significance as in Fig. 5. 
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Fic. 7. The /=0 radial functions, Ro(r), for the energies 
of the T;, Xi, and Fermi levels. 


magnitudes of the » and the d components to the s 
components of the wave function at the inscribed sphere, 
i.e., CyRi(r;)/CoRo(r;) for =1 and 2. These were com- 
pared with the corresponding quantities for the nearly- 
free electron case. For the latter, the ratios of the p and 
d to the s component are given simply by 


( fu( |r) + (—)'0(K) j.(|k+ Ki) r) | 


(2/+-1 ; 
jo({k |r) +0(K) jo({k+K!r) Hi aera 


(2) 


, 


where 6(K) is the amplitude of the Bragg reflected wave 
and j:(«) is the spherical Bessel function of order 1. 
The ratios determined from the detailed calculations 
are given in Fig. 5 for the A-axis and in Fig. 6 for the A 
axis, while the values obtained from (2) using the ampli- 
tudes 6(K) required for the energy band interpolation 
are indicated by the curves. Here again, the agreement 
is very good. 

From these results we can reasonably expect to de- 
termine the wave function for an arbitrary state (i.e., 
any k in the zone) with fair accuracy from the nearly 
free electron model and the radial functions of the cor- 
responding energy. This fact is important because it 
makes feasible the calculation of matrix elements be- 
tween proper Bloch functions for arbitrary k which are 
required in the study of the various physical properties 
of the metal. 

In Figs. 7 and 8 we show the radial functions for /=0 
and /=1 for a few of the important energies. 


3. Wave Functions Outside the Sphere 


In HS Sec. IV, the method for determining the wave 
function for r>r,; in the form of a Fourier series was 
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Fic. 8. The ]=1 radial functions, R:(r), for the energies 
of the Xy and Fermi levels. 
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TABLE VIII. The expansion coefficients for the normalized 
I’, wave function for r>r;. 


F, 
+0.0975 
+-().0007 


— 0.0002 
— (0.0009 


0,0,0 
cam 
2.0.0 
2,2,0) 


presented. In this work the wave function for the center 
of the zone (i.e., k=0, I';, state) which included the 
plane waves with (a/2x)K,= (0,0,0), (1,0,0), (2,0,0), 
and (2,2,0) was obtained. The coefficients of the plane 
waves, F,, are given in Table VIII. It is noteworthy 
that the K,=0 term is over one hundred times larger 
than the others. This reflects the fact that the wave func- 
tion, and |y¥(r)|?, are quite flat in the corners of the 
polyhedron. 

The wave functions exterior to the inscribed sphere 
for the other symmetry points were not determined in 
such detail. Inasmuch as we were primarily interested 
in estimating the perturbations, we were content in 
those cases to determine the dominant linear combina- 
tion of plane waves by the simple means described 
below. 


4. Perturbation 


It is convenient and informative to consider separ- 
ately the perturbations, arising from 6V = V (r)— Vat (rr), 
for the regions inside and outside the inscribed sphere. 
For r<r; the perturbing potential is V4(|r|)Z4(r) 
+Veo(\r )Le(r)+---(HS 5.1). The major contribution 
to the energy shifts comes in the first-order perturbation 
from the /=2 component of the wave function and the 
fourth-order Kubic harmonics in V(r). Using the pre- 
vious results for the wave functions (normalized by 
the procedure given in HS Sec. IV) and V4(r) obtained 
from Table II, we have found the perturbations for 
r<r; to be 


—41X10“ry for Li, 
—5.5X10‘*ry for X. 


These values are negligible, being about one hundredth 
of the expected errors in the energy due to our incomplete 
knowledge of the original V (r). 

The perturbation due to 6V(r) for r>r; would, of 
course, be expected to be larger. The first-order shift 
for the I; state can be evaluated in a straightforward 
manner from the Fourier expansions of 6V(r) and the 
wave function as determined above. These are given in 
Tables II and VIII, respectively. In this manner we find 
AE,(T,;)=—9.0K10~ ry. This small value is under- 
standable in terms of the constancy of |¥(r)|? and the 
fact that V, is so chosen that /6V (r)dr vanishes. 

Since the first-order term is so small, it is of interest 
to estimate the second-order term. This estimate was 
obtained by the same means utilized in obtaining 


BENJAMIN 


SEGALL 


TaBLeE IX. The first-order perturbations of the eigenvalues 
arising from the use of the ‘“‘muffin-tin” potential instead of the 
original potential. 


State AE ry 


0.00090 
0.007 
0.007 
0.006 
0.008 
0.003 
0.025 
0.018 


(HS 6.7); that is, the energy denominator in the second- 
order perturbation term is replaced by an average 
“excitation energy”, (£,—), so that the sum over 
intermediate states can be carried out. Taking the 
(E,— Ey) to be about the separation of the first-excited 
I’, from the ground state (~4 ry) we find a second-order 
correction of approximately —4X10~' ry. The fact 
that this value (which in itself is small) is almost as 
large as the first-order term is not an indication of poor 
convergence, as the lower term is abnormally small for 
the reason stated above. 

While the method just employed can be used for all 
points in zone, the wave function for r>r, and the per- 
turbation can be obtained for the other symmetry 
points, and in fact for all points on the zone surface, 
by a vastly simpler method. For one of these states, the 
principal component of the wave function in the 
“corners”’ of the cell is not a single plane wave but a cer- 
tain linear combination of plane waves. In this case the 
first-order perturbation does not vanish, so that the 
principal term is sufficient for determining the perturba- 
tion to a reasonable approximation. For example, the 
dominant part of the Xy wave function for r>r; is 


¥(r)~C{exp[ik-r]—exp[i(k+ K)-r]} =2iC sin(k-r), 


where K= (27/a)(2,0,0). The constant C can readily be 
determined by using the device involving (HS 4.16), 
which permits us to compute the fraction of the nor- 
malization integral outside the sphere. 

The perturbations of the states at X, L, and W were 
computed directly using the functions thus obtained 
and are listed in Table IX. It is seen that our previous 
contention concerning the smallness of the perturbation 
due to the use of the muffin-tin potential is borne out by 
the fact that the perturbations are of the order of a 
hundredth of a rydberg. The second-order perturba- 
tions have also been estimated and they are 10~* ry 
or less. These shifts are smaller than the expected errors 
in the levels due to uncertainties in the origina! potential. 


IV. DISCUSSION 


There were two principal motivations for this work. 
The first was the desire to determine accurately the 
energy bands of aluminum. The second was to study 
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and assess the various aspects of the application of the 
Green’s function method to a realistic energy band 
calculation. In regard to the latter, we have made rather 
extensive calculations of the energies, wave functions, 
and perturbations due to the use of the muffin-tin 
potential instead of the originally determined V(r). 

The calculations have demonstrated the contention 
made in HS concerning the very rapid convergence of 
the energies. It has been shown that by including har- 
monics with /S 2 in the trial function we obtain results 
that are generally accurate to a few thousandths of a 
rydberg for the occupied states. Such accuracy is suffi- 
cient for most band calculations because of the inherent 
inaccuracies in the one-electron approach itself and in 
the determination of the crystalline potential. 

The convergence of the eigenfunctions, while some- 
what slower than the eigenvalues, since the eigenfunc- 
tions are not stationary quantites, is still satisfactory 
for most anticipated uses. For example, the /=0, 1, 
and 2 components in the expansion of ¥(r) for r<r; 
can be determined to within a few percent for states in 
which these components are not very small. 

In these calculations, we have sought to determine 
the inaccuracies resulting from the use of the muffin-tin 
potential instead of the original potential given by Eq. 
(1). To this end we have evaluated the first-order and 
estimated the second-order perturbations for a number 
of symmetry points. It has been shown that the energy 
corrections from 6V=V(r)—V ax (r) for r<r; are negli- 
gible, being of the order of 5X 10~ ry. In view of this, 
it would seem that the correction from the region inside 
the inscribed sphere will be unimportant even for less 
spherically symmetric cases. The 6V (r) for r>r; obvi- 
ously leads to larger perturbations. The energy correc- 
tions (Table IX) are of the order of a hundredth of a 
rydberg—less than this for states below the Fermi level, 
Er, and somewhat more for states above Fr. In all 
cases the corrections are less than the errors in the 
energies expected from the uncertainties in the original 
V(r). 

It can be argued that aluminum is a favorable case 
and that in many other solids the deviation from a con- 
stant potential for r>r; will be larger. While this is 
probably correct, it is also true that for those cases the 
potential in the corners of the cell is not known as ac- 
curately, at least presently, as for aluminum. Thus the 
errors due to the original limited knowledge of the po- 
tential will, in most cases, be larger than those due to 
the use of the simplified potential. Here we might also 
refer to the computations for the Mathieu potential 
in HS Sec. VI. While in that case the 6V(r) is rather 
large, the corrections to the energy levels are reasonably 
small. On the basis of these experiences, it appears that 
the muffin-tin potential would be quite satisfactory for 
most solids. Even when this is not the case, simple 
perturbation calculations of the type described above 
could easily handle most of the needed corrections. 

We have found that once the structure coefficients 
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have been evaluated and the logarithmic derivatives 
of the radial functions have been computed, it is an 
easy task to compute the eigenvalues even on a desk 
computer. The convenience with which the large num- 
ber (over 60) of accurate eigenvalues were determined, 
even though a large number of harmonics (/S$6) were 
included in the trial functions to test the convergence, 
attests to the usefulness of the method. From this ex- 
perience, we can conclude that it is completely feasible 
to study the energy bands for arbitrary points through- 
out the zone. In particular, one could determine the 
Fermi surface directly. Also, if the crystalline potential 
can be approximated reasonably by a muffin-tin po- 
tential, as we have demonstrated for aluminum, this 
method provides a very convenient means for achieving 
self-consistency. 

As far as the specific results for aluminum with Heine’s 
original potential are concerned, we have found generally 
good agreement with his results for the symmetry 
points. The one exception is the third zone K, value for 
which Heine’s value is about three volts too high. The 
energies values for the “corrected” potential (i.e., with 
the corrected values for contribution (v) in Sec. II) are 
displaced downwards by roughly 0.1 ry. However, the 
relative separations of the levels we have found are in 
reasonably good agreement with Heine’s. With the 
exception of his K, value which is again about three 
volts (0.25 ry) too high, the relative separations of his 
levels differ from ours by less than 0.03 ry. In concluding 
this comparison it should be noted that these calculations 
by the Green’s function method have exhibited a more 
satisfactory convergence than even the careful OPW 
calculations (like Heine’s) in which the core functions 
are treated properly. 

Many /:(k) for the occupied and low-lying excited 
bands have been calculated for k along the principal 
symmetry axes. It has been shown that aside from the 
energy gaps at the zone surfaces and the lifting of the 
purely free electron degeneracies, the aluminum energy 
bands are very free electron-like. A pseudopotential 
interpolation scheme (the nearly free electron approach) 
was tested and was shown to be in remarkably good 
agreement with the detailed calculation throughout the 
Brillouin zone. This substantiates in detail Harrison’s‘ 
contention that this approach can be used for the energy 
bands of this metal. 

It is important that such an approach be justified 
in some detail for each metal to which it is to be applied 
as the scheme is not universally applicable. In the alkalis, 
for example, Ham* has shown that the procedure, at 
least in the simple fashion used above, is not valid over 
a range of energies comparable to that considered here. 
It is possible that a modification of the above approach 
might make it more generally applicable; but this will 
probably involve more adjustable parameters and, as a 
result, be less attractive. 

We have also found from this work that for aluminum 
the nearly free electron interpolation scheme can be 
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employed to determine the detailed wave function. In 
view of the success of the interpolation procedure for 
E(k) it is not surprising that a nearly free electron 
eigenfunction represents ¥(r) quite well in the corners 
of the polyhedral cell. Within the core region, of course, 
this simple function cannot be expected to be satisfac- 
tory at all. However, we have shown that the coeffi- 
cients for the expansion of ¥(r) for r<r; in terms of 
lattice harmonics—and, as a result, ¥(r) itself—can 
be determined reasonably accurately and simply from 
the nearly free electron procedure. This has the im- 
portant consequence that matrix elements between 
proper Bloch states associated with various physical 
properties can be evaluated with enough precision to 
be useful for realistic studies of these properties. Be- 
cause of the simplicity of this procedure it is even 
feasible, for example, to carry out averages of matrix 
elements over the Fermi surface. 

In view of the fact that the potential [which is es- 
sentially Heine’s plus the correction to (v) ] appears to 
be accurate and the eigenvalues are given rather pre- 
cisely, the results of these calculations should accurately 
portray the band structure of aluminum apart from the 
many-electron contributions. It appears, moreover, that 
these correlation effects do not substantially alter the 
shape of the Fermi surface for this metal. This follows 
from the similarity of the energy bands calculated here 
and the nearly free electron interpolation results of 
Harrison‘ which lead to a Fermi surface in accord with 
the experimentally determined one. 

There remains the question of whether the effective 
masses derived from the calculated bands are, or should 
be, in agreement with the observed values. The masses 
obtained by Harrison were only about one-half the 
cyclotron resonance values reported by Langenberg and 
Moore.“ The most disturbing disagreement is for the 
mass for the orbit about the second band surface for 
which the calculations gave a value of 0.8m»,'5 while 
experiment indicated 1.5mm. Subsequently, Fawcett'® 
reported finding a smaller mass in better agreement with 
the computed one. Most recently, however, Moore'’ 
has restudied aluminum using much purer samples and 
has apparently definitely reconfirmed the larger value. 

This discrepancy is not unexpected and, in fact, it 
should occur since the observed masses involve contri- 
butions from the electron-electron and electron-phonon 
interactions. It is believed that the sum of both of these 
effects would be appreciable and of the correct sign, 

4D. N. Langenberg and T. W. Moore, Phys. Rev. Letters 3, 
137 (1959). 

‘6 W. A. Harrison, Phys. Rev. 118, 1190 (1960). 

16 E. Fawcett, in The Fermi Surface, edited by W. A. Harrison 
and M. B. Webb (John Wiley & Sons, Inc., New York, 1960), 


p. 166. 
17 T. W. Moore (private communication). 
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but as yet they have not been calculated convincingly 
for real metals. 

The problem of how correlations should be handled is 
quite complex and as yet incompletely understood. One 
important point that can be made, however, is that the 
effects of the electron-electron interactions enter in 
differently in different physical processes. Kohn'® has 
shown, for example, that for the case of an electron gas 
the interactions do not alter the cyclotron frequency 
(and hence the cyclotron mass) from its free-electron 
value. On the other hand, from Gell-Mann’s'® work we 
know that they do contribute to the specific heat of an 
electron gas. In view of this, it would seem more ap- 
propriate not to include many-electron corrections in 
a band calculation like the present one.?° The contribu- 
tion to a specific property arising from the electron- 
electron—as well as_ electron-phonon—interactions 
would then be considered separately for that particular 
property (when the correct approach is known). 

In his paper, Heine included a correlation and ex- 
change correction based on the first-order Bohm-Pines 
theory. Even for those properties for which this theory 
appears most appropriate like the specific heat, the 
first-order treatment is quantitatively incorrect as in 
that case it leads to sizable correction of the wrong 
sign. Also, as mentioned in Sec. III, the second-order 
corrections to E(k) are not small for all k, and this leads 
to doubts about the convergence of the higher order 
terms. 

In a subsequent paper the present work will be ex- 
tended. There we will investigate the Fermi surface and 
determine some of the effective masses of interest for 
the band structure discussed in this work. 

Finally, we should note that the primary assumption 
in the construction of the potential—aside from the 
validity of the individual-particle model—has been 
shown to be quite consistent with the results of the 
calculation. This assumption pertained to the free- 
electron nature of the energy bands and the charge 
density outside the core region. 
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Stimulated emission into optical whispering modes of a spherical sample of CaF2::Sm** has been observed. 
Light produced by the stimulated emission is radiated tangentially form each point on the surface of the 
sphere. The experimental results have been interpreted in terms of the electromagnetic analog of the Rayleigh 


theory of the whispering gallery. 


E have investigated the emission of fluorescent 
light from spherical samples of CaF,:Sm*+ 
under high exciting light intensity. The concentration 
of Sm**+ was about the same as that used previously 
for the investigation of optical maser effects in cylin- 
drical rods.!: The crystals were grown by Guggenheim.* 
The spheres used in the present investigation were 
between one and two mm in diameter, uniform to about 
1 part in 10‘. The surfaces were highly polished. 
In the experiment, the sample was allowed to rest on 
the bottom of a Pyrex Dewar containing liquid hydro- 
gen. The sample could be illuminated by focusing on it 


Fic. 1. Photograph of the sphere by its fluorescent light. 
Low-intensity illumination, long exposure. 


‘ P. Sorokin and M. Stevenson, IBM J. Research and Develop, 
5, 56 (1961). 

2 W. Kaiser, C. G. B. Garrett, and D. L. Wood, Phys. Rev. 123, 
766 (1961). 

3H. Guggenheim, J. Applied Phys. 32, 1337 (1961). 

4W. L. Bond, Rev. Sci. Instr. 25, 401 (1954). 


the light from a high-pressure xenon flashtube, by means 
of four large-aperture spherical mirrors. An image of 
the sphere was focused on the entrance slit of a small 
grating spectrometer. By this means an image of the 
sphere was formed in the plane of the exit slit by the 
monochromatic fluorescent light emitted by the sample. 
The resolution of the instrument was sufficient to allow 
the entrance slit to be opened to a width greater than 
the diameter of the sphere, so that the whole of the 
subtended surface of the sphere could be seen simul- 
taneously. Arrangements were then made to photo- 
graph the image of the sphere formed at the exit slit, 
using either low-intensity continuous illumination or 
the xenon flash lamp. 

Figure 1 shows a result obtained with low-intensity 
continuous illumination. A typical photograph ob- 
tained with the flash lamp is shown in Fig. 2; the flash 


Fic. 2. Photograph of the sphere by its fluorescent light. 
High-intensity flash illumination. 
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Fic. 3. Dependence on pumping intensity of the emission from 
the disk (circles) and from the rim (crosses). Numbers indicate 
intervals of time from the beginning of the flash in microseconds. 


duration was about 3 usec and the peak input power 
(in the range 5500-6500 A) of the order of 50 w/cm?. 
Note that Fig. 1 indicates a disk the brightness of which 
is (within a factor of the order of +) uniform, while in 
Fig. 2 most of the disk is surrounded by a narrow rim 
of a brightness substantially greater than that of the 
rest of the disk. In addition, various spots on the surface 
of the disk light up quite brilliantly during the high- 
intensity illumination. 

By means of a sheet of polarizing filter, it was 
established that the light from the rim was plane 
polarized with the E vector radial, while the light from 
the rest of the disk was unpolarized. 

The time dependence of the light output from the 
rim and the light from the rest of the disk was deter- 
mined by allowing the emerging light to fall on a 
photomultiplier. The entrance slit was narrowed and 
set successively on one edge of the disk and down the 
center. The light from the center of the disk followed 
fairly closely the pumping light; that from the rim, 
however, showed behavior typical of the stimulated 
emission phenomenon found with rods.2 When the 
pumping light exceeded some threshold (~20 watts 
cm™*) the output began to increase much faster with 
time. Figure 3 shows a typical plot of rim output power 
against lamp brightness, with the time at which each 
point was obtained indicated on the graph. Figure 3 
reproduces almost exactly the form of similar curves 
obtained with rods. It was even found that, at suffi- 
ciently high light intensities, the similarity extended to 
the appearance of a heating effect. 

We believe that these observations, and especially the 
existence of a sharp threshold (see Fig. 3), indicate that 
maser action is taking place. Since the refractive index 
of the sphere (1.45) is greater than that of the liquid 
hydrogen (1.11), elementary considerations from geo- 
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metric optics lead to the expectation that some of the 
fluorescent light emitted from the Sm** will always be 
totally reflected and so remain permanently entrapped. 
In fact, however, reflexion is not quite total for any 
angle of incidence if the surface is not plane. Neverthe- 
less, light traveling roughly circumferentially just 
inside the surface of the sphere will only leak out very 
slowly. This phenomenon is well-known in the ana- 
logous problem in acoustics—that of the “whispering 
gallery’”—which was first analyzed quantitatively by 
Rayleigh in 1914.° 

For the electromagnetic case, the formal solution of 
the boundary value problem for the modes of a dielec- 
tric sphere is discussed in standard texts.® Using the 
analytic methods given by Rayleigh, we have explored 
the whispering modes for the electromagnetic case, and 
arrived at the following conclusions: 

(i) The modes of highest VY have Q’s of (n?—1) 
X (2ra/d)e** (magneticmodes) and n~*(n?—1)*(2ma/d)e*! 
(electric modes). Here m stands for the ratio of the 
refractive indices of the sphere and its surroundings; 
a for the radius of the sphere, \ for the free-space 
wavelength, and ¢= (2ma/A)[cosh~'n— { (n?—1)/n}!]. 
Since /~ 10' in the present case, the Q’s of the modes of 
highest Q are enormous. 

(ii) The small amount of energy which does leak out 
of these modes of highest Q does so nearly tangentially. 

(iii) There are ~ (27a/X) modes of highest Q. In the 
case of exact spherical symmetry these will be de- 
generate. The modes of the same frequency and next 
lowest Q, again ~ (27a/X) in number, have Q’s smaller 
by a factor exp(2 cosh“), which is about 5 in the 
present case. Of course, in practice the actual 0 must be 
limited by something other than the radiative losses, 
so that the difference in calculated Q between this and 
the first set may not be significant, and several sets may 
in fact be excited. Thus, in practice, the mode pattern 
is likely to be upset by the existence of surface scratches 
and other imperfections, some of which are undoubtedly 
responsible for the spots visible within the rim in Fig. 2. 

(iv) Electric modes will lead to radiation having the 
E vector radial; magnetic modes to radiation having 
the E vector tangential. The experimental observations 
show that it is the electric modes that are excited. 
Now it has been found that the maser transition is 
forced electric dipole rather than magnetic dipole.’ 
Thus the condition for oscillation to occur first in the rth 
mode is 4x’”,0,= 1, where Q, is the Q of that mode and 
x”, is the peak negative imaginary electric susceptibility, 
weighted by multiplying its value at each point by the 
ratio of the electrostatic to the total field energy and 
integrating over space. The experimental finding that 
oscillations occur in the electric modes therefore demon- 
strate that x”,0, is higher for the electric modes, in 


5 Lord Rayleigh, Phil. Mag. 27, 100 (1914 

6 See, e.g., J. A. Stratton, Electromagnetic Theory (McGraw-Hill 
Book Company, New York, 1941), p. 554. 

7D. L. Wood (private communication). 
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spite of the fact that the Q’s themselves are slightly 
lower. 

(v) Since the field associated with the whispering 
modes inside the sphere is limited to the vicinity of the 
surface, it should suffice if the luminescent centers are 
present in this surface layer. 

(vi) Since the degeneracy of the whispering modes can 
be removed by introducing any departure from spherical 
symmetry, further mode selection ought to be possible. 


This could be done, e.g., by use of a spheroidal shape, by 
employing a uniaxial host lattice, or by applying a 
magnetic field. 
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A theory is developed for evaluation of the effect of a space-charge region on photoemission from semi- 
conductors. Such effect is shown to be significant in many cases and leads to the conclusions: (1) a “‘tail” 
should extend beyond the normal threshold region; (2) the energy of the valence band edge cannot, in 
general, be inferred from the observed threshold; (3) positive and negative space-charge regions cause effects 
which may not be symmetrical; (4) power-law fits to photoemission data near the threshold are of doubtful 
validity. It is shown that several anomalous results appearing in the literature can be explained by the 


space-charge effect. 


INTRODUCTION 


T has long been realized that surface effects might 

influence the external photoelectric behavior of 
semiconductors. Such influence may arise from the 
surface states themselves or from the adjacent space- 
charge region in which an electrostatic potential alters 
some of the bulk properties of the material. The latter 
aspect of the problem will be treated here and the sur- 
face states enter only as they affect the space-charge 
region, The purpose of the work is to evaluate the effect 
of the presence of a space-charge region on photoemis- 
sion from semiconductors. It is thus concerned with 
what is generally called the “volume photoelectric 
effect,” so that the conclusions reached also have a 
bearing on the question of the relative importance of 
the volume vs surface photoeffect. 


CONVENTIONAL TREATMENT OF PHOTOEMISSION 


Because there exists no established theoretical model 
for photoemission from semiconductors, these calcula- 
tions are based on the most general expressions which 
can usefully represent the fundamental processes. The 
essential conclusions can thus be applied to any of the 
theories found in the literature. A simple, nondegenerate 
semiconductor is assumed throughout with Fermi energy 
Ey, valence band edge /,, and work function ¢. It is 
further assumed that all photoelectrons originate in 
the valence band so that the photoelectric threshold 
energy (/yv); corresponds to emission of electrons whose 


initial energy was /,. The photocurrent may be written 
as 
i= | I(v)o(v,F) f(E)n(E)t(E+hv)dk, 


E 


(1) 


where £ is the initial energy of the electron, hv the 
photon energy of the light whose intensity is 7, o the 
cross section for an absorption capable of producing a 
photoelectron, f the Fermi occupation function, m the 
density of states in the semiconductor, and ¢ an escape 
probability for an excited electron. In keeping with the 
assumption of nondegeneracy, it will be assumed 
f(E)=1 in the valence band, although this restriction 
can be relaxed if necessary. 

In the various theories of photoemission, different 
models are advanced for the dependence on energy of 
the absorption and escape probabilities. The density 
of states is normally taken as n(£) « (E—E,)! if energy 
increases for levels lying deeper in the valence band. 
This approximation should be satisfactory in most cases, 
particularly for energies near the band edge where 
surface effects should be most important. Combining 
the energy dependences of the terms in Eq. (1) results 
in all cases in a functional dependence on energy having 
the form 


ix (E—E,)! (2) 


near the photoelectric threshold, Apker et al.‘ used a value 


1 LL. Apker, E. Taft, and J. Dickey, Phys. Rev. 74, 1462 (1948). 
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Fic. 1. Calculated shapes of the valence band edge E,(x) of 
Ge in several cases. E=0 is taken arbitrarily at the level at which 
the band edge meets the surface. Note the two scales of energy. 


of 1=§ in fitting their retarding potential data for Te. 
Spicer, however, found that /=} best fitted his spectral 
distribution measurements of the highly sensitive alkali 
antimonides.? Some of their data and theoretical curves 
are shown below. Other values for / have been suggested 
(always a small, positive number), and it seems likely 
that different cases will require somewhat different 
values even in more refined theories. Therefore, ex- 
pression (2) will be used to represent the energy de- 
pendence of the photoemission near the threshold and 
assignment of a value for / will be left to the specific 
applications of the resulting theory. 

Also of consequence in photoemission from semicon- 
ductors is the difference between the work function @ 
and the photoelectric threshold (hv), This difference 
should be just (E,—£,)=6 in a flat-band model, but 
agreement is not found experimentally.’ In the space- 
charge region of a semiconductor the electrostatic 
potential causes E,, hence 6, to vary with position, and 
the photoemissive properties may be influenced if the 
photoelectrons originate in a region in which such varia- 
tion is appreciable. This was pointed out by Bardeen 
(reference 1, footnote 28). In the light of increasing evi- 
dence of the importance of “volume photoemission,” ?'5 
the evaluation of the influence of the space-charge region 
seems worthwhile. 

The first and most difficult problem is the source re- 
gion of photoelectrons. The attenuation of the incident 


2 William E. Spicer, J. Appl. Phys. 31, 2077 (1960). 

2 J. A. Dillon and H. E. Farnsworth, J. Appl. Phys. 28, 174 
(1957). 

4G. W. Gobeli and F. G. Allen, J. Chem. Phys. Solids 14, 23 
(1960). 
' § Harry Thomas, Z. Physik 147, 395 (1957) and following'papers. 


light and range of the excited electrons must both be 
considered for this purpose. For the light intensity, 
the normal decay will be assumed so _ that 
I=Iy exp(—ax), where J» is the incident intensity, a 
the absorption coefficient, and x the depth below the 
surface. 

The range of the excited electrons is less well known 
and is different in different classes of materials, depend- 
ing on the dominant scattering mechanism.* It has been 
shown, however, that for lattice scattering, the escape 
probability is well represented by an exponential de- 
pendence on depth of the form /« exp(— x), where 1/8 
is the mean escape distance.’ In the absence of the ap- 
propriate expressions for ¢ when scattering is dominated 
by other mechanisms, this exponential form will be 
used with the understanding that it may be only a first 
approximation in some cases. 

The explicit dependence of photocurrent on depth is 
then 

ixexp(—/x), (3) 


where y=a+8 and 1/y is the mean depth of origin of 
the photoelectrons. In materials like CssSb where this 
formulation should be appropriate, 8~4xX10° cm, 
o™1X 10° cm™ near the threshold,® giving a mean depth 
of origin ~200 A. For Ge, a=1.4X10° cm™ near the 
threshold® and scattering by pair-producing collisions 
may suppress the escape depth to a value well under 
100 A.” Departure from the exponential form of expres- 
sion (3) may also occur, although the following calcula- 
tions are based on the assumption that some effective y 
can be assigned in all cases. 

With the use of relations (2) and (3), it is found that 
Eq. (1) assumes the form 


ix [E—E,(x) }'e-7*. (4) 


It is readily seen that this is simply the power-law 
dependence at each depth weighted in proportion to the 
contribution which electrons from that depth can make 
to the photocurrent. This expression will be integrated 
over x once the appropriate function £,(*) is known. 


BAND SHAPE CALCULATIONS 


The bending of the energy bands in the region of 
interest must next be evaluated quantitatively. The 
established method for such calculations has been used 
in the particular form appropriate for determining the 
actual band shapes rather than the surface conductance. 
A numerical integration of Poisson’s equation has been 
performed with the surface potential ¢,, bulk potential 
¢», temperature 7, and intrinsic Debye length L as 


*L. Apker, E. Taft, and J. Dickey, J. Opt. Soc. Am. 43, 78 
(1953). 

7 Malcolm H. Hebb, Phys. Rev. 81, 702 (1951). 

SW. E. a Phys. Rev. 112, 114 (1958). 


°H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959). 

P. A. Wolff, Phys. Rev. 95, 1415 (1954). This expectation is 
yet to be reconciled with the observations reported in reference 
5 of 300 A depth of origin in alkali metals. 
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adjustable parameters. One treatment assumed (1) 
complete ionization of impurities, (2) nondegenerate 
statistics, and (3) thermal equilibrium, and is thus ap- 
propriate for most Ge or Si at room temperature." In 
other cases the more general form of these calculations 
was applied, requiring only equilibrium conditions.” 

In Fig. 1 are shown several calculated band shapes for 
Ge at room temperature based on reasonable bulk and 
surface conditions. In each case, the allowed valence 
band states lie below the appropriate curve for £,. For 
p-type material the band shapes are simply mirror im- 
ages of those for n-type material with opposite surface 
charge. It will be noted that energy increases deeper 
in the valence band and the zero of energy is taken at 
F,(0) in each case. It is evident from these curves that 
E, may vary by significant amounts (~0.1 ev) over 
the region of origin of photoelectrons. From this it may 
be concluded that (1) the space-charge region can 
play an appreciable role when volume photoemission 
occurs, and (2) values of 6 inferred from photoemission 
are not generally significant. 


INTEGRATION OF THE PHOTOCURRENT 


Using functions for £,(«) obtained in this manner, 
expression (4) has been integrated over x in a number 
of cases using a computer program which accepts 
arbitrary values for /, y, and temperature as well as 
bulk and surface properties of the material. Before pre- 
senting some results, the following points should be 
made (see Fig. 2). First, the exponential weighting 
factor destroys the symmetry between situations with 
negative surface charge (case A) and those with positive 
surface charge (case B), because only for the former 
cases are the highest-lying valence band states at the 
surface where they are weighted most heavily. Conse- 
quently, n-type and p-type materials are no longer sym- 
metrical in general, since n-type materials can support 
a larger negative surface charge than can p-type ma- 
terials. Also, the limits of integration are different for 
these two types of cases because some valence band 
states are confined near the surface in case A but not in 
case B. 


WY 
CASE A ‘i 





Fic. 2. Illustration of the asymmetry of the two types of 
cases: Negative surface charge is called case A; positive surface 
charge, case B. 


'!G. C. Dousmanis and R. C. Duncan, Jr., J. Appl. Phys. 29, 
1627 (1958). 


‘2 Ruth Seiwatz and Mino Green, J. Appl. Phys. 29, 1034 (1958) 
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Fic. 3. Calculated photocurrent J (plotted as the 1// power) vs 
energy including space-charge effect. Dotted extrapolation cor- 
responds to flat-band, power-law theory. Acceptor concentration 
10" cm™, In this example /= §. 


The results of these calculations are illustrated by 
Figs. 3 and 4 in which the integrated photocurrent J 
is compared with the behavior expected from the 
conventional, flat-band theory. It may be seen that J 
follows the original power-law dependence for energies 
away from the threshold. If, however, the simple power- 
law behavior is extrapolated to locate a “threshold” 
(as in Fig. 3), the value so obtained, E, does not repre- 
sent the level of the valence band edge, contrary to 
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Fic. 4. Semilogarithmic plot of data from Fig. 3 shown for com- 
parison with experimental observations in Figs. 5 and 6, 
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Fic. 5. Retarding potential data on Te at room temperature 
and the power-law curve (from reference 1). 


previous interpretations based on flat-band models. 
It can readily be shown that E is the weighted average 
of E,(x), and to first order is independent of the value 
used for /. The other significant feature of these curves 
is the appearance of a “tail” extending beyond the ex- 
pected threshold for all cases in which there is a space 
charge. The magnitude of the tail emission and its range 
of energies, however, are sensitive to the material param- 
eters as well as to the values of /, y, and temperature, 
so that quantitative application of this method will 
require more detailed data on these factors than are 
presently available. Attempts are being made to reverse 
this procedure and evaluate some of these parameters 
by curve-fitting techniques. 

On the basis of the information presented, it is sug- 
gested that some previously observed anomalies can 
be explained by the effect of the space-charge region. 
Figure 5 shows some retarding potential data on Te as 
they were fitted with a theoretical, power-law curve 
for which /=% near the threshold (from reference 1). 
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Fic. 6. Spectral distribution of photoemissive yield typical 
of the alkali antimonides (from reference 2). 


It can be seen that the departure of the data from the 
power-law theory is of the same type as produced in 
Fig. 4 by the calculated space-charge effect. Similarly, 
in Fig. 6, typical spectral distribution data on the alkali 
antimonides from reference 2 are seen to depart from 
the power-law curve used therein having /=$ near the 
threshold. In these latter materials, the wide energy 
gap and long electron range both favor a pronounced 
space-charge effect, and some direct observations of an 
appreciable space-charge region in Cs;Sb have been 
reported. The temperature dependence of the tail in 
Fig. 6 also follows naturally from the great increase in 
the depth of the space-charge region as low temperature 
freezes out the free carriers. If this explanation of such 
observations is correct, they may then be regarded as 
clear evidence for volume photoemission 
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The theory of free carrier absorption has been investigated to determine the adequacy of the current 
quantum theory at large photon energies, and the necessity of a quantum theory at small photon energies. It 
is found that even at appreciable photon energies virtual states in higher bands make a negligible contribution 
to the free carrier absorption. It is shown that the quantum theory becomes equivalent to the classical 
Boltzmann theory of free carrier absorption for photon energies that are small compared to the carrier ener 
gies, which is therefore a condition for the validity of the classical theory. The classical theory may, however, 
give reasonably good agreement with experiment over a much wider range of photon energies, since the 
inaccuracies involved in the classical theory of free carrier absorption tend to compensate each other. Hot 


electron effects on free carrier absorption are also discussed 


INTRODUCTION 


HE quantum theory of free carrier absorption has 
been studied by several investigators. Fan et al.' 
originally derived expressions for the optical absorption 
due to free carriers in an attempt to explain the energy 
and temperature dependence of the absorption in semi- 
conductors at relatively large photon energies. In their 
work, they pictured the process in which free carrier 
absorption occurs as a second-order transition involving 
both the absorption of the light quantum and scattering 
by either lattice vibrations or impurities. 

The work of Fan et al. had two deficiencies. The first 
arose from the neglect of processes in which photons are 
emitted, although this does not lead to serious dis- 
crepancies for photons which are very energetic com- 
pared to the thermal energy &7. The second deficiency 
resulted from considering the terms in the electronic 
wave function representing the different sequences in 
which the electromagnetic and scattering perturbations 
may interact as giving rise to two separate processes. 
The amplitudes of the wave function representing the 
final state are coherent regardless of whether the inter- 
action with the photon field or with the scattering 
mechanism occurs first, since the phases of the different 
intermediate states involved cancel out. 

In more recent work by Lax and Rosenberg,’ and also 
by the author,’ the emission of photons and the coher- 
ence of the different sequences of interaction have been 
taken into account. Lax and Rosenberg have shown that 
the agreement with experimental data in Ge is thereby 
improved. 

In this paper we shall examine both the adequacy of 
and the necessity for the current quantum theory of free 
carrier absorption. The considerations involved will 
apply mainly to semiconductors, although the conclusion 
will have some validity for metals and semimetals. At 
relatively large photon energies we will test the ade- 
quacy of the present theory since, for photons of energy 
comparable to typical band separations, it is conceivable 


1H. Y. Fan, W. Spitzer, and R Ve Collins, Phys. Rev. 101, 566 
(1956). 

2R. Rosenberg and M. Lax, Phys. Rev. 112, 843 (1958). 

3W. P. Dumke (unpublished). 


that virtual transitions through intermediate states in 
higher bands may become important. We have found 
that due to a partial cancellation higher bands will 
usually not contribute significantly to free carrier ab- 
sorption. We will also consider the validity of the 
classical Boltzmann expression for free carrier absorp- 
tion in the region where the photon energy is comparable 
with the carrier energy. In order to do this we will show 
how the quantum theory goes over to the classical 
theory and what approximations are involved in making 
this transition. Finally, we will discuss the possibility of 
altering the free carrier absorption by changing the 
electron distribution with an electric field. 


EFFECT OF OTHER BANDS ON FREE 
CARRIER ABSORPTION 


The Hamiltonian H necessary for the description of 
the transitions occurring in free absorption is given by 
a sum of the following terms: 


H=H®+H!+HS+H®4+HES, (1) 


where H”, H", and H*® are, respectively, the unper- 
turbed Hamiltonians of the electron in a perfect lattice, 
the photon or electromagnetic field, and the scattering 
mechanism. The scattering mechanism is necessary in 
the treatment of free carrier absorption for the con- 
servation of crystal momentum since, although the 
emission or absorption of a photon significantly changes 
the energy of an electron, the same photon has a negli- 
gible momentum associated with it. The scattering 
mechanism may be lattice vibrations, ionized impurities, 
or some other imperfections. H”” and H#®S are the 
interaction Hamiltonians involving both the coordinates 
of the electron and the coordinates of the electromag- 
netic modes or of the scattering mechanism, respec- 
tively. H®” is given by* 


He! — (eA /m \a-(h 1)V, (2) 


where A4 is the electromagnetic vector potential with 
polarization vector d. H®* will remain unspecified, but 
we will assume that nearly elastic scattering is involved. 


4 See, for instance, W. Heitler, Te Quantum Theory of Radiation 
(Oxford University Press, New York, 1944), 2nd ed. 
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ELECTROMAGNETIC 
INTERACTION 


* Fic. 1. States involved in the second order transition charac- 
teristic of free carrier absorption. The wave-vector change due to 
the photon has been somewhat exaggerated for the sake of clarity. 


The optical absorption constant may be calculated 
from the time rate of change of the number of photons 
N in an electromagnetic mode. If nm is the index of 
refraction, the absorption consiaat K is given by 


K=—(n/c)(1/N)(dN/dt). (3) 


—dN/dt is simply given by the sum of the probabilities 
Pxx* for transitions in which photons are absorbed 
minus a similar sum of the probabilities Pxx* for 
transitions in which photons are emitted; that is 


Seki 


ai 


2dkdk’ 
(Pax —Prex’*) fel — fiee)—. 
(27) 


(4) 


Let us now calculate the transition probability for a 
second-order transition between two states k and k’ 
close to an energy minimum in the nth band. In addition 
to this band there will be other bands n’. The second- 
order probability amplitude C,x’nx in the final state nk’ 
at a time ¢ after turning the perturbations on is given 
by* 
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The first two terms in M correspond to treating the 
electromagnetic interaction first and therefore involve 
intermediate states of wave number almost identical 
with k, the wave number of the initial state. The last 
two terms correspond to treating the scattering inter- 
action first and therefore the wave number of the 
intermediate state is almost identical with k’, the wave 
number of the final state. The two terms involving sums 
over »’ correspond to the intermediate states being in 
higher bands. We have neglected to give explicitly the 
phases of the terms in M because they are identical for 
all four terms. This follows from the fact that, in every 
term, the same initial and final states and the same 
electromagnetic mode and scattering component are in- 
volved, while both the intermediate states and their 
complex conjugates always appear together. The contri- 
butions to the process, and the states involved, are 
pictured in Fig. 1. 

The matrix elements in M for the electromagnetic 
interaction are given by a product of the matrix ele- 
ments of the momentum operator between electronic 
states and of the vector potential between electromag- 
netic states. The nonvanishing matrix elements between 
electromagnetic states are’ 


e /2nrN\} 
-- P-4 
nm\ w 


for the absorption of a photon, and 
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2rh(N +1) a 
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HEL= ( 
nm 
for the emission of a photon. Because we are interested 
in only the induced-component of the emission we will 
ignore the 1 appearing in the matrix element for the 
emission process. The always present spontaneous emis- 
sion just balances out the effects of transitions induced 
by the blackbody radiation. 

For n’¥n there will be nonvanishing matrix elements 
of P of zero order in k and we will simplify the notation 
and represent these matrix elements by P,,. The 
intraband matrix elements of P vanish at an extremum 
and are given® by P,.x..= mv, the group velocity of the 
state times the free electron mass. 

We will assume that the scattering mechanisms that 
we are interested in are expandable in the Fourier 
components of k’—k= Ak. That is, 


H®S=>¥ Vaye****, 
Ak 


a) 


(9) 


Since we are interested in the scattering between states 
relatively close together in k space the scattering matrix 
elements simplify in the following way: 

Ayn” ® 


5 See A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), 2nd ed. 
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To lowest nonvanishing order in k, the intraband matrix 
element is 


(11) 


For n’#n we may expand, using first-order perturbation 
theory, the relevant #,.’s in terms of the w’s at k’. The 
perturbation is (#/m)(k—k’)-P. For example, to obtain 
Hy xenk We first express Un% as 

h(k—k’) Pan 
a'r’; 


n'én m(E,— Ey’) 


A nx'nk= V ax. 


Unk = Uae t (12) 


and since 
(Unk | Unk) = Sn’ ny 
we obtain 
h(k—k’)-Pwrn 
Ayn ® = V ay 


m(Ew—En) 
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(13) 
Similarly, 


A anne” 5=V ax 


(14) 


Finally, because P is a Hermitian operator we have the 
useful relationship that 
Pawn 


oe ae (15) 


If we now substitute Eqs. (7)-(15) for the matvix 
elements in M, we obtain the following expression 
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Of the two terms in M, the first arises from considering 
intermediate states in the th band and the second gives 
the effect of intermediate states in all of the other bands. 
This second term includes contributions from both 
sequences of the photon and scattering interactions. 
These two contributions are almost equal, but are of 
opposite signs with the result that most of the expected 
contribution to free carrier absorption due to inter- 
mediate electronic states in higher (or lower) bands 
cancels out. 

The relative magnitudes of the two terms in M can be 


deduced as follows. The ‘‘f” sum® 


1 is Patek ats 


m n'4n E,— Ey 


=~}m/m*, where m* is the effec- 
tive mass tensor. Assuming parabolic bands, #(k—k’) 
=m*(v—v’). If we replace Z,’—£, in the difference 
between the two energy denominators by some average 
value AE and assume that tw<AF, the second term 
becomes approximately 
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which is smaller than the first term in M by a factor of 
3 (htw/AEF)*. It can indeed be shown that for the “simple 
two-band model” of a semiconductor the second term 
in M vanishes. In any case, the contribution to free 
electron absorption of intermediate states in other bands 
should be negligible as long as fw<AE. At photon 
energies comparable to the gap energy, however, one 
would expect virtual states in higher bands to make a 
large contribution to free carrier absorption, which 
contribution could be calculated only if one had rather 
detailed knowledge of the band structure and scattering 
mechanisms. 


RELATIONSHIP OF THE CLASSICAL AND 
QUANTUM THEORIES 


Using the standard procedures of time-dependent 
perturbation theory, one may obtain from the proba- 
bility amplitude in the final state the transition proba- 
bility for transitions to this state from other electronic 
states. In the previous section we demonstrated that we 
may neglect higher bands m’, and we will therefore drop 
the band index. We will also assume an isotropic 
effective mass. The transition probability may therefore 
be written‘ 


Feu” (27 h)M*6( Ey: — Ey =F hw) 
2r e? 2xN 
9 / , a7) 
Vas |*—-—[(v—v))-6F 
h n> hos 
abe Kd6(E, oe hy¥Fho). (17) 
If we average over the directions of polarization Gd, and 
recognize that (27/h)| Vx * is the usual probability per 
unit time W, for scattering between states at the 
same energy, we may write 
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The absorption constant, which may now be calculated 
using Eq. (4), is given by 
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If in the second term of the integral we interchange the 
subscripts, which are symmetrical everywhere except in 
the 6 functions, we obtain the somewhat simpler result 
that 
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It is worthwhile to point out several features of this 
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expression for K. The probability of a transition depends 
upon the factor (v—v’)? which reduces the frequency of 
transitions involving a small change in v. In transport 
theory the calculation of the relaxation time for mo- 
mentum transfer involves a similar factor (1—cos6), for 
weighing the effectiveness of a transition through an 
angle @ in k space, since small-angle scattering does not 
reduce the current as effectively as does scattering 
through a larger angle. 

If we assume that the photon energy is small com- 
pared to the energy of the carriers involved, then we 
may make the following approximation: 


(v—v' 2 =r? +07—2v- W277 (1—v-v’/r). 


(21) 


The relaxation time for momentum transfer 7 is given 
by the usual expression® 
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If we now assume that fw<EF, and use Eqs. (21) and 
(22) in Eq. (20), we obtain 
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The factor f(£)— f(E+%w) accounts for the depend- 
ence of the absorption constant on the net absorption 
rate between levels at energies EF and E+fw. For pho- 
tons of rather large energies tw<hkT a negligible number 
of photon emission processes will be possible, and for a 
nondegenerate distribution it will be possible to neglect 
f(E+fhw) in Eq. (23). At longer wavelengths where 
hw~kT, it is necessary to retain f(Z+?w) since photon 
emission processes will be of considerable importance. 
The neglect of emission processes by Fan et al.' resulted 
in a severe overestimation of the absorption constant at 
longer wavelengths. For tw<kT, one may make the 
approximation that 

0 
f(E)— f(E+hw) =—ho. 
dE 


(24) 


If we substitute Eq. (24) in Eq. (23) we obtain 
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which is identical to the classical expression’ for free 
carrier absorption obtained from the Boltzmann equa- 
tion for wr>>1.8 One might therefore conclude that the 


® See R. Peierls, Quantum Theory of Solids (Oxford University 
Press, New York, 1955), p. 119. 

7H. Y. Fan, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press Inc., New York, 1955), Vol. 1. 

8 The condition that wr>>1 has its analog in the requirement of 
the present quantum theory that the line broadening be small 
compared to the photon energy. This requirement is necessitated 
by the neglect of line broadening effects, which neglect in turn 
makes the quantum theory of free carrier absorption inapplicable 
at very long wavelengths 
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criterion for the applicability of the classical theory: of 
free electron absorption would be for fw<kT. While this 
criterion is correct for a classical carrier distribution 
such as in nondegenerate semiconductors, it is too 
stringent a requirement for a degenerate distribution 
where kT7<Ep, the Fermi level. For a degenerate 
distribution the absorption constant in Eq. (23) becomes 


; Sree 
K= | =e) | , 
3cnw*Lr EF 


where p(£) is the density of states in energy for carriers 
of one spin orientation. This is also the result of the 
classical Boltzmann theory of free carrier absorption for 
a degenerate distribution. If we have parabolic bands 
and designate the number of carriers per unit volume by 
N., then 


(26) 
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For a degenerate distribution then, the criterion for the 
applicability of the classical theory of free carrier ab- 
sorption is that hox<Ep. 

An idea of the range of validity of the classical theory 
of free electron absorption may be obtained from the 
wavelengths of those photons whose energy is equal to 
kT or Er. At room temperature kT =0.026 ev which 
corresponds to the energy of a photon of wavelength 
48 u. Fermi levels in degenerate semiconductors are 
typically of the order of 0.1 ev, which corresponds to a 
wavelength of approximately 12 u. In metals, the Fermi 
levels are characteristically of the order of several 
electron volts, so that the classical theory of free electron 
absorption should apply over a much wider range than 
in semiconductors. ; 

In actual practice, however, the classical theory of 
free electron absorption may give fairly good agreement 
with experimental data for photons of much higher 
energy than our conditions for its validity would sug- 
gest. If we assume that the scattering probability W xy: 
is independent of k and k’, corresponding to isotropic 
scattering, then the differences between the classical and 
quantum theories of free carrier absorption stem from 
two sources. First, the replacement in the classical limit 
of f(E)— f(E+hw) by — (0 f/dE)hw in the nondegenerate 
case and of /[ f(E)— f(E+%w) |dk/(21)* by p(Er)hw in 
the degenerate case both cause the classical theory to 
overestimate the net population of electrons con- 
tributing to absorption, for photon energies fw~kT or 
Ep, respectively. Another source of error arises from the 
fact that in the quantum theory, both the density of 
final states and optical matrix elements at the final 
states (for absorption processes) will increase with in- 
creasing photon energy. By comparison, the classical 
theory, which does not take into account the change of 
electron energy, underestimates the contribution to the 
absorption due to each electron. 
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Fic. 2. Corrections to the classical theory of free carrier absorp- 
tion for isotropic scattering, calculated from the quantum theory. 
Case (a) is for a classical electron distribution, and case (b) is for 
a degenerate distribution. 


If one tries to develop the correction to the classical 
theory of free electron absorption in terms of powers of 
tuw/kT or hw/ Ep for the cases of a classical or a degener- 
ate distribution, respectively, it is found that the linear 
terms in this correction are missing. This is because of 
the mutual compensation of the two types of error 
involved in the classical theory. By numerically inte- 
grating the exact quantum theoretical expression for 
free carrier absorption and comparing it with the 
classical result as a function of #w it can be shown that 
the classjcal theory predicts approximately the correct 
value for the absorption constant even for rather large 
value of fiw (see Fig. 2). For a classical carrier distribu- 
tion the correction that must be applied to the classical 
absorption constant is less than 8% out to tw=15kT. 
For a degenerate distribution the error is slightly 
greater, but does not exceed 14% out to tw=8E rp. 

The accidental accuracy of the classical theory for 
isotropic scattering is, as we have said above, due to the 
cancellation of the errors involved in the classical 
theory. The isotropic scattering assumed corresponds 
fairly well to acoustic mode scattering. If we were to 
treat another scattering mechanism for which W xx: 
depends upon k and k’, such as impurity scattering, 
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there would be additional inaccuracies in the classical 
theory of free carrier absorption which would make the 
quantum treatment necessary for fiw~kT or Er de- 
pending on the electron distribution. For a dominantly 
small-angle scattering mechanism one would expect the 
absorption constant to be much smaller than classically 
predicted, since the addition of the photon energy to the 
carrier would place a lower limit on k—k’. 


HOT ELECTRON EFFECTS 


Before closing we would like to make a few remarks 
concerning the possibility of observing hot electron 
effects on free electron absorption, in an attempt to 
understand why such experiments’ have not met with 
success. We shall assume that the electron distribution 
can be roughly characterized by a Boltzmann distribu- 
tion with an effective temperature T* and we will 
discuss the cases for which tw>>kT* and hw<kT*. For 
hw>>kT* the energy Ey of the final state will approxi- 
mately be tw+kT™* and will not be very sensitive to 
variations in 7*. Similarly a variation in 7* will not 
affect greatly the density of final states p(/+4w) or the 
factor” v—v'~v." As long as hw>>kT*, f(E)— f(E+hw) 
= f(E) and the integral of f(£) over dk merely sums 
over the carriers, whose number is assumed to be con- 
stant. For large photon energies, therefore, the free 
electron absorption constant should not depend strongly 
on the electron temperature. 

For ftw<kT* the dependence of free electron absorp- 
tion on 7* can be deduced from Eq. (25). In this ex- 
pression the average value of 0 will vary as T7* and will 
just cancel the dependence on 1/7* of 0f/0EF. The free 
carrier absorption should therefore vary with 7* as the 
energy dependence of 1/7, the only remaining factor. 
For acoustic mode scattering and nonpolar optical mode 
scattering, K « (7*)}. For impurity scattering K «(7*)-}. 
Experimentally, however, one may have to use light of 
rather long wavelength to observe any dependence of 
absorption on electron temperature. 
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The construction of self-consistent Hartree crystal potentials is discussed in terms of screening of “‘ex 
ternal” ionic potentials by a nearly-free valence-electron gas. An essential preliminary is the introduction 
of a repulsive potential which replaces the requirement of orthogonality of one-electron valence and core 
wave functions. Because of the excellent cancellation of core and repulsive potentials, the resulting effective 
ionic potential Ves; is weak. Using an approximate dielectric constant to screen Ve, we obtain a prescription 
for estimating a@ priori self-consistent Hartree potentials in metals and semiconductors. The dielectric 
screening can be extended to include exchange and correlation. Comparison with detailed band calculations 
for diamond, silicon, and cubic boron nitride reveals the accuracy and limitations of the method. The screen- 
ing of the longest wavelength Fourier component of Ver: is predicted quite satisfactorily. By studying 


bonding and charge transfer effects we find that nonlinear local field corrections (crystal hybridization) are 
important in screening of shorter wavelength Fourier components of Vert. 


1. INTRODUCTION 


ECENTLY the connection between Hartree screen- 
ing of weak external potentials and the dielectric 
properties of an electron gas has been discussed by 
several authors. Silverman and Weiss! have treated the 
screening to first order in the potential of a point-ion 
impurity in a high-density electron gas. They fovud 
that the result of a self-consistent Hartree calculation 
is the same as that of a many-body treatment including 
electron-electron correlation in the random phase ap- 
proximation of Sawada.? Ehrenreich and Cohen’ have 
shown in general that the screening to first order of an 
arbitrary external potential is the same in the Sawada 
approximation as it is for self-consistent Hartree fields. 
Because the response is linear in the external field, the 
screening in both cases is determined by the dielectric 
constant, or better, dielectric function of a free electron 
gas. 

These results suggest a general approach to the 
problem of estimating an initial conduction- or valence- 
electron crystal charge density for self-consistent 
energy-band calculations in metals or semiconductors. 
Hitherto, conduction-electron charge densities in metals 
have generally been taken to be constant outside the 
core regions, and no attempt has been made at self- 
consistency, with the exception of Heine’s work on Al.‘ 
We shall see, however, that even in the alkali metals 
significant corrections to the conduction-electron po- 
tential are expected as a result of self-consistent screen- 
ing. For many polyvalent metals the corrections may be 
quite large. 

Again, in the case of nonmetals, only one attempt has 
been made at self-consistency, that*of Kleinman and 
Phillips for several semiconductors.*~’ Here, in con- 


* Research supported in part by the Office of Naval Research. 
' B. D. Silverman and P. R. Weiss, Phys. Rev. 114, 989 (1959). 
2K. Sawada, Phys. Rev. 106, 372 (1957). 
*H. Ehrenreich and M. H. Cohen, Phys. Rev. 115, 786 (1959). 
’. Heine, Proc. Roy. Soc. (London) A240, 340 (1957). 
.. Kleinman and J. C. Phillips, Phys. Rev. 116, 880 (1959). 
. Kleinman and J. C. Phillips, Phys. Rev. 117, 460 (1960). 
Kleinman and J. C. Phillips, Phys. Rev. 118, 1153 (1960). 


trast to Al, the perturbation of the electron gas outside 
the cores is large. To calculate the “‘covalent” screening 
charge they made a laborious sampling of the charge 
densities associated with states at the various symmetry 
points of the Brillouin zone. The object of this paper is 
to present a simple @ priori method for estimating such 
charge densities for metals or semiconductors of arbi- 
trary crystal structures. 

Our approach extends the perturbation treatment of 
dielectric screening to crystal potentials which contain 
strong, short-range core parts. Before we treat such 
potentials by perturbation theory, we must first remove 
the effects of the strong core potential. Herring® ac- 
complished this by orthogonalizing plane waves to core 
eigenfunctions. Phillips and Kleinman’ rewrote the 
orthogonalization terms as an effective repulsive poten- 
tial. Numerical calculations showed that the repulsive 
potential almost cancelled the original potential in the 
core region, leaving only a weak, long-range effective 
potential. More generally, Cohen and Heine” have 
shown that the cancellation is always expected because 
the repulsive potential is just the original potential 
expanded in the basis of core eigenfunctions except for 
small correction terms. 

In Sec. 2 the self-consistent Hartree problem is formu- 
lated using Herring’s basis functions (orthogonalized 
plane waves or OPW’s), and the utility of dielectric 
screening of the effective potential for @ priori esti- 
mates is indicated. In Sec. 3 the results are extended 
to include exchange and correlation, while Sec. 4 con- 
tains a comparison with the results of a detailed band 
calculation. The limitations and further applications of 
the method are discussed in Sec. 5. 


2. SCREENING OF THE EFFECTIVE POTENTIAL 


It was Herring who first pointed out® that the ex- 
pansion of Bloch wave functions in plane waves could 
be made rapidly convergent in spite of the strong, 


®C. Herring, Phys. Rev. 57, 1169 (1940). 
* J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959 
10M. H. Cohen and V. Heine, Phys. Rev. 122, 1821 (1961 
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short-range core potentials by augmenting the basis set 
with core eigenfunctions ¢; of the valence Hamiltonian 
Ko. The OPW basis functions are then 
X~= (OPW) =[1/(1-E | aex|?)!] 
x<Le*3—>o. aixdr |, (2.1) 

where d:x= (¢,,e**''). A more convenient form of (2.1) 
proposed by Phillips and Kleinman’ i 

¥=(1/(1-—X | d:|*)*JLo— Lie bee J, 


where };= (¢;,¢) and ¢ is a normalized ‘“‘smooth” wave 
function. The latter is determined from the 
equation 


(2.2) 


wave 


(T+V+Vr)o= Ed, 
Vrd= TA E— E,) (64,0) bs, 


which is obtained by substituting (2.2) into Hy= Fy. 
The potential V is the sum of Vj, the ionic potential, 
and V,, the self-consistent screening potential of the 
valence electrons. 

The utility of the @ representation results from the 
cancellation of V; and Vz in the core region, so that in 


(2.3) 
(2.4) 


V ett=VitVe, (2.5) 


the short-range part of the potential is nearly zero. 
This means that if @ is expanded in plane waves, rapid 
convergence will be obtained, as anticipated by Herring. 

The cancellation of the core part of V; by Ve has 
been discussed by Cohen and Heine." Their equation 
(23) can be rewritten to good approximation as 


V ete=(VO— DL (OV Gb ILI+D ¢ | (G2,6) |*]. 


Because the ¢; form a good basis set in the core region, 
the cancellation of the short-range potential is evident. 
The correction term in the second bracket in (2.6) is 
typically of order 0.1. 

If the potential were entirely cancelled, @ would be a 
single plane wave and the wave function y a single 
OPW, Xx. These one-electron states would be occupied 
within a Fermi sphere containing the correct number of 
valence electrons per atom. The corresponding charge 
density would be 


(2.6) 


Ayn Ay whe *by |. (2.7) 


When the cancellation in (2.6) is imperfect, we should 
calculate self-consistently the change in p,’ induced by 
Vers. Because Vere is small, first-order perturbation 
theory now suffices to determine this change, p,'—p,’. 
From (2.7), the potential associated with p,° (aside 
from a constant) is restricted to the core region where 
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¢. is large, and it is natural to add it to the ionic po- 
tential V;. We expect that V.s¢ perturbs the valence 
charge density primarily outside the cores, so that V; 
remains essentially unchanged in the course of making 
the valence charge density self-consistent. 

Since we are concerned here with Hartree screening, 
we will take the ¢; in (2.1) to be eigenfunctions of the 
Hartree potential V. The modifications necessary to 
include the effects of exchange and correlation are dis- 
cussed in Sec. 3. The repulsive potential is also in gen- 
eral an operator, not a true potential. For small cores 
it behaves as a potential, and we will treat it as such 
in the calculations below. This point is illustrated by 
an example in Sec. 4. 

We now wish to determine the screening potential 
V, produced by the valence electrons when we solve 
the equation 

Hoy = (T+ V esr t+Vs)bx hyd. (2.8) 
self-consistently to first order in Vor. Here V, is the 
potential produced by the charge density 


5p;=p.'— p= ¥ (Wier Wier — Xe *X qr) 


1 
ae Se 


— 


(pm 
kre i—> |b)" 


We have neglected in (2.9) the change in the conduction 


k “byr—1). (2.9) 


electron charge density in the core region associated 
with the change in orthogonalization coefficients; it can 
be shown that the corresponding change in V, is of 
second order in Ve. A small core approximation, which 
makes an error of about 10% in first order in V,*, is 


i= > 
k’<k 


(du *Oer—1)(1+ D5 |b: |?) 


I t 


(dx'*dxr— 1). 


hk’ <kPF 


(2.10) 


For small cores the problem thus reduces to that of an 
electron gas in a weak external potential. Note the 
similarity between (2.10) and (2.6). 

Both dp, and the potentials in (2. 
odicity of the lattice: 


/ 


) have the peri- 


- —— P ’ (2.11) 
Vetr(r)= 2, Verr®e*™®*, V,(r) V KeiK-r, 
K 


K+0 
where K is a reciprocal lattice vector. We now solve 
(2.8) to first order in V for the occupied states k: 

‘= 


ox=or +> = 


K Ex— Exix 


Px+K', (2.12) 


and compute the screening charge density p, to first 
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order in V: 


bp.=e dD Nu (bu *bu:— ou * Oe") 
“ 


Ne Neve. 
——VE eit, (2.13) 


=e . 
eK Pye — Exe 


In (2.13), Nx is the occupation number of the unper- 
turbed state @,°=e'**'. From (2.13), it follows that 


Ne Nese 
5p.¥=eV¥ Y pomemanen, 
We hy—Eyix 


and from Poisson’s equation, which is 


K°V ¥©=4reip,*, 
we find that 
dre? 
V f= — (Vere®+V 


Equation (2.16) can be written 


Ne — Nek 
Eyux— Ew 


Now the bracket on the left in (2.17) is just the static 
dielectric function e(A,0) in the Hartree approximation 
for free electrons as first calculated by Lindhard."' Our 
self-consistent Hartree potential is thus 


V (r)=Dd0'x [Vere®/e(K,0) Je™*. (2.18) 


Note that (2.18) can be calculated from atomic wave 
functions and energy levels and a property of the free 
electron gas. Thus, with little labor, the crystal poten- 
tial can be made approximately self-consistent at the 
beginning of a detailed band calculation. 


3. EXCHANGE AND CORRELATION 


For accurate band calculations, the effect of exchange 
and correlation must be added to the one-electron 
Hamiltonian. A prescription for doing this has been 
described by one of us in terms of a generalized Koop- 
man’s theory” based on Hubbard’s formulation” of the 
many-electron correlation problem. It is found that, 
neglecting local-field corrections, the one-electron po- 
tential for valence electrons is 


V=Vit+V.+A iet+Bot@re, (3.1) 


where V; and V, are the Hartree Coulomb potentials 
defined in Sec. 2. The exchange and correlation inter- 
action between valence and core electrons is written as 
Ai. In the “small core” case, core energies are sepa- 


J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, 8 (1954). 

2 J.C. Phillips, Phys. Rev. 123, 430 (1961). 

3 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957); 
A243, 336 (1958). 
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rated from valence energies by much more than the 
plasma energy, so that core-valence exchange is essen- 
tially unscreened.” In addition, the spherical symmetry 
of the core enables one to write the exchange operator 
@i, as an exchange potential A ;,."4 

The quantity By in (3.11) is a constant potential” 
associated with the zero-point Coulomb energy of the 
plasma oscillations. It has no effect on the self-consistent 
problem except through the modification of Vr because 
of the shift of core levels relative to valence levels. 

Spatially dependent valence-valence exchange and 
correlation are described by the screened exchange 
operator @®»», which, like V,, is to be calculated self- 
consistently. Hubbard has shown!’ that when local 
potentials are treated self-consistently a large class of 
self-energy corrections vanish, and Pratt'* has extended 
Hubbard’s treatment to include nonlocal potentials 
such as screened exchange. Pratt has also emphasized 
that Hubbard’s theory, like all other quantitative treat- 
ments of correlation, is based on perturbation theory, 
not the variational principle (as in the Hartree and 
Hartree-Fock methods). By treating first-order ex- 
change and correlation self-consistently we minimize 
higher order corrections, so that the largest of these is, 
for example, screened second-order exchange. The 
latter has been shown” to be quite small, indeed prob- 
ably negligible in practice. 

We have seen in Sec. 2 that an external potential 
V *e'X-* perturbs the free-electron gas, inducing a 
charge density p,*e'*'', which in turn produces a screen- 
ing potential V,*e'*:". When exchange and correlation 
are included in our one-electron Hamiltonian, we expect 
similar oscillations in the exchange and correlation 
“potential.” In general, ®,, is an operator, so that it 
cannot be represented as a potential B,,. However, if 
we take advantage of the fact that the screened ex- 
change interaction Re{[e(q)g*}"} is almost constant 
for gS2kr, and work only to first order in V*, as in 
Sec. 2, we find that @,, can be put in potential form. 
More accurate methods which should be used to calcu- 
late ®er in practice have been illustrated for Si.'” Here 
we explore the formal results for a nearly free electron 
gas which should be useful in making a priori estimates 
not only of V,* but of B,,™ as well. 

The general expression for ®»» is™ 


Boot (11) ——e os | 


T12 


1 
< Re————* roy (1). 


o (712, %'&) 


(3.2) 


Here o is the complex wave-number and frequency- 
dependent screening function of the free-electron gas'® 


4 See, e.g., reference 4 or reference 7. 

146 J. Hubbard, Proc. Roy. Soc. (London) A244, 199 (1958). 

16 G. W. Pratt, Jr., Phys. Rev. 118, 462 (1960). 

17 J. C. Phillips and L. Kleinman, Phys. Rev. (to be published). 
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in a spatial representation.” In order to simplify the 
self-consistency problem obtained when (3.2) is added 
to the Hamiltonian, we replace o(r12,wx) in (3.2) by 
a(r12,0). In Si this approximation” changed B,, by 
only 5%. In (3.2) we must evaluate the density matrix 


p (11,82) = do Wue* (reer (1). (3.3) 
x’ 


We proceed as in Sec. 2 to divide p,(r1,r2) into its “one 
OPW” part and a perturbed part: 


p«(1,82) = p.°( 41,62) +6p.(11,82), 


ps’(11,82) = i Xier*(r2)X x (11), 


k' <kp 


ee! [ett -(n re) 


—>Y auedi (rien! 8 — YS aie *h:*(re)e® 
t t 
+ YS aye *arede* (rev (11) |. (3.6) 
Ts" 


In the brackets in (3.6) the last three terms involve 
core orbitals. The screened exchange interaction in 
(3.2) is short-range, so that the contribution to the 
screened exchange operator of the last three terms in 
(3.6) is confined to the spherically symmetric core 
region. As was the case with the core-valence exchange 
operator @,, advantage can be taken of the spherical 
symmetry to represent these terms as a potential. They 
can then be added to the core-valence exchange po- 
tential A ip. 

The treatment of 6p,(r1,r2) also parallels that of 
6p;(r) in Sec. 2. Thus p,(r1,r2) is the same as p,°(r1,Fr2) 
except that in (3.6) e®’*“-") is replaced by ox-*(r2) 
Xx’ (41) and ay is replaced by bx. As before, the latter 
change leads to core corrections of at least second order 
in Vers, Which we neglect. Thus, we have, as in (2.10), 


5p.(¥1,8e) 


= DL [bu* (rede (1)— eI +D | dew |?) 
hk’ <kP t 


~ [obu*(re)bx(ri)—ei®’ 1 ] (3.7) 
k’ <kP 


9 


to lowest order in | b,y-!. 
Using (3.4) we can now define 


Qrvok= By bx t+bBorbx, (3.8) 


where @,," is the “free electron” part of the screened 
exchange potential from the first term in the brackets 
in (3.6). B,,° is spatially constant, while 6®,,, which is 
associated with 6p,, contains spatial oscillations when 
written in potential form. We now investigate the effect 
of 6@,, on the basis functions ¢x. 
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Our single-particle Hamiltonian, including exchange 


and correlation operations, is 


Hou = T+ V ete t+ Bot Bol + Vs t+5Brr bx, 
V ete= VitVatA wv. 


(3.9) 
(3.10) 


[In (3.10), V; and A; include orthogonalization terms. ] 
Our Hamiltonian is divided into zeroth- and first-order 
parts I= HotKH,, 


Ko= T+ Bot B,YO+ V ete™ m 


5, = V ot + J tr tBu. 


(3.11) 
(3.12) 


The last two terms are to be calculated self-consistently 
to first order. Writing ¢x=¢:°+¢x’, we have 


opr’ = Evo’, 
Ey =I k?/2m+ Bot V eX +(Bw’). 


(3.13) 
(3.14) 


The last term in (3.14) is the screened exchange energy 
8(k) in the free electron gas. Because of translational 
invariance we have 


dx'= > cx(keiet® 5, (3.15) 


K+0 


so that from first-order perturbation theory 


| dre k+K) 15C ,e* rl 


(k+K 3,/k) . 


EY— Fy x 


cx(k) (3.16) 


EY®— Exix® 
By substituting (3.15) in (3.7) we obtain 


5p. (11,82) 
= a eik’- ri—re > [ex*e iK rt cyeiK 11) 


KF K+0 


(3.17) 


which, from (3.12), gives 


(k+K Ry k) 
4re* : 
= Vie + } x =< (cx(k’)+c x*(k’)) 


k'<kF A* 


” 1 
+> > | @rrs—§ ——{Cx expi 


k’<kp K’A. o(r32,0)ri2 
XC— (kK) ithe nek! (1) Rn] 
+c_x-* expil— (k+K)-1.+k-ro+k’- (r,— 12) 


+K’-r:J}. (3.18) 


The effective interaction [o¢(r12,0)ri2}" in (3.2) is 
defined as the Fourier transform of [e(g,0)q?}". Thus 
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the last term in (3.18) reduces to 


r 4re* i 
Xie kk 0) 
dre 
Yt Kk) (kk K, 0)" 


where cx(k’) is given self-consistently by (3.16), (3.18), 
and (3.19). We see that cx(k) depends only on cx(k’) 
and c_x*(k’). Because cx and cx are independent, in 
the linear approximation the screened exchange opera- 
tor has been reduced to (nonlocal) potential form. 
However, we still have to deal with an integral equation 
for cx(k) in terms of cx(k’). Now e(q¢)¢ is almost con- 
stant for gSkr, and the k’ dependence of 6B is small 
compared to that of the nonlocal repulsive potential 
itself. For our @ priori estimates, we simplify the in- 
tegral equation by assuming that the average effective 
interaction (k—k’)*e(k—k’, 0) is that of k’=0. Then 
from (3.18) and (3.19) 


(k+K My K) 
4rre? B(k) 
=Vee + 2, —(cxtc_c*)+— 
ki<kp K? N &k’<kp 


B(k+ K) 
+ - > c_x*(k’), 


NV k! <kr 


c(h) | (3.19) 


Cx (k’) 


(3.20) 


where NW is the number of electrons per unit volume. 
According to (3.16) we have 
p Cc x*(k’) 
ke’ <kre 
(k’ Ky k’— K) (—k sti — k’— K) 


E, eliscsall 


so that (3.20) simplifies to 
Srre? 
(k+K 1) k)=V.g®§ +—— } cx(k’) 
K? hk! <kF 
8(k)+8(k+ K) 
+— me oe } a cx(k’). 


kk’ <kp 


(3.22) 


By summing (3.16) and using (3.22) to compute Fx 
=) cx(k’) self-consistently, we find 
4re* Nw— 
Pe 1- L— 
K? «’ E,° seis 
1 (Ver~ Nieren) Bre’ +Bu'+x) 


2N &’ E i’ 


Nuk 


aida 
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in close analogy with (2.17). The complete perturbing 
potential is V.¢¢ divided by the brackets on the left side 
of (3.23), so that 

Tare~* 
V(ir)= > — 


KO €.x(K,0) 


(3.24) 


re? 


Ny —Nwik 


a oe anette 


— Ey+x° 


a h?K? (Bx: +Brer4 +x) | 


2mhw » Did» 


€ex(K,0) = 


The extra term in the b.ackets in (3.25) is the screened 
exchange correction to the dielectric function which 
screens the driving potential Vs. In Si, 8,<—2.5 ev, 
hwy~17 ev, and for K= 2ra~(1,1,1), #®K?/2m~14 ev. 
Thus the extra term is about —0.13. 


4. COMPARISON WITH BAND CALCULATIONS 


The results of Secs. 2 and 3 enable us to make a 
priori estimates of self-consistent Coulomb potentials 
without having carried out a band calculation. On the 
other hand, approximately self-consistent band calcula- 
tions have been carried out for diamond and silicon.*7 
In these calculations the secular yay: was solved 
exactly (instead of to first order in Vx), but the sum 
over k’ (which we have been able to evaluate analyti- 
cally because of our nearly free electron approximation) 
was replaced by a sampling of 32 states of the valence 
band. It is therefore of interest to compare the a priori 
estimates with the results of references 5 and 7 as well 
as the x-ray data for diamond."* 

To do so we must first estimate V p* in diamond and 
silicon. According to Cohen and Heine” Vp, as given 
by (2.4), can be grouped as 


Vr=VaretVrpt:::, (4.1) 
where only Vr, operates on functions with p symmetry, 
etc. Because of the / dependence of Vr, a suitable 
average of (4.1) must be made. 

Our chief concern in estimating p, is to represent 
(k’| Vz| k’+ K) correctly, where k’ refers to the valence 
band and K to one of the first few reciprocal lattice 
vectors. We recall that V» is a local approximation to 
the orthogonalized plane wave terms which for this 
matrix element is 


Dn LE(k’)— 
In the small-core approximation, 
mately constant and a,,(k’)~k’. 
potential is that for the state k’, 
» & [E (k’)—E,, aot (k’+ K)a,,,.(k’) 
> LE (k’)—E 1s Jans *(k’)a,,(k’), (4.3) 


'8 L. Kleinman and J. C. 


*(k’+ K)a,,(k’). 


an,(k’) is approxi- 
Thus the s repulsive 


(4.2) 


a 
Ea j2nl 


Phillips, Phys. Rev. (to be published 
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while the p apparently is not: 


Le LE(k’) ae Enp lenp*(k’+ K)c,,,(k’) 


~(k’+K)-k’. (4.4) 


However, inversion symmetry makes )>y k’- K=0, so 
that the correct p repulsive potential is again that for 
the state k’. 

In diamond and silicon, Kleinman and Phillips®.’” 
have found that the valence band is about half s and 
half p in atomic character. In Tables I and II we list 
V ete in diamond and silicon, calculated from 


Vete® = V ¥+3(VeaX+Ve;*). 


From Tables I and II we see that Ver*!, where 
K Y=3(2ra-")*, is much greater than Ve", K,~ Ki. 
According to the linear theory developed in Secs. 2 
and 3, each component V es is independently screened 
by ¢(K;,). A detailed study of the valence screening 
charge density in diamond!* has shown that because 
V ere™ is so large (Ver™Er/2), our linear theory gives 
V .™ correctly only for K;= K;. The higher Fourier coef- 


(4.5) 


TaBLe I. Fourier coefficients of ionic, repulsive, and effective 
potentials, per unit cell, in rydbergs, for diamond. Also listed are 
V,, the valence Coulomb potential, and Vx, a Thomas-Fermi_ ex- 
change potential which gives a good approximation to the screened 
exchange potential. 


rE 6 -4(Vee¥+V eX) Ver™ 


—0.77 


K2 vx 


~ 1.05 
0.42 ~0.20 
~0.32 ~0.13 
—0.19 r 1 —0.04 
“i : 
~0.77 


ficients are strongly modified by nonlinear hybridizing of 
p.** with p,*'. A detailed discussion of nonlinear screen- 
ing, which may be called local-field corrections or crystal 
hybridization, is given in reference 18. Here we are con- 
cerned with linear dielectric effects, so that we consider 
only V®!, 

According to (2.18) and (3.25) we have two choices 
for the screening factor e(K,). These are: 


1. The Hartree dielectric function for the free-elec- 
tron gas, e°(K,), as in (2.17). 

2. The free-electron dielectric function €..°(K,) with 
screened exchange included, as in (3.25). 


The screened potential corresponding to the first 
choice, Ver™/e°(K,), does not include valence-valence 
exchange. To it, therefore, we must add the screened 
exchange potential to get the total potential to be used 
in band-structure calculations. The results for diamond 
and Si obtained by taking the exchange potential from 
Tables I and II are compared in Table III (line 1) 
with the results of the detailed sample of the charge 
density; the agreement is excellent. The screened po- 
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TABLE II. Fourier coefficients of potential in rydbergs, for silicon. 
The notation is the same as in Table I. 








Vap™ 4(VasX¥+Vap™) Verr™ 
0.50 —0.29 
0.34 


Vre¥™ 
0.62 
0.43 
0.36 0.29 
0.27 1 0.22 
Vv, rs ve 

0.15 —().21 








tential corresponding to the second choice already in- 
corporates exchange, Verr™/eex°(K1) is also given i 

ates €) » Verr™/€ex’(Ki) is also given in 
Table III (line 2); the agreement with the sampling 
calculation is noticeably poorer. Thus the approxima- 
tions in Sec. 3 significantly underestimate the decrease 
in e’ caused by exchange. 


5. FURTHER APPLICATIONS AND LIMITATIONS 


From the quantitative success of linear screening 
(choice 1) for semiconductors we conclude that a fortiori 
linear screening can be used to estimate self-consistent 
charge densities in metals. Many band calculations 
have assumed that p, was given by p,’, as in (2.7). Also 
the Wigner-Seitz spherical approximation has often 
been made. (For a discussion of the errors introduced 
by the latter approximation, see Heine* or Callaway 
and Glasser.!*) From (2.18) or (3.24) we can see that 
most of these calculations were not self-consistent, 
since large band gaps (V er*0) were often found. The 
screening we have discussed tends to reduce band gaps 
and make the £(k) curves more closely resemble those 
of a nearly free electron gas. 

The principle limitation of our method lies in the 
linear dielectric approximation. Nonlinear hybridization 
effects contribute to the formation of the covalent band 
in diamond.'® We may also consider hybridization cor- 
rections in heteropolar (partially ionic) semiconductors 
such as boron nitride.* Here again we find that only the 
first Fourier coefficient of charge transfer (V11:% in the 
notation of reference 6) is given correctly by the linear 
theory. Further explorations of hybridization correc- 
tions by detailed self-consistent band calculations are 


TABLE III. Dielectric constants and Fourier coefficient 
[K,=22a™(1,1,1)] of total potential (in rydbergs) for diamond 
and silicon. The first and second lines correspond to the approxi- 
mations 1 and 2 for dielectric screening described in Sec. 4. The 
third line gives the value obtained from sampling crystal charge 
densities at 32 points in the valence band, in self-consistent 
calculations including screened exchange. 








«(Kile €(Ki)si VoE = Vai™ 





1.96 
1.83 


—0.62 —0.22 
—0.51 —0.16 
—0.61 —0.21 


Hartree free electron 
Screened-exchange free electron 
Band value 


1.66 
1.55 


‘9 J. Callaway and M. L. Glasser, Phys. Rev. 112, 73 (1958). 
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desirable. Nevertheless, we may conjecture that this is 
a general result, namely: linear dielectric screening 
(choice 1) gives quantitatively correct results for the 
valence response to the longest and strongest wave- 
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length component of the effective potential. An im- 
provement of the theory of Sec. 3 would permit quanti- 
tatively accurate a@ priori estimate of the screened 
exchange potential as well. 
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Energy Bands in Lithium 


JosEPpH CALLAWAY 
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A previous calculation of energy bands in lithium which employed the orthogonalized plane wave method, 
has been extended with the determination of the energies of states along the [100], [110], and [111] axes in 
the Brillouin zone. The Fermi energy has been determined. The Fermi surface predicted by these calculations 
is not in contact with the Brillouin zone, and is only slightiy distorted from the sphere characteristic of free 


electrons. 


INTRODUCTION 


HE work reported here is an extension of a previ- 

ous calculation of energy bands in lithium! based 

on the method of orthogonalized plane waves (OPW).? 
The earlier work considered only states at the four 
principal symmetry points in the Brillouin zone of the 
body-centered cubic Jattice: T, H, P, and N (see Fig. 1). 
This calculation revealed the existence of a large energy 
gap (about 3.1 ev) between the two lowest states at the 
face center V. Since the Fermi surface of the electron 
distribution in a monovalent, body-centered cubic metal 
(considering the electrons to be free) approaches the 
boundary of the Brillouin zone most closely in the 
vicinity of the face center V, the question of possible 
contact between the Fermi surface and the zone became 


H 
X) ; 
Fic. 1. The Brillouin zone for the body-centered cubic lattice. 
Points and lines of symmetry are shown. ; 


1M. L. Glasser and J. Callaway, Phys. Rev. 109, 1541 (1958). 
This paper contains references to previous work. ; 


2 C. Herring, Phys. Rev. 57, 1169 (1940). 


important. Cohen and Heine*® concluded that existing 
experimental information suggested a large area of con- 
tact between the surface and the zone boundary. The 
experimental data which they considered are not, how- 
ever, definitive in this regard since the crucial cyclotron 
resonance, de Haas-van Alphen effect, and ultrasonic 
attenuation measurements have not been reported. It 
seemed desirable to extend the energy band study to 
include enough points in the interior of the zone to make 
possible a determination of the Fermi energy and, 
hence, to make a definite prediction concerning contact. 

The extension was made in the following way. The 
Fourier coefficients of the crystal potential (derived 
from the semi-empirical potential of Seitz‘ as quoted by 
Kohn and Rostoker®) were modified to take account of 
the fact that the normal component of the gradient of 
the crystal potential must vanish at many points on the 
surface of the atomic polyhedron. Energy levels were 
determined at twenty-one points on the surface and in 
the interior of the zone, including the four symmetry 
points previously mentioned and seventeen other points 
located along the [100], [110], and [111] axes (A, &, 
and A, respectively, in Fig. 1). These energy values were 
used to determine the seven lowest coefficients in the 
expansion of the energy in Kubic harmonics, and from 
these, the Fermi energy was determined according to a 
method proposed by de Launay’° in a different problem. 

While this work was in progress, other calculations of 
energy bands in lithium have been reported by Ham’ 


3M. H. Cohen and V. Heine, Advances in Physics, edited by 
N. F. Mott (Taylor and Francis, Ltd., London, 1958), Vol. 7, 
p. 395. 

‘ F. Seitz, Phys. Rev. 47, 400 (1935). 

5 W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954). 

6 J. de Launay, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press Inc., New York, 1956), Vol. 2, p. 219. 

7F.S. Ham, in The Fermi Surface, edited by W. A. Harrison and 
M. B. Webb (John Wiley & Sons, Inc., New York, 1960), p. 9. 
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TABLE I. Fourier coefficients (in rydbergs) of the crystal potential 
as a function of n?= (ak/27r). 

msi if r ne 
0.0186 
0.0176 
0.0167 
0.0158 
0.0151 
0.0144 
0.0137 
0.0131 
0.0126 
0.0120 
0.0116 
0.0111 
0.0107 
0.0104 








n® —V,? n® 
1.0021 
0.1486 32 
0.0901 34 
0.0675 
0.0549 38 
0.0465 40 
0.0403 42 
0.0356 
0.0319 
0.0289 
0.0264 
0.0243 
0.0225 
0.0210 





and Schlosser. These authors employed the Kohn- 
Rostoker method® and the augmented plane wave 
method, respectively. Ham’s calculation is related to the 
quantum defect method? in that spectroscopic data were 
used to determine the values of the logarithmic deriva- 
tives on the inscribed sphere required in the Kohn- 
Rostoker procedure, so that use of an explicit potential 
could be avoided. Both the augmented plane wave 
method and the Kohn-Rostoker procedure require, how- 
ever, that the crystal potential be constant in the region 
between the inscribed sphere and the cell boundary, a 
characteristic not necessarily possessed by actual crystal 
potentials."° The orthogonalized plane wave method, 
while restricted to the use of an explicit potential, does 
not require any specific assumption of this sort, and it 
is particularly interesting to see the comparison between 
the various methods of band calculations in this case. 


BAND CALCULATION 


Only the body-centered cubic form of lithium is con- 
sidered here. The lattice constant was taken as 6.5183 
in atomic units. It was mentioned in the introduction 
that it was necessary to modify the Fourier coefficient 
of the Seitz potential from the values given in reference 
1. The modification is accomplished by writing the Seitz 
potential V,(r) as a sum of a point-charge potential, and 
that of a core, V,. (atomic units throughout) : 


V.(r)=V.(r)—2/r (1) 


[where V,(r,) is zero to a very good approximation ]. In 
the Fourier analysis, we replace the Fourier coefficients 
of the point-charge potential (—2/r) (for k#0) by those 
pertaining to a body-centered cubic lattice of positive 
point charges screened by a uniform distribution of 
negative charge. The resulting potential has the prop- 


§ H. Schlosser, Ph.D. thesis, Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania, 1960 (unpublished). 

9F. S. Ham, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press Inc., New York, 1955), Vol. 1, p. 127. 

‘0 This assumption may not be a bad one since the normal 
component of the gradient must vanish at many points on the cell. 
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erties required by crystal symmetry, and in addition, is 
neither spherically symmetric nor constant in the part 
of a cell external to an inscribed sphere. The Fourier 
coefficients, which are determined from the expression 


V (Kn) =Q0 ‘f e*Kn-tV (r)d*r, (2) 


where K,, is a reciprocal lattice vector and Q is the 
volume of an atomic cell, are presented in Table I. 

The orthogonality coefficients u j,, which are defined 
by 


Myk> Qo ; | o:*(ne k ‘dy, (3) 


in which ¢; is the wave function of the (core) state j/, 
are given in reference 1. 

If k is the position vector of a point in the Brillouin 
zone, the wave vectors of the plane waves in which x 
may be expanded are of the form k+K.,,. In this calcula- 
tion, the forty-three orthogonalized plane waves formed 
by letting K,, include all the reciprocal lattice vectors 
with (a/2r)?K?<6 were employed in the expansion of 
each yx. For points on the [100] axis, this gave an 
11X11 determinantal equation ; for points on the [111] 
axis, the determinant is 12X12; for the [110] axis, 
16X16. The convergence of the expansion with this 
number of plane waves may be checked at symmetry 
points, where a larger number of plane waves may be 
included without increasing the size of the determinantal 
equation beyond a reasonable limit. The results of this 
check are shown in Table II. It is seen that the error 
caused by truncation does not exceed 0.005 rydberg. The 
energies of all the states considered are presented in 
Table III. The bands are shown graphically in Fig. 2. 

In order to facilitate the determination of the Fermi 
energy, the coefficients in an expansion of the energy in 
Kubic harmonics, 


E(k) = Eot Bok? +k*(EyO+ Ey K4 1) 
+k°(EO+ Ee? KaitE6° Kea)+ ety (4) 


were determined by a least-square procedure, including 
all the states in Table III with k?<27?/a?. In this 
equation K,4, and Kg; are the normalized (to 4%) Kubic 
harmonics, representation I’), of fourth and sixth order, 
respectively, and are given explicitly by von der Lage 


TABLE IT. Comparison of energies (in rydbergs) obtained with 
OPW expansion with differing numbers of terms. 





Number 
of waves 


Number 


of waves Energy 


—0.6853 


Energy 
43 —0.6821 135 
43 — (0.4083 72 —0.4128 
43 —0.1765 80 —0.1788 
88 —0.1801 
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TABLE III. Energies (in rydbergs) of states in the lowest band 
along the [110], [111], and [110] axes. All values were obtained 
from an OPW expansion with 43 waves. 


5ak/x E 


000 —0.682 
100 —0.675 
200 — 0.654 
300 —0.619 
400 —0.568 
500 — 0.506 
600 —0.427 
700 —0.331 
800 —0.222 
900 —0.098 
1000 — 0.009 
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and Bethe." The coefficients which were determined are 
given in Table IV. 

The utility of an expansion of this sort has been 
questioned, since it does not provide the proper perio- 
dicity properties for the energy, and presumably does 
not converge for & larger than the radius of the inscribed 
sphere (in the Brillouin zone). However, with the 
coefficients given, the differences between the energies 
of the states, as given in Table III for & less than the 
radius of the inscribed sphere, and as computed from 
the expansion (4) is not greater than +0.0022 rydberg, 
including the lowest state at V. Consequently, we can 
accept Eq. (4) as a useful empirical representation. 

In examining the values of the coefficients given in 
Table IV, one notes immediately the large size of the 
sixth order terms relative to those of fourth order. This 
is, however, to be expected. The distortion of a free 
electron band structure which lowers the energy of 
states on the 110 axis, as is shown in Fig. 2, requires 
significant sixth order terms, and occurs in Eq. (4) 
through an interference between K,, and Ke,;. A single 
K,4, term cannot produce the required depression of 
states on the [110] axis. Thus, it is not surprising that 
previous calculations, such as that of Kohn and 
Rostoker,® which have considered only states along the 
[100] and [111] axes have indicated only small de- 
partures from a spherical band structure.” The value of 


TaBLe IV. Coefficients in the expansion of the energy [Eq. (4)]. 


—0.6821 
0.748 
0.105 

—0.020 

—0.545 
0.537 
0.175 


1 F. C. von der Lage and H. A. Bethe, Phys. Rev. 71, 612 
(1947). 

‘2 If we consider states along the [100] and [111] axes, and with 
k? < 2x*/a*, a very good fit to the energy can be obtained with an 
expression of the form of (4) with the sixth order terms omitted 
The coefficients of the fourth-order terms are quite small, in 
agreement with reference 5. 
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Fic. 2. Energy bands along the [100], [111], and [110] axes. 
The horizontal line at —0.433 rydberg represents the Fermi 
energy. Only a relatively small distortion of the Fermi surface is 
to be expected. 


E, obtained here, 0.748 is in fair agreement with the 
value obtained in a cellular method calculation, 0.727. 
I do not know whether the difference is significant. 

The agreement of these results with those of Schlosser 
is quite good. Except in the vicinity of H, the differences 
are in the third decimal place, and would not show in 
Fig. 2. This gives confidence that both methods of 
solving the band problem are reliable. The augmented 
plane wave method appears, however, to converge 
somewhat more readily in this case. It is more difficult 
to compare these results with those of Ham, since he has 
not published in detail the energy values he has found, 
and has used a slightly different lattice constant. Com- 
parison of Fig. 2 of this paper with figure 1 of Ham’s 
report’ indicates, however, that the band structures 
predicted in both calculations are at least in semi- 
quantitative agreement. In particular, Ham obtained an 
energy gap at V of 0.225 ry, whereas the present result 
is 0.232 rydberg (using the most accurate value for V,’). 
Finally we note reasonably good agreement with the 
results of Brown and Krumhansl,"* who did not, how- 
ever, consider points on the [110] axis. 


FERMI ENERGY 


To determine whether the Fermi surface is in contact 
with the Brillouin zone, it is necessary to compute the 
Fermi energy, and compare it with the energy of Vy’. 
If g(£) is the density of states [g(£) gives the number 
of states between E and E+dE | the Fermi energy, Fr, 

3. A. Silverman and W. Kohn, Phys. Rev. 80, 912 (1950); 82, 


283 (1951). 
4“ FE. Brown and J. A. Krumhansl, Phys. Rev. 109, 30 (1958). 





ENERGY 
is determined by the requirement that 


EF 
[ g(E)\dE=N/V, (5) 


/ 0 


in which N/V is the number of electrons per unit 
volume of the crystal. The density of states can be 
found through the relation 


~E 2 


1 
| g(E')\dE'=— / &k=— | B(E,0,6)d2. (6) 
8x 12m? 


The volume integral in k space in (6) includes the 
volume bounded by a surface of constant energy, £. The 
final integral on the right of (6) includes all solid angle. 
A practical method of handling (5) and (6) in a case in 
which the occupied portion of the band does not include 
a critical point (in the terminology of van Hove") is to 
invert Eq. (4) to obtain a series for k* as a function of 
energy and angle, which can be integrated readily on 
account of the orthogonality of the Kubic harmonics. 
This has been done, and a Fermi energy of —0.433 ry 
obtained. A rather generous estimate of the possible 
error in this value should be +0.010 ry. Evidently, the 
predicted Fermi surface does not touch the zone face. 

In his thesis, Schlosser agrees with the conclusion of 
no contact between the Fermi surface and the zone face 
(as Ham does also), but obtains a Fermi energy of 
—(.421 ry. The disagreement between these two values 
is apparently outside the limits set by the difference 
between the energy levels at corresponding points of the 
bands in the two calculations. 

Recently, Cornwell'® has reported the application of 
an interpolation scheme to the determination of the 
Fermi energy in lithium, basing his work on the energy 
levels previously obtained by Glasser and Callaway’ at 
symmetry points of the Brillouin zone. His result, 
—().425 ry, also supports the conclusion of no contact. 

When the Fermi energy is known, the Fermi surface 


‘6, Van Hove, Phys. Rev. 89, 1189 (1953). 
16 J. F. Cornwell, Proc. Roy. Soc. (London) A261, 551 (1961 
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Fic. 3. Cross section of the Fermi surface in the kk, plane of the 
Brillouin zone (solid line) for Ey= —0.433 ry. The dashed circle 
is a cross section of the spherical Fermi surface for free electrons. 


can be mapped with the use of Eq. (4). It is largely 
spherical. A cross section of the Fermi surface in the 
k.k, plane is shown in Fig. 3. There are small bulges, of 
the order of 5% of the radius along the [110] axis, 
which may be significant in the understanding of elec- 
tron transport properties. An experimental determi- 
nation of the Fermi surface in lithium is urgently re- 
quired for further progress. 

The width of the occupied portion of the band is 
3.39 ev in fair agreement with the experimental “‘re- 
duced width” of 3.22 ev found in the x-ray emission 
measurements of Bedo and Tomboulian.!’ The author 
has, however, no explanation for the shape of the 
emission spectrum. 
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The sectioning technique was used to measure the anisotropic diffusion of tracers in zinc single crystals 
The diffusion of silver-110 was measured over the temperature range from 271° to 413°C. Referring the 
diffusion constants to the direction of the hexagonal symmetry axis of the zinc crystal structure, the results 


are: 


Dy = (0.32+0.02) exp[— (26.040.1)X 108/RT] cm?/sec, 
D,= (0.45+0.07) exp[ — (27.64+0.2) 10°/RT] cm?/sec. 
The diffusion of indium-114 was measured over the range from 171°C to 416°C. The results are: 
Di = (0.062+0.008) exp[ — (19.1+0.1) x 108/RT] cm*/sec, 
D,= (0.14+0.02) exp[ — (19.6+0.1)X 10°/RT] cm*/sec. 
These show that silver diffuses at a rate about one-tenth that of zinc self-diffusion while the indium diffuses 
at a rate about ten times as great. Also, Dj, > D, for the silver diffusion as it is for zinc self-diffusion, while 


for the indium diffusion, Di >Dj;. These results are interpreted to indicate a vacancy mechanism of tracer 
migration with the possibility of a strong tracer-vacancy association occurring in the case of the indium. 


INTRODUCTION 


A NUMBER of measurements of self-diffusion rate 
have been reported in noncubic metals where dif- 
fusion is anisotropic. Specifically, measurements have 
been made in zinc,! magnesium,? cadmium,’ thallium,* 
and indium.® The primary motivation for these experi- 
ments has been to demonstrate the mechanism of diffu- 
sion by comparing the ratio of independent diffusion 
constants, i.e., the anisotropy, as determined experi- 
mentally, with that calculated theoretically for any one 
given mechanism. This theoretical anisotropy depends 
only on lattice geometry and the jump direction. Except 
in the case of zinc, the experiments have generally been 
inconclusive. The theoretical and experimental anisotro- 
pies do not agree. Even by assuming that different pairs 
of several kinds of atomic jumps are occurring and 
trying to fit the data generally leads to more than one 
possible combination. In the case of the self-diffusion in 
zinc, however, the data indicate quite clearly that a 
vacancy mechanism is operating with vacancy jumps 
occurring to nearest neighbors in the basal plane and 
from plane to plane. 

Numerous workers have been investigating the effect 
of the valence of an impurity atom on its diffusion 
rate in single crystals of the monovalent, cubic metals 
copper and silver.*- Lazarus has proposed a theory 

* This article is based on a thesis submitted to the Physics 
Department at Rensselaer Polytechnic Institute in partial ful 
fillment of the requirements for the degree of Doctor of Philosophy. 
Work supported in part by the U. S. Atomic Energy Commission. 

ft International Business Machines Predoctoral Fellow. 


1G. A. Shirn, E. S. Wajda, and H. B. Huntington, Acta Met. 
1, 513 (1953). 

2P. G. Shewmon, Trans. Am. Inst. Mining Met. Engrs. 206, 
918 (1956 

+E. S. Wajda, G. A. Shirn, and H. B. Huntington, Acta Met. 
3, 39 (1955). 

4G. A. Shirn, Acta Met. 3, 87 (1955). 

6 J. E. Dickey, Acta Met. 7, 350 (1959). 

® E. Sonder, L. Slifkin, and C. T. Tomizuka, Phys. Rev. 93, 
970 (1954). 

7 L. Slifkin, D. Lazarus, and C. T. Tomizuka, J. Appl. Phys. 23, 
1405 (1952). 


based on a vacancy mechanism which fits the data 
reasonably well." It appeared that zinc would be a good 
noncubic metal in which to do analogous experiments. 
Lazarus’ calculations for the cubic, monovalent metals 
are not applicable to divalent, hexagonal zinc, but the 
qualitative aspects of the theory’s predictions should 
be fulfilled. These are, generally, that impurities of 
greater valence than that of the host matrix should 
diffuse at a faster rate and those of smaller valence at a 
slower rate than that of self-diffusion if a vacancy 
mechanism is operating. This effect is caused by an 
attraction that a screened impurity atom of greater 
valence has for a vacancy while impurities of smaller 
valence tend to repel vacancies. 

A further incentive for making impurity diffusion 
measurements in an anisotropic metal is that a series 
of these, using tracers of the same valence but different 
atomic size, may shed more light on the effect of tracer 
size on the diffusion constant. Measurements of this 
kind made on cubic metals’*” have shown very little 
change in diffusion constant and practically no change 
in diffusion activation energy for the various tracers of 
the same valence. This is rather surprising when one 
considers the localized strain that must develop in the 
structure around a wrong-sized impurity atom. 


THEORY 


In the absence of electric or magnetic fields, the driv- 
ing force for the diffusion of a component of a solid is 
the gradient of its chemical potential. For an ideal solu- 
tion or for very low concentrations, the chemical po- 
tential gradient is proportional to the concentration 
gradient. Thus for isothermal diffusion under these con- 

§C. T. Tomizuka and L. Slifkin, Phys. Rev. 96, 610 (1954). 

9A. Sawatzky, J. Metals 9, 1207 (1954); Phys. Rev. 100, 1627 
(1955); J. Appl. Phys. 27, 1186 (1956). 

10C. A. Mackliet, Phys. Rev. 109, 1964 (1958). 

1 —D. Lazarus, Phys. Rev. 93, 973 (1954). 

2T. Hirone, N. Kunitoni, M. Sakamoto, and H. Yamaki, 
J. Phys. Soc. Japan 13, 838 (1958). 
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ANTSOTROPIC 
ditions we may write Fick’s first law: 
J=—D-gradC, (1) 


where: J=flux of diffusing particles per unit area, 
D=diffusion tensor, and C=concentration per unit 
volume of the diffusing species. If one refers D to its 
principal axes, assumes it is independent of the con- 
centration and then invokes the continuity condition 
on the particle flux, one arrives at the diffusion equation : 


aC aC 


dC eC 
oe + D, z 


~=Des—+Dyy -, 
al 0x" oy" 02° 

where the D’s are the principal values of the diffusion 
tensor. In the experimental situation of this experiment, 
a flat surface is prepared normal to the axis of a cylindri- 
cal crystal. This surface is plated with the radio-tracer 
which is then allowed to diffuse into the sample. Under 
these circumstances, the appropriate solution to Eq. 
(2) is 


5 ae Co x 
C(x) =—_ exp( - - ), (3) 
(rDt)! 4Di 


where Cy=initial surface concentration of activity, 
t=time of diffusion, «=distance from the originally 
plated surface, and D=diffusion constant appropriate 
to the direction of diffusion. Experimentally, the diffu- 
sion constant in any direction is almost invariably ob- 
served to behave with temperature as 


D= Dy, exp—(Q/RT), (4) 


where Do=a constant, Q=activation energy, R=gas 
constant, and 7=absolute temperature. 

In terms of the independent elements of the diffusion 
tensor," 


D - Days + Day ot+Dnvd; (5) 


where the y’s are the direction cosines between the direc- 
tion of diffusion and the principal axes of the diffusion 
tensor. If the crystal has a symmetry axis threefold or 
higher, the diffusion perpendicular to this axis is iso- 
tropic and, relative to this axis, Eq. (5) may be written: 


D=D,, cos’?0+-D, sin?4, (0) 


where @ is the angle between the diffusion direction and 
the symmetry axis. 

The contribution that any atomic jump in a lattice 
makes to D,, and D, may be calculated from random 
walk theory. Ignoring the correlation terms, the results 

8 J. Crank, Mathematics of Diffusion (Clarendon Press, Oxford, 
1956). 

“J. F. Nye, The Physical Properties of Crystals (Clarendon 
Press, Oxford, 1957). 


DIFFUSION OF 


1829 


are!l5 
Dy=4 ; T'gts’(cos"0s) av, 
p= 


a 
—__ 2 1 9/.%..9 
D,=} Dd Tsés*(sin*Og)av, 
B=1 


where a=number of different jump lengths possible, 
&s=jump length, 's=probability per unit time that a 
jump of length & occurs, and 6gs=angle between the 
symmetry axis and the direction of a jump of length 
&;. According to Wert and Zener,'® I’, is given by 


I's= vg exp(—AG,/kT), (9) 


where vg= vibration frequency of an atom in a direction 
leading across a saddle point of energy to a new equi- 
librium site and AGg= isothermal work done on slowly 
moving a plane from the equilibrium to the saddle 
position assuming that the diffusing atom vibrates 
only in this plane. For any one kind of atomic jump, the 
ratio of Eqs. (7) and (8) is independent of I's and hence 
may be calculated from geometrical factors alone. If 
the data are not fitted in this way, one may assume that 
two types of atomic jumps are occurring and put the 
experimental results into the equations to evaluate vg 
and AGzg for the two types. 

The types of possible jump mechanisms usually con- 
sidered are: 


1. The vacancy mechanism wherein an atom and an 
adjacent vacancy exchange places. 

2. The interstitial mechanism wherein an atom moves 
about among the normally unoccupied sites of the 
structure. 

3. The ring mechanism which is a coordinated motion 
of two or more atoms such that each exchanges places 
with an adjacent atom. This motion effects a net dis- 
placement of any one atom but no mass transfer. 


Reference 1 may be consulted for the details of ap- 
plying these ideas to calculations of diffusion in zinc. 


EXPERIMENTAL PROCEDURE 


Single crystals of 99.999+-% pure zinc, about 5 in. 
long and 0.5 in. in diameter were grown in evacuated 
Pyrex tubes by the Bridgman technique. The zinc was 
purchased from the New Jersey Zinc Company. Those 
crystals having hexagonal axis within about 20° of 
being parallel or perpendicular to the specimen axis 
were retained for further processing. These were cut 
into samples about 1 cm long with a string-saw, using 
concentrated nitric acid as a cutting agent. 

One end of the sample was faced off in a lathe and 
all cold-worked material removed by polishing and 
etching. When an x-ray reflection photograph showed 
the surface to be strain free, the sample was annealed 

168A. TD. LeClair and A. B. Lidiard, Phil. Mag. 1, 518 (1956). 

16 C. A. Wert and C. Zener, Phys. Rev. 76, 1189 (1949). 





JOSEPH H. 


COUNTS PER MG PER MIN 


ao 6 £6 00 
PENETRATION °—(10~* cm?) 

Fic. 1. Sample penetration plot for Ag™® diffusing at 82° to 
hexagonal axis of zinc crystal. Temperature was 320.8°C. Time 
of diffusion was 2.706X 105 sec. 
in vacuum for 24 hr at about 85% of the melting tem- 
perature. The samples were examined for grain growth, 
and if satisfactory, were repolished. Surfaces so prepared 
were accurately flat to better than 0.0001 in. The crys- 
tallographic direction perpendicular to the prepared 
surface was determined by x-ray reflection. 

After protecting the.sides of the sample with an ace- 
tone soluble paint, the prepared surface was chemically 
plated with one of the radioactive tracers, silver-110 
or indium-114. The plating was done simply by dipping 
the sample into a solution containing the radioactive 
ions. In the case of silver-110, this was a standard com- 
mercial silver-cyanide electroplating solution. For the 
indium-114 a solution of indium trichloride in distilled 
water was found to be satisfactory. The indium and 
silver films used were typically of the order of 0.5 4 
thick. 

In the indium case it was found that plating had to be 
done quickly from a solution rich in indium ions, or the 
resulting plate would not diffuse into the bulk. We as- 
sume that this is due to the thin indium film undergoing 
a reaction to form a stable compound which effectively 
ties it down to the surface. The nature of this reaction 
is not known, nor do we know whether it occurs in the 
plating bath or in the glass capsule at the start of the 
diffusion anneal. 

After being cleaned of paint, pairs of samples, placed 
so that their plated surfaces faced each other across a 
Pyrex disk spacer, were sealed off under vacuum in 
Pyrex capsules. One of these samples was of an orienta- 
tion such that diffusion occurred nearly parallel to the 
hexagonal axis, and in the other, the diffusion occurred 
nearly perpendicular to the hexagonal axis. The diffu- 
sion anneal was performed in furnaces whose tempera- 
ture was controlled to +0.2°C over long periods of 
time. 

After removal from the furnace, the samples were 
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mounted in a lathe, and the sides were ground away 
with abrasive paper to eliminate the effect of side dif- 
fusion. The sample was sectioned by turning off thin 
layers of material parallel to the originally plated sur- 
face. These turnings were put into small plastic-coated 
stainless steel cups, weighed, and then dissolved in 50% 
HCl. The resulting solution was spread over the bottom 
of the cup and dried. The beta activity of the resulting 
layer of crystals was measured with a thin end-window 
Geiger tube and a standard scaling circuit and counter. 

The specific activity of each section was assumed to 
be that at the center. The thickness of the sections was 
calculated, using the area of the sample face, the density 
of zinc, and the mass of the section. After correcting 
the activities for counter dead time, the logarithm of 
each was plotted against the square of the penetration 
distance at which it occurred. Figures 1 and 2 show 
sample penetration plots. Equation (3) shows how the 
slope of the line through this data is related to the dif- 
fusion constant and the time of diffusion. 

The diffusion constants measured for differently 
oriented samples diffused at the same temperature was 
used with Eq. (6) to calculate D,;, and D, at that tem- 
perature. The logarithms of these diffusion constants 
are plotted as a function of the reciprocal temperature 
in Fig. 3. A plot of the self-diffusion results of Shirn, 
Wajda, and Huntington! are included in the same figure 
for comparison. 

The diffusion constants plotted in Fig. 3 have been 
corrected for the fact that the time the samples spent 
in the furnace is not the same as the time at the dif- 
fusion temperature due to heat-up time. Corrections 
were also made for the fact that the sections taken were 
generally not exactly parallel to the originally plated 
surface and also for the fact that the calculated specific 
activity is not that which occurs at the center of a sec- 
tion because of the finite thickness of the section. 

The uncertainty in an individual diffusion-constant 
measurement is due to many causes. In this experimen, 
the most important sources of error are, in order of in- 
creasing importance, (1) the uncertainty in the thickness 
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PENETRATION 
Fic. 2. Sample penetration plot for In' diffusing at 72.5° to 
hexagonal axis of zinc crystal. Temperature was 352.0°C. Time 
of diffusion was 9.420 10? sec. 
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Fic. 3. Diffusion constant versus reciprocal temperature for 
\g"? and In" tracers diffusing parallel and perpendicular to the 
hexagonal axis in zinc single crystals. Self-diffusion results of 
Shirn ef al. shown for comparison. 


of the first section, (2) uncertainty in the area of the 
sample face, and (3) the small amount of arbitrariness in 
the choice of a straight line to represent the penetration 
data. All errors being considered, the uncertainty in a 
diffusion constant measured for silver-110 is about +8% 
and for indium-114 about +13%. The larger error in 
the indium case is due to somewhat more scatter in the 
penetration data plus the incidence of anomalously 
high activities in the first few sections which made the 
choice of a straight line to fit the data more uncertain 
than for the silver data. 


RESULTS 


Using a least-squares technique to fit the data shown 
in Fig. 3 to Eq. (4) yields the results shown in Table I. 
The self-diffusion results of Shirn ef al. are included for 
comparison. The probable errors indicated are calcu- 
lated from the scatter of the data about the least- 
square lines. The Do values given include a small cor- 
rection for lattice expansion at the diffusion temperature. 

The high-temperature (416.4°C) points for the indium 
diffusion were not included in the least-squares analysis 
because their anomalously high value would have a dis- 
proportionately large effect on the results. The data 
for these points are very good and lead us to conclude 
that the effect is real, although more evidence for this 
high-temperature diffusion enhancement is necessary. 

The change in the ratio of D,, to D, on going from 
the higher to the lower temperature investigated is: (1) 
from 2.3 to 3.1 for silver, (2) from 1.2 to 2.5 for zinc 
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self-diffusion, (3) from 0.63 to 0.77 for indium. The 
fact that the ratio is temperature dependent implies 
that more than one kind of atomic jump must be oc- 
curring. If this were not so, the activation energies for 
diffusion in both directions would be equal. 


DISCUSSION OF RESULTS 


Figure 3 clearly shows that the diffusion rate of the 
smaller valence impurity, silver, is less than the self- 
diffusion rate, while that of the impurity of greater 
valence, indium, is greater. These facts are in agreement 
with the predictions of Lazarus’ model; hence they 
strongly imply that these impurities are diffusing by a 
vacancy mechanism. 

Calculations were made to fit the data to vacancy 
and ring mechanisms. This was done by assuming that 
the measured diffusion constant in a given direction is 
due to contributions from two kinds of atom jumps each 
with its own characteristic Dp and Q. Hence: 


D,(T)= Dor exp(—Q1/RT) 

+ Doz exp(—Q2/RT), 
Do exp(—Q1/RT) 

+ Doz exp(—Q2/RT), 


(10) 
D,(T) 
(11) 


where the subscripts 1 and 2 refer to the type of jump. 
Now since for a given kind of jump one can calculate 
the quantity, 


1Do/iDao)1 or 2; (12) 


by using Eqs. (7) and (8), then one can simplify Eqs. 
(10) and (11) to the forms: 


Dy(T)= Dwr exp(—Q1/RT) 


+  Doo(,Do iDo)2 exp(—Qe2 RT), (13) 


D,(T)= wDorGDo/ Do): exp(—Q1/RT) 


+ Doo exp(—Q2/RT). (14) 


The criteria for a good fit are that not only must the 
calculated values of the Do’s and Q’s reproduce the meas- 
ured curve within the experimental error, but also, 
following the ideas of Zener'’ and general observations 
about good diffusion data, the calculated values of Do 
must be roughly of the order of unity. 

The silver data could be fitted by assuming that a 


rane I. Frequency factors and activation energies for tracer 


diffusion in zinc single crystals. 


Diffusion 


Isotope direction Do (cm*/sec) Q (cal/mole) 


Ag!to | 0.32 +0.02 
\g!! l 0.45 +0.07 
In'4 0.062+0.008 
In''4 ! 0.14 +0.2 
Zn* 0.1 

Zn* 0.5 


(26.0+0.1) X 108 
(27.6+0.2) X 108 
(19.1+0.1) x 10° 
(19.6+0.1) x 108 
(21.8+0.2) X 108 
(24.3+0.5) X 10° 


17 C, Zener, J. Appl. Phys. 22, 372 


1951). 
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vacancy jumped either to a nearest neighbor in the 
basal plane or to a nearest neighbor in an adjacent basal 
plane. It was attempted to fit the data to ring mechan- 
isms involving three atoms in two combinations, all 
three in one basal plane and two on one plane and the 
third on an adjacent plane. The results indicate a 
negative Dy for one of these, which is, of course, 
impossible. 

The indium data could be fitted by either the vacancy 
or ring mechanisms of the type described as being used 
in the silver calculations. This inability to discriminate 
between mechanisms is due to the small difference in 
activation energy for indium diffusion in the two direc- 
tions. In this case, however, one may infer that a 
vacancy mechanism is operating from the fact that 
D,>Dy,, for indium, while D,,>D, for silver and zinc 
diffusion. The argument is as follows. 

A vacancy in the zinc structure looks like a screened 
negative charge and so should be repelled from impur- 
ity atoms whose valence is less than that of zinc, since 
these also look like screened negative charges. A vacancy 
should be attracted to impurity atoms of valence greater 
than that of zinc, since these look like screened positive 
charges. For the silver diffusion, the repulsion between 
a vacancy and a silver atom would make the next- 
nearest-neighbor position to the preferred one for the 
vacancy with respect to the silver atom. This position 
puts the vacancy on the basal plane adjacent to the one 
occupied by the silver atom; hence silver jumps with 
a large component parallel to the hexagonal axis would 
become more probable than those perpendicular to it. 
One would then expect that aside from the change in 
the magnitude of the diffusion constant of silver due to 
valence effects, the ratio of D,, to D, at a given tempera- 
ture should be greater than is the case for zinc self- 
diffusion. This is what we observe. 


OSOLOWSKI 


For the case of an atom like indium, however, the 
attraction between it and a vacancy would make the 
preferred position of the vacancy the nearest neighbor 
position on the same basal plane as the indium atom. 
This should result in a reduction of the ratio of Di, 
to D, from that found for zinc self-diffusion. This is 
indeed what has been measured. The reduction has in 
fact been so great that D, has become larger than Dj. 
This fact, together with the very large increase of the 
diffusion constant of indium over the self-diffusion 
constant, implies that the indium atom-vacancy attrac- 
tion is a strong one. The two may be associated for 
long periods of time and so diffuse through the zinc 
structure as a unit. 


CONCLUSIONS 


We conclude that the diffusion of indium and silver 
in single crystals of zinc occurs by a vacancy mechanism 
involving atom jumps to nearest-neighbor positions in 
the basal plane and to next-nearest-neighbor positions 
on adjacent basal planes. In the case of indium, there 
is a good possibility that the indium atom and vacancy 
are strongly associated and tend to diffuse through the 
structure as a unit. The most frequent orientation of 
this unit is the one where both members lie on the same 
basal plane. The qualitative predictions of Lazarus’ 
theory for the effect that the valence of an impurity 
has on its diffusion rate are fulfilled for diffusion in the 
anisotropic, divalent zinc matrix. 
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A detailed study on the effect of additional elements on the 
period of CuAu II was made to investigate the origin of the long 
period superlattice. Single crystals of CuAu were made by the suc- 
cessive evaporation of Au and Cu onto a heated NaCl substrate. 
A known amount of the additonal element was evaporated onto 
the CuAu film and diffused in by appropriate annealing techniques. 
The effect of the addition of 16 different elements in varying 
concentrations on the domain size of CuAu II was determined using 
electron diffraction. The addition of group III elements Al, Ga, 
and In of up to 25 atomic percent was found to decrease the aver- 
age domain size M (half-period) with increasing concentration of 
the element (from 5 to 1.5). Sn, Mn, and Zn incorporated into 
CuAu also decreased the domain size. Nickel and Pd in small 
amounts increased the domain size, as did Ag and concentrations 
of Cu and Au above the stoichiometric proportion. From the analy- 
sis of all the data, a definite relation was found to exist between 
the electron-atom ratio and the domain size. From the ex- 
perimental data, a model based upon the stabilization of alloy 
phases using the Brillouin zone theory was formulated to show 


I. INTRODUCTION 


MONG the numerous types of superlattices found 

in alloy systems, there is a group that is classified 

as “long-period superlattices.’ These are superlattices 

with stable antiphase domains of a definite size, and 

hence they form periodic structures. The superlattice 

CuAu II in the Cu-Au alloy system is a classic example 
of this type of structure. 

Copper and gold form a continuous solid solution at 
all compositions and form several superlattices, Cu;Au, 
CuAu, CuAus, all of which have been extensively in- 
vestigated.? CuAu II is a modification of the superlattice 
formed near the stoichiometric composition CuAu. The 
alloy at this composition is in the disordered state 
above 410°C and has a face-centered cubic structure. 
Below 380°C the alloy becomes ordered and each two 
of the four simple cubic sublattices of the fcc structure 
now contain all Cu and all Au atoms, respectively. This 
structure, known as CuAu I, is shown in Fig. 1(a). 
Alternate (002) planes contain either all Cu or all Au 
atoms and thereby cause a contraction in the c direction. 
This results in a tetragonal face centered structure 
with a c/a ratio of 0.92. The superlattice CuAu II 
is a modification of the CuAu I structure and is 
stable in the temperature range between the CuAu 
[ and disordered phases, i.e., from about 380°C to 410°C. 
The unit cell of this structure is orthorhombic and 
is shown in Fig. 1(b). It is seen that the CuAu II 
structure is composed of unit cells of the CuAu I 


1 See for example L. Guttman, Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press Inc., New York, 1956), 
Vol. 3, p. 174. 

2M. Hansen, Constitution of Binary Alloys (McGraw-Hill 
Book Company, Inc., New York, 1958), p. 198. 


the variation of the electron-atom ratio e/a with the domain 
size M. This relation is given by the following formula: 
e/a= (w/12#)(2+1/M+1/4M?)!. Here ¢ is a truncation factor 
which in most cases has a value of around 0.95. The agreement 
between theory and experiment is very good. In addition, the 
model was applied to other alloy systems where long-period super 
lattices are formed and was found to give a good explanation for 
the stabilization of these structures. The theory provides two 
regions depending upon the electron-atom ratio where all the pre- 
dictions are reversed. The Cu-Au system and the Cu-Pd system 
are examples of these two regions, respectively. The theory not 
only predicts the variation of the domain size with the electron- 
atom ratio, but also predicts the concentration dependence (with- 
out changing the electron-atom ratio) and the temperature de 
pendence, the distortion of the lattice, the appearance of one- and 
two-dimenional antiphase domains and other characteristics of 
long-period superlattices which are in accord with the experimental 
data on many alloy series. 


type and is characterized by the existence of antiphase, 
or “out of step” boundaries at each five unit-cell 
lengths in the d direction. The ‘‘out of step” which occurs 
at this boundary is equivalent to a lattice shift of 
3(a+c) and the distance between each antiphase pound- 
ary is specified by a distance Mé and is described in 
terms of a “domain size” M. For CuAu II at the stoi- 
chiometric composition, M=5. This type of structure is 
called a one-dimensional long-period superlattice with 
a period M=5. As a result of the change in symmetry 
in the atomic arrangement the original unit cell itself 
also deforms in the 6 direction, thereby causing b/a>1 
in addition to the deformation in the c direction. 

The superlattice CuAu II has been investigated by 
many researchers since its discovery by Johansson and 
Linde using x-ray methods.* Not only the structure 
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Fic. 1. Unit cells of the ordered phases of CuAu: 
(a) CuAu I, (b) CuAu IT. 


3C. H. Johannson and J. O. Linde, Ann. Phys. 25, 1 (1936). 
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Fic. 2. Equilibrium phase diagram of the Cu-Au system around 
the 50% composition, after Hansen (reference 2). 


and physical properties in the equilibrium state, but 
also the kinetics of the formation of this superlattice 
have been investigated.‘ These data show that the long- 
period superlattice CuAu II is really an equilibrium 
phase and not a transition stage between equilibrium 
phases. Since the usual order-disorder transformation 
is a nucleation and growth process, and a fcc lattice 
has four equivalent sublattices, the ordered phase 
(CuAu I type) can nucleate at four different sublattices 
and grow. These nuclei meet together and form an 
antiphase structure just as a crystal forms a polycrystal- 
line structure. If this were the origin of the antiphase, 
however, the size of the antiphase regions would be 
different depending upon the history of the treatment, 
and would eventually form a single domain structure 
by prolonged annealing. However, CuAu II has a 
definite antiphase domain size M =5, irrespective of the 
thermal history. Also, recent electron microscopy and 
diffraction work utilizing the thin film technique** has 
indicated that CuAu II nucleates and grows from both 
the disordered state and from the ordered CuAu I 
state. These results, in addition to specific heat data’ 
which show that latent heats are observed at both 
the transition temperatures, unequivocally show that 
CuAu II is really an equilibrium state. 

Many other long-period superlattices have been found 
in alloys, and in addition to the one-dimensional long- 
period superlattices of the CuAu II type, there exist 
two-dimensional long-period superlattices. The frequent 
occurrence of these superlattices clearly shows that they 
are common structures which can be more stable than 
the usual superlattices. Since such long-period super- 
lattices are equilibrium phases, the origin of the stabili- 

* For example, G. Borelius, J. Inst. Metals 74, 17 (1947); G. J. 
Dienes, J. Appl. Phys. 22, 1020 (1951). 

5S. Ogawa and D. Watanabe, J. Phys. Soc. Japan 9, 475 (1954). 

*D. W. Pashley and A. E. B. Presland, J. Inst. Metals 87, 419 
(1958). 

" M. Hirabayashi, S 


Nagasaki and H. Maniwa, Nippon 
Kinzoku Gakkaishi B14, 1 


1950) 
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zation as well as the period M, etc. should be explained 
by an equilibrium theory. However, it is also clear 
that this kind of structure cannot be explained by a pair 
interaction model usually adopted in explaining the 
order-disorder phenomenon, because for this purpose, 
extremely long distance interaction is involved. Con- 
sequently, the type of theory required must be related 
to the collective behavior of the crystal in some form 
or other. That is, it should be related to some sort of 
behavior of the free electrons, or to some sort of col- 
lective behavior of the atoms, such as atomic vibration, 
etc. The first aim of the present research is therefore 
directed to experimentally determine what factor con- 
tributes most to the stability of long-period structures. 
In order to obtain information concerning the origin 
of the stability of long-period superlattices, from the 
above reasoning, either the number of free electrons of 
the system or the mass or the size of the constituent 
atoms should be changed systematically, and the change 
in properties, especially the period and the stable tem- 
perature range, should be observed. Although some re- 
search has been done in this direction,*-" the data are 
limited and therefore a systematic supplement to the 
existing data is necessary. In other words, many different 
elements in various quantities must be added to CuAu 
II and their effect on the domain size M should be ob- 
served. For this purpose, single crystals of CuAu are 


Fic. 3. Electron diffraction pattern of CuAu I. 
8S. Ogawa, D. Watanabe, H. Watanabe, and T. Komoda, 
J. Phys. Soc. Japan 14, 936 (1959). 
* K. Schubert, B. Kiefer, M. Wilkens, and R. Haufler, Z. Metallk 
46, 692 (1955). 
1 EF. Raub and P. Walter, Z. Metallk 41, 240 (1950). 
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far superior to polycrystalline material, and in addition, 
the alloy should be annealed long enough to allow a 
high degree of order and homogeneity in each case. 
Unfortunately both the single-crystal fabrication and 
the annealing process are quite time consuming for 
bulk material, and therefore it is quite impractical to 
do this type of research with bulk crystals. In order to 
avoid this difficulty, we adopted a thin-film technique. 

In the work to be described below, we show how the 
thin-film technique was employed to obtain systematic 
data necessary to pinpoint the origin of the long-period 
superlattice. These data were then employed in formu- 
lating a theory to explain the origin of the long-period 
superlattice. 


II. EXPERIMENTAL METHOD 


The thin film technique has been used successfully 
by several groups, most recently by Raether," Ogawa 
el al.,° and Glossop and Pashley.” The method consisted 
of preparing single crystal thin films of CuAu by suc- 
cessive evaporation of Au and Cu onto a single crystal 
NaCl substrate held at an appropriate temperature. 
Various amounts of a third element were then evapo- 
rated onto the film, which was then homogenized by 
appropriate annealing procedures. The films were then 
examined by electron diffraction. The methods are 
described in detail below. 


lic. 4. Electron diffraction pattern of stoichiometric CuAu II. 


' H. Raether, Z. angew. Phys. 4, 535 (1952) 
12 A. B. Glossop and D. W. Pashley, Proc. Roy. Soc. (London) 
A250, 132 (1959). 
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Fic. 5. Electron micrograph of CuAu II showing antiphase 
domain structure. Magnification 320 000 x. 


A. Preparation of Samples 


Single-crystal films of CuAu about 300-400 A thick 
were made by first evaporating completely a measured 
amount of Au from a tungsten boat onto a heated, 
freshly cleaved NaCl substrate. For best results in this 
initial stage, the NaCl was first heated to 500°C and 
then cooled to 400°C, at which temperature the Au was 
evaporated. An epitaxial growth of a (001) orientation 
of the Au film on the (001) face of the NaCl results, 
even though the misfit is quite large (~ 28%). Without 
changing the evaporation geometry, a_ calculated 
amount of Cu, required to form the 50-50 atomic 
percent alloy, was completely evaporated onto the Au 
film, which was reheated to about 350°C. The film 
was annealed on the NaCl at this temperature for about 
one hour, although homogenization is completed at 
this temperature in about half an hour. The vacuum 
used in these evaporations was 5X 10-5 mm Hg or less, 
and was found to be completely satisfactory for this 
purpose. 

The CuAu film was then removed from the substrate 
by immersing the NaCl in water. Samples of the film 
were collected on standard 200 mesh stainless steel 
electron microscope screens. Depending upon the initial 
size of the CuAu film, as many as 20-30 samples could 
be collected from each film. 

For the addition of the third element, the samples 
were placed in stainless steel holders which could be 


8L. Bruck, Ann, Phys. 26, 233 (1936). 
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Fic. 6. Reciprocal lattice for the CuAu II structure. 


attached to furnaces in the evaporation system. The 
identical evaporation geometry used in preparing the 
CuAu films was reproduced, and a measured quantity of 
the third element was completely evaporated. The 
samples were then annealed at an appropriate tempera- 
ture for diffusion of the third element into the film. The 
annealing temperature was such that the vapor pres- 
sure of the added element was less than 10-* mm Hg. 
Only those elements which could be evaporated from 
W boats and which have low vapor pressures near 350°C 
were used. 

The composition of the resulting alloys could be 
checked by measuring their lattice constants and com- 
paring with the known data on bulk material, since the 
lattice constants of the alloys in film form agree very 
well with those of bulk materials. This method was 
frequently used, and, in most cases, the value agreed 
with the calculated one. In the majority of the cases, 
however, we used the values obtained from the known 
evaporated amount. This was imperative in cases where 
no data on bulk material was available. Consequently, 
there is a slight ambiguity about the composition of 
the ternary alloys. 


B. Determination of Phase and Domain Size 


All samples were examined in a RCA-EDU electron 
diffraction unit having an average accelerating voltage 
of about 50 kv. The samples were placed in a heating 
stage in the EDU so that patterns could be obtained 
at various annealing temperatures. In this way, perti- 
nent data was obtained on the phase changes from 
CuAu I to the disordered phase. The equilibrium phase 
diagram around CuAu is shown in Fig. 2 for reference. 
Annealing times required to reach equilibrium for the 
films in the temperature range of interest were of the 
order of one hour. Diffraction patterns were obtained 
showing the change in the film from the CuAu I phase 
to CuAu II and finally to the disordered phase. That 
the formation of CuAu II is a nucleation and growth 
process either from the CuAu I or from the disordered 
state could be confirmed by observing continuously 
the development of the superlattice spots characteristic 
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of CuAu II inside the camera. Such a nucleation and 
growth process has also been observed in CuAu II by 
electron microscopy by Pashley ef al.* In the case of 
the alloys with a third element, the times necessary 
for the transformations to reach equilibrium were not 
investigated in detail and consequently an accurate 
transformation temperature could not be obtained. 
However, the data could be used to show the general 
trend of the transformations CuAu I< CuAu II + dis- 
ordered for these ternary alloys. 

In some cases, it was convenient to investigate the 
films in the EDU at room temperature. This necessi- 
tated the rapid quenching of the film from the annealing 
temperature to room temperature. Although the time 
required to reach the equilibrium state is short, both 
the disordered and CuAu II state can be obtained by 
rapidly quenching the thin film. For this purpose a small 
Vycor vacuum furnace was constructed for annealing 
the films. Helium gas was let into the system as a heat 
conductor and liquid N2 was used as the coolant in the 
quenching process. The films could be cooled from 400°C 
to room temperature in 30 sec using this apparatus. 
However, the examination of the films at high tempera- 
tures in the EDU could be done without any difficulty, 
and consequently the quenching technique was seldom 
necessary. 

The nature of each phase and the domain size M of 
CuAu II were obtained by careful examination of the 
diffraction patterns. In the disordered state, the alloy 
shows spots which are characteristic of a fcc lattice. 
Since the plane of the film normal to the electron beam 
is the (001), the main spots observed are (200), (220), 
etc. When the superlattice CuAu I is formed, superlat- 
tice spots at the {110} positions are observed. An elec- 
tron diffraction pattern of CuAu I is shown in Fig. 3. 
In the photograph, faint {100} spots are also observed. 
These are due to the presence of domains with the c axis 
in the plane of the film, but in most cases the c axis 
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Fic. 7. Domain size M vs concentration of Ag in CuAu ILI. 





EFFECT OF ADDITIONAL 
is perpendicular to the plane of the film. When the 
CuAu IT phase is formed, the superlattice spots separate 
into two, due to the added periodicity in the bd direction. 
A typical CuAu II pattern is shown in Fig. 4. The ap- 
pearance of four intense superlattice spots instead of 
simply two is due to the nucleation of antiphase domains 
in orthogonal directions, there being two equivalent 6} 
directions with a common ¢ axis, in the (001) film. The 
nucleation of the antiphase domains in the film can be 
seen in the electron microscope. Such a pattern, taken 
with a Hitachi HU-11 electron microscope, is shown in 
Fig. 5. Alternate dark lines in the picture represent the 
antiphase domain boundaries, and show the growth of 
the domains in orthogonal directions. A detailed ex- 
planation of the CuAu II diffraction pattern has been 
given by Ogawa and Watanabe,° and by Glossop and 
Pashley.” The reciprocal lattice of the CuAu IT struc- 
ture is shown in Fig. 6. 

In determining the domain size M, we need only to 
consider the separation of the superlattice spots relative 
to the (200) separation, the separation of the superlat- 
tice spots being dependent on the length of the antiphase 
domain. Thus the domain size M could be determined 
to a fair degree of accuracy from measurements on 
the single crystal diffraction patterns when the spots 
are sharp. The sharpness of the spots is indicative of 
the regularity of the antiphase domain size. 


III. EXPERIMENTAL RESULTS 


A total of sixteen different elements of high purity 
covering most groups in the periodic system were 
added to the CuAu films and their effects noted. At 
least five different concentrations of each element tested 
were added to the film. These results are discussed in 
detail below. 


A. Copper, Silver, and Gold 


The addition of either Cu or Au above the stoichio- 
metric composition resulted in an increase in the domain 
size M. The data obtained was very similar to that 
reported by Ogawa and Watanabe.® The domain size 
increased toward the value 6 as the Au or Cu content 
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F1G. 8. Domain size M vs concentration of A] in CuAu IT, 
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Fic. 9. Domain size M vs concentration of Ga in CuAu II. 


increased to 60 atomic percent. At 55% Cu, the domain 
size was 5.75; but at 60% Cu only a mixed phase of 
CuAu I and CuAu II was obtained. At 55% Au, the 
domain size was 5.5. The addition of Ag into CuAu 
also resulted in an increase in domain size. The 
change in domain size with Ag content is shown in Fig. 7. 
The CuAu I-CuAu II transition temperature 7c; was 
found to be lowered slowly with added Ag content. For 
example, at 7.5% Ag, the CuAu II phase still occurred 
at 330°C. 


B. Aluminum, Gallium, and Indium 


The addition of either Al, Ga, or In caused a syste- 
matic decrease in domain size with concentration of 
the added element. This is shown in Figs. 8-10. It is 
interesting to note that the change in domain size 
with concentration of solute for Al and Ga is practically 
identical. In both cases, the CuAu could accommodate 
up to 23% of the solute and still maintain the same struc- 
ture. An electron diffraction pattern of CuAu II with 
added Al is shown in Fig. 11. The large increase in the 
separation of the superlattice spots is apparent and is 
indicative of the decrease in domain size. 

For the CuAu-Al samples, the stable region of CuAu 
II was found to be lowered with added concentration 
of Al with T-; being about 370°C for Al content of 5% 
and greater. The lowering of the stable region was more 
evident in the CuAu-Ga system. For a sample con- 
taining 12% Ga, the structure was still the disordered 
one after annealing for 5 hours at temperatures down 
to 275°C. The transition temperature for the disordered- 
CuAu II phase change, 72, was near 300°C for CuAu 
containing 6% Ga. 

The domain size decreased rapidly with the addition 
of In, reaching a value of near 2 at In concentrations 
of only 15%. The transition temperature Tz was found 
to decrease to temperatures of 300°C and lower for 
large concentration of In. 


C. Germanium and Tin 


For CuAu films containing 3.6% to 17.3% Ge, there 
was no occurrence of the CuAu II phase. In going from 
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Fic. 10. Domain size M vs concentration of In in CuAu II. 


CuAu I to the disordered phase, the CuAu II phase was 
not detected. In addition, the Ge did not completely 
diffuse into the film since Ge rings were superimposed 
on the CuAu pattern even after prolonged annealing. 
At 17.3% Ge, the film became polycrystalline with pre- 
ferred orientation. 

For concentrations of Sn less than 8%, a decrease 
in the domain size was observed. This is shown in Fig. 
12. Above 8% Sn, no CuAu II superlattice was detected. 
In the region where CuAu II occurred, Tc2 was in the 
neighborhood of 300°C. 


D. Antimony and Bismuth 


The addition of Sb or Bi in small amounts appeared 
to have no effect on the domain size in CuAu II. 
Moreover, neither element appeared to diffuse com- 
pletely into the film, as indicated by a superposition of 
spots on these diffraction patterns. For Bi concentra- 
tions greater than 4.5%, the film became polycrystal- 
line. For concentrations of Sb greater than 7%, no 
CuAu IT was detected. 


E. Beryllium and Magnesium 


No effect on the domain size of CuAu II was noticed 
with the addition of up to 37% Be. The Be did not dif- 
fuse into the film as evidenced by a smear of spots 
superimposed on the CuAu II pattern. 

There was no change in the domain size of the CuAu 
II for samples containing up to 20% Mg. Some faint 
broad rings were noticeable in the pattern, but indi- 
cations were that the Mg had diffused into the film. For 
films containing 20%-30% Mg, a new complex single 
crystal diffraction pattern was observed, which was 
not analyzed. 


F. Chromium, Manganese and Iron 


The incorporation of up to 25% Cr into CuAu did 
not affect the domain size of the CuAu II formed. Some 
polycrystalline rings due to Cr were superimposed on 
the pattern and indicated that not all the Cr had dif- 
fused into the film. The CuAu II phase occurred in the 
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same temperature region as for the stoichiometric 
compound. 

The addition of Mn to CuAu caused a decrease in 
the domain size, similar to that found for CuAu-In. 
The decrease in M with concentration of solute is shown 
in Fig. 13. Again, the transition temperature decreased 
as the solute concentration increased, so that at 9% Mn, 
Tc. was about 350°C. 

The addition of Fe into CuAu appeared to have little 
effect on the domain size. The diffraction pattern showed 
that the Fe had diffused in but no apparent change 
was noticed for M or for the transition temperatures. 


G. Nickel and Palladium 


The CuAu ITI phase did not form in films having con- 
centrations of Ni greater than 5%. For smaller con- 
centrations, the domain size increased, and at 2% Ni 
had a value of 5.25 while at 5% Ni had a value of 6.0. 
The transition temperature Tc: was practically un- 
changed in the range where CuAu II was still formed. 
However, in the range where CuAu I was the only 
ordered phase, the transition temperature increased 
so that CuAu I existed in the range where ordinarily 
CuAu II would be stable. 

Films containing Pd acted in a similar fashion. Here, 
the CuAu II phase was found only at Pd concentrations 
less than 1%. At 0.5% Pd, M=5.5 while at 0.8% Pd, 
M=5.8. For larger concentrations of Pd, CuAu I was 
the only ordered phase detected. Here the CuAu I 
phase was found to be stable at much higher tempera- 


Fic. 11. Electron diffraction pattern of CuAu II containing 5.8% 
Al showing increased separation of superlattice spots. 





EFFECT OF ADDITIONAL ELEMENTS ON PERIOD OF CuAu II 


Taste I. Summary of experimental results, showing effect of 
additional elements on the domain size M, and listing the size 
factor for each element. 
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tures than for the stoichiometric alloy. The change in 
the transition temperature from CuAu I to the dis- 
ordered phase with Pd content is shown in Fig. 14. 
It is seen that this transition temperature is about 100° 
higher than the usual Tce for stoichiometric CuAu II. 


H. Zinc and Cadmium 


An attempt was made to incorporate Zn and Cd 
into the CuAu films. Both these elements have high 
vapor pressures at temperatures where one would expect 
the CuAu ITI phase to occur. Consequently, it was diffi- 
cult to incorporate these elements into the films with 
any degree of reproducibility. Attempts to diffuse Cd 
into CuAu were unsuccessful. However, by careful 
evaporating and annealing procedures, Zn was incor- 
porated into CuAu. As reported by Ogawa et al.,® it 
was found that Zn in CuAu decreased the domain size 
in a manner similar to CuAu-Al. However, quantitative 
data could not be obtained because of the ambiguity 
of the composition. 

A summary of the effect on the domain size for the 
elements tested is given in Table I, together with the 
atomic size factors. 
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‘1G. 12. Domain size M vs concentration of Sn in CuAu II. 
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Fic. 13. Domain size M vs concentration of Mn in CuAu II. 


IV. DISCUSSION OF EXPERIMENTAL RESULTS 


Among the sixteen elements added, several were 
found not to be soluble in CuAu in any appreciable 
amount. These cases were easily identified by observing 
the diffraction patterns, which showed superposed rings, 
diffuse hollows, destruction of the single-crystal spots, 
change in patterns, etc. In such cases, of course, we 
could not observe any change in the period of CuAu II. 
These elements were Sb, Bi, Be, Cr, and possibly Mg 
may also be included in this group. In the case of Mg, 
a concentration of greater than 20% Mg seemed to 
change the CuAu phase to a new single cyrstal ordered 
phase, which we did not analyze. The lack of solubility 
of these elements may be explained in terms of the size 
factors which, in most cases, are unfavorable as can be 
seen in Table I. 

In the case of Fe, it appeared that the Fe diffused 
into the CuAu alloy, since no defects in the diffraction 
pattern were noticed. At the same time, we did not ob- 
serve any noticeable change in the domain structure of 
CuAu II. This fact casts serious doubt on the assump- 
tion that the Fe actually diffused into the film. In the 
case of bulk, Fe is not very soluble in either Cu or Au, 
and although we could not find any extensive study on 
the Cu-Au-Fe system, it is not very likely that Fe is 
soluble in large amounts in the alloy. Of course there is 
no guarantee of this fact in the case of thin films since 
the properties of the film may be different from that of 
bulk. Although the lattice constant of the alloy was 
changed somewhat by the addition of Fe, it was not 
possible to determine the iron content since the lattice 
constant data on this system are not available. As a 
result, we did not include the data on Fe in the final 
analysis. 

In the other cases, an extensive solubility was found 
in the temperature range of the CuAu II phase. In some 
cases, the solubility seemed to be larger in films than 
in bulk material. It is quite possible that the increased 
solubility in the thin films may be due to the increased 
number of vacancies and other defects which occur in 
larger number than for bulk material. These defects 
would increase the diffusion rate of foreign atoms at 
relatively low temperatures, as indicated, for example, 
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“1G. 14. Change in transition temperature from ordered to 
disordered state for CuAu II with concentration of Pd. 


by the diffusion of Cu into the single-crystal Au 
described previously. Nevertheless, the lattice constants 
of the alloys in thin film form agree with those of bulk 
material within 0.1%. Because of the wide solubility 
range, the dependence of the domain size M on the 
amount of the alloying element could be obtained with a 
fair degree of accuracy. 

There is some question concerning the interpretation 
of the domain size thus determined, since M changes 
continuously with the alloying element and therefore 
does not usually take an integral or half integral number 
as would be anticipated if the domains were of a regular 
size as shown in Fig. 1(b). The nonintegral value of M 
can be interpreted as a mixture of different domain sizes. 
From the diffraction pattern alone, however, one cannot 
tell the true situation about the nature of the mixture. 
As long as the spots are as sharp as the original CuAu II 
pattern, however, it is legitimate to speak of the average 
size of the domains. Therefore, we will, for the moment, 
interpret the value of M as the size of the domains 
without going into the nature of the mixture in detail. 

Even in the original CuAu II, there is still a contro- 
versy concerning this point since one obtains values of M 
greater than 5 for alloys which do not have the stoichi- 
ometric compositions, as shown in the data. It has been 
shown that sharply separated points with a nonintegral 
value of M should be observed if two domain sizes M’ 
and M” mix either regularly or quite randomly." 
Therefore, the sharpness of the separated spots does 
not necessarily mean that the domain size is a definite 
nonintegral value. As previously mentioned, however, 
it is possible to resolve the antiphase domain in the elec- 
tron microscope and to make a direct observation of the 
domain length. This has been done by Ogawa et al.'® 
and by Pashley and Presland’* on slightly nonstoichio- 


4K. Fujiwara, J. Phys. Soc. Japan 12, 7 (1957). 

16S. Ogawa, D. Watanabe, H. Watanabe, and T. Komoda, 
Acta Cryst. 11, 872 (1958). 

161). W. Pashley and A. E. B. Presland, Structure and Properties 
of Thin Films (John Wiley & Sons, Inc., New York, 1959), p. 199. 
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metric CuAu II. According to Ogawa ef al., measure- 
ments of the length of the domains show double maxima 
at 5 and 6, indicating that a mixture of these two domain 
sizes exist in the alloy. On the other hand, Pashley and 
Presland found only a single maximum at 5.5 and they 
interpreted this as corresponding to a CuAu II structure 
containing 11 cells of the CuAu I type. Because of this 
confused situation, there is at present, no definite way 
of deciding the true nature of nonintegral M values. An 
investigation of CuAu II films containing Al and having 
small M values is being carried out using an electron 
microscope in order to clarify this point. 

Although there are many possible causes for the origin 
of the periodic structure, these should be related in 
some way or other to the collective behavior of the 
crystal. Then the factors which should be takeninto 
account are the number of free electrons per alloy atom, 
the weight of the atoms, the size of the atoms, etc. 
With this assumption, we first plotted the domain 
size M against the number of free electrons per atom 
(electron-atom ratio, e/a) of the system, taking into 
account the valency of the additional elements. This 
curve is shown in Fig. 15, and one can see a regularity 
between e/a and M. The electron-atom ratio e/a, was 
calculated according to the composition of the alloy. 
Here, the number of electrons was taken to be zero for 
Ni and Pd, one for Cu, Ag and Au, two for Mn and Sn, 
and three for Al, Ga, and In. The valency of two as- 
signed to Mn and Sn may be a cause for argument. 
However, if one thinks of a valency for Mn in terms of a 
compound such as MnO and the fact that an excellent 
agreement was obtained in the e/a vs M curve using 
this value, it seems that Mn behaves as a divalent atom 
in the alloy. A similar argument can be applied to the 
case of Sn. The scatter of the points in the figure may 
be due to the uncertainty in the compositions of the 
alloy films, as previously pointed out. 

Because of this regularity, the data was replotted to 
find an exact relation between e/a and M. Figure 16 
shows a plot of e/a vs 1/M, and it can be seen that there 
exists a linearity between these two quantities. It is 
important to note that the linear curve cuts the ordi- 
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Fic. 15. Electron-atom ratio vs domain size M using the 
indicated valences for the elements tested 
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nate at e/a=0.85, indicating that M becomes infinite 
at e/a=0.85. Here M=< means the prefect CuAu I 
type superlattice, while M=0 means the disordered 
state. The above relation indicates that the period 
becomes longer as e/a becomes smaller until finally 
CuAu II vanishes at e/a=0.85 and only CuAu I is 
formed. Schubert,’ in assembling data on several one- 
and two-dimensional long-period superlattices, has 
found a similar relation between e/a and M. The mean- 
ing of his data is slightly different from ours, since we 
have considered only the case of CuAu II. The curve 
should be different for each alloy series. 

There is a slight dependence of M on the concentra- 
tion of Cu or Au. That is, increasing Cu or Au from the 
stoichiometric composition results in an increase in M. 
It may be said that there is a slight difference in the ef- 
fective number of free electrons between Cu and Au. 
However, the fact that the M value increases with the 
addition of either Au or Cu means that this possible 
difference in the number of electrons is not the impor- 
tant factor. Similarly, the difference in size or weight of 
the Au and Cu atoms would not be responsible for 
the change in M for the same reason. 

The temperature change causes a similar effect. By 
lowering the temperature in the CuAu IT stability range 
a slight increase in M is found, although we could not 
substantiate this fact with confidence since the range 
of CuAu IT is so narrow. It is also apparent in this case, 
that the number of free electrons, size and weight of 
atoms would not be responsible for this change. These 
effects will be discussed more fully later. 

The data clearly show that there is an intimate rela- 
tion between the stability range of CuAu II and the M@ 
value. For example, the transition temperature Tc; is 
raised by the addition of such elements as Pd or Ni 
which increase the period, while there is a trend to 
decrease Tc; as M decreases. In the present investiga- 
tion, however, quantitative data concerning this rela- 
tion were not taken. 

Other than the definite relation between the value of 
M and the number of electrons per atom of a system, 
no systematic dependence of M on the size factor or 
weight of atoms of the additional element could be 
found. From the experimental results, it is now clear 
that the origin of the long-period superlattice is inti- 
mately connected to the electron-atom ratio of the 
system. The change of the concentration and the tem- 
perature as well as the change of the degree of order, seem 
to have a secondary effect on the period. Thus, the first 
aim of this research was successfully attained since the 
experiments showed conclusively that the electron-atom 
ratio is the deciding factor for determining the period 
of the superlattice of CuAu II. 


V. THEORETICAL INTERPRETATION OF THE ORIGIN 
OF THE LONG-PERIOD SUPERLATTICE 


The general theoretical treatment of the stabilization 
of long-period superlattices should be as follow :. First 


ELEMENTS 


ON PERIOD OF CuAu II 1841 





1.5 


1.4 


uw 





ELECTRON — ATOM RATIO 








I'1G. 16. Electron-atom ratio vs the reciprocal of the domain 
size M for additional elements in CuAu II. 


it should be an equilibrium theory and therefore should 
explain the existence of the long-period structure as an 
equilibrium phase. It should not be a theory which, 
although it can predict the existence of the antiphase 
structure at some intermediate stage, eventually leads 
to the equilibrium state given by the CuAu I type struc- 
ture. The difference of the configurational part of the 
entropy between CuAu I and CuAu II should be almost 
negligible. Therefore, the origin would be eithera special 
form of entropy term which is directly connected to the 
periodic antiphase domains or entirely an internal energy 
term. Although CuAu IT exists only in the intermediate 
temperature range, most of the long-period superlattices 
found in other alloy systems are true equilibrium phases 
at low temperatures. Therefore, the origin would most 
probably be connected with the stabilization due to the 
internal energy term and not the entropy term.” 

Second, it is apparent that a usual pair-type model 
with a nearest neighbor interaction cannot explain this 
structure. The numbers of pairs of each kind of atoms 
are not very different between CuAu I and CuAu IT, and 
the introduction of ‘‘out of step” boundaries increases 
instead of decreases the energy. Thus it is necessary to 
introduce a kind of long-range interaction due to the 
collective behavior of the crystal which will lead to a 
lowering of the energy of the system by the introduction 
of extra periods in the atomic arrangement, in addition 
to a short-range interaction which leads to the ordered 
state. The latter, however, increases the energy of the 
system by introducing the extra period. Thus, the equi- 
librium size of the period would be determined by the 
sum of these energy terms. The situation is quite similar 
to that encountered in the problem of the screw-type 
arrangement of spins in magnetism.'® In this sense, it 
also appears possible to explain such a phenomenon to 

‘7 For detailed thermodynamical arguments concerning the two 
phases, refer, for example, to B. A. Roberts, Acta Met. 2, 597 
(1954); R. A. Oriani, Acta Met. 2, 608 (1954); R. A. Oriani and 
W. K. Murphy, J. Phys. Chem. Solids 6, 277 (1958). 


18 A. Yoshimori, J. Phys. Soc. Japan 14, 807 (1959); J. Villain, 
J. Phys. Chem. Solids 11, 303 (1959), 
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Fic. 17. Brillouin zone structure for CuAu: Thin lines represent 
zone for disordered phase; thick lines represent zone for ordered 
CuAu I phase. 


some extent with a pair interaction model by introducing 
competing interactions of different interaction ranges.’ 

However, it is now clear from the experimental 
results that the period has a definite dependence on the 
electron-atom ratio. Thus it is apparent that the free 
electrons of the system are responsible for the stabiliza- 
tion of the periodic structure and therefore we can 
rule out the possibility that the collective behavior 
of the constituent atoms, the atomic vibrations for 
example, is the origin of the antiphase structure. At 
the same time, we can rule out the competing interaction 
model mentioned in the previous paragraph, because it 
is hardly conceivable that two types of such interactions 
are dependent only on the electron-atom ratio, and not 
on the kind or size of the atoms, etc. 

Among the several possible mechanisms which depend 
only upon the number of free electrons, the most con- 
ceivable mechanism would be the stabilization of the 
kinetic energy of the free electrons due to the splitting 
of the Brillouin zone by the introduction of an extra 
period. This idea was first adopted by Jones” in the 
explanation of phase boundaries in alloy systems and 
has since been successfully applied to many problems 
of alloys. Other possibilities could include the stabiliza- 
tion of special sinusiodal variations of some properties 
of the free electrons, such as the spin density fluctuation 
or the mass density fluctuation. The Brillouin zone 
mechanism for CuAu II has been suggested very vaguely 
by Nicholas,” Slater,” one of the authors,” and pos- 
sibly others. However, no detailed discussion has been 
given thus far. On the other hand, an explanation based 
on a type of mass density fluctuation of free electrons 


1K. Adachi is carrying out the calculation based on this kind 
of model and is claiming to have obtained a fair amount of success 
(private communication). 

*®H. Jones, Proc. Roy. Soc. ae 225 (1934); A147, 396 
(1934); Proc. Phys. Soc. 19, 250 (193 7). 

" J. F. Nicholas, Proc. Phys. Soc. (London) A66, 201 (1953). 

2 J. C. Slater, Phys. Rev. 84, 179 (1951). 

%H. Sato, Sci. Repts. Research Inst. Tohoku Univ. 4, 160 
(1952). 
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has been given for the long-period superlattice by Schu- 
bert. Although all mechanisms should cause a splitting 
of the Brillouin zone as a result of having an extra period, 
the essential question is whether or not the splitting 
of the Brillouin zone itself is responsible for the 
stabilization. 

These possibilities were examined in detail in con- 
junction with the experimental data, and it was con- 
cluded that the splitting of the Brillouin zone itself 
is the principal origin for the stabilization of the long- 
period structure. This is discussed in detail below. 


A. Brillouin Zone Structure of CuAu 


The first Brillouin zone of the disordered face-centered 
cubic alloy is the well known truncated octahedron. 
The zone is bounded by the planes {111} and {200} 
as shown by the thin lines in Fig. 17. The volume of 
the zone is equal to 4/a* (a=lattice parameter) and 
corresponds to two electrons per atom. The volume of 
the inscribed sphere is 0.681 of this zone, and can in- 
clude 1.362 electrons per atom. Since we can ascribe 
one electron per atom to both Cu and Au, the Fermi 
surface is well inside of the Brillouin zone and would be 
nearly spherical.*® When the alloy forms the CuAu I 
ordered structure, the Brillouin zone splits because of 
the new periodicity, and a new Brillouin zone is formed, 
bounded by {001} and {110} planes as shown by the 
thick lines in Fig. 17. The volume of this new zone is 
2/a’c and can just accommodate one electron per atom.”® 
Since the atomic arrangement in the unit cell of CuAu I 
has a tetragonal symmetry, the resulting Brillouin 
zone is highly anisotropic and as a result the inscribed 
sphere includes only 0.26 electron per atom. Free elec- 
tron energies at the points 4, B, C, and D on the zone 
boundaries in Fig. 17 are 2.4 ev, 4.8 ev, 7.1 ev, and 9.5 
ev, respectively, while the energy at the surface of the 
Fermi sphere containing one electron per atom is 6.5 ev. 
Therefore, the electrons should overlap into the second 
zone at least in the ¢ direction, although the overlap 
is a sensitive function of the energy gaps across the zone 
boundaries. 

The introduction of the extra periodicity in the b 
direction due to the formation of CuAu II causes a 
separation of the superlattice spots in the 6 direction 
as described before, and the representation of this fact 
in the reciprocal lattice is shown in Fig. 6. This causes a 
further splitting of the Brillouin zone as shown in Fig. 18. 
The section of the zone cut by an (001) plane through 
the origin is shown in this figure. There is also a change 
in the {001} zone surface, which is easily found using 

“4K. Schubert, Z. Metallk. 46, 43 
650 (1959). 

25 According to the recent studies of the de Haas-Van Alphen 
effect and the anomalous skin effect, etc. there seems to be enough 
reason to believe that the Fermi surface of the precious metals 
(Cu, Au, Ag) is appreciably different from spherical 

26 ¢ is the lattice constant of the unit cell in the c direction. We 
will neglect the difference between c and a since ¢/a is not much 
different from unity. 
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the reciprocal lattice of the CuAu II structure. However, 
the overlapping of the electrons in this direction is so 
large, that this change in the zone surface would not 
affect the behavior of the electrons and consequently 
can be neglected. We will return to this point later. The 
separation of the zones shown in Fig. 18 depends upon 
the separation of the superlattice spots. As the period 
M becomes smaller, the superlattice spots separate 
more, and consequently the separation of the Brillouin 
zones increases. 

The degree of overlapping as well as the degree of 
stabilization at the zone boundary depends very sensi- 
tively on the energy gap across the zone boundary. 
In this sense, a rather detailed calculation will be given 
to show what is involved. The energy gap across the 
zone boundary depends on the scattering of the free 
electrons by the periodic potential.” That is, the energy 
gap, AF,, across a zone boundary specified by the indices 
n(71,%2,N3) is given by 


AE,=2|Val, (1) 
where the zone boundary is given by the equation 
(n-k)+}n?=0 (2) 
in k space, and V, is a coefficient of the Fourier expan- 
sion of the periodic potential V(r), given by 
V(r) =Doa Vne?tia-)/2, (3) 


If the structure contains s atoms per unit cell, the 
Fourier coefficient V, can then be expressed in the form 


V.=>d Agre?™* (9-87) (4) 


t=] 


where the A,n,’s are the coefficients of the potential for 
a simple cubic lattice composed of atoms of type r, 
and (a;-u,) (i=1, 2, 3) is the location of the atom r 
from the origin of the unit cell with respect to the axes 
@, @2, and a3. It is clear from this expression that in 
the case of binary alloys, the potential V, and hence the 
energy gap is given by the average of the scattering 
power of the A and B type atoms for the boundary 
corresponding to the normal one and by the difference 
of the scattering power of the A and B type atoms for 
the boundary newly formed by the formation of the 
superlattice. This calculation takes the same form as 
that of x-ray scattering, for example, from a crystal 
lattice. 

The calculation of the energy gap for alloys based 
upon this development using x-ray atomic scattering 
factors has been carried out in detail by Jones,”” Muto,”* 
and others. For the case of a disordered binary alloy 
having a face-centered cubic structure, the energy gap 
AF, is given by 
AE,= (2e?/amn*)|[C(Za—F 4) + (1—C)(Za—Fs) ] 

X (1 eit (mrt ns) + eix(nztns) + eix(nstmr)) | (5) 


27 See for example, N. F. Mott and H. Jones, Theory of the Prop- 
erties of Metals and Alloys (Clarendon Press, Oxford, 1936). 
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F1G. 18. Reciprocal lattice of CuAu Hina plane through the origin 


and parallel to the (001) plane, showing the structure of the Bril- 
louin zone of CuAu II and of the enclosed Fermi sphere. 


and for a partially or fully ordered state of the CuAu I 
type is 
AE,= (2¢/amn?) | {C(1+S)(Za—F a) 
+[1—C(1+S) ](Zs—Fs)} (ite t+) 
+{C(1-S)(Za—Fa)+[1-C(1—S) ] 
x (Za~F a)? (etm (nztna) + gix(nst m1)) | : (6) 


Here C is the concentration of A atoms (CS$}), Z; and 
F; represent the atomic number and x-ray atomic scat- 
tering factor of atom i, and S is the degree of long-range 
order. 

The calculation of the energy gap based on Eq. (6) 
for the stoichiometric (C= 4) alloy CuAu I assuming 
perfect order (S=1) gave the following values: The 
energy gap across the (001), (110), (111), and (200) 
surfaces are 13.8 ev, 12.2 ev, 11.0 ev, and 10.0 ev, 
respectively. These values are very high. The energy of 
free electrons at the (001) surface is only 2.4 ev and if 
the energy gap is indeed 13.8 ev, the electron would be 
completely confined in the first Brillouin zone and the 
ordered ‘alloy CuAu I would become an insulator, con- 
trary to experimental data. Consequently, the results 
based on these calculations seem misleading except for 
their relative magnitude. Energy gap calculations based 
on a relation given in Jones’ original paper” which 
dealt with the phase boundary based on the Brillouin 
zone structure are smaller by a factor of x. These values 
looked slightly more reasonable and have been cited for 
practical applications of his idea. However, this is due 
to an error in his expression, and in any case, the calcu- 
lated values of AE, are much too large. 

As Jones already pointed out in his paper, these 
calculations would give too large a value due to the fact 
that they are based on the assumption of a point charge 
for the periodic potential. This is too crude an approxi- 
mation for slow electrons in metals. In addition, a slow 
electron cannot penetrate into the ion core and therefore 


28T. Muto, Sci. Papers Inst. Phys. Chem. Research (Tokyo) 
34, 377 (1938). 
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Fic. 19. Schematic 
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the total number of electrons of the atom would not con- 
tribute to the scattering factor as assumed in calculating 
the x-ray scattering factor. The free electron can only 
see the charge of the ion core as a whole, and in this 
respect the difference in scattering factor between Cu 
and Au for free electrons in metals would be small. An 
indirect estimate of the difference in scattering power 
could be obtained from the resistivity increase of Cu 
with the addition of Au. It would then be possible to 
calculate a more realistic value for the energy gaps.” 
A reasonable value of the energy gap based on these 
ideas is of the order of a fraction of an electron volt. 

Since it is now apparent that the energy gap across 
the Brillouin zone boundaries are much narrower than 
the calculated value based on Eq. (6), we may assume 
that the Fermi surface can be approximated by that of 
free electrons and the electrons overlap freely in the c 
direction for CuAu I. Therefore, the newly formed 
energy gap across the {001} boundary would not be 
important for the present argument. On the other hand, 
the Fermi surface comes rather close to the {110} 
boundaries, and therefore the location and the energy 
gap across this boundary would be very important in 
determining the behavior of the electrons. When CuAu 
II is formed, the {110} zone boundaries separate as 
shown in Fig. 18. Thus, in the case of CuAu II, the 
Fermi surface is quite close to the outer surface of the 
zone. Now, as the period decreases, the separation of 
the zone boundaries becomes larger and the outer zone 
can include more electrons per atom. This tendency 
agrees quite well qualitatively with the experimental 
results. Therefore, let us examine this case in more 
detail. 

The volume of the inscribed sphere to the outer zone 
can be calculated from the separation of the superlattice 
spots. This is easily found to be 


V = (x/6a*)(24+2x+27)). (7) 


Here x represents one-half of the separation of the super- 
lattice spots, and is expressed in terms of the unit 
reciprocal lattice constant. It is"related to the domain 
size M by the expression 


x=1/2M. (8) 
The actual shape of the Fermi surface can be consider- 
ably distorted from the pure spherical shape because 
of the existence of the energy gap and also because it 

* See for example, F. Seitz, Modern Theory of Solids (McGraw- 
Hil! Book Company, New York, 1940). 
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TOTH 


overlaps the inner zone boundary as well as the bound- 
ary in the c direction. Therefore, the distance from the 
origin to the Fermi surface where it touches the outer 
boundary will be shorter than the radius of the Fermi 
sphere containing the same number of free electrons. 
The shape of the Fermi surface to be expected, with re- 
spect to the zone boundaries, is shown in Fig. 19. 
Taking into account the fact that there are four atoms 
per unit cell, the number of electrons per atom, e/a, 
which will be included in this surface is given by 


e/a= (r/12#)(2+2x+27)), (9) 


where ¢ is a truncation factor which gives the measure 
of the nonsphericity of the Fermi surface and its defini- 
tion is indicated in Fig. 19. Although this factor is 
expected to change as the zone boundary separation 
changes, one can expect it to be approximately constant 
over a limited range. Since this factor is difficult to 
calculate quantitatively, let us take this factor as an 
adjustable parameter and determine its value at a 
known point or from the best fit to the experimental 
results. Such a fixed point is stoichiometric CuAu II, 
where M=5.0 and the electron-atom ratio is one. The 
calculations show the value of / thus determined to 
be 0.95, which is a reasonable number. However, the 
determined value of ¢ may also include the effect of 
other energy terms such as the domain boundary 
energy (cf. Sec. V.B) which also affects the period 
along with the kinetic energy of free electrons. 
Utilizing Eqs. (8) and (9), the relation between e/a 
and M was calculated and compared with the experi- 
mental results. This is shown in Fig. 20. As can be seen, 
the agreement is very good. In addition, a further calc- 
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Fic. 20. Theoretical curve of electron-atom ratio vs domain 
size M with t=0.95 for (a) stabilization by outer Brillouin zone 
and showing its relation to the experimental points for CuAu IT 
and (b) stabilization by inner zone boundary. The dotted line 
shows the curve for t=0.94. 





EFFECT OF 
ulation shows that M becomes infinite at e/a=0.86, 
which agrees almost exactly with the value obtained by 
linear extrapolation of the experimental curve in Fig. 
16. Although the agreement is satisfactory, /=0.94 
seems to give a better fit at larger e/a values. This sys- 
tematic discrepancy may be explained as a result of 
the boundary energy mentioned above or a systematic 
deficiency of the third elements as compared tothecom- 
puted values. 

The good agreement between the theoretical values 
and experimental data along with a reasonable value 
of the adjustable parameter / supports our conclusion 
that the stabilization due to the splitting of the Bril- 
louin zone is the essential factor for forming the CuAu 
II structure. 

The agreement between the theoretical predictions 
and the experimental data is not limited only to the 
Cu-Au system. In other systems where one dimensional 
long periodic structures are found, the agreement is 
equally good. For example, in the Ag-Mg system near 
AgsMg, the dependence of the domain size on the elec- 
tron-atom ratio is also given by Eq. (9) with a similar 
truncation factor. 

If the electron-atom ratio is smaller than the critical 
value (0.86 for CuAu II for example), the stabilization 
of the alloy should take place by the relation between 
the Fermi surface and the inner zone boundary contrary 
to the previous case where the relation between the 
Fermi surface and the outer zone determines the domain 
size. In such a case, using the same argument as before, 
the relation between the domain size and the electron- 
atom ratio is also given in terms of the separation value 
x, by the equation 


e/a= (w/12#)(2—2x+-2°)!. (10) 


The curve obtained from this relation is shown in Fig. 
20. In this case, the domain size decreases with the de- 
crease of the electron-atom ratio. In the case of the one- 
dimensional periodic superlattice found in the Cu-Pd 
system around 20% Pd, the domain size is accurately 
predicted by Eq. (10), using a truncation factor similar 
to that obtained for the Cu-Au system. In general, 
predictions concerning the behavior for cases where the 
electron-atom ratio is smaller than the critical value 
are just reversed from those for the cases where e/a is 
greater than this value. 

The theory not only predicts the variation of the 
domain size with the electron-atom ratio, but also pre- 
dicts other characteristics of the long period superlat- 
tices which are in accord with experimental results. 
For example, we may discuss the distortion of the crystal 
when it forms the long period structure. So far, we con- 
sidered only the reduction in the kinetic energy of free 
electrons for a fixed crystal when the extra period is 
introduced. Although this is enough to predict the period 
to a first approximation, the true value would be deter- 
mined from the minimum of the sum of the energy 
terms which depend upon the formation of the antiphase 
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domains allowing also the deformation of the crystal. 
These energy terms would be, in addition to the kinetic 
energy of free electrons, the antiphase domain boundary 
energy (out of step boundary energy), the elastic energy, 
etc. The distortion of the lattice can be discussed 
along this line. Let us first discuss the case when the 
electron-atom ratio is greater than the critical value as 
in the case of CuAu IT. In such a case, the Fermi sphere 
overlaps at the inner zone boundary and touches the 
outer zone boundary, and the Fermi surface is inside 
the outer zone boundary. Under such a condition, it is 
known that the Fermi surface has a tendency to pull 
in the outer zone boundary toward it in order to increase 
the stabilization.” At the same time, the overlapped 
portion of the electrons across the inner zone boundary 
has a tendency to push the inner zone up so that the 
number of overlapped electrons would decrease al- 
though the main effect would be the former one. Both 
tendencies can be achieved by a distortion of the Bril- 
louin zone in such a manner that the zone is compressed 
in the direction of the period. This, in turn, means that 
the crystal lattice has a tendency to elongate in the 
direction of the period. This explains the fact that CuAu 
II elongates in the 6 direction. Ag-Mg alloys near the 
composition of Ag;Mg or Au-Cd alloys near Au;Cd, 
where a one dimensional long period sturcture is formed 
in the ¢ direction, follow the same tendency, and c/a 
becomes larger than one.*! There is, at the same time, a 
tendency that a small overlap of electrons across the 
boundary planes of the inner Brillouin zones causes an 
internal stress in the crystal which tends to squeeze 
the Brillouin zone in a direction at right angles to the 
overlapped plane.” This stress, however, is balanced 
by the similar overlap in the other directions and would 
not cause an extra distortion except for the AuCu II 
type structure where the Brillouin zone structure is 
anisotropic. If, on the other hand, the electron-atom 
ratio is smaller than the critical value, the stabilization 
takes place at the inner zone instead of the outer zone. 
Just as in the previous case, the Fermi surface has a 
tendency to pull in the inner zone. This can be achieved 
by the elongation of the Brillouin zone in the ¢ direction. 
In other words in such an alloy, there is a tendency 
that the lattice contracts in the direction of the period. 
This is exactly the case for Cu-Pd alloys around 20% 
Pd. An important feature in both cases is that the Fermi 


surface should not overlap across the zone boundary 
where the stabilization takes place. 
The distortion of the lattice takes place mainly at 


the expense of the elastic energy and the actual amount 
would be determined by the balance of the two energy 
terms. 


” J. B. Goodenough, Phys. Rev. 89, 282 (1953). 

31 In the case of CuAu II, the alloy is originally tetragonal with 
c/a=0.92, and therefore the distortion we are talking about occurs 
in the b-direction as already pointed out. In the case of Ag-Mg 
and Cu-Pd alloys, however, the alloys are originally cubic and 
therefore they distort tetragonally when they form the long period 
superlattice. 
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In the former case, the distortion takes place in the 
direction to increase x at a fixed value of the electron- 
atom ratio. In this sense, the distortion takes place 
also at the expense of the domain boundary energy be- 
cause a larger x corresponds to a shorter period and, 
therefore an increased number of domain boundaries. 
However, the tendency to make the total number of 
overlap of electrons smaller during the deformation 
tends to counterbalance this effect. In the latter case, 
however, the distortion is in the direction of decreasing 
x at a fixed value of the electron-atom ratio. Therefore, 
the domain boundary energy aids the distortion. The 
contribution of the domain boundary energy to this 
problem, however, is expected to be much less than the 
elastic energy. 

Thus far, our model explains in a very convincing 
way the characteristics found in alloy systems with long- 
period superlattices. In this sense, another implication 
of the present theory might be the added strong support 
of Jones’ initial model explaining the phase boundary 
of alloys.” According to his model, the phase boundary 
occurs at the e/a concentration where the Fermi surface 
just touches the Brillouin zone. This idea has been ap- 
plied in many places and has attained a great deal of 
success.” However, the recent study on the Fermi sur- 
face of precious metals (Cu, Au, Ag) by the measure- 
ment of the de Haas-van Alphen effect, the anomalous 
skin effect, and other effects, indicates that the Fermi 
surface already touches the {111} surface of the Bril- 
louin zone. This fact casts doubt on the validity of Jones’ 
original idea, for if the Fermi surface touches the Bril- 
louin zone boundary from the beginning, his arguments 
have no basis. However, the continuous change of the 
domain size with the number of electrons of the long- 
period superlattice as well as the distortion of the crystal 
can most conveniently be explained from the idea that 
the Brillouin zone boundary just touches and moves 
with the Fermi surface. Therefore it is desirable that 
the relation between the idea about the stabilization 
of an alloy phase at the Brillouin zone boundary and the 
conclusion that the Fermi surface of pure elements 
Cu, Ag, Au, etc. touches the zone boundary should be 
investigated in more detail.* 


B. Concentration and Temperature Effect 


If the composition of the alloy changes from the 
stoichiometric ratio, CuAu, the period increases. This 
effect cannot be explained by the change of the electron- 
atom ratio, as explained above and we shall call this 
effect the concentration effect. The concentration effect 
may be explained mainly as the effect of the domain 
boundary energy in the following way. When the con- 

32 See for example, G. V. Raynor, Progress in Metal Physics 
(Butterworth Scientific Publications, London, 1949), Vol. 1, p. 1; 
T. B. Massalski, Theory of Alloy Phases (American Society for 
Metals, Cleveland, Ohio, 1956), p. 63. 

33 Some arguments concerning this point can be found in M. H. 
Cohen and V. Heine, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1958), Vol. 7, p. 395. 
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centration is changed from the stoichiometric composi- 
tion, the energy for stabilization at a definite period 
becomes shallower without changing the position of the 
minimum, and the decrease would be linear with the 
change in the concentration. This effect can be under- 
stood easily from the expression for the energy gap, 
Eq. (6). At the same time, the domain boundary energy 
increases with the number of boundaries and, therefore, 
is a monotonic function of 1/M. Therefore, if these 
energy terms are added, the minimum is shifted to 
the direction of the longer period from the value given 
in Eq. (9) where only the energy of the free electrons is 
taken into account. This shift is larger as the minimum 
becomes shallower. Thus, as the composition of CuAu 
departs more and more from stoichiometry, the mini- 
mum shifts to larger values of the period, in accord 
with the experimental data. This explains the concentra- 
tion dependence of the period as well as the effect of 
the addition of Ag to CuAu II. This effect should exist 
at any concentration and in any alloy. Therefore, the 
true period found in alloys would be somewhat larger 
than the period predicted by Eq. (9). Due to the diffi- 
culty of calculating quantitatively the energy stabiliza- 
tion and the domain boundary energy, it is difficult to 
make a quantitative calculation of this effect. 

The question of whether a long-period superlattice 
can exist or not also depends on the relative magnitudes 
of the energy of stabilization due to splitting of the Bril- 
louin zone and of the increase in domain boundary 
energy to create the antiphase domains. In the Cu-Au 
alloy, it seems that the condition is critical, and this 
can be evisaged from the fact that the concentration 
effect is large. By lowering the temperature, the increase 
in domain boundary energy overcomes the stabilization 
energy, and the CuAu II structure transforms into the 
CuAu I type. Although both energy terms will increase 
in magnitude by lowering the temperature, the domain 
boundary energy should have a stronger temperature 
dependence. The fact that the difference in magnitude 
between the energy of stabilization and the domain 
boundary energy is not much thus explains the concen- 
tration and the temperature dependence of the Cu-Au 
system. The reason why the long-period superlattice is 
not stabilized in the Cu;Au region would also be ex- 
plained from this viewpoint. 

The explanation thus far indicates that the long- 
period superlattice is actually the most stable state for 
the ordered alloy, and therefore all ordered alloys should 
form long-period superlattices instead of the regular 
ones. However, as is indicated above, the relative magni- 
tude of the domain boundary energy with respect to 
the stabilization energy mainly determines the situation 
whether the long-period structure is the most stable 
state or not. Actually, if the long-period superlattice is 
once stabilized, it remains as the stable state to the 
lowest temperatures except for the case of CuAu II. 
Another indirect support of the importance of the 
domain boundary energy follows from the fact that we 





EFFECT OF ADDITIONAL 
usually do not find alloys with very long periods. In 
other words, the alloys seem to take the value M= « 
(the regular superlattice) when the theory predicts a 
very large value for M. If the period is long, the separa- 
tion of the Brillouin zone becomes extremely small, and 
the alloy does not gain enough energy for the stabiliza- 
tion to form a long period structure and this is easily 
overcome by the domain boundary energy. However, 
it may be rather hard to check this point experimentally. 

The relative importance of the domain boundary en- 
ergy with respect to the energy of the stabilization in 
CuAu indicates also that the main cause for the forma- 
tion of the ordered structure of this alloy would still 
be a short-range interaction energy between the differ- 
ent kinds of pairs of atoms, since the main contribu- 
tion to the domain boundary energy is due to the short- 
range interaction by the creation of wrong atom pairs 
at the boundary. The situation for the other alloy 
systems would in general be similar to the Cu-Au alloy 
and it would be safe to say that the origin of the forma- 
tion of ordinary type superlattices such as CuAu I, 
Cu3Au, etc. would mainly be the conventional short- 
range interaction and not the stabilization due to the 
splitting of the Brillouin zone as suggested by Nicholas”! 
except for special cases. The relative importance of the 
Brillouin zone stabilization and the short-range interac- 
tion, however, depends very sensitively on the kind of 
constituent atoms. 
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VI. CONCLUSION 


The experimental data obtained in this research 
indicated that the number of free electrons in the system 
is the deciding factor for the stabilization of long- 
period superlattices. 

From this information, a theoretical model based on 
the Brillouin zone was adopted for explaining the origin 
of the stabilization of such a long period structure. It 
was found that the theory not only predicts the domain 
size dependence upon the electron-atom ratio, which 
agrees satisfactorily with the experimental results ob- 
tained, but also it explains all other characteristics of 
CuAu II, if the domain boundary energy is properly 
taken into account. 

As briefly indicated in the text, the theory explains 
the characteristics of other long-period superlattices as 
well. In this respect, we can legitimately say that the 
enigma concerning the origin of the formation of long- 
period superlattices has been solved. A detailed discus- 
sion on the application of the present theory to other 
alloy systems and to characteristics not found in 
CuAu IT will be given in another paper. 
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The neutron coherent scattering amplitudes of Cd and Eu have been measured from diffraction studies on 
CdO and Eu,O; at a neutron wavelength of 1.391 A. Using the value of 0.58 10-" cm as the scattering 


amplitude for oxygen, the experimental values for the Cd and Eu coherent scattering lenths are | 
feu| = (0.55+0.04) X 10-" cm. The experimental values for the nonresonant coherent 


+0.03) X10" and 


foa| = (0.58 


scattering lengths are f)(Cd) = (0.78+0.04) X10-" cm and fy (Eu) = (0.80+0.05) X10-" cm. The phase of 


the scattering for both elements is positive. 


INTRODUCTION 


ALUES of coherent scattering amplitudes for ele- 

ments which possess high thermal neutron absorp- 
tion cross sections have been determined in relatively 
few 1 The diffracted neutron intensity obtained 
from these elements is minimized on account of the high 
absorption in the sample and the small diffracted in- 
tensity arising from the thin samples which are dictated 
by the large absorption. Therefore, diffraction data 
having the necessary statistical accuracy for determin- 
ing scattered amplitudes are accumulated slowly for 
these elements. The data are usually characterized by 
a low peak-to-background intensity ratio and in the 
observance of selected planes having relatively high 
multiplicity values. 

Utilizing one of the neutron diffractometers at the 
Omega West Reactor, it has proved feasible to obtain 
diffraction data from these highly absorbing elements 
by using the sample in transmission and employing 
special types of sample holders. The spectrometer is 
conventional and uses the (111) planes of a single lead 
crystal to produce a flux of about 10’ neutrons/cm?-sec 
at a wavelength of 1.391 A. Collimators for the incident 
and diffracted beams give a half-maximum width of 
about one degree for a peak at a 49° scattering angle. 
The beam incident on the sample is monitored by a 
transmission fission counter. A BF; counter is employed 
as a neutron detector. Oxides of the elements have 
proved most satisfactory for measuring scattering am- 
plitudes. The metals themselves have yielded inconsist- 
ent results; the cause of this is probably due to preferen- 
tial orientation of crystal planes produced in rolling or 
pressing the necessary thin foils. 


cases. 


EXPERIMENTAL 


Two independent sets of measurements were made 
with CdO to obtain data for the Cd scattering ampli- 
tude. One measurement taken with the CdO 
powder (about 0.1 g/cm?) pressed on a 3'y in. thick Ti-Zr 
alloy disk as a holder. A background run observed with 


was 


+ This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

! Previous work relating to the coherent scattering length for 
Cd has been done by S. W. Peterson and H. G. Smith, Phys. Rev 
Letters 6, 7 (1961) and by B. N. Brockhouse and A. T. Stewart 
(unpublished ). 


the Ti-Zr holder alone showed no diffraction peaks. The 
other measurement was made using a disk which had 
been pressed from a mixture of CdO powder and vana- 
dium metal powder ; the disk consisted of about 25% by 
weight of CdO (0.06 g/cm*). A background run made 
with only the vanadium metal exhibited only one dif- 
fraction peak at 38°. 

The oxide, EueO3, was used in the Eu measurement 
and had a purity of 99%. As in the Cd case, the oxide 
(0.11 g/cm?) was mixed 25% by weight with vanadium 
metal powder and the resulting mixture pressed into a 
disk. The neutron transmission through this disk, as 
well as in the CdO case, was approximately 40%. 

Nickel powder, for which the scattering amplitude is 
1.05X10-" cm, was used as a standard in evaluating 
the geometrical constant K in the expression for the 
diffraction peak intensities,’ 


Pin= Kp’t exp | — gf sec) Jr) l NV Sd p sin?29@. ( 1) 


In the beginning of these experiments, this constant 
was independently verified by using ThO: as another 
standard. However, during the period of taking data, 
the nickel standard was occasionally substituted for 
the oxide samples and the constant evaluated. The 
lattice parameter, a= 4.695 A, was used for CdO and 
a= 10.864 A was used for EusQOs. 


RESULTS AND DISCUSSION 
Cd 


A typical set of diffraction data obtained from the 
CdO supported by the Ti-Zr alloy holder is illustrated 
in Fig. 1. Only three diffraction peaks were observed 
from this oxide but all are well resolved and usable. 
The peaks are superimposed on a high background with 
the maximum peak height being 75% above background 
level. A similar diffraction pattern was obtained from 
the CdO supported in vanadium metal except for the 
form of the base line. 

The structure factor of CdO for the diffraction peaks 
observed here (even values of Akl) is given by 


Fyrr=4( fi at Jo) exp[ —W( T) sin’6), x7 De |, (2) 


2G. E. Bacon, Neutron Diffraction (Oxford University Press, 
New York, 1955). 
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in which the nomenclature is standard.* The planes 
corresponding to odd values of Akl (e.g., 111 and 311) 
contain the term fca— fo in their structure factor. The 
customary method? was used for evaluating F at @=0° 
and is illustrated in Fig. 2 where F?, as calculated from 
Eq. (1), is plotted on a log scale against sin*@/d*. The 
straight line in Fig. 2 has been drawn through a weighted 
average of the two sets of measurements from CdO. 
The extrapolation of this line to @=0° gives an intercept 
at 0° of F?= (2.15+-0.1) x 10-** cm?. If fea is calculated 
from this intercept and using Eq. (2), one obtains 
fea= (0.58+0.03)X10" cm assuming that fo=0.58 
xX 10-" cm. 

The above simplified procedure for calculating the 
scattering amplitude is not correct if the neutron energy 
is within the region of a resonance where resonance and 
potential scattering interfere with each other. Following 
the procedure used in the case of x rays near an absorp- 
tion edge,‘ the scattering length for neutrons may also 
be expressed in complex form as f= fot+tA/f’+id/”, 
where fy is the nonresonant coherent scattering length, 
Af’ is the real resonant increment, and Af” the imagi- 
nary resonant increment. The amplitude fo is that 
which should be observed at wavelengths far removed 
from the resonance region and which is associated 
with the potential scattering o,=47/\?. Peterson and 
Smith! have recently listed the explicit expressions for 
Af’ and Af” in the case of neutrons. In the present 
experiment, the resonance at 0.18 ev from the Cd'® 
isotope makes it necessary to express the Cd scattering 
length in the above complex form. Applying the expres- 
sions and parameters listed for Af’ and! Af” at 
\=1.391 A, one obtains Af’=—0.20X10~" cm and 
Af” =—0.08X10-" cm. Equation (2) then gives 
fo(Cd) = (0.78+ 0.04) K 10-" cm. The present measure- 
ment is higher than the value of fo(Cd)= (0.62+0.03) 
x 10~" cm measured by Brockhouse and Stewart.® The 
cadmium nuclear radius, Rea, should be approximately 
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SCATTERING ANGLE 
Fic. 1. Neutron diffraction results from CdO contained in 
Ti-Zr alloy holder. 


$C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 

‘ See, e.g., R. W. Jones, The Optical Principles of the Diffraction 
of X-Rays (G. Bell and Sons, London, 1948), p. 149. 

® According to a private communication, this value was obtained 
by B. N. Brockhouse and A. T. Stewart in 1954 using CdO 
powder in reflection at a neutron wavelength of 1.17 A. 
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Fic. 2. Graphical method for evaluating F? at zero scattering 
angle. F is the crystal structure scattering amplitude. 


equal to fo(Cd). Using the expression R= 1.5X10—" A}, 
the result is Reg=0.72 10-” cm which lies between the 
above two experimental values for fo(Cd). The absolute 
value of the coherent scattering amplitude derived from 
the complex form, fca= (0.78—0.20— 70.08) X 10-” cm, 
=0.585X10-" cm. Due to the small value of 
the imaginary component of fca, the latter result is 
very close to the value obtained from the approximate 
method used in the previous paragraph. Values for 
fea or | fea| will, of course, depend upon the incident 
neutron wavelength over the neutron energy range 
where the increments Af’ and Af” make appreciable 
contributions to the coherent scattering length. 

The phase of the coherent scattering from Cd is ob- 
viously positive as judged from the fact that peaks 
corresponding to odd values of hkl are not observed 
(or are extremely weak) in the diffraction pattern. 


is | fea 


Eu 


The diffraction pattern obtained from Eu,OQ3 sup- 
ported in vanadium is shown in Fig. 3. Each data 
point presents the sum of several experimental runs and 
has a statistical accuracy of 1% or better. This oxide 
shows several diffraction peaks with the maximum peak 
height being 50% above background level; the rise of 
the base level at the left of the pattern is due to in- 
strumental conditions. Only the peaks originating from 
the (222) and (332) planes are resolved in these data; 
the other peaks are composed of two or more closely 
spaced reflections. 

The structure factor for EusO;, which was computed 
by means of standard formulas,® is a function of the 
three values of the oxygen position parameters (x,y,z 
and the europium position parameter, «. These four 
parameters have not been directly measured for the 
present oxide. However, values obtained in conjunction 
with a neutron diffraction study’ of Ho2O; and direct 
measurements of the position parameters of the mineral 
bixbyite,** (Fe, Mn):O3, are probably close to values 

6 International Tables for X-Ray Crystallography (Kynock Press, 
Birmingham, 1952), Vol. I 

7 E. V. Koehler, E. O. Wollan, and M. K. Wilkinson, Phys. Rev. 
110, 37 (1958) 


8H. Dachs, Z. Krist. 107, 370 (1956) 
»L. Pauling and M. D. Shappell, Z. Krist. 75, 128 (1930). 
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Fic. 3. Neutron diffraction pattern obtained from Eu20; 
supported in vanadium metal powder. 


associated with Eu.Q;. Fortunately, the intensity from 
the (222) plane is insensitive to the oxygen parameters 
and only weakly dependent on the europium parameter. 
Furthermore, the diffraction data in Fig. 3 show that 
the peak from the (222) plane is best resolved and that 
the base line can be accurately determined for this peak. 
For the above reasons, the (222) plane has been given 
the most weight in the evaluation of the Eu scattering 
amplitude. 

Since Eu has a number of resonances in the region 
of the neutron wavelength, the complex notation must 
be used for the Eu scattering length. Table I lists calcu- 
lated values of Af’ and Af” for the resonances which 


TABLE I. Calculated values of Af’ and Af” for Eu resonances. 


Calc. Af” 
(10-" cm) 
— 0.0036 
—0.0166 
—0.0001 
—0.003 
— 0.00005 
— 0.00002 
— 0.0001 
— 0.0007 
—().0019 — 0.00003 
~0.0016 — 0.00002 


DAf’ = —0.248 Daf” = —0.024 


Cale. Af’ 
10-” cm) 


—0.029 
—0.150 
—0.014 
— 0.0060 
—0.0030 
— 0.0010 
— 0.0030 
—0.039 


Isotope 





Eu™! 
Eu"! 
Eu"! 
Eu’! 
Eu'®! 
Eu!!! 
Eu" 
Eu" 
Eu" 


oe a ee cae) 
he le Mo? 1 | 


wwnrre won 
= 


B= 


AND N. 


NERESON 


contribute significantly to these increments; summing 
these values gives the result fru= fo(Eu) —0.25—10.02. 
A spin weighting factor of g=} was used in these calcu- 
lations; other required parameters were obtained from 
a standard reference."” 

Table II gives structure factor expressions for various 
Eu.O; reflecting planes and also the experimental values 
for F?. Using these data in Eq. (1) gives the results 
for fo(Eu) listed in Table II. The value, fo(Eu) 
=0.80+0.05 as derived from the (222) plane, is con- 
sidered the most reliable. Lower values for fo(Eu) are 
obtained from the (332) and (440) planes. These lower 
figures appear logical since the base level is uncertain 
for these planes and is probably drawn too high. The 
fo(Eu) value derived from the (332) peak is very sensi- 
tive to the base line level; in the case of the (440) peak, 
the result is not as sensitive to the error in the base line 
level but an additional error is present from estimating 
the correction to the (440) area from the contribution of 
the nearby (521) peak. No attempt was made to utilize 
the diffraction peak occurring at 50° on account of the 
many unresolved reflections. The experimental result for 
fo(Eu) agrees fortuitously well with the Eu nuclear 
radius calculated as Re,=1.5X10-"4At=0.8010-” 
cm. The absolute value of the Eu coherent scattering 
length, | feu|, at A=1.391 A is (0.55+0.04) xX 10-” cm. 
No temperature correction has been applied to the 
above Eu scattering amplitudes. However, this cor- 
rection was estimated to be small and within the experi- 
mental error on account of the small angle at which the 
(222) reflection occurs. 

The above results are based on structure factors com- 
puted from position parameters of x=0.370, y=0.155, 
2=0.405, and “~=—0.030. Interatomic europium to 
oxygen separation distances calculated from these 
position parameters lead to a minimum value of 2.14 A 
and a maximum value of 2.60 A; the minimum value 
is a reasonable distance, but the maximum value ap- 
pears slightly high. The above set of position parameters 
were found to give the most consistent set of values for 
fo(Eu) derived from the different planes. However, 
as previously mentioned, using other accepted sets of 
position parameters changes the value of fy(Eu) very 
little in the case of the (222) plane. For example, the 
Ho,0; parameters’ (x=0.395, y=0.150, z=0.385, 
u= —0.030) give fo(Eu)=0.78X10-" cm and the bix- 
byite parameters? (*=0.385, y=0.145, 2=0.380, 
u= —0.030) give fo(Eu)=0.79X10-" cm. Using either 
of the latter two sets of position parameters to calculate 
fo(Eu) from the (332) and (440) planes resulted in con- 
siderably lower values than those listed in Table II. 

The phase of the Eu scattering can be established 
from the presence or absence of diffraction peaks from 
certain reflecting planes. For example, no peak is ob- 


10 Neutron Cross Sections, compiled by D. J. Hughes and R. B 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), 2nd ed 
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TABLE II. Computed values of fo(Eu) derived from different diffraction peaks. 


Scattering 
angle Structure factor* 
0.43 fo—30.31 fru 
14.90 fot 2.95 fru 24 
31.60 fo+27.67 fru 12 


* Structure factor calculated for x =0.370, y =0,155, s =0.405, and u = —0.030. The Debye-Waller ter 


>» Pyxi is proportional to the area under the diffraction peaks. 


¢ This value of Paso has been corrected for the contribution of the adjacent 


served at the Bragg angle corresponding to the (400) 
plane; since the structure factor is F’492{30fru—45 fo, 
it can be concluded that Eu scatters with the same 
phase as oxygen or positive phase. Additional confirma- 
tion of the phase is established by the large peak at 
42.3° which is primarily due to the (440) plane; the 
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F axe? 
(10-” cm?) 


fo{Eu) 
(10-” cm) 


0.80+0.05 


0.72+0.08 
0.74+0 08 


5934 20 
366+ 25 
1320+ 100¢ 


2744 30 
101+ 20 
1020+ 200 


nperature factor has been omitted in this tabulation. 


521) peak. 


structure factor, F'449= 27.7 feut31.6 fo, again indicates 
that Eu and O scatter with the same phase. 
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An experiment has been performed to investigate single-quantum annihilation of positrons in the field of 
high-Z nuclei. This mode of annihilation has been observed and the absolute magnitude, energy dependence, 
and Z dependence of the cross section measured. Backgrounds which might contaminate the derived signals 
have been semiempirically investigated and found to be an order of magnitude or more below the rate 
identified as single-quantum annihilation. The data on absolute magnitude of the counting rate and its 
dependence on positron energy agree with the calculations of Jaeger and Hulme. The Z dependence agrees 


with a cross section proportional to 2°. 


I. INTRODUCTION 
A NNIHILATION of an electron-positron pair can 


take place via the emission of one, two, three, or 
more quanta. In solids, the most probable mode is two- 
quantum annihilation of a positron electron pair almost 
at rest.!? This accounts for all but a few percent (e.g., 
3%) of positrons from typical radioactive sources, when 
the positrons are stopped in metals. In this case, two- 


* Supported in part by funds provided by the USAEC, The Air 
Force Office of Scientific Research, and the Office of Naval 
Research. 

t Submitted in partial fulfillment of the requirements for the 
degree of Bachelor of Science at Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

'W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), 3rd ed., pp. 268-272. 

2S. DeBenedetti, C. Cowan, W. Konneker, and H. Primakoff, 
Phys. Rev. 77, 205 (1950). 


quantum annihilation in flight’** accounts for most of 
the remaining positrons. 

Three-quantum annihilation occurs from the *S; state 
of the ete~ system. This is a consequence of conservation 
of angular momentum, and the transverse nature of the 
electromagnetic field. Three quantum annihilation is 
profuse in those gases (e.g., argon) not capable of caus- 
ing transitions to the more rapidly annihilating '\S» state. 
Indeed, under certain external field® 
annihilation via three quantum emission occurs nearly 
75% of the time. 

There are no other profuse annihilation modes. 
Annihilation via the emission of more than three quanta 


conditions of 


3J. Gerhart, B. Carlson, and R. Sherr, Phys. Rev. 94, 917 
(1954). 

*H. Kendall and M. Deutsch, Phys. Rev. 161, 20 (1956). 

5M. Deutsch, Progress in Nuclear Physics (Butterworths 
Scientific Publications, Ltd., London, 1953), Vol. 3. 
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is always possible, but is inhibited with respect to one-, 
two-, or three-quantum emission by one or more powers 
of the fine-structure constant, since under any experi- 
mental conditions, one of the latter modes of annihila- 
tion is always possible. 

One-quantum annihilation is forbidden, for real 
pair, due to the impossibility 
of balancing both momentum and energy simultane- 
ously. Under circumstances, single-quantum 
annihilation (hereafter denoted SQA) can still contri- 
bute to virtual processes in which momentum, but not 
energy, is balanced. Indeed, this virtual process ac- 
counts for a large fraction of the fine-structure splitting 
in positronium.*-$ 


processes, for a free ete 


these 


In the presence of a third body, e.g., a nucleus, SQA 
is allowed since the third body can recoil and allow 
simultaneous momentum and energy conservation. 
Indeed, SQA is expected*" to account for up to 0.2% 
of positron annihilations in high-Z targets for typical 
radioactive sources. 

The matrix element, in the Born approximation, is 
proportional to Z! and gives rise to a cross section of 
magnitude approximately a‘Z*r,*, where a is the fine- 
structure constant and fro the classical electron radius. 
In this strong Z dependence, the normalization of the 
electron wave function gives rise to Z! dependence in 
the matrix element. This follows since the volume 
around the nucleus in which the electron is confined, 
essentially a sphere of the Bohr radius, varies as Z~*. As 
a result electrons in other than the K shell have negli- 
gible cross sections for SQA, and SQA is usually accom- 
panied by K x-ray emission. 

Several attempts have been made to observe 
SQA.2:"-" Meric® and Whalen may have had a 
measure of success. Meric, in an early experiment on 
one- and two-quantum annihilation in flight, demon- 
strated by means of an absorption technique the exis- 
tence, in annihilation radiation, of a high-energy 
gamma-ray component which was more prevalent in 
Pb than in Al. Whalen, in an experiment qualitatively 
like the one here described, measured a lead-aluminum 
difference for a hard and soft gamma in coincidence. 
Experiments are hampered by the rarity of the event 
and the necessarily large background rates. In Whalen’s 
experiment, for example, signal rates of 0.1 count per 
minute were sought in a background three times as 


®R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952). 

7R. Weinstein, M. Deutsch, and S. C. Brown, Phys. Rev. 94, 
758(A) (1954); Phys. Rev. 98, 233A (1955). 

8 V. Hughes, S. Marder, and C. S. Wu, Phys. Rev. 106, 934 
1957). 

*W. Heitler, see reference 1, pp. 272-274. 

J. Jaeger and H. Hulme, Proc. Cambridge Phil. Soc. 32, 158 
(1936). 

1 E. Fermi and G. Uhlenbeck, Phys. Rev. 44, 510 (1933). 

12S. Meric, Rev. fac. sci. univ. Istanbul 15, Part I, 136 (1950) ; 
Part II, 179 (1950) 

13). Farmer and J. Streib, Phys. Rev. 96, 855 (1954). 

4 J. Whalen, Ph.D. thesis, Washington University, St. Louis, 
Missouri, 1955 (unpublished). 
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large. The observed signal, attributed to SQA, gave a 
cross section approximately twice the theoretical value.” 
Due to the low counting rates it was impossible to 
collect data on any high-Z target but Pb, and conse- 
quently no check of Z dependence was made. 

The experiment described herein was undertaken as 
and exploratory measurement'® to clearly identify SQA 
and measure the dependence of the cross section on 
target Z and on positron kinetic energy, E*. The 
experiment was carried to the point where a major 
redesign became necessary in order to remove factors 
limiting the accuracy of the measurements (see Sec. V). 


Il. THE EXPERIMENT 


The experiment, conceptually, can be performed in 
two ways. A “thin-target experiment” may be done in 
which only those annihilations are observed which 
occur for a differential range of positron energies. The 
event may be identified by the high-energy gamma ray, 
the emission of a K x ray, and, if the positron energy is 
sufficient, by the arrival of a positron. The angular 
distribution'*® of the resulting gamma may be measured 
in addition to the dependence of the cross section on 
positron kinetic energy (£*) and on target Z. 

The background situation in the present experiment 
did not permit a thin-target measurement to be made. 
The requirement of a thin target implies low rates for 
source strengths permitted by background require- 
ments; hence a thick-target experiment was performed. 
In a thick-target experiment the incident positrons are 
slowed down and, if not annihilated in flight, stopped 
in the target. Their direction of motion becomes iso- 
tropic soon after entering the target. In losing, typically, 
5% of energy, positron directions become isotropic." 
Hence, one cannot check the angular distribution of the 
gamma rays from SQA in a thick-target experiment. 
Annihilation is observed for all positron energies below 
the energy of the incident positron. Triggering on an 
incoming positron is impractical, and only the resulting 
energies of the gamma ray and the x ray are used to 
identify SQA. This type of experiment is reported on 
here. Biases were set to observe SQA for almost the 
entire range of energies through which the positrons 
pass in coming to rest. 

One-quantum annihilation of a positron gives rise to 
a single hard quantum of energy 


E\y=2mc?+ E+— I, (1) 


where mp is the electron rest mass, E+ is the kinetic 
energy of the positron, and /, is the K-shell ionization 
energy of the target atoms. (The very small recoil 
energy of the nucleus is neglected here.) For example. 
for a lead target, and positrons incident with kinetic 

1®R. Weinstein, Bull. Am. Phys. Soc. 4, 325 (1959). 

16 Y. Nishina, S. Tomonaga, and H. Tamaki, Sci. Papers Inst 
Phys. Chem. Research, Tokyo 24, No. 18 (1934 

17H. A. Bethe, Proc. Roy. Soc. (London) A150, 129, 1935 and I. 
Rohrlich and B. Carlson, Phys. Rev. 93, 38 (1954 
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energy /ot=400 kev, 
0.932 Mev< £,,< 1.332 Mev. 


The lower limit corresponds to SQA at rest. Biases were 
actually set to accept gamma-ray energies from 1.05 
Mev to 1.40 Mev. The lower bias was set due to back- 
ground considerations, as explained in Sec. VII. 

For comparison, the most energetic gamma from 
2-quantum annihilation in flight is 


| gees = 1 09 Mev. 


It should be noted that as the energy of the positron is 
increased, the SQA quantum and the highest energy 
quantum from two-quantum annihilation in flight 
approach an asymptotic value of energy difference of 
just 0.25 Mev. (This asymptotic value is very nearly 
achieved at E*=250 kev.) Thus as E* increases the 
(2-quantum) — (1-quantum) energy difference becomes 
a monotonically decreasing fraction of the SQA energy. 
This makes rejection of two-quantum annihilation in 
flight an increasingly difficult task as £* increases. This 
argues for doing an exploratory measurement at low 
E+. In the experiment described here there is strong 
evidence that two-quantum annihilation in flight is 
practically completely rejected. (See Sec. VII.) 

The SQA rates are very low compared to two-quan- 
tum annihilation at rest and in flight. It is desirable to 
select a portion of the beta-ray spectrum in which the 
background singles events from two-quantum annihila- 
tion contribute least to a spurious SQA rate. The lower 
portion of the beta spectrum is poor because the cross 
section for SQA falls sharply at low beta energies (see 
Fig. 4), and hence these betas contribute to the back- 
ground but not to the signal. We desire to eliminate the 
low-energy source betas in order to maximize signal to 
noise. The upper portion of a beta spectrum is poor 
because in this energy region the hard gammas from 
SQA and two-quantum annihilation in flight have a 
small fractional energy difference. We desire to choose, 
for this experiment, a beta energy such that, even in a 
thick-target experiment, the highest energy quanta 
from two-quantum annihilation in flight may be sepa- 
rated from the lowest energy quanta observed from 
SQA. Such criteria require the ability to cut out the 
high-energy portion of the beta spectrum. One also 
desires to remove the target for SQA from the positron 
source in order to avoid background contributions by 
hard nuclear gammas. (See Sec. VII on backgrounds.) 
For these reasons, it is necessary to use a beta-ray 
spectrometer. 

Schematically, the experiment is as follows: (See 
Fig. 1.) A beam of positrons with a small fractional 
spread in energy is allowed to strike a thick target. The 
positrons are stopped in the target. Before stopping, 
they can undergo fast two-quantum or one-quantum 
annihilation. Those positrons which stop, annihilate 
almost entirely by two-quantum annihilation. 


ANNIHILATION OF 


POSITIONS 





Fic. 1. Schematic diagram of vacuum chamber, double focusing 
magnet (upper right), source holder (directly below magnet), and 
target on externally controlled axis (lower left). The cylindrical 
thin detector window for the gamma counter can be seen behind 
the target. During normal operation lead shielding is placed in the 
region of the direct line from source to detectors. All high-Z 
shielding is clad in tin or aluminum. 


SQA with a K-shell electron is identified by simul- 
taneous observation of the annihilation gamma ray and 
the K xray. A characteristic AK x ray is emitted after 
most (>96%) of the K ionizations.'* 


III. EQUIPMENT 


In order to provide a momentum-analyzed beta flux, 
an orange peel spectrometer was constructed with 
poor resolution (3%) and high collection efficiency 
(3.5%). Targets 2 in.X 1.4 in. were used. The positrons 
striking these targets defined the incident positron 
energy to about +6%. Approximately 1 Mc of Na” 
was used as a source of positrons. At £ot=400 kev, for 
example, 6.6 10* positrons/sec were incident upon the 
targets. The spectrometer focusing was studied at con- 
siderable length and will be reported on elsewhere. The 
spectrometer source, targets, and source shielding (lead 
and heavy met) were inclosed in a vacuum chamber 
(see Fig. 1). The targets were mounted on spokes of a 
wheel, the axis of which was mounted on a Wilson seal. 
Four targets were mounted at any one time, and hence 
four different target Z’s could be intercompared with- 
out opening the vacuum system. Targets of Ta, W, Pt, 
Au, Pb, Th, and Al were used. The thorium target was 
a jigsaw combination of many small areas of thorium. 
This target required special analysis because (a) it 
intercepted only certain portions of the 8 flux compared 
to the other targets and (b) the natural radioactivity 
creates a.special spurious SQA signal which had to be 
separately measured. 

The actual targets were thin foils mounted on alumi- 


18T. Bergstrém, Beta- and Gamma-Ray Spectroscopy, edited by 


K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p. 630. 

19 W. Bowman, S. B. thesis, Massachusetts Institute of Tech 
nology, Cambridge, Massachusetts, Physics Department, 1957 


(unpublished). 





SODICKSON, BOWMAN, 


L_] )-CHANNEL = 
= = 1] 
| 


FAST AMPLIFIER 


Fic. 2. Block diagram of electronics. 


num holders. The foil thickness in each case was slightly 
greater than the extrapolaetd range of the betas. 

The gamma-ray and x-ray detectors were potted 
NalI(T1) crystals. The gamma detector was a cylinder 
2 in. in diameter and 2 in. long axially mounted on an 
RCA6810 photomultiplier. The x-ray detector was 2 in. 
in diameter and 2 mm thick, and was mounted on an 
RCA7265 photomultiplier. The thin detector had about 
90% efficiency for lead K x rays and about 5% efficiency 
for the detection of a 0.51-Mev quantum in which the 
pulse resulting from a Compton interaction with the 
detector fell within our x-ray pulse height window. 

A block diagram of the electronics is shown in Fig. 2. 
A fast diode coincidence circuit (10-7 sec) was used in 
parallel with a slow coincidence circuit (3X 10~* sec). 
The fast coincidence circuit was limited to 10-7 sec be- 
cause of our desire to do some crude pulse-height 
analysis even on the fast part of the circuit. The slow 
coincidence circuit required a threefold coincidence be- 
tween the output of the fast circuit and the outputs of 
the pulse height analyzers. For the fast coincidence, 
the anode pulses from the detectors are fed to EFP60 
discriminator circuits and then to a 10-7 sec diode 
coincidence circuit. In addition, pulses are taken from 
the 14th dynode of each phototube and are fed through 
cathode foilowers to single-channel analyzers. The out- 
puts of the analyzers and the fast coincidence circuit 
are put into a slow (3 usec) coincidence circuit. 

The window of the gamma detector was run so as to 
include nearly all possible energies of the gamma rays 
resulting from SQA of a positron of energy less than 
E,*. Although the lowest observable SQA gamma from 
(e.g.) Pb, is 0.932 Mev, the lower bias level was actually 
run at 1.050 Mev because of background considerations 
(see Sec. VII). This has very little effect on the integral 
SQA counting rate, and the effect was included in 
comparisons with the theory (Sec. VI). For the purpose 
of simultaneously monitoring background, the x-ray 
output is fed into two single-channel analyzers. Each is 
utilized in a logic circuit such as described above. The 
window of the first x-ray differential discriminator 
was run centered on the x-ray peak of the target element. 
The second x-ray channel was normally run above the 
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K x-ray peak of the target. The two x-ray channels were 
compared and, when set with equal biases, gave the 
same SQA rate to better than 0.5%. 

All observable singles and coincidence rates were 
monitored with scalers. 


IV. CALIBRATION 
Spectrometer 


The spectrometer was momentum calibrated with a 
Bi electron source. The spectrum of Na” was then 
observed by measuring the target connected rate of 
0.51-Mev annihilation quanta. The spectrum observed 
in this way was in reasonable agreement with other 
measurements in the literature”! within the experi- 
mental errors of the present measurements. The Na* 
spectrum was in good agreement with the more accurate 
Bi calibration. For example, the Bi’ calibration 
indicated that 400-kev positrons should correspond to 
97 gauss on our field monitor, while the Na” spectrum 
indicated that 400-kev positrons corresponded to a 
monitor reading of 97+7 gauss. 

The agreement of the Na” spectrum measured as 
described above with those in the literature is an experi- 
mental indication that the observed 0.51-Mev rate may 
be used as a measure of the positron flux vs positron 
energy for a given target. This is equivalent to assuming 
that, for a given target, the back-scattered fraction is 
not a function of the incident positron energy. This 
assumption has been found to be approximately valid 
by others.” 

The flux of positrons in this experiment is taken to be 
the target-in minus the target-out rate of the 0.51-Mev 
photopeak, divided by the efficiency of the detector for 
0.51-Mev quanta, and divided by the backscatter 
coefficient.” The positron flux was not directly measured 
It was felt that the uncertainties in the calculations 
(see Sec. VI) did not merit this additional measurement. 

A target of length 2 in. and width 1.4 in. was used to 
collect the positrons. A study of the focal properties of 
the magnet at the target position was made using a 
Bi*”’ electron source and this information was used to 
compute the momentum spectrum of positrons striking 
the target. The major characteristic of this spectrum 
was a full energy width at half maximum of 6%. 


In the final computatign of cross section, the efficien- 
cies of the detectors enter. Since this is a function of the 
location of the event on the rather large target, the 
target was divided into 35 smaller areas, and theoretical 
source distribution weights were assigned to each posi- 
tion on the basis of the experimental studies of the 
magnets focal properties. A crude check on these calcu- 


2” W. Good, D. Peaslee, and M. Deutsch, Phys. Rev 
(1946). 

21 P. Macklin et al., Phys. Rev. 78, 318(A) (1950). 

22H. Seliger, National Bureau of Standards Circular No. 527 
(U. S. Government Printing Office, Washington, D. C. 1954), 
p. 86. 
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lations was made by exposing a photographic plate to 
the incident beta flux from Na”. The resulting picture 
shows an exposure density in agreement with the 
computed weights, well within the accuracy of this 
measurement. 

The spatial distributions computed as described 
above were used in the computation and measurement 
of the average efficiency times solid angle ((€2/47)) for 
the x and gamma ray detectors. e.g., 


(eQ/4r), => n W aLenQ,/4 Jy, 


where W, are the computed (normalized) positron 
source weights for the 35 subunits of the targets and 
€,2, are the computed or measured efficiency times 
solid angle of the gamma-ray detector for the mth target 
subarea. A separate computation of this type was 
carried out for the tungsten target because it was com- 
posed of a jigsaw puzzle of tungsten with some gaps. 
These gaps changed the source weights attributed to 
various points on the target. 


Detectors 


The x-ray detector efficiency was determined semi- 
empirically by using a calibrated source of 88-kev y 
rays from Cd". The efficiency was measured, and a 
weighted average efficiency was taken over the 35 
target positions as described in the previous section. It 
should be noted that the efficiency measurements were 
made im situ, and include the effect of thin aluminum 
vacuum chamber walls. This effect, denoted 6 (Z), is 
dependent on the energy of the x rays used to calibrate 
the detector. The weighted average of the overall x-ray 
detector efficiency, including the solid angle factor and 
the aluminum absorption factor, is 


88 kev(€26/4ar) =0.127 +0.013. 


A computation of the expected efficiency of the detecor 
for a point source located at the center of the target 
yields 

(€26/42). =0.166, 


while the measured value for this point is 
(€06/42r). =0.157 +0.016, 


in good agreement with the calculated value. The dis- 
crepancy is less than the 10% error in the source 
calibration. 

It is noted here that, in the region of x-ray energies of 
interest in this experiment (€26/43) is very nearly a 
constant. As Z is varied and the K x-ray energy 
consequently varies, any added attentuation in the 
thin Al vacuum wall is very nearly compensated for by 
a slightly improved detection efficiency in the x-ray 
detector. 

The width of the 88-kev Cd photopeak was studied 
as were the K x-ray peaks from the actual targets used. 
The latter were found both by irradiating all targets of 
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interest with 0.51-Mev annihilation quanta, and by 
exposing the targets to the actual experimental beta 
flux, and subtracting from the observed x-ray spectra 
the result of the same experiment done with an Al 
target. In each case, the result was a peak at the ex- 
pected x-ray energy with about 50% full width at 
half-maximum. These observed x-ray peaks agreed 
with other calibration points for the x detector, and 
were at the expected” position. The x-ray scale was 
calibrated by the 0.51-Mev annihilation peak, the 
127-kev gamma of Co” and the 88-kev gamma of 
Cd. The selection of biases in the x-ray channel was 
further facilitated by the direct observation of the 
characteristic K x-ray peak of each target. 

The detection efficiency of the gamma detector was 
measured using a claibrated source of Na*. This source 
was used to calibrate the detector for both the 1.28- and 
0.51-Mev gamma rays. The former is nearly equal to 
the energy of a hard gamma from SQA and so repre- 
sents an experimental determination of a quantity 
closely related to (€25/41),. The 0.51-Mev efficiency is 
used to compute the positron flux from the observed 
target-connected 0.51-Mev rate. 

The results are: 


(25/42) o.51= (1.9140.2) x 107, 
(25/42); .28= (6.81 0.7) X10-. 


The errors in these two quantities are mainly due to 
source calibration, and hence are correlated. 

Here again, a calculation of the efficiency is in good 
agreement with the measured values. For example 
(€26/42)o.51, for a source at the center of the target, was 
calculated to be 1.96 10-2, while the measured value 
was (1.72+0.17)X10~. 

The efficiency of y detection in the photopeak was 
determined as a function of gamma-ray energy by 
logarithmic interpolation between the 0.51-Mev and 
1.28-Mev calibrated points. This interpolation seems 
quite reasonable in view of the results of Miller et al.” 
At the lower bias level of 1.05 Mev, the photoefficiency 
vs E,, including the effect of the finite resolution (9%) 
of the photopeak, was found by integrating an assumed 
Gaussian shape for the photopeak. The results are 
shown in Fig. 3. 

The Compton efficiency, never more than 20% of the 
total efficiency, was estimated by assuming that the 
relative pulse-height spectrum at any gamma-ray 
energy of interest (e.g., 1.05 < F, < 1.36 Mev in lead) is 
the same as that at 1.28 Mev. The Compton portion of 
this spectrum was then integrated down to a fraction of 
the maximum energy appropriate to the 1.05-Mev bias 
level for the gamma-ray energy considered. This pro- 


23 A. H. Compton and S. K. Allison, X rays in Theory and Ex- 


periment (D. Van Nostrand Company, Inc., 
Jersey, 1948), 2nd ed. 

*4W. Miller, J. Reynolds, and W. Snow, Rev. Sci. Instr. 28, 717 
(1957). 
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Fic. 3. Detection efficiency vs gamma-ray (or beta-ray) energy. 


cedure is in error, but in view of the small contribution 
of the compton effect to the total gamma detection 
efficiency (< 20% even for the highest y energies) it was 
felt that a more elaborate calculation was unwarranted. 

The total y efficiency was taken to be the photo- 
efficiency plus the Compton efficiency. The results of 
this semiempirical determination of the gamma-detector 
efficiency vs E, are shown in Fig. 3. 

The gamma-ray energy scale was calibrated by the 
0.51-Mev annihilation peak, the 1.28-Mev Na* nuclear 
gamma, and the 0.908- and 1.85-Mev gammas from 
¥™. 


V. COMPARISON WITH THEORY 


Assume that a monoenergetic beam of N positrons 
per second at energy F* is incident upon a target of 
atomic number Z. As these positrons penetrate into the 
target their energy decreases, and the number of posi- 
trons also decreases due to annihilation in flight and due 
to backscattering (which is a function of Z). Hence, at 
energy E*, there are a number of positrons, V, which 
is a function of Eo*, E+, and Z; i.e., N= N(Eot, Et, Z). 

Since, for a given target, the energy of the positrons 
E+, and the energy of the resulting hard gamma from 
SQA, E,, are related via Eq. (1), all energy-dependent 
terms may be written as functions of either energy. A 
comparison of the /, and E* scales for Pb and W is 
shown in Fig. 3. 

Let the cross section per atom for SQA be a (£,Z). 
The number of annihilations occuring while the posi- 
trons lose energy dE is 


dE 
dN= | V(E EZ)no(E,ZME [ (EZ) | (2) 
dS 


where dE/ds is the energy loss per unit path length of 
positron travel, and m is the number of atoms per unit 
volume, given by 

n=Ap/M, (3) 
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where A is Avagadro’s number, p is the mass per unit 
volume of the target, and M is the mass of a gram atom 
of target. 

In order to identify SQA we observe the K x ray and 
the annihilation y from each event. The x-ray and 
gamma-ray detectors have intrinisic efficiencies (€Q6 
4or), and (€26/47),, respectively. 

There is a target attenuation of the y and K x-ray 
existing from the target. The attenuation for the y ray 
is negligible and will be ignored. The attenuation of the 
x ray depends upon Z and the depth at which the 
annihilation takes place. The attenuation of the K x ray 
is important, and will be included as a term, &(Z, Eo, £), 
equal to the fraction of K x rays exiting from the target. 
The fraction of single-quantum events detected is thus 

(€06/4ar) x (€06/42r),E(E0,E,Z). (4) 
For the observed SQA rate, Eqs. (2)-(4) yield 
Ap 
M , 


smin 


Emax 
[ | eso 4) (€05/4er)y¢(Eo,E,Z) 
E 
dI 


x NI EE ,Z)0(E,2) | 


-(B,2) |b. (: 
dS 


In evaluating the integral shown in Eq. (5), a large 
number of approximations were made. These are dis- 
cussed below. 

We neglect the extremely small effect of the variation 
in the geometry of the source of SQA events, due to 
variations as a function of £* of the average depth of 
penetration of the positrons. We are effectively neglect- 
ing the depth of penetration of the positron compared 
to the target-detector separation. The A x-ray energy 
for a given target is not a function of £*, hence, («0% 
4). may be removed from the integral. Also, as men- 
tioned previously, (€26/4), is very nearly constant 
over the region of Z of interest, hence, it is considered 
to be a constant when comparing the predicted rates in 
two elements. 

The x ray, in exiting from the target, is attenuated. 
The fraction of K x rays which exit from the target, 
£(Z,Ey*,E) depends on the depth of positron penetra- 
tion into the target (and hence on /y* and £) as well as 
on the x-ray attenuation length (and hence Z). The 
term §(Z,Eo+,E) depends on the details of the penetra- 
tion of the 8+ beam into the target. Instead of a proper 
treatment of this term (which typically, gives rise to 
a 20% decrease in the observed rate of SQA) we have 
separately estimated the energy average, (£(Z,/o)) for 
the geometry of this experiment. This removes the term 
from the integral in Eq. (5) and leaves it as a function 
of Z. The errors in this calculation were estimated and 
included in the final errors. 

Values of dE/dS (E,Z) taken from the NBS data?® 


26 Ann T. Nelms, National Bureau of Standards Circular No. 
577 (U. S. Government Printing Office, Washington, D. C 
1956). 
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were used. V(E,Z) was computed assuming a mono- 
energetic incident beam of positrons. (The error due to 
this assumption was shown to be negligible.) Correc- 
tions for backscattering were made using the data of 
Seliger et al.°° V(E) was also corrected approximately 
for 2-quantum annihilation in flight. The use of Seliger’s 
data for backscattering represents a possible major 
source of error in this computation. These data hold for 
90° incidence, while in the present experiment angles of 
incidence half this large are typical. The backscattering 
contributes —0.7 powers of Z to the dependence of R 
on Z. This may be in error by a large fraction. An error 
of 30% in the backscattering was allowed. 

It was assumed that the positron direction becomes 
isotropic after a negligible penetration length. This 
should occur for penetration distances corresponding to 
a 5% energy loss.!® Hence, the cross sections considered 
were averaged over-all angles of observation, and the 
expected angular distribution!® was not used.?” 

The rate given by Eq. (5) was computed for Pb and 
W. Two theoretical cases were considered for ¢ (£,Z). 
One was the Born approximation,’ which is propor- 
tional to Z®. The Born approximation, therefore, is used 
in the form 


a(Z,E) o_ oo( E)XK ZS. 


The second cross section considered was that calculated 
by Jaeger and Hulme" using explicit Coulomb wave 
functions. This calculation was unfortunately done only 
for lead. A Z° dependence was also assumed here. (What 
is needed is a cross section computation like that of 
Jaeger and Hulme comparing, for example, Pb and W.) 
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Fic. 4. Cross section, per Pb atom, for SQA. 

26 H. Seliger, Phys. Rev. 78, 491 (1950). 

27 Due to nonconservation of parity in beta decay a preferred 
direction does persist, namely the direction of polarization of the 
positron beam. This preferred direction persists even after positron 
momenta have become isotropic. However, no dependence of « on 
the angle between the gamma rays and the preferred spin direction 
is expected. 
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Fic. 5. Absolute magnitude of SQA rate. The theoretical points 
were computed using the Jaeger-Hulme” and Born’ approximation 
cross sections shown in Fig. 4. The theoretical points include an 
estimate of the maximum systematic error (oblong box). The flags 
shown on the experimental point include only the statistical 
counting error 


Figure 4 is a plot of the energy dependence of o;4 and 
a. Also shown is the energy dependence of the cross 
section for SQA computed by Fermi and Uhlenbeck" 
using nonrelativistic wave functions. 

The results for the predicted counting rates in lead 
were 
2.71 counts/min, 


Rpv.p 
for the Born approximation and 


Rpp JH 


0.75 counts/min, 


for the Jaeger-Hulme cross section. These are com- 
pared to the experimental results in Fig. 5. The sys- 
tematic error shown in Fig. 5, (—45%, +100%), is the 
estimated upper limit of the errors introduced by the 
approximations made in evaluating Eq. (5). These 
errors are shown as flags on the “theoretical values.” 

The Z dependence following from the assumptions 
listed above was reached by interpolating between and 
extrapolating from the calculated Pb and W points. 
This Z dependence is shown in Fig. 6. Again, the 
systematic errors attributed to the theory are due to 
errors in evaluating Eq. (5). In this case, however, since 
only the Z dependence is of interest, the data are 
normalized to lead, and only those systematic errors 
effecting Z dependence are shown. 

Approximately, the Z dependence terms have the 
following order of importance. In Eq. (5), the dominant 
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SQA Rate in counts per minute 











Fic. 6. Z dependence of counting rate. The heavy central line is 
the theoretical result assuming a Z* dependence of cross section. 
The shaded area about the theoretical line represents the estimate 
of the maximum effect of systematic errors on Z dependence. The 
flags on experimental points represent statistical counting errors 
only. 


Z dependence is of course the Z° dependence of a. The 
next strongly Z dependent factor is dE/dS. If we in- 
clude this but neglect all other Z dependences, a rate 
proportional to Z* is expected. Other Z-dependent 
factors of note are the backscattering dependence of 
N(E,Z) and the attenuation of K x rays leaving the 
target, &(¢0,£,Z). Together, these two terms contribute 
approximately —0.7+0.6=—0.1 powers of Z to the Z 
dependence. 

The results of the computation of R vs Ey* is shown 
in Fig. 7. Here again, since only a relative measure of R 
is important, the errors shown include only those 
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Fic. 7. Dependence of SQA counting rate on Eo*. The curve is 
the theoretical result assuming the energy dependence of the 
Jaeger-Hulme cross section. The theoretical split on the upper 
right of the curve shows the uncertainty in theoretical value due to 
only those terms which affect energy dependence. The flags on the 
experimental points represent statistical counting errors only. 
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systematic errors effecting dependence of R on Eg* for 
a single target. The data are normalized to the 400-kev 
point in Pb. 


VI. DATA TAKING 


After the calibration described in Sec. IV, several 
exploratory runs were made to investigate the signal 
and noise rates. On the basis of these early runs’® the 
biases were decided upon. The x-ray biases were chosen 
to include 80% of the K x-ray peak. The gamma biases 
were chosen to include 1.05 to 1.40 Mev. Later investi- 
gations indicated that the upper gamma bias may have 
been mistakenly set at 1.35 Mev. This uncertainty is 
included in the curve of Fig. 7 representing the com- 
puted rates vs E¢r. 

The first SQA signal investigated was that for Pb. 
The lead target was inserted in position and data were 
taken for 30 min. During this period data were simul- 
taneously taken on the A x-ray peak, and at about 
twice the K x-ray peak. The latter data were useful in 
investigating the background dependence on Z and on 
x-ray window position. The lead target was then re- 
placed by the Al target, while all bias levels and the 
magnetic field remained the same. Aluminum data was 
then taken for 30 min. The rate for Pb, minus the Al 
rate, was taken to be the signal rate (see Sec. VII). The 
above sequence of data taking was repeated until the 
desired statistics had been obtained. 

In the Z dependence series of data a similar procedure 
was followed. Whenever data were taken on a target, 
“off K x-ray” data were simultaneously taken, and then 
an Al run was made with the same biases. When a 
change of Z was made, the K x-ray window was not 
changed. Instead, the high voltage on the x-ray counter 
was varied so that the K x-ray peak of the element 
being investigated was centered in the x-ray window. 
In this way approximately the same fraction of each 
K x-ray peak was observed. This fraction had to be 
corrected for the change in x-ray detector resolution as 
a function of K x-ray energy. Each Z data-taking run 
was followed by an Al run at the same biases. In each 
Z-dependence run, three elements were used in addition 
to Al. In order to cover the entire spectrum of Z, the 
vacuum system was opened, and new targets inserted. 
In each case, Pb and Al were included in the selection 
of targets. In the Z-dependence data, as in the data on 
absoulte rate in lead, the counting rate with target Z 
minus the counting rate in Al was taken as the SQA 
signal. The thorium data received special handling due 
to the additional signal from the natural radioactivity 
of the target. The field was periodically reversed and the 
thorium rate measured in the absence of positron flux. 

In the data on the dependence of the counting rate 
on beta energy, Pb and Al rates were again measured, 
with x-ray windows on and above the K x-ray peak of 
Pb. The magnetic field was varied, and Pb~—Al differ- 
ences were taken at each desired field point. The data 
were normalized to the positron flux. 
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The A x-ray dependence was studied for a lead 
target and Hy+=400 kev. All of the above-mentioned 
runs provided data on the SQA rate with the x-ray 
window on the K x-ray peak vs the SQA rate with the 
window above the peak. A separate run was made to 
compare the SQA rate on the K x-ray peak to that 
below the peak. Narrower x-ray windows had to be 
used, and the data of this run then necessarily had to 
be normalized to equal fractions of the K x-ray peak 
with the previous data. The comparison of the data on 
the AK x-ray peak with that below the peak used an 
x-ray window which accepted 0.6 of the K x rays rather 
than 0.8. The data were corrected accordingly. Other 
than this correction, all operations were similar to 
previous runs. 

During the data taking, it was found that the singles 
rates were excellent stability monitors (in the x-ray 
channel on the A x-ray peak, and in the gamma-ray 
channel the rate from 1.°5 Mev to about 1.40 Mev). 
Changes of 2% in gains or in magnetic field were easily 
detectable. In addition, the 0.51-Mev peak was peri- 
odically checked. 


VII. BACKGROUNDS 


The major background was a Z-independent, non K 
x-ray connected event. Data, taken at x-ray energies 
above the K x-ray peak (hereafter called the “off K 
x-ray rate’’) in all targets, indicate a background vary- 
ing more slowly than the 0.01 power of Z. The ratio of 
this background on any target to that on the Al target 
was typically 1.0+0.1. This Z-independent background 
was about 3 of the total rate in lead. It was eliminated 
from the SQA rate by subtracting, in each case, the rate 
in aluminum from the rate in the target of interest. 

One major source of this background is a hard gamma 
from 2-quantum annihilation in flight in chance pile-up, 
in the gamma counter, with a 0.51-Mev gamma from a 
two-quantum.annihilation at rest. The other 0.51-Mev 
gamma from the annihilation at rest or the soft gamma 
from two-quantum annihilation in flight is detected 
via a Compton collision in the x-ray detector, such that 
the resulting pulse falls in the x-ray window. An inves- 
tigation of the background in Al, as a function of x-ray 
window position, indeed showed the variation expected 
from Compton-detected 0.51-Mev gammas. Further- 
more, the resolving time of the gamma-ray detector for 
pile-up events, was decreased at an early point in the 
experiment, and the SQA rate remained unchanged 
while the “off K x-ray rate” decreased, indicating that 
the observed off K x-ray rate was due to a pile-up event 
in the gamma counter. The event described above 
probably accounts for about 3 of the “off K x-ray rate.” 

A second major component of this background rate 
is present even in the absence of positron flux. (i.e., 
when the spectrometer field is reversed). It is due to 
cosmic rays and to the 1.28-Mev Na” nuclear gamma 
ray, and accounts for the remaining 3 of the “off K 
x-ray rate.’ The event described above, the field- 
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reversed rate, and any other Z-independent rate, are 
subtracted by taking R(Z)—R(Al) for each point. 

We now consider other possible sources of coincidence 
counts. The simple chance coincidence rate due to 
uncorrelated x and gamma pulses was computed and 
then measured using 2 separate gamma sources. In both 
cases, it was found to be more than a factor of 10 below 
the lowest rates involved in the experiment. 

A Z-dependent event which is not K x-ray connected, 
and therefore would be observed in the “off K x-ray” 
run, is some pile-up event in the gamma channel in 
coincidence with a bremsstrahlung quantum in the x 
detector. In Pb, where this effect might be expected to 
be large, it might give a background in the “‘on K x-ray” 
runs and half this background in the “‘off K x-ray” run. 
This type of background is shown to be negligible by 
the upper limit of the Z dependence of the ‘‘off K x-ray” 
background. This limit indicates that a background 
varying as Z? is less than 10% the “off K x-ray” rate. 
This must be compared to an “‘on K x-ray” rate 3 times 
the off rate. Thus 20% of the “off K x-ray rate” is an 
upper limit for the contribution of this event to the “on 
K x-ray rate”. We conclude that bremsstrahlung-con- 
nected processes are negligible, contributing less than 
10% to the rates we call SQA. 

One event which merits careful consideration is the 
following: A random coincidence in the gamma counter, 
between a hard y from annihilation in flight, or from the 
Na” source, and a 0.51-Mev y satisfies the gamma bias 
requirements. The second 0.51-Mev y or the soft gamma 
from annihilation in flight has a photoelectric interac- 
tion in the target, and the resulting x-ray is detected in 
the x detector. Such an event, if observed, is unusually 
insidious because it is K x-ray connected and has a high 
Z dependence. This rate was evaluated both from 
singles rates alone, and from the assumption that this 
background (without the photo interaction) accounts 
for all of our target connected “off A x-ray” counting 
rate (see below). In each case, the rate was more than 
an order of magnitude below the smallest SQA rates of 
interest. 

In general, one method of estimating upper limits for 
any K x-ray connected rate was by assuming that all 
the ‘off K x-ray”’ rate was due to a related event with- 
out the K x-ray, and then scaling the results for the 
effects of the K xray. For example, assume that the 
following is responsible for the off K x-ray rate of 0.3 
counts/min. A hard gamma from annihilation in flight 
or from the Na*® plus a random 0.51-Mev y pile up in 
the y counter. The second 0.51-Mev y is detected in the 
x-ray counter. Suppose this is the entire cause of the off 
K x-ray rate. Then the A x-ray connected related rate 


is due to the 0.51-Mev quantum having a photoelectric 
interaction in the target. The ratio of this rate to the 
off K x-ray rate is 


Rx x-ray connected Ror K x ray~ xk Ko.51; 
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where /; is the fraction of 0.51-Mev gammas having a 
photoelectric interaction while exiting from the target, 
Ex is the efficiency for detecting the resulting K x ray 
and £.5; is the efficiency for detection of the original 
0.51-Mev y (i.e., a gamma back to back with the one 
which entered the y counter). This computation indi- 
cates that the A x-ray connected rate from this process 
is no more than 15% of the off K x-ray rate, and hence 
no more than 7.5% of the rate attributed to SQA. 
(Recall that the SQA rate is twice the off K x-ray rate.) 
The suspected K x-ray connected backgrounds were 
handled in this fashion. In each case, the resulting K 
x-ray connected rate to be expected was an order of 
magnitude or more below the observed K x-ray con- 
nected rate. 

Rates involving a A x ray which arises from a 
K ionization of a target atom by the incident beta were 
evaluated semiempirically. An upper limit on the 
efficiency of producing such A x rays was computed 
from measured K x-ray peaks, resulting from the known 
incident beta flux. The extreme limit, considering all 
A x rays to arise from beta collisions rather than photo- 
electric effect of 0.51-Mev gammas, was used. In each 
case, the rates were more than an order of magnitude 
below SQA rates of interest. 

Two-quantum annihilation in flight is strongly re- 
jected by the y-energy requirements. In fact, for the 
Eo* = 280-kev point (Fig. 7), it is completely rejected. 
It is furthermore discriminated against for all data 
points by the poor detection efficiency of the less 
energetic quantum in the x-ray detector. As a result of 
this it should be a very small fraction of the spurious 
rate in this experiment even for those points for which 
it can be detected. It should furthermore be nearly Z 
independent and so should be removed by the Al 
subtraction (see Sec. VIII). If any large fraction of the 
“off K x-ray” rate were due to simple 2-quantum 
annihilation in flight, one would expect the rate to rise 
rapidly as E,* is increased, since more of the hard 
quanta would be seen above our lower gamma bias. No 
such “off K x-ray” rise in rate is observed. Instead the 
“off K x-ray” rate appears to vary as the square of the 
beta flux as would be expected from the events which 
we described at the beginning of this section. We con- 
clude that there is no evidence that a measureble frac- 
tion of the background is due to simple two-quantum 
annihilation in flight. A fortiori there is no effect of 
simple two-quantum annihilation in flight on our SQA 
rate. 

Two-quantum annihilation in flight with a K electron 
is neither removed by the Al subtraction, nor is it 
discriminated against by the x detector. As described 
earlier in this section, this rate is semiempirically 
eliminated by assuming that the entire “off K x-ray” 
rate is due to two-quantum annihilation in flight, and 
scaling this rate down for the annihilation of only K 
electrons and the subsequent detection of the K x ray. 
As in the case of other K x-ray connected backgrounds, 
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this calculation indicates the expected rate is an order of 
magnitude below the observed K x-ray connected rate. 
Furthermore, the energetics of two-quantum annihila- 
tion with a K-shell electron indicate that the resulting 
hard y ray should be unobservable due to our lower 
gamma ray bias. On this basis alone we may conclude 
the K-connected two-quantum contribution is negligible 


VIII. RESULTS 


We have described in Sec. V the approximations used 
in arriving at a graphical integration of Eq. (5). Figure 
5 shows the results for the computation. The theoretical 
results are displayed with indications of the estimated 
maximum errors introduced by the uncertainties and 
approximations described in Sec. V. Figure 5 also shows 
the result for the counting rate in lead at y* = 400 kev, 
No=6.6X10*/sec. The experimental point includes 
statistical errors shown by the usual ‘“‘flags.’’ It is seen 
that if all of our calculational estimates are as bad as we 
believe they can be, we may still conclude that the 
counting rate is much below the Born approximation 
predicted rate. It is, however, within the range of 
possible agreement with the Jaeger-Hulme* cross 
section. The disagreement with the Born approximation 
is not surprising. Heitler’ points out that this computa- 
tion should be valid when 27Ze?/fiv,<1. In the present 
case these quantities are both approximately equal to 3. 
The dominant errors in this experiment are the syste- 
matic errors introduced by our particular geometry. 
The lack of 90° incidence of the positron beam, in 
particular, introduces a large uncertainty in the back- 
scattering coefficient. Further experimental work, in a 
more easily analyzed geometry will decrease the impor- 
tant systematic uncertainties, probably by a factor of 3. 
In addition, a comparison of rates for geometries in 
which the gamma comes off in the direction of the 
incident positron, and in a direction perpendicular 
thereto, should experimentally eliminate the question 
of how isotropic are the momenta of the positrons 

Figure 6 shows the expected Z dependence based 
upon the assumption of a Z* dependence of the atomic 
cross section. The theoretical behavior is shown along 
with (shaded area) the maximum estimated errors due 
to approximations made in computing the SQA rates. 
Only those errors bearing upon the Z dependence are 
shown, and the absolute rate is normalized to lead. The 
data fit the Z° dependence. The semiempirical correc- 
tion factor of Heitler® indicates however, that a cross 
section proportional to about Z** is to be expected. The 
data are a poor fit to the Z** theory. (For example, the 
maximum slope allowed by the Z*° dependence plus 
the estimated maximum systematic error is very little 
different from the central theoretical line for Z°, in 
Fig. 6.) It would be surprising, theoretically, if the Z 
dependence were not markedly less than the Born 
approximation’s Z° at the energies used in this experi- 
ment. In the second round of this experiment an attempt 
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will be made to reduce the systematic errors in the Z 
dependence, so that a stronger experimental statement 
can be made. 

Figure 7 shows the expected and measured depen- 
dence on /* of the counting rate in lead. The data in 
this run are insufficiently accurate to distinguish 
between the Born approximation and Jaeger-Hulme 
energy dependence. Only the latter is shown. Data were 
taken at incident positron energies of 60, 280, 320, 360, 
400, and 440 kev. The low point at 440 kev may be due 
to a statistical fluctuation, or due to a small error in the 
upper level of the window in the y differential discrimi- 
nator, as mentioned at the beginning of Sec. VI. It is 
comforting to note that the SQA rate at the 60-kev 
point is zero despite the fact that the actual B* flux at the 
60-kev point is the same as that at 400 kev. The observed 
counting rate for true SQA must be zero at the lower 
incident kinetic energy due to the lower y discriminator 
level. At the lower £o*, all rates except SQA, and two- 
quantum annihilation in flight are very nearly the same 
as at the higher /o* settings. The 280-kev point is also 
worthy of note, since at this point 2-quantum annihila- 
tion in flight (with or without K-shell annihilation) 
cannot be detected directly in the y channel. The fact 
that an SQA rate, consistent with that at other points, 
is observed argues against any serious contamination of 
our data by two-quantum annihilation in flight. 

Figure 8 shows the expected and measured depend- 
ence of the SQA rate on the setting of the x-ray win- 
dow. The expected rate assumes the counting rate is due 
entirely to SQA with o=0.65 ojy. Figure 8 alone 
demonstrates clearly that we are indeed observing a K 
x-ray connected event. 

To summarize: It is clear from the data that we are 
observing a K x-ray connected event. The off K x-ray 
data is, within experimental error, independent of Z. 
All K x-ray events which might reasonably be expected 
to compete with SQA have been shown to be negligible 
(a) by direct computation and (b) by assuming that the 
rates observed with the x-ray window set above the K 
x-ray peak are entirely due to a closely related (non K 
x-ray connected) event, and then scaling this event for 
the few terms relating it to the K x-ray connected rate. 
Within experimental error the resulting signal attri- 
buted to SQA in the above work has the expected 
dependence on £o*. In particular, it is zero for Kot = 60 
kev although the positron flux there is the same as at 
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the 400-kev point. Also, the SQA rate is measurable for 
Ey*+= 280 kev although the 2-quantum annihilation in 
flight is undetectable there. Finally, a steep Z depend- 
ence is observed. This is characteristic of SQA and 
not, e.g., two-quantum annihilation in flight, or indeed 
any other event except the photoelectric effect. 

We conclude that we have observed single-quantum 
annihilation of positrons and that it occurs in lead with 
a cross section equal, within a factor of 2, to the Jaeger- 
Hulme” cross section. The Z dependence appears some- 
what too high. 

With the help of the data collected here, the experi- 
ment will be redesigned to provide a more favorable 
geometry so that the systematic errors may be greatly 
reduced. A thin-target experiment will also be at- 
tempted in order to measure the angular distribution of 
the gamma rays with respect to the beta direction. It 
does not appear feasible, at present, to measure the 
gamma-ray polarization. 

We wish to express our thanks to M. Meer for his 
help in the early design stages of this experiment.”* 

28 M. Meer, S.B. thesis, Brandeis University, Waltham, Massa- 
chusetts, 1956 (unpublished). 





PHYSICAL REVIEW 


VOLUME 124, 


NUMBER 6 DECEMBER 15 1961 


Effect of Spin-Exchange Collisions on the Optical Orientation of Atomic Sodium* 


L. WitMeR ANDERSON AND ALAN T. RAMSEY 
Depariment of Physics, University of Wisconsin, Madison, Wisconsin 
(Received August 11, 1961) 


The effect of spin-exchange collisions on the state populations obtained in an optically pumped Na® vapor 
is studied in the limit of low light intensity. These state populations and hence the intensity of the rf Zeeman 
transitions are found theoretically to depend strongly on the spin-exchange cross sections. The various 
Zeeman rf transitions are found experimentally to be very different in intensity and this is interpreted as 
being partially due to spin-exchange collisions. From the intensity of the rf transitions in a magnetic field 
large enough to separate the six Zeeman components and from the observed relaxation time a spin-exchange 
cross section for two sodium atoms of rSo?=6X10-" cm? is found. 


INTRODUCTION 


HE optical orientation of an atomic sodium vapor 

has been studied in order to examine the effects of 
spin-exchange collisions on the relaxation processes 
and hence on the various state populations in the vapor. 
Relaxation processes in an optically oriented alkali 
metal vapor have been studied by Dehmelt' and more 
intensively by Franzen.2 However, neither of these 
considered the effects of spin-exchange collisions in 
detail. Spin-exchange collisions betweena toms have 
been studied by several people** but these studies have 
not been combined with studies of other relaxation 
processes. 

A sodium vapor diffusing in helium buffer gas was 
oriented in a low-magnetic field by the absorption and 
the re-emission in a different state of polarization of 
circularly polarized resonance radiation. As the polari- 
zation of the sample increases, the cell becomes more 
transparent so that the polarization of the sodium 
vapor can be monitored by observing the transmission 
of the resonance radiation through the cell. 
that left circularly polarized resonance 
radiation containing only the D, line is passing through 
a sodium vapor. The relative optical transition proba- 
bilities Pr,, for the eight sublevels of the ground state 
are P22: P2.::Ps.9: P21: P2—2:P 1.1: P 1,0: P1,-1=9:1:2: 
3:4:3:2:1. Because the sodium is diffusing in a helium 
buffer gas at a pressure of several cm Hg, one can 
assume, as Dehmelt did, that the atoms in the excited 
P state are randomly redistributed among the 24 hfs 
magnetic sublevels due to collisions with the buffer 
gas before re-emission.' This assumption would indicate 
that the populations ,,,, of the ground-state sublevels 


Suppose 


* Research supported in part by 
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1H. G. Dehmelt, Phys. Rev. 105, 1487 (1957). 

2W. Franzen, Phys. Rev. 115, 850 (1959). 

3E. M. Purcell and G. B. Field, Astrophys. J. 124, 542 (1956). 

‘J. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956). 

5H. G. Dehmelt, Phys. Rev. 109, 381 (1958). 

$L. W. Anderson, F. W. Pipkin, and J. C. Baird, Phys. Rev. 
116, 87 (1959). 

7L. W. Anderson, F. W. Pipkin, and J. C. Baird, Phys. Rev. 
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8 P. Franken, R. Sands, and J. Hobart, Phys. Rev. Letters J, 
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would be in the limit of low light intensity m2,9: 72,1: 2,0: 
Noy: M2,9:1,1:%1,0:1,-1 =k +2a:$+0:$:4—a:}—2a: 
$—a:$:4+a, where a is determined by the light 
intensity and the ground-state relaxation time. It has 
been shown that the sodium vapor, if allowed to come 
to an equilibrium state controlled by spin collisions, 
would have ground-state populations given by m2,2: m2,;: 
N29: M2,-1: M29: 1,1: M1,0:%1,-1: = $+28:44+8:4:4-B: 
4—28:4+8:4:4-—8, where 8 is determined by the 
polarization of the sample.*:? Thus when the optical 
orientation and the spin-exchange mechanisms compete 
the population difference between two states F=2, m, 
and F=2, m—1 might be expected to be much larger 
than the population difference between two states 
F=1, m and F=1, m—1. This is true because in the 
F=2 state the optical transitions and the spin-exchange 
collisions both tend to populate heavily the state with 
the highest m value, whereas in the F=1 state the two 
effects tend to work in opposite directions. The actual 
populations will, of course, depend on the relaxation 
time necessary for the sodium spins to be disoriented 
by collisions with the buffer gas or the cell wall. If this 
relaxation time is much shorter than the time between 
collisions of sodium atoms, the populations will be 
dominated by the optical absorption probabilities. 
However, if this time is much longer than the time 
between collisions of sodium atoms, the state popu- 
lations will be dominated by the spin exchange col- 
lisions. When these two times are about the same, 
interference effects can be expected, as both processes 
compete in setting up an equilibrium distribution. 
These effects have been observed and from the analysis 
of state populations and relaxation times the spin- 
exchange collision cross section for two sodium atoms 
has been found to be 6X 10-" cm*. 


EXPERIMENTAL ARRANGEMENT 

The experimental apparatus consists of a GE Na 1 
sodium lamp mounted in an oven and powered by a 
de current. The light from this lamp was made into a 
parallel beam by a lens, polarized by a Polaroid circu- 
larly polarizing filter, passed through an absorption cell, 
and focused onto a vacuum photo cell. The absorption 
cell was mounted in an oven in the uniform magnetic 
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EFFECT OF SPIN 
field created by a pair of Helmholtz coils. The light 
beam and the magnetic field were parallel. The absorp- 
tion cell was heated to a temperature of about 125° to 
150°C so that it absorbed about 50% of the light 
incident on it. Changes in the polarization created by 
radio-frequency transitions or by reversing the dc 
magnetic field were monitored by observing the trans- 
mitted light intensity with the photocell whose output 
was amplified and displayed on an oscilloscope. The rf 
transitions were induced by a General Radio oscillator 
whose output was fed into a coil around the absorption 
cell. The absorption cell was a 500-cc flask containing 
about 3 cm Hg of helium, into which a small amount 
of sodium had been vacuum distilled. The dc magnetic 
field was modulated at about 20 cps. 


THEORY 


The energy levels of Na™, which has a *S; ground 
state and a nuclear spin of 3, are shown in Fig. 1. All 
six Zeeman transitions (AF=0, Am=+1) were well 
separated at a field such that their frequency was about 
10.5 Mc/sec. These transitions were easily identified 
from the computed frequencies. 

The spin-exchange collisions will be considered in a 
manner similar to that of Purcell and Field* and 
Wittke and Dicke.* 

In order to specify the state of a sodium atom in a 
low magnetic field the quantum numbers F=/+/J, 
mp, J=4, and [= are necessary. Suppose two sodium 
atoms in states Ff), m, and F2, m» collide and emerge 
from the collision in states F,’, m,’ and F.’, ms’. These 
transitions occur because of the dependence of the 
scattering cross section on the relative electronic 
angular momenta of the colliding atoms. The interaction 
Hamiltonian for such a system is V(r)Pi+K(r)Po, 
where P,; and P» are the projection operators for total 
electronic spin angular momenta 1 and 0, respectively. 
This Hamiltonian assumes that the Naz molecule, which 
is formed when the two sodium atoms collide, is formed 
in the 'Zo state [for which K(r) is the effective inter- 
atomic potential} or in the *S, state [for which V(r) 
is the effective interatomic potential ]. Because of the 
different potentials for the singlet and triplet states, 
the singlet and triplet parts of the wave function will 
evolve with different relative phases. Thus if ¥(F1,1; 
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where A depends on the light intensity and @ is the 
average velocity of a sodium atom. Although these 
equations are very complicated, steady-state solutions 
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Fic. 1. The energy levels of the ground state of Na*. 


F2,m2) is the initial wave function for two atoms, one at 
rest, the other incident upon the first with an energy E, 
then 

We= (Pi tPoe®)(F1,m; F2me) 


will be the final wave function, where ¢ is the relative 
phase change. The scattering cross section will be the 
product of the geometrical area, in which a strong 
collision (one in which the phase shifts are large) will 
occur, times the square of the matrix element of 
(P,+Poe'?). Thus 


o=nSo?| (Fy my; Fe',me'| Py +Poe'*| F 1,1; Fo,me)|?, 


where 7S¢? is the geometrical area in the cross section, 
and where an average is taken over ¢ since g>>1 and 
since there are many collisions per second. 

In order to understand the state populations, the 
equations for the rate of change of mr, must be 
considered. Let Pr, be the optical transition proba- 
bility from the ground state and let 7, be the relaxation 
time for the system to reach equilibrium due to spin 
disorienting collisions of the sodium with the buffer 
gas and the cell walls. Then 
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to them have been found for the case where A is small 
and only first-order terms in A are considered, and 
where Pr,» are the transition probabilities for D, 
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radiation only. These solutions are shown in Table I. 
From these solutions the relative intensity of the various 
rf transitions can be found. From these solutions one 
can, also, easily calculate the change in absorption 
divided by the initial rate of change of absorption if the 
dc magnetic field is reversed as described by Dehmelt.! 
Each of these will depend on 7; and 7S,’i but not on 
the light intensity A. Thus by measuring each of these 
quantities both T, and 7S, can be obtained. 


RESULTS 


In this experiment both the D,; and Dz lines of the 
sodium resonance radiation from the lamp were incident 


TaBLe II. The relative intensity of the rf Zeeman transitions 
in a Na®™ vapor. The transitions among the F=2 sublevels all 
correspond to an increase in the absorption of the sample and 
hence a decrease in the transmitted light at resonance. The 
transitions among the F=1 sublevels correspond to a decrease in 
the absorption of the sample and hence an increase in the trans- 
mitted light. The interpretation of this effect is that in the F=2 
level, the least absorbing sublevels are more heavily populated 
than the more absorbing levels, and hence rf transitions which 
tend to equalize the state populations result in an increase in 
absorption where as in the F=1 level the spin-exchange collisions 
cause the most heavily absorbing sublevels to be more populated 
than the less absorbing sublevels and so the rf transitions cause a 
decrease in the absorption of the sample. This inversion is not 
related to that reported by Franken and Colgrove [Phys. Rev. 
119, 680 (1960) ]. The relative intensities were measured at the 
lowest light intensity, at which all six transitions could easily be 
distinguished, and no extrapolation was used. 


Relative 


Transition intensity 


| hr NM bh 

— i) 

! 

, oe 
Nee 


—I— a 
| 
~ 


— 

re DOO th bh 
| | 

_ 


AND A. 


These equations are valid only in the case 
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(b) 

Fic. 2. (a) A typical rf transition. The de magnetic field is 
being modulated at about 20 cps. The frequency is approximately 
10.5 Mc/sec. (b) A typical signal upon reversing the dc magnetic 
field. r represents the change in the — divided by the 
initial rate of change of the candice i.e. 
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on the absorption cell. The D, line from the lamp was 
about 15% more intense than the D» line. Due to the 
fact that the D» line is absorbed twice as fast as the 
D, line, this ratio varies throughout the absorption cell. 
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Fic. 3. The values of r as a function of light intensity. The 
solid curve represents the curve r=60/(1+2.8/) which was used 
to extrapolate the values of r to zero light intensity 





EFFECT OF SPIN 
The absorption probabilities used in the calculations 
of the state populations were those for the D, line only, 
even though both the D, and Dz lines were present, 
and the value of the light intensity was assumed to be 
equal to the difference between that of the D, line and 
that of the Dz line. This is valid in the limit of low 
light intensity because if both D lines are present in 
equal intensity and if the redistribution in the excited 
state is complete, as has been assumed, then no orien- 
tation is obtained.' This difference of the intensity of 
the lines varies through the cell, of course. The ratio of 
the intensity of the various rf transitions does not 
depend on the light intensity nor does the change in 
absorption divided by the initial rate of change of the 
absorption upon reversing the dc magnetic field. These 
were thus the quantities used to deduce 7, and mS,’0. 

The relative intensity of the various rf transitions 
is given in Table II. A typical rf transition as observed 
is Shown in Fig. 2(a). 

The change in absorption divided by the initial rate 
of change of the absorption upon reversing the dc 
magnetic field as a function of light intensity is shown 
in Fig. 3 and a typical signal is shown in Fig. 2(b). 

The intensity of the rf transitions:is taken to be 
proportional to the difference in populations between 
the various states as given in Table I. From the 
measured intensities one can obtain the value of 
T \ntrS?=7, where n is the number of sodium atoms 


per cc. From the measured decay time upon field 
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reversal and using the fact that T\nixS;?=7 one can 
obtain 7,=109 msec and 1/nimSy?=15.5 msec. The 
average velocity of sodium atoms at 160°C is 0.7105 
cm/sec. The value of is difficult to obtain. It was 
taken to be about 210" atoms/cc from vapor pressure 
measurements. This could be quite inaccurate, how- 
ever. This yields a value of rSy?=6X10~“ cm? for the 
spin-exchange cross section. 

The error in the determination of the spin-exchange 
cross section by this method is not easy to evaluate. A 
very serious error may be introduced by a lack of good 
vapor-pressure data for sodium at these temperatures. 
Another error may occur in the extrapolation of the 
relaxation time or the intensity of rf transitions to zero 
light intensity. Another serious source of error may be 
the fact that at 500°K the hyperfine structure of the 
sodium in the absorption of the D lines is still present.” 
This means that the light intensity will not be the same 
for both F levels throughout the cell. This may possibly 
alter the results. Probably even with all these sources 
of error the spin-exchange cross section obtained is 
accurate to within a factor of 3. 

It is hoped that a systematic study of relaxation 
mechanisms along these lines will yield improved values 
for the spin-exchange cross sections and for the relaxa- 
tion times in alkali metal vapors. 


10 J. W. Chamberlain, D. M. Hunten, and J. E 


and Terrestrial Phys. 12, 153 (1957) 
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The interference of a discrete autoionized state with a continuum gives rise to characteristically asym 
metric peaks in excitation spectra. The earlier qualitative interpretation of this phenomenon is extended and 
revised. A theoretical formula is fitted to the shape of the 2s2p 'P resonance of He observed in the inelastic 
scattering of electrons. The fitting determines the parameters of the 2s2p 'P resonance as follows: E=60.1 ev, 
['~0.04 ev, f~2 to 4X 10-. The theory is extended to the interaction of one discrete level with two or more 
continua and of a set of discrete levels with one continuum. The theory can also give the position and in 
tensity shifts produced in a Rydberg series of discrete levels by interaction with a level of another configura 
tion. The connection with the nuclear theory of resonance scattering is indicated. 


1. INTRODUCTION 


LECTRONIC states of atoms and molecules are 
usually classified as belonging to various configura- 
tions, according to the independent-particle approxima- 
tion. The actual stationary states may be represented 
as superpositions of states of different configurations 
which are “mixed”’ by the “‘configuration interaction,” 
i.e., by terms of the Hamiltonian that are disregarded in 
the independent-particle approximation. The effects of 
configuration interaction are particularly conspicuous at 
energy levels above the lowest ionization threshold, 
where states of different configurations coincide in 
energy exactly since at least some of them belong to a 
continuous spectrum. The mixing of a configuration 
belonging to a discrete spectrum with continuous spec- 
trum configurations gives rise to the phenomenon of 
autoionization. The exact coincidence of the energies of 
different configurations makes the ordinary perturba- 
tion theory inadequate, so that special procedures are 
required for the treatment of autoionization and of 
related phenomena. 

A basic treatment of stationary states with configura- 
tion mixing under conditions of autoionization was de- 
veloped long ago by Rice. It was also pointed out? that 
autoionized levels manifest themselves in continuous 
absorption spectra as very asymmetric peaks because, in 
the mixing of configurations to form a stationary state 
of energy £, the coefficients vary sharply when E passes 
through an autoionized level. This remark accounted 
qualitatively for the character of rare-gas spectra in the 
range between the two ionization thresholds corre- 
sponding to the doublet (Py and P;) ground states of 
rare-gas ions.’ 

Interest returns to this phenomenon as more extensive 
exploration of high levels of excitation is undertaken by 
means of far-ultraviolet light,‘ of electron bombard- 


* Note added in proof. The most relevant material of this refer- 
ence is to be published by E. N. Lassettre and S. M. Silverman. 
I thank Professor Lassettre for permitting me to publish his data 
and for having shown me his paper ahead of publication. 

10. K. Rice, J. Chem. Phys. 1, 375 (1933). 

2U. Fano, Nuovo cimento 12, 156 (1935). 

3H. Beutler, Z. Physik 93, 177 (1935). 

*W.R.S. Garton and K. Codling, Proc. Phys. Soc. (London) 75, 
87 (1960 


ment,° and also of energy transfer in molecular colli- 
sions.® It may then be worthwhile to return to the theory 
of reference 2, which can be extended and improved in 
several respects. In particular, we propose to analyze an 
asymmetric peak of the He spectrum observed by 
Silverman and Lassettre’ to the point of obtaining 
parameters of the 2s2p autoionized level. The interpre- 
tation of the Beutler rare gas spectra’ will be modified to 
some extent. The objective is to present procedures that 
can be applied to the quantitative analysis of experi- 
mental data and to point out the significance of the 
parameters obtained from such analysis. 

Section 2 presents a reformulation of the theory of 
reference 2, avoiding the bypass through quantization 
in a finite box which had also been utilized in reference 1. 
This reformulation brings out the connection with the 
theory of scattering in the proximity of a resonance. 
Indeed, the main results of this paper are implied by the 
scattering theory® which deals, in essence, with processes 
inverse to those considered here. Breit-Wigner cross- 
section formulas will be rederived through the approach 
of this paper in Appendix C. Section 3 analyzes the 
experimental data on the 2s2p level of He. Section 4 
extends the theory to continuous spectra of different 
configurations interacting with a single discrete auto- 
ionized level. This extension is relevant, for example, to 
the rare gases* where a free electron in ds, d;, or s4 states 
may couple with the lowest, P;°, state of the ion to form 
three different P,° continua. Section 5 extends the 
theory to the interaction of a number of discrete levels 
with one continuous spectrum. 

The effects of direct interaction of different continua 
(as distinguished from coupling through a discrete 
level) will not be considered in this paper. 

The effects of configuration interaction upon the 
position and the intensity of the lines of a Rydberg 

5 E. N. Lassettre, Suppl. Radiation Research 1, 530 (1959), also, 
E. N. Lassettre ef al., Repts. 1-12, R.F. Project 464, Ohio State 
University Research Foundation, Columbus, Ohio, 1953 to 1958 
(unpublished). 

®R. Platzman, J. phys. radium 21, 853 (1960 

7S. Silverman and E. N. Lassettre, reference 5, Rept. No. 9, 
p. 12 ff. 

8 See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley & Sons, Inc., New York, 1952), pp. 379 ff., in 
particular p. 401. 
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series in a discrete spectrum are equivalent to the effects 
on a continuum. This application will be outlined in 
Appendix B. 


2. ONE DISCRETE STATE AND ONE CONTINUUM 


Consider an atomic system with a number of zero- 
approximation states, and among these states one (¢) 
belonging to a discrete configuration and a continuum 
of states Px’. Each of these states is nondegenerate, all 
degeneracy having been removed by specification of an 
adequate set of quantum numbers (angular momentum, 
magnetic, etc.). We wish to diagonalize the portion of 
the energy matrix that belongs to the subset of states 
¢, We. The elements of this portion of the energy matrix 
constitute a square submatrix and will be indicated by 


(¢|H| ¢)=E,, (la) 
(ve |H\ g)=Ve, 
(Wer Hl be)=F'5(E"— EF’). 


(1b) 
(1c) 


The Dirac 6 factor in Eq. (1c) implies that the submatrix 
belonging to the more limited subset of states pe had 
previously been diagonalized in the zero approximation. 
(It is usually understood that a pair of states of the 
same Rydberg series or continuum yields a vanishing 
off-diagonal element of the energy matrix.) It is under- 
stood that the discrete energy level F, lies within the 
continuous range of values of £’. 

Each energy value £ within the range of E’ is an 
eigenvalue of the matrix (1). The corresponding eigen- 
vector, which we wish to determine, has the form 


We=aet | db Wr. (2) 


It is understood that a and dz are functions of £, but 
this dependence will be indicated explicitly only where 
necessary. These coefficients are determined as solutions 
of the system of equations pertaining to the matrix (1), 


E,a+ [ dE! V x-*by = Ea, 


Ve ath’br = Ebe:. (3b) 


The solution of this system can be carried out exactly, 
so that diagonalization of the matrix (1) is achieved. 
System (3) has peculiarities arising from its continu- 
ous spectrum. To solve it, we shall express bx: in terms 
of a, utilizing (3b), and enter the result in (3a). This 
procedure involves a division of (3b) by E—£’ which 
may be zero. This obstacle was circumvented in refer- 
ences 1 and 2 by quantization in a finite box, which 
replaces the continuous spectrum with a discrete one, 
and eventual transition to the limit of an infinite box. 
Here we follow Dirac’s procedure® of introducing the 


*P, A. M. Dirac, Z. Physik 44, 585 (1927). 
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formal solution of (3b), 


1 
b; | +2()6(E—E) |e a, (4) 
E-E’ 


with the understanding that, upon substitution in (3a), 
one shall take the principal part of the integral over 
(E—FE’) and that 2(£) is to be determined later. 
Scattering problems usually involve conditions implying 
that z=7iz. In our treatment 2(£) will be real.!° Notice 
that if the states yz are represented by a wave function 
with asymptotic behavior « sin[k(E’)r+6 ], their super- 
position with the coefficients (4) yields the following 
result. The integral over the first term on the right side 
of (4) multiplied by sin[k(£’)r+6] yields, for large r, 
—nx cos[ k(E)r+6]|V xa, the corresponding integral over 
the second term yields 2(/) sin[k(£)r+6 ]V ga. The sum 
of the two terms can then be cast in the form 


paw bee = sin[k(E)r+é6+A ], 


in which 
A=-—arctan[#/2(£) ] (6) 


represents the phase shift due to configuration inter- 
action of wz with the state ¢. 

The value of z is itself determined by substituting the 
expression (4) of bg into (3a). The coefficient a factors 
out so that (3a) reduced to 


E,tF(E)+2(E)|Ve\?=E, 
where 
. Vee 2 
F(E)=P | dk’ ——__, 
; E-F!' 


and P indicates “principal part of.’’ We have, then, 


E-E,—F(E) 
3(k)=— ; 


(9) 
V |? 


Notice that |Vx/\*, an index of the strength of the 
configuration interaction, has the dimensions of an 
energy since Wz is normalized “per unit energy”’ ac- 
cording to (ic). The phase shift varies swiftly by ~ 
as E traverses an interval ~|V¢|? about the “reso- 
nance” at E=E,+F. The quantity F represents thus a 
shift of the resonance position with respect to ,.' (This 
shift did not appear in reference 2 because of the un- 
realistic assumption V ~-= constant, which yields F=0.) 

The coefficient a, which factors out of (3a), is de- 
termined by normalization. The ortho-normalization 
condition for the continuous spectrum must be ex- 
pressed in terms of the coefficients a and bg, for a pair of 
values of -, indicated by / and E, which need not 


10 See, e.g., the analogous treatment by N. V. Van Kampen, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 26, No. 15 (1951). 





1868 


coincide : 
(Wg| Wz) =a*(E)a(E) 


+ | az’ be *(E)be- (E)=8(E—E). (9’) 


Substitution of (4) yields 


F 1 — 
a*(B)} i+ fae’ Ve = —+(E-£ | 


1 ‘ 
«| —+2(EE-F) |e 6(E—E). (10) 


Attention must be paid here to the integration over /’ 
at the point of double singularity E=E. Appendix A 
shows that the factor .1/(E—E’)(E—E’) is properly 
resolved into partial fractions plus a singular term 
according to 


1 1 ( 1 1 ) 
(B—E\(E-E’) B-E\E-F’ B-E' 


+9°6(E—E)s[E’-4(E+E)]. (11) 


Substituting (11) into (10) and considering that 
6(E— F’')6(E—E’')=6(E—E)s[E’—}(E+E)] 
and that 6(E— £’) f(£’)=6(E—E’) f(£), one finds 
a(E)|?| Ve|*{e?+22(E) ]6(E— E)+a*(E) 


1 
x {1+ 


[Fi E \— F(E)+:(E) Ve? 
E-E 


The expression in braces vanishes, owing to (7), so that 
(12) is fulfilled by 


1 
a(E)|?= ~ 
V gl Ux2+2°(E)] 


Ve* 
[E—E,—F(E) P+ Veit 


(13) 


This result shows that the configuration interaction 
“dilutes” the discrete state ¢ throughout a band of 
actual stationary states whose profile is represented by 
a resonance curve with half-width x V¢ *. If the system 
under consideration were prepared in the state ¢ at a 
certain instant, it would autoionize with the mean life 
h/lx V g/?. ° 

With reference to (6) and (4) we can finally write 

a=sinA/rV zg, (14a) 
Ve sind 
be = 


= — —cosA 6(E—E’), 
mVe E-E' 


(14b) 
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where 
w\|Ve\? 
A= —arctan———_—_——__, 
E—E,—F(E) 
according to (6) and (9). 

The purpose of this section was not so much to study 
the eigenvector Vx as a function of & as to study the 
resulting variation of the probability of excitation of the 
stationary state Vz. Whatever the excitation mecha- 
nism is, this probability may be represented as the 
squared matrix element of a suitable transition operator 
T between an initial state i and the state Vz. In view of 
(2) and (14) this matrix element is expressed in terms 
of the phase parameter A by 


(Wx\T i) 
1 


=— le T |i) sind 
rVe 


1 F } g* (We: T \1) 
+— p | ae’ — sinA—(Wz|T\i) cosA 
rV g* E-E’ 
1 
= ——(!T |i) sinA— (We! T|1) cos, 
aV e* 


where 
Veve 
E-E’' 


(17) 


$=y+P | dE 


indicates the state ¢ modified by an admixture of states 
of the continuum. [This modification did not appear in 
reference 2 where V ~ and the states Wz had been re- 
garded as independent of /’ so that the integral in (17) 
would vanish. ] 

The sharp variation of A as £ passes through the 
resonance at E=E,+¥F causes a sharp variation of 
(Wx|T\1). More specifically, sinA is an even function of 
E—E,—F, whereas cosA is an odd function of this 
variable. Therefore, as anticipated in Sec. 1, the con- 
tributions to (Wz, 7 7) represented in (16) by (® Ti) 
and (Wz|T |i) interfere with opposite phase on the two 
sides of the resonance. In particular the transition 
probability vanishes on one side of the resonance, at 
A= A,—that is, E= Eyg—, where 


Eo— E,—F (Eo) 
tanAo= — 


mV £9*(Weo| T | 7) 
(18) 


wt Vey? (}\ T 1) 


Notice that experimental investigation of a transition 
probability in the vicinity of an autoionized level will 
determine directly the resonance energy -,+F, rather 
than the position F, of the unperturbed level, and will 
similarly provide information on the matrix element 
(|@T |1) of transition to the ‘‘modified” state ®, rather 
than on (¢| 7 i) itself. 

The ratio of the transition probability (Wz JT 7)\* to 
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Fic. 1. Natural line shapes for different values of g. (Reverse the 
scale of abscissas for negative q.) 


the probability | (Wz|7|7) ? of transition to the unper- 
turbed continuum can be represented by a single family 
of curves. These curves are functions of the reduced 
energy variable 
E—E,—F(E) E-E,-—F 
€= —cotaA=—— = — (19) 
us Ve , +I 


in which '= 27, V g |? indicates the spectral width of the 
autoionized state ¢, and of the parameter 


(®| T 2) 


aVie*(We! T\ 1) 


(¢|T +P [are H We (ve ,T\i)/(E—- EF’) 


—_———, (20) 


r(o|H\Wz) x! Ti) 


which coincides with cotAy at H= /o and is independent 
of phase normalizations. These curves are represented 
by 

: (We|T/i)|? 


(q+e)’ g’—1+2ge 
(We|T 1)? 


= =|+ , (21) 
1+é 1+é 


This function is plotted in Fig. 1 for a number of values 
of g, which is regarded as constant in the range of 
interest. Notice that 
sag?= | (®|T i) 2) (ve T\i) PP (22) 
is the ratio of the transition probabilities to the “‘modi- 
fied”’ discrete state ® and to a band width I of unper- 
turbed continuum states Wx. Notice also that the curves 
of Fig. 1 are of the type shown in Fig. VIII.8.2 of Blatt 
and Weisskopf.$ 
If the ratio g and the line’s shift and width functions, 
F(£) and l=7/|V-¢*|, can be regarded as independent 
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of F over a sufficient range, integration of (21) yields the 
excess transition probability due to the discrete state ¢, 
in the form 


[ext (We|T\t)|\?—| (We! T\2)\7) 


= | (We|T\i)\*3"(g?—ODT 


=| (6|T\i)|?—4e| (We|T\i)/2P. (23) 
This integral should in fact equal | (¢|7)|7)|*, because 
the diagonalization of the energy matrix carried out in 
this section is a unitary transformation and therefore 
cannot affect the total transition probability. Any de- 
parture of the right-hand side of (23) from | (¢| 7} 1) |? 
should be attributed to inadequate constancy of gq, F, 
and I. [Notice that the term of (21) odd in F, whose 
contribution to (23) was dropped, actually converges 
weakly to zero as |€| —> ©. ] 

Often the probability of excitation of the state Vz is 
proportional not to the squared matrix element of a 
single transition operator 7, but to the sum of squared 
matrix elements of a vectorial or tensorial set of opera- 
tors T,, such as the set of components >>; x;, D0; ys, 
> ; 2), of the dipole moment of an atom. In this event, 
the ratios among the matrix elements of the various T, 
are fixed by geometrical considerations, known as the 
Wigner-Eckart theorem, i.e., we have 


(We ‘i. 1) 
(We Ta i) 


It follows that (Wz! T,|i) vanishes at the same energy 
value, determined by (18), for all values of g. This 
circumstance was overlooked in reference 2, where it 
was suggested incorrectly that a transition probability 
proportional to }>, (Wz T, i)? need not vanish for 
any value of £, since the various terms of the sum might 
have different points of zero. Failure of the interference 
to yield a complete cancellation of the transition proba- 
bility must rather be sought in the effect of degeneracies 
which have been excluded in this section but are treated 
in Sec. 4. Of course, a complete cancellation may escape 


(| T |i) 
(24) 
(pb | 1) 


observation owing to insufficient resolving power; this 
factor could hardly have been paramount in the Beutler 
experiment*® considered in reference 2, even though it 
has a dominant influence on the data discussed in the 
next section. 


3. ANALYSIS OF THE 2s2p 'P LEVEL OF HELIUM 


Silverman and Lassettre’ have observed the cross 
section for forward inelastic scattering of 500-ev elec- 
trons by He. The results obtained by them in the region 
of 60-ev energy losses are shown in Fig. 2. There seems 
to be little doubt that the main peak in the experimental 
curve is associated with the 2s2p 'P autoionized level of 
double excitation. The discussion of the data in reference 
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Fic. 2. Experimental results by Silverman and Lassettre? on the 
inelastic scattering of electrons by He. 


7 emphasized the asymmetry of the results on either side 
of the main peak and remarked that they are not merely 
the “superposition of two alternative transitions, one to 
a discrete state and the other to a continuum.” This 
effect appears to be just of the type to be expected on 
the basis of Sec. 2 and of the earlier equivalent treat- 
ment of reference 2. 

Since the data in Fig. 2 were not taken for the purpose 
of detailed theoretical analysis, and since there is only 
approximate information on the resolving power and 
other experimental variables, only a semiquantitative 
application of theory seems warranted at this time. 
This application has the primary purpose of demon- 
strating how to fit an experimental curve starting from 
Eq. (21) and of obtaining from the fit an order of 
magnitude estimate of parameters to be compared with 
theory of the He atom. 

Comparison of the data of Fig. 2 with theory may 
appear unpromising at the outset because the width of 
the peak is essentially the same as the resolving power 
of the spectral analysis, namely 0.4 ev." However, the 
very asymmetry of the peak shows that the natural 
shape of the resonance is not altogether obscured. 

Under the experimental conditions indicated in Fig. 2, 
and assuming validity of the Born approximation colli- 
sion formula, as discussed in reference 5, the relevant 
factor of the transition operator may be expressed as 


T = eikaten /p, (25) 


Here z; and z are Cartesian coordinates of the two 
electrons of the He atom in the direction of the beam, 
and k~0.2 A“! equals #~ times the momentum transfer 
by the incident electron in the collision. A much more 
complicated operator should be considered to take 
electron exchange into account, but this effect is prob- 
ably of the order of 10% and will be disregarded. 
Excitation of triplet states, also due to exchange, should 

" Reference 5, report No. 1, shows on p. 43 an energy spectrum 


of the unscattered electron beam, which is roughly Gaussian with 
a width of ~0.4 ev. 
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be unfrequent by still another order of magnitude. The 
operator T reduces to a dipole operator in the limit 
k — 0, but this limit is not approached very closely for 
k~0.2 A“. Therefore the data in Fig. 2 probably in- 
clude a certain amount of quadrupole excitations of S$ 
and 'D states. However these excitations form a back- 
ground unperturbed by the discrete level, owing to the 
difference in angular momentum, and will also be 
disregarded. (Additional peaks, corresponding to levels 
of double excitation such as 2s? 1S and 252 *P, would be 
detectable if there were a substantial amount of 
quadrupole or triplet excitation.) 

The interpretation of the lower peak in Fig. 2 is 
doubtful. (This peak might be associated with a 2s3p 


-and or with a 3s2p excitation.) Since the two peaks and 


their wings appear rather well separated, the lower peak 
will be ignored here and we shall endeavor to reproduce 
only the region between 58 and 62 ev. 

In this region, the interpolated continuous back- 
ground appears to slope down at the rate of 10% per ev. 
Accordingly we set 


(We T |i)? 


=[| We] 7!) |*]e=-2,+r[1—0.1(E—E,—F)], (26) 


with E expressed in ev and F constant. When this ex- 
pression is substituted in (21), the product of the second 
term in the brackets of (26) and the second term in 
the brackets «f (21) would yield a negligible contribu- 
tion. Accordingly we shall try to fit the spectrum of 
Fig. 2 starting from the assumed natural shape 


f(E)=1-0.1(E-E,—F) 


g’—1+49(E—E,—F)/T 
+——— 


(27) 
1+-4(E—E,—F)*/T 


This natural shape should be folded, for comparison 
with Fig. 2, into the line shape which is observed by the 
spectrometer when it receives monoenergetic electrons. 
We assume the folded shape of the spectrum to be" 


- (E-— FE’)? dE’ 
(E)= exp| —— f(E’) . 
ie [ it (0.2)? | 0.24/m 


We have now two parameters at our disposal for the 
fitting of g(E) to the shape of the main peak in Fig. 2, 
namely, g and the natural linewidth I’. In addition, 
sliding of the scale of abscissas to best fit determines the 
resonance position E,+F. The excess transition proba- 
bility, over the interpolated continuous background, has 
been determined by planimetry of the curve in Fig. 2 
and comparison with (23). The result is 


(28) 


$m(g?—1)P=0.15 ev. (29) 


This value is not modified by the folding in (28). The 
fact that the peak is steeper on the high than on the 
low-energy side shows that g is negative. The remaining 
main step of fitting has been performed by trial and 





EFFECTS OF 











se 
60 
ENERGY LOSS E,ev 





Fic. 3. Theoretical line shapes corrected for finite instrumental 
resolving power [Eq. (28)] and fitted to the Silverman-Lassettre 
data. Experimental points from Fig. 2 reduced in scale 1:7500 
counts/10 sec. 


error, assuming alternative values of I in (25) and (29) 
and calculating the integral in (28) numerically.” 
Figure 3 shows the plots of g(/) obtained for P=0.02, 
0.04, and 0.06 ev, together with experimental points 
taken from Fig. 2 with their ordinates reduced in the 
scale of 1:7500 counts/10 sec. The intermediate value 


r'=0.04 ev, (30) 


gives the best over-all fit. The appropriate value of the 
resonance energy is 


E,+F(E,)=60.1 ev, (31) 


with an uncertainty lower than 0.1 ev. 

No single value of I appears to fit the peak equally 
well on both sides. The peak/trough ratios for the 
troughs on the two sides of the peak were taken as 
indices for this purpose and could not be fitted simul- 
taneously. Our analysis of the data thus appears sig- 
nificantly too coarse, even though the instrumental line 
width is 10 times larger than the natural width. 

Equations (29) and (30) yield the value 


$rg?=5.3 (32) 
for the ratio of matrix elements (22). This result pro- 
vides an estimate of the transition probability to the 
“modified” discrete state ¢ in terms of the probability 
of transition to the unperturbed continuum yz. The 
relevant data for the continuum have to be obtained by 
interpolation from observations in the unperturbed 
range, far from the resonance on either side of it. Of 
particular interest are data on the optical oscillator 
strengths which are obtained from inelastic electron 
scattering data extrapolated to k=0. This extrapolation 
adds considerable uncertainty and we can only gather, 
from the extensive data in reference 7, that the density 
of optical oscillator strength in the unperturbed con- 


2 T am indebted to J. W. Cooper for this integration. 
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tinuum of He at 60 ev probably lies between 0.01 and 
0.02 per ev. On this basis the oscillator strength of the 
(modified) 2s2p'P level should be between 0.002 
and 0.004. 

The accuracy of these estimates could presumably be 
increased considerably if new experiments were per- 
formed, either by electron scattering or by optical 
absorption spectroscopy, for the specific purpose of 
providing input data for theoretical analysis. 

Let us compare, anyhow, the estimates obtained here 
with evidence from other sources. The 2s2p state has 
often been discussed, but not very conclusively and in 
connection with transitions to states other than the 
ground state. Bransden and Dalgarno calculated the 
binding energy of the 2s2p 'P state to be 61.2 ev above 
the ground state. Considering the approximations in- 
volved, the experimental value of 60.1 ev appears to be 
well within the range of theoretical estimates.'* The 
dispersion shift F should be not much larger than the 
linewidth and therefore negligible at this stage. 

The linewidth estimate !~0.04 ev, corresponding toa 
decay rate of 6X10'* sec"! for the autoionized state, 
coincides very nearly with Ta You Wu’s! value of 
5X10'% sec' for the triplet state. Bransden and 
Dalgarno," on the other hand, obtained 1X 10" sec“ for 
the singlet itself. The reason of this discrepancy is not 
understood, but it may be noted that the experimental 
estimate from Fig. 3 could not be in error by one order of 
magnitude. 

Our estimate of the oscillator strength of the 
1s? — 2s2p transition is one order of magnitude smaller 
than current estimates'® of the total strength of double 
excitations or ionizations starting from the ground state. 
This result is not surprising since the strength of the 
single excitation 1s? — 152p is also a small fraction of the 
total strength of single excitations in He. 

Finally, an attempt may be made at interpreting the 
sign of the parameter g, which is certainly negative be- 
cause the peak in Fig. 2 slopes sharply on the high- 
energy side. Two terms contribute to g, as shown on the 
right-hand side of (20). The second term, 


p far Ve*(We | T\i)/(E-F’) 


tV e* (We T 1) 


is certainly positive since (Wx |7 |i) grows larger than 
(Wze|T\1) at FE’ <E, i.e., where E—E’>0; it should also 
be of the order of 1. Therefore the first term must be 
larger than |g! in magnitude and negative. This term is 


13 B. H. Bransden and A. Dalgarno, Proc. Phys. Soc. (London) 
A66, 904 (1953). 

4 C. W. Scherr (private communication). 

16T. Y. Wu, Phys. Rev. 66, 291 (1944). 

; W. F. Miller, thesis, Purdue University, 1956 (unpublished), 
p. 36. 
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represented by 
(2s2p| T | 1s) 
— (34) 
m(2s2p| V | isEp)(1sEp | T| 15°) 


In attempting an interpretation of the sign of this ratio, 
it is convenient to make some normalization convention 
for purpose of analysis even though the ratio is inde- 
pendent of such conventions. We assume all single 
electron-wave functions to be positive near the nucleus. 
The matrix element of the Coulomb interaction V is the 
sum of a direct and of an exchange term. Because of 
angular momentum selection rules the two terms arise, 
respectively, from the scalar and the dipole term of the 
multipole expansion of V’. Presumably, the scalar term 
is small because of quasi-orthogonality of the 1s and 2s 
wave functions and negative because the ground state 
is should be more screened than 2s. The dipole term is 
then presumably dominant and it is positive, like all 
quasi-hydrogenic dipole moments are with our con- 
vention. The transition matrix elements would also be 
positive, except for the projection factor (2s | 1s) in the 
numerator of (34), which should be negative, though 
small, noted This last factor, or, more 
specifically, the ratio of (2s 1s) to the projection (1s, 1s) 
in the denominator, would thus determine the sign 
of (34). 


above. 


as 


4. ONE DISCRETE STATE AND TWO OR 
MORE CONTINUA 


The treatment of Sec. 2 can be readily applied to the 
configuration interaction of a discrete state ¢ with 
states of different continua Wg’, Xz’, ---. These continua 
may be distinguished by suitable quantum numbers, 
e.g., by the coupling scheme that obtains when an 
electron is removed to infinite distance from the residual 
ion. We shall refer to two continua only, for the sake of 
simplicity, unless some purpose is served by explicit 
reference to the case of m continua. 

The eigenvectors to be determined have the form 


Vv AE act | dE'(be WetceeXe |, (35) 


where / indicates a set of n—1 parameters required to 
specify VY, since each value of £ is an n-fold degenerate 
eigenvalue. The coefficients a, bg, ce, are functions of 
FE and fA. The determination of their eigenvectors is 
almost trivial, because n—1 orthogonal continua are 
readily found, with bz, such as to cancel the 
interaction with ¢ and, therefore, with a=0. The single 
remaining linearly independent eigenvector is then de- 
termined by the method of Sec. 2. 

The elements of the energy submatrix to be diago- 
nalized will be indicated, in analogy with (1), by 


CE’, 


(¢|H| g)=E,, (36a) 


(ve | Hic)=Ve, (Xe!|H\o)=We, (36b) 
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(We | be)= (Xe |A\Xe)=F'(E"—E’), (36c) 


(Xg-|H\We)=0. (36d) 


The last of these formulas implies that the matrix has 
already been diagonalized with respect to the smaller 
set of states Ye’, Xx. This assumption is made in order 
to focus on the interaction with the discrete state. 

The system of equations analogous to (3) is, then, 


Beat | aE Vee +W e*ce |= Ea, (37a) 


Ve at+F'be =Ebe., 
Wreath" B= Ecr ° 


(37b) 
(37c) 


Two orthogonal linear combinations of (37b) and (37c), 
with coefficients (Ve*,\We*) and (We, —Ve-), re- 
spectively, are 


[ Ve \?+| We et k'LV e*be +W ee * ce: | 
= ELV e*be+We * E l, (38) 


E'(Webe—Vece J=ELWebe—Vecer). (39) 
Equation (38) contains the same combination of bg, and 
ce as (37a), and forms with (37a) a system equivalent 
to (3), whereas (39) is decoupled from a. In solving 
the system of Eqs. (37a) and (38), for the dependent 
variables a and [V e-*be-+W e*ce: j, Eqs. (7) and ff. of 
Sec. 2 apply provided |Vz-|* is replaced by |Ve-!? 
+|We-|*. The solution [Webe,—Vece | is simply 
6(£’—E£) to within a normalization factor. From these 
solutions, two orthogonal solutions of the system (37) 
with the dependent variables a, bg, and cg are obtained. 
These solutions are 


sind 
r(|Vel?+|Wel?)! 


Ve 
be =— 


(|Ve?+/|We}?)! 
1 sind 
x 
nr E—E' 


W eg 
~ (|Vel2+|Wel2)! 


1 sind 
x| 
rkE-—E' 


7 ( 
A=-—arctan 


a, (40a) 


—cosd (EF) | (40b) 


CiE’ 


—cosd 6(E— B) | (40c) 


where 
Vy Wy 

(41) 
E-—E,—G(E) 
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(43a) 


5(E—-E’), (43b) 


24/We!2)! 
Vet 


6(E-E’). 
(|Ve\?+|We}?)} 


(43c) 


If there are n>2 continua, the extension of solution 
1 is straight-forward, additional terms being added to 

Ve.?+|We |? wherever this expression appears in (40), 
(41), and (42), and additional dependent variables 
d\n’: ++, being given by formulas analogous to (40b) and 
(40c). Solution 2 is extended into a set of n—1 orthogonal 
solutions of the n-variable homogeneous equation 
Ve*be +We*ce+--- =0. 

The probability of transitions from an initial state i 
to all the stationary states of energy F is 

(Wire| T |i) |?+ | (Wee! T |i) |?+--- (44) 
The first term of this sum varies as a function of energy 
in the proximity of the resonance at L,+G according to 
the pattern discussed in Sec. 2. The remaining term or 
terms are wholly unaffected by the resonance. There- 
fore, in the presence of two or more continua, one should 
expect to observe an excitation spectrum of the type 
shown in Fig. 1 superposed on a smooth background. 
The spectral intensity should not be observed to drop to 
zero, even with ideal resolution, unless the states 
Wor, «++, cannot be excited. 

This result accounts at least in part for the fact, noted 
in Sec. 1, that the intensity of the rare-gas optical ab- 
sorption spectra* never appear to vanish altogether in 
the range between the two series limits. The interaction 
of different discrete levels could not be responsible for 
this result, as will be seen in the next section. The ex- 
perimental data also show some blurring, presumably 
due to limited resolving power and no attempt will be 
made here to account for them in detail. The treatment 
of the present section is equivalent to the theory of 
multichannel resonance scattering, as outlined in Ap- 
pendix C. 

5. A NUMBER OF DISCRETE STATES AND 
ONE CONTINUUM 


Consider now the situation where a set of discrete 
states ¢1, °°, Gn, *** Experiences configuration inter- 
action with a set of states Yz belonging to one continu- 
ous spectrum. The energy submatrix which we want to 
diagonalize is 

(gm|H | on) =Endmny 


(We |H\ ¢n)= 
(Wer He) 


Equation (45a) implies that the smaller submatrix 


(45a) 
V En, (45b) 


E'5(E" — FE’). (45c) 
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corresponding to the discrete states ¢ 
diagonalized in a previous operation. 
The eigenvectors we seek have now the form 


» alone has been 


(46) 


92-30. 6.904 | dk" bes 


and there must be one of them for each value of £ in the 
energy range we are considering. The coefficients a, and 
by’ are solutions of the system of equations 


k,a,+ fae: V nebr = Eay, (47a) 


pF Vy ,dnt+kh’b; kbp . (47b) 


Equation (47b) is solved formally, 


1 
by | 
k-—E’ 


Substitution of (48) in (47a) yields the generalization 
of (7), namely, 


as (3b), by 


F(a E) |, Virndn. (48) 


| ee o> ae F, mam 3( k ) V; E aes V EmOm= Edy. 
Here 


(49) 


(50) 


is now a matrix which represents the second-order 
interaction among the discrete states arising from their 
coupling with intermediate continuum configurations. 
The diagonal elements of this matrix represent the first 
approximation line shifts caused by this interaction. 

Equation (49) represents a system of homogeneous 
equations and therefore leads to an actual eigenvalue 
problem. This problem can be subdivided into two 
stages, the: first of which concerns only the discrete 
states, whereas the second, which deals with the main 
discrete-continuum interaction, has a rather simple 
solution. 

In the first stage we diagonalize the matrix Edm 
+F,,, that is, we consider the effect of the interaction 
matrix F’,, upon the discrete states. This effect perturbs 
the states ¢, and their energies /,, and replaces them 
with new states 


(51) 


Yr Z a. ee 


and with energies /, which are obtained by solving the 
system 
EA wt F amA m= A nok y. (52) 


The replacement of the energies /, with the /, corre- 
sponds to the replacement of E, with E,+F in Sec. 2. 
It may be anticipated that the matrix F,,,, will often 
constitute a small perturbation, so that (52) is solved 
adequately by perturbation theory. Since the matrix 
F xm depends on /, even though slowly, the solutions of 
(52) will also be functions of & 
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Assuming that the coefficients A,, and energies FE, 
have been obtained, we replace the coefficients a, in (45) 
by new coefficients d,, setting 

=) » Andy. (53) 
The matrix F,, can now be eliminated from (49) by 
means of (52), and (49) becomes 
pe A nvlivdy +2(E)Vag Ya V emA mrdy 
=ED Andy (54) 
Multiplication by (A~'),,, summation over » and appli- 
cation of the orthonormality >> .(A)unA ne=5ys yields 
finally 
E,4,+2(E)V,2 > 4 Ve,d,= Eé,, 
where 
Vg,= 208 V safes (56) 

The second step of our problem consists of solving the 
system (55). This system has a matrix of the form 
M,,=(s'V,2)(z'Ve,) and thus belongs to the class 
whose solutions are expressed in terms of a polarizability 
function. Multiplication of (55) by Vz,/(E—E,) and 
summation over v shows that (55) is subject to the 
consistency requirement 


2(E)>»[| Ve-|? 
which plays the role of a secular equation and deter- 


mines the eigenvalue z(£). Under this condition, (55) is 
solved by 


(E—E,)]=1, 


(57) 


VE 
d,=2(E)——— >» Vey, (58) 


E-E, 
in terms of the expression 
Low V epdu= Lin VeEndn, 
which plays the role of a normalization constant. We 


shall represent z in terms of a phase shift A, as in (6) and 
(15), and rewrite (57) in the form 


(59) 


wi Ve, ? 
=—tanA=)> ————-=—), tand,. (60) 
» E-E, 
Here A, represents the phase shift that would be con- 
tributed by the state ¢,, if alone. 
The remaining determination of the normalization 
constant (59) is analogous to the determination of a in 
Sec. 2, Eqs. (9) ff. We write 


(We Ve)=> a,*(E)a,(E 


+ | ae’ 6, *(E)be (E)=6(E—E), (61) 


substitute bg from (48) and utilize (11). The equation 
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analogous to (12) is, then, 


Yn Venda(E) |*[9?+22(E) 6(E—E) +E am an* (E) 
X (14+ (E—E)[Fam(E)—Fam(E)+2(E)V neV em 
—2(E)V nkV gm }}am(E)=6(E—E). (62) 


The > nm Vanishes owing to (49), so that the normaliza- 
tion is given by 


) V gn0,(£) |?= 


w+2°(E) 


1 


sin?A. (63) 


The final, normalized solution of our problem may 
then be given in the form 


a,=cosA tanA,/xV z,, (64a) 


Ve, tand, 
be =cosal 5 ieee 
» E—E’' rVez, 


—s5(E-—E’ | (64b) 


which combines (48), (58), (60), and (63). Equation (64) 
reduces to (14) when there is a single state @,. 

The transition matrix element for excitation of the 
energy eigenstate Wx is given in analogy with (16) by 


tanA, 
(We|T i)=cosa | -- 


wV iE 


tanA, . 
+—— P| dE 
Vive 


tanA, 
=cosA; >> —- 


af mV ve 


(,| 7 \i)— (we| T}i) 


=(Wz|T\i) cosA{>,, q, tand,—1}, (65) 
where ‘ 

veVey 

q (66) 


($,| 7/7) 
qv m (67) 
mV ye (Wer , 1) 


in analogy with (17) and (18). Notice that cosA tanA, 
has the same role here as sinA has in Sec. 2, in that 
cosA tanA, remains finite at the resonance point A,= 47 
(i.e., E=E,) because cosA vanishes there. Notice also 
that )°, 9g, tanA,=>_, 9,9| Ve,|?/(E—E,) swings all the 
way from — ~ to ~ in each interval between successive 
resonances and thus causes a rapid variation of (Wg! T |i). 
In particular (Wz¢|T 1) vanishes once in each of these 
successive intervals. 

The behavior of the resonances corresponding to a 
Rydberg series of autoionized states is also of interest. 
The numerical parameter qg, should remain nearly con- 
stant throughout the upper part of the series even 
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though the numerator and the denominator of its ex- 
pression (67) become rapidly smaller as the series limit is 
approached. This is because (@,| 7 |i) and V,z decrease, 
in the main, in proportion to the same factor, namely, 
the normalization constant of the wave function 2,(r) 
near the surface of the atom. On the other hand the 
resonance width 27|V,z|? should decrease rapidly, in 
proportion to the spacing between resonances. Thus the 
intensity alternations of the excitation spectrum should 
remain uniformly sharp throughout the series, in pro- 
portion to the line spacings, as they do in ordinary 
optical spectra, except for the broadening influence of 
collisions or other external perturbations. 
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APPENDIX A 

The fraction 1/(E—E’)(E—E’) in the integral (10) 
has simple poles at E'=E and E’=E when EHF, it 
being understood that the principal part is to be taken 
in integrations over these poles, but has a double pole 
when E=E. The usual analysis of this fraction into 
partial fractions implies that 2 EF and leaves out the 
double-pole singularity. 

This singularity may be taken into account by analy- 
sis of the Fourier representation of 1/(H—E’)(E—E’)"": 


(E-F’) '=—nif dk (k/\k|) exp[2mik(B—E’)], (Al) 


—2 


(E—EF’)'(E- FE’) 


- -» | anf dk’ (kk’/| kk’ |) 


Xexp{2ri[k(E—E’)+k'(E-E’)}}. (A2) 


We replace the variables k and k’ by 
u=k+k', v=3(k—k’), 
and notice that 


kk’ u?— 4y* 


—1+2 St(u?— 4’), (A4) 


kk’ u?— 4y" 
(where St is the unit step function). Equation (A2) be- 


17 See, e.Z., 


M. J. Lighthill, Fourier Analysis and Generalized 
Functions (Cambridge University Press, New York, 1958), p. 43. 


INTERACTION 


comes now 


1 
(E— E’)(E—E’) 


= “| du exp{ 2miu(}(E+E)—F’)} 


x! [ dy — 2 in} exp[ 2rit (E—E)] 
ees }|u 


x 


=2/ du exp{2riu[}(E+E)—F’]} 


sd 2) 


sinm | u att 


xla(B-F)—2 : 
| n(H—E) 
3 " hg va u 
= 6[ E’—4(E+E) }6(E—F)+— | du 
E-EJ_, u 


X {exp[2riu(E— E’)|—exp[2riu(E—F’)]}. (A5) 


Comparison with (A1) yields finally (11). 


APPENDIX B 


Application to the Perturbation of a 
Rydberg Series 


The energy levels of a Rydberg series of an atom are 
represented by 


En=—Ty/(n—o)’, (B1) 


where /y is the ionization potential of the H atom 
(Iu=1 ry) and o is the quantum defect, a numerical 
constant or at most a very slowly varying function of 
F,. This formula implies that the levels are determined 
by two quite separate factors: (a) the Coulomb field 
that acts on an optical electron well outside the rest of 
the atom (the ‘“‘core’’) at distances, say, > 20 Bohr radii 
from the nucleus; (b) the mechanical factors within the 
core whose influence is entirely represented by the 
quantum defect o. It is known!’ that a is related to the 
relative phase of oscillation in the region outside the 
core of the actual wave function with energy E, and ofa 
Coulomb function with same energy. Comparison of the 
radial logarithmic derivative of these two wave func- 
tions, at any radius outside the core, yields their phase 
difference 6 which is equal to ro. If the Coulomb field 
were altered outside the core, the level formula (B1) 
would be changed, but the influence of the core would 
still be represented in the new formula by the quantum 
defect o, or by an equivalent parameter. Suppose, for 
example, that the potential ceased to rise according to 
the —e*/r law at r= 20 Bohr radii, and remained fixed at 
—e?/20 for r>20. All discrete stationary states with 

18 See, e.g., M. 


J. Seaton, Monthly Notices Roy. Astron. Soc. 
118, 504 (1958). 
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n—a)*> 20 would then be replaced by a continuum, but 
the core would influence the scattering of a free electron 
in this continuum just by a phase-shift contribution 
6=n0. 

Configuration interaction may be regarded as a core 
effect, even though it takes place in the outer region of 
the core. Accordingly the perturbation it exerts on the 
levels of a Rydberg series should be represented by an 
appropriate change of ¢ in (B1) to the same degree of 
approximation as is involved in the justification of (B1) 
itself. Moreover, since o is determined, for each energy 
range of the optical electron, independently of the field 
outside the core, i.e., independently of whether the 
electron is bound or free, the results of Sec. 2 are 
directly applicable to the perturbation of a discrete 
spectrum. The effect on a continuum caused by inter- 
action with a single discrete state y, with energy Eg, is 
represented according to (5) by adding to the phase 
shift é a further shift A given by (6) and (15). Since 6/x 
corresponds to ¢ of (B1), the interaction with ¢ will be 
represented by performing in (B1) the substitution 

A 1 E,— E,—F(E.) 
=g¢— 
T r 


arccot (B2) 


x\Ve,'" 

Notice that, when E,—E,—F >a! Ve,|\?, (B2) re- 
duces to the perturbation formula of Langer,'® as was to 
be expected. 

The bypass through the treatment of a continuum is 
not necessary. One may treat a Rydberg series of un- 
perturbed states y,, directly, along the lines of Sec. 2, 
replacing (1) by 
(¢\H ¢)=E,, (b. H g)=V,, 

Ym HW,)=Enbmn, (B3) 
(2) by 


V,=agtDn bn, (B4) 


(B5a) 
(B5b) 


Evat+>d., V.*b,=E,a,, 
- V,a+E,b,=ED,. 
The solution of (B5b), which replaces (4), is 


b,.=([V,/(E,—E,) ja (B6) 


and one does not have to worry here about E, coinciding 
with E,. Substitution of (B6) into (B5a) yields the 


eigenvalue equation of reference 2 


Vel 


E+ = F,. (B7) 
7 E 


v “nm 


The attention centers now on the sum in (B7). This 
sum varies from “ to — ~ as E£, traverses each interval 
between two successive unperturbed levels E, and 
En41. One root of (B7), i.e., one perturbed level, lies 
therefore in each such interval. In reference 2 it was 
assumed for simplicity that V,,'/* is independent of n 


 R. Langer, Phys. Rev. 35, 649 (1930 
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and that the £, are uniformly spaced. This assumption 
permits one to carry out the summation in closed form, 
but is probably needlessly restrictive. The essential 
point is that | V,|? depends on » primarily through a 
normalization factor, proportional to the average r, of 
the two level spacings, above and below EZ,. We can 
thus set 

V,\?= ava, (B8) 


Ven 


where | Vz, |? is a slowly varying function of Z,. This 
function is determined entirely by the configuration 
interaction within the core, whereas 7,, is determined by 
details of the field at large distance from the core. Under 
these circumstances, the >>.) V,|?/(E,—E,) may be 
resolved into one contribution that depends only on the 
slow variation of | Vz,|* and one that depends on the 
local value | Vz,|*. The former one can be evaluated by 
replacing the sum by an integration, the integral being 
just the quantity F(Z,) given by (8), so that we have 
Fat Tn 


> —=F(E,)+|Ve,(2?5 
: E,—E. > E, 


(B9) 
—E,, 


The residual sum on the right of (B9) receives a 
significant contribution only from terms with £,~£,, 
since the contributions from other terms cancel out. 
Furthermore, if the #, are given by (B1) and we deal 
with (n—o)>>1, the spacings 


T,= 2] y(n—c) [(n—c)?—1 ?~ 2/4 \ut—o 


=2(-—E,)! Ty}, (B10) 


vary slowly from level to level. The >-,, 7,/(£,—E,) has 
therefore approximately the same value as though r,, 
had the constant value r,, pertaining to an unperturbed 
level E,, in the vicinity of Z,, namely x cot[#(£,—E») 
tm]. With this assumption the eigenvalue equation 
(B7), analogous to (7), becomes 


E,— En 
EotF(E,)+2| Vz, |? cot(x ) = E,, 


for &, 


E,—En\ E,—E,—F(E,) 
cot (= ) = : 
Tm w|Ve,\? 


E,—En E,—E,—Ff 
— =~ A(E,)=arccot( ) (B11) 


~En, (pth) 


that is, 


(B11’) 


Tm w|Ve,|? 

This equation is readily solved graphically or nu- 
merically. It states that, if A be regarded as a function 
of E, as in (B2) and (15), an eigenvalue lies at a fraction 
—A/m of the interval between each unperturbed level 
E,, and the next unperturbed level. 

The probability of excitation of the levels of a Rydberg 
series perturbed by configuration interaction is given, in 
substance, by the treatment of Sec. 2. The energies FE’ 





EFFECTS OF 
and £ have to be replaced by £, and £, in the various 
formulas, and the squared matrix elements | (We | T |i) |? 
and |(W|7\i)\*, which represent probability distribu- 
tions differential in the energy spectrum, have to be 
multiplied by the value of the line spacing r appropriate 
to E, or E, to yield the probability of transition to a 
discrete state. 
APPENDIX C 


Connection with the Theory of Multichannel 
Resonance Scattering 


Suppose that the continuum states Wz’, Xz’, --+ con- 
sidered in Sec. 4 are states in which particles differing 
in any respect, indicated respectively by 8, c---, have 
sufficient energy to break away from the rest of the 
system. (These alternative break-ups are often called 
“channels.’’) We assume, for simplicity, that the par- 
ticles are spinless and call their orbital quantum num- 
bers ls, J, For large values of the distance r 
between the separated particle and the rest of the 
system, the wave functions We’ (r), Xe(re), «++ have 
the asymptotic form 
We <Rky*(E’) sinlko(F’)ri.+6,— 3a, | 

X Viems(Os,¢0), 
Xp <ko-*(E’) sinlk.(E’)r-+6-—43al, | 

X Vieme(Oc, Pe); 


where the factors k~! correspond to normalization per 
unit energy and where all factors not relevant to our 
purpose have been omitted. 

Consider now a scattering process, in which the 
system is formed by combining an incident particle } 
with the “rest” and then the system breaks up releasing 
alternatively either the same particle 6 or another 
particle c, ---. This process is represented by an eigen- 
vector Vz(b— , c---), with the form (35). The wave 
function representation of Ve(b—b,c---) consists 
asymptotically, for large values of ry, r----, of the sum 
of one incoming wave, proportional to exp(—ik»r»), and 
of two, or more, outgoing waves, proportional to 


(C1b) 


(Clic) 


1 x 
$646, 4——— | exp{—iLka(E)ro+8s+5—4als}} 


2ik 3(E)| 
Ve? exp(iA)+ | We|? exp(—iA) 
Vel*+!|We!? 


sind 


kRA(E) |V 


exp—i(6,+4) 
kii(F) 


| sin[ky(E)r,—4al, | 


1 
+—| eid 
=| 


Ve ® exp(2ia)+ We 2 
Ve 24 We 2 
sind 


k3(E) 
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exp{iLky(E)ry+6,— 371, ]} | 


el?+| Wel: 
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exp(ikor,), exp(iker.), --:. To achieve this form, we 
may represent the eigenvector as a superposition of the 
eigenvectors Vag of Sec. 4, 


Vr(b— b,c---)=Lon AW ne, 


and choose the coefficients A, suitably. 
Entering in (35) the coefficients (40) or (43) and the 
wave functions (C1) yields—as explained above Eq. (5) 
the asympotic representations 
Winx —[|Vel*+|We|*}4 
X({V eke (E) sinks (£)r.+6,4+ A—4al, ] 
XK Viome(Os,¢0)+W ek 3B) 
Xsin[k.(E)r-+6.+ A—4dal. |V teme(O.,¢¢)}, 
WVore[ Ve\*+|We A ; 
X{We*ky(E) sinks (E)ro+d,—4al, | 
X Vioms(s,¢0) — Vierk- (Fk) 
Xsin[k.(E)r.-+6.—4al, |V ieme(Oc,¢)}. 


(C2) 


(C3) 


The term ag of (35) does not contribute to the 
asympotic representation because it corresponds to a 
bound state. We are limiting ourselves, here and in the 
following, to the explicit treatment of a two-channel 
system, with free particles 6 and c, so that h=1, 2 
in (C2). 

The asymptotic expression of Vz(b— 8, c), obtained 
by substituting (C3) in (C2) includes a term pro- 
portional to 


[AW x exp(- iA)+AVe* Je (C4) 


which represents an incoming wave in channel ¢ con- 
trary to our specifications. Since all other terms comply 
with the specifications for V¢(6 — 6, c), this eigenvector 
is identified by choosing A; and A» so that (C4) 
vanishes, namely, by setting 

V e* —We exp(—id) 


A, z= ; 19 . 
[ Vel*+l We 2} el? To. 2)! 


This choice yields 


| Vigmy(O5,¢5) 
Ve*We 
exp{iLk.(E)r-+6.— dal. |} Vieme(Oc, ec) 


- | exp{ilk,(E)ro—3als |} ¢ Vinms (Os, ¢0) 


VetWe 
Vel?+|We 


- exp{i[h.(E)re+6.—}2l. }} Vicme(Oe,¢e). (C6) 
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The term sin[k,(Z)r,—}7l» |¥ toms (0s,¢0) represents a spherical-wave component of a plane, unscattered wave. 
The remaining terms of the last expression in (C6) represent outgoing scattered waves. Their coefficients are, 
therefore, elements of the scattering matrix to within suitable normalization coefficients. The cross section for the 
scattering or reaction of } particles (through their state of angular momentum /,) are then obtained by a well-known 
procedure and are 7 
V «|? exp(2iA)+|We|? : 


2 ibs. 


a (21,+1) 

- — e-' 
kiP(é) Ve 2+ 1 We ¢ 
w(21/,+1) im Ve? 
ke(E) |E—E,—G(E)+ir( 
m(2lyt+1)! 2Ve*We oS 
—— ——_———_ snd 
k7(E) Ve\?+| We!? 


a(b— b)= 


a(b— c)= 


m(2/,+1) 2e|Ve\?2r| We}? 
= (C8) 
ke(E) [E-E,—G(E) P+ [| Vel?+|Wel?? 


where A has been taken from (37). The last form of (C7) represents the interference of resonance and po- 
tential scattering amplitudes and reduces to the Breit-Wigner formula in the absence of potential scattering, 
i.e., for 6,=0. The reaction cross section (C8) has the Breit-Wigner form. Equations [(C7) and (C8)] are 
equivalent, respectively, to (VIII.7. 20 and 19) of Blatt and Weisskopf,’ except that the resonance shift G(£) is 
included explicitly in the present calculation. 

The derivation of a multi-level scattering formula by the method of this Appendix would require the prior 
development of a multicontinuum multi-level treatment which combines the features of Sec. 4 and 5. 
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The excitation functions for the (a,n), (a,p), (a,pn), (a,2pn), (a,3n), and (a,an) reactions of Sn™ have 
been determined with alpha particles from 13-42 Mev of excitation energy. Cross sections for the produc 
tion of the isomers of Te!?’, Sb!*®, Sn!5, and Sn!” are also presented. Reactions in which there is only neutron 
emission predominate: the maximum cross sections for (a,n) and (a,3) (metastable state) are 0.161 barn 
at 18 Mev of excitation and 1.18 barn at 36 Mev, respectively. The (a,p) has its maximum of 0.017 barn 
at 28 Mev, while the largest cross section obtained for the (a,am) reaction is 0.056 barn at 42 Mev. The 
results are discussed in terms of the statistical theory of nuclear reactions. A satisfactory fit to the (a,n) 
and (a,p) data is obtained for ro=1.7 fermis and a=1.6 Mev~. However, both excitation functions exhibit 
high energy tails not predicted by the theory. An evaporation calculation using a=1.6 Mev™ yields cross 
sections of proper magnitude for the (a,am) reaction; but the shape of the experimental curve is not indica- 


tive of compound nuclear processes. 


I. INTRODUCTION 


N terms of the statistical theory of nuclear reactions, 

the investigation of the excitation functions of a 
nucleus with high Z, and with a large neutron excess, 
is of interest because of the effects that the Coulomb 
barrier and the neutron excess will have on particle 
emission. The appreciable Coulomb barrier and the 
difference in the binding energies of neutrons and pro- 
tons for such a nucleus will favor predominant emission 
of neutrons when the nucleus is excited above the 
threshold for particle emission. 

This situation can be investigated theoretically by 
means of the well-known fundamental equation of 
evaporation theory! for the probability per unit time, 
W(e), that a particle is emitted with kinetic energy 
between ¢ and e+de, 


W (e)dex o(e)e[p(Usz)/p(Uc) de. (1) 


a(e€) is the cross section for the inverse process, p(U) is 
the nuclear level density at excitation U, and C and B 
refer to the initial and residual nucleus. p(U) is usually 
obtained from the model of a Fermi degenerate gas, 


p(U)=C exp2(aU)!, (2) 


where C and @ are constants.! Upon integrating Eq. (1) 
to get the total emission rate for a given particle, one 
essentially finds W(u)«<g(mu)f(u), where g is a poly- 
nomial if o(e)« (1—kV/e), f is an exponential func- 
tion, and u=(Uc—S—kV—S). Here Uc is the excita- 
tion energy of initial nucleus C; S, the separation 
energy of the particle from C; kV, the Coulomb barrier 
approximately corrected for tunneling; and 6, the 
energy associated with symmetry and shell effects.’ 
The theory thus predicts a particular functional de- 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

t This work was submitted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy in the Faculty of 
Pure Science of Columbia University. 

1V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 

2H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 


pendence on these quantities which then can be com- 
pared with experiment. An important point is that by 
means of this comparison, one can obtain a value for 
a, the parameter in the level density expression. This 
value and its expected proportionality to A can then 
be compared with the values determined with other 
mass number targets. 

The above considerations have been employed in the 
study of the compound nucleus Te’, formed in the 
alpha-particle irradiation of Sn'*. (Among the excita- 
tion functions determined by alpha bombardments for 
elements with 100<A are those for Ag!” by Bleuler 
ef al.,’ Ag’ by Porges,* In by Temmer,*® Pb?°* by John,® 
and Ba'** by Caretto and Friedlander.”) Moreover, 
because the Coulomb barrier is not prohibitively high, 
one may experimentally examine such charged particle 
reactions as the (a,p), (a,pn), and (a,2pm) and their 
relationship to the (a,x) reactions. Also, the (a,an) 
reactions, generally considered to proceed through a 
non-compound-nucleus mechanism, can be investigated. 
Unfortunately, the (a,2”), (a,2p), (a,a2”), and ground 
state isomer of the (a,3m) products of Sn™ are stable 
and so are not detected in this experiment. Neverthe- 
less, a limited comparison with the total reaction cross 
section as derived from continuum theory® or from the 
optical mode!® can be obtained. 


II. EXPERIMENTAL PROCEDURES 


Bombardments 
The irradiations were performed in the external 
alpha-particle beam of the Brookhaven 60-in. cyclo- 
tron. Several targets were irradiated concurrently by 
means of the stacked foil method. Aluminum foils 


8 E. Bleuler, A. K. Stebbins, and D. J. Tendam, Phys. Rev. 90, 
460 (1953). 

‘K. G. Porges, Phys. Rev. 101, 225 (1956). 

5G. M. Temmer, Phys. Rev. 76, 424 (1949). 

®*W. John, Phys. Rev. 103, 704 (1956). 

7A. A. Caretto and G. Friedlander, Phys. Rev. 110, 1169 (1958). 

8J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 
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placed between the Sn’* targets served both to degrade 
the energy of the beam and to catch recoil nuclei. 
Interpolated values of the range-energy relation for 
alpha particles in tin were obtained from the data on 
the regular variation of range with Z, the nuclear 
charge of the absorbing material, presented in Aron 
et al.; their curves for aluminum were also used in 
determining the energy degradation of the beam. The 
energy of the incident beam was monitored by either 
measuring the degradation of energy through aluminum 
absorbers" or by measuring the gross activity of copper 
foils placed in the stack.” A calibrated charge integrator 
attached to the Faraday cup assembly” monitored the 
beam intensity. 

The targets were 0.0005-in. foils of entiched Sn’ 
which were within 10% of uniform thickness."* Emis- 
sion spectrographic analyses of the foils showed no 
significant impurities. Mass spectrography revealed the 
presence of Sn and Sn”, both of which can lead to 
products which are also produced from Sn [the (a,7) 
reactions of Sn™ and Sn™ lead to tellurium nuclei 
which cannot be distinguished from each other ]. 


Chemistry 


After irradiation, the target was dissolved in 6.V 
hydrochloric acid which contained antimony, tellu- 
rium carriers, and hydrogen peroxide. The peroxide 
was boiled off and sulfur dioxide was bubbled into the 
solution, causing tellurium to precipitate in its elemen- 
tal form. The sulfur dioxide was boiled off and 7M 
ammonium thiocyanate was added to the remaining 
solution. The tin thiocyanate was then separated from 
the antimony by extraction into ethyl ether. Following 
several purification steps, each element was precipitated 
and mounted for counting on aluminum cards: tel- 
lurium in the form of the element; antimony as the 
8-hydroxyquinolate; and tin as the cupferrate. The 
sample thicknesses were all less than 1 mg/cm*. In 
most instances, the antimony activity in the catcher 
foils was mounted separately and counted as a measure 
of the loss due to recoil. The aluminum catcher was 
dissolved in 6N hydrochloric acid containing antimony, 
tellurium, and tin carriers and hydrogen peroxide; a 
procedure similar to that for the target was then 
followed. After the various activities were measured, 
spectrophotometric analyses were performed to de- 
termine the chemical yield of each sample. 


W. A. Aron, B. G. Hoffman, and F. C. Williams, Atomic 
Energy Commission Rept. No. 663, 1949 (unpublished). 

J. R. Grover, B. M. Foreman, Jr., B. D. Pate, C. P. Baker, 
and J. Hudis, Brookhaven National Laboratory Rept. BNL-654 
1960 (unpublished). 

12N. T. Porile and D. L. Morrison, Phys. Rev. 116, 1193 (1959). 

13S. Amiel and N. T. Porile, Rev. Sci. Instr. 29, 1112 (1958). 

4 Sn'™ foils were obtained from Isotopes Division, Oak Ridge 
National Laboratory. 
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Counting 

Most of the samples were assayed by means of their 
beta radiation. The observed half-lives compared to 
within 3% of those in the literature except in the case 
of Sb'* which has a listed half-life of 6.2 days.!®°'* A 
Sb!”* sample accordingly was prepared and the pre- 
dominant 0.42- and 0.68-Mev gamma rays counted 
over a period of two months with a 3X3-in. NaI(TI) 
crystal in conjunction with a hundred-channel pulse 
height analyzer. The observed mean half-life for the 
gammas was 12.2+0.1 days. 

The total efficiencies of the beta counters were de- 
termined for the various isotopes with the aid of 
calibrated samples. In all these cases, variations in the 
self-absorption of beta-particles for different samples 
of the same isotope were neglected because each 
sample’s thickness was less than 1% of the beta range" ; 
the efficiency factor determined for the calibrated iso- 
topic sample was used for all the samples of that 
isotope. 

(1) Sn, 41.5-min. isomer: The 0.153-Mev gamma 
was counted with a 3X3-in. NaI(TI1) crystal for which 
the variation of intrinsic peak efficiency with gamma 
energy had been previously estimated with the aid of 
samples from the Bureau of Standards.'* The samples 
were also counted in a beta-proportional counter to 
determine the total efficiency for the 1.3-Mev betas. 
The same efficiency factor was used for the 1.4-Mev 
beta of 130-day Sn™*. 

(2) Sn, 9.7-min. isomer: The 0.33-Mev gamma 
ray, which occurs in 99.7% of the transitions, was 
counted in the calibrated scintillation spectrometer. 
The samples were also counted in a beta-proportional 
counter and the efficiency factor for the 2-Mev beta 
determined. This efficiency value was also used for the 
2.4-Mev beta of the 9.9-day isomer of Sn®5. 

(3) Te>: The K x rays were counted with a 2-mm- 
thick NaI(T1) crystal under conditions of known geom- 
etry. To obtain the disintegration rate, the decay 
scheme presented by Bowe and Axel," along with their 
value of 0.82 for the K-shell fluorescence yield wx, was 
used. Correction was made for the unconverted 35-kev 
gamma ray included in the x-ray peak. 

(4) Te”’™: The K x rays due to the 98.5% isomeric 
transition were counted in the same arrangement as 
Te'®*. The 0.089 gamma was assumed to be completely 
converted, and K/L was taken to be 0.75. wx =0.855 
was used.” 


6H. E. Bosc h, Bull. Am. Phys. Soc. 4, 374 (1959), reports 
half-life of 11 days. 


SH. E. 
12.6 days. 
7A, T. Nelms, Natl. Bur. Standards Circ. No 
(unpublished). 

18 B. M. Foreman, Jr. (private communication) 

19 J. C. Bowe and P. Axel, Phys. Rev. 85, 858 (1952) 

»” A. C. Helmholz, Phys. Rev. 60, 415 (1941) 

21 A. H. Wapstra, C. J. Nijgh and R. Van Lieshout, Nuclear 
Spectroscopy Tables (North-Holland Publishing Company, Am 
sterdam, 1959). 
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(5) Te”?: By determining the total number of K 
x rays from an equilibrium mixture of Te’ and Te”, 
and counting the sample in the beta counter, the total 
efficiency for the 99% 0.7-Mev beta transition of Te!’ 
was determined. Aluminum absorbers were used to 
correct for the effect of conversion electrons in the 
beta counter. 

(6) Sb’: Beta particles were counted until the 
92-hr Sb’? had completely decayed to Te”. The K 
x rays were then counted absolutely and the disinte- 
gration rate of parent Sb'’ calculated. The fraction 
of Sb”? decaying to Te?’ was taken to be 0.22.” 

(7) Sb’®: For both the 12.2-day and 18.7-min. 
isomers the 0.68-Mev gamma ray was counted in the 
calibrated scintillation counter. Since the decay schemes 
of these isomers are not known, it was assumed in each 
case that the number of 0.68-Mev gammas per unit 
time was equivalent to the nuclear disintegration rate. 
This assumption causes each cross section reported 
herein for Sb’° to be a lower limit for the (a,pm) 
reaction. 


III. RESULTS 


The excitation functions for the long-lived isotopes 
were obtained from four separate bombardments while 
17 irradiations provided the data for the short-lived 
samples. Errors in the cross-section determinations 
arise in the main from the determination of the count- 
ing efficiencies. For the Te’ and Te!’ samples in 
which the x rays were counted in a well-defined system, 
the efficiency errors are estimated to be ~ 8%. For the 
other samples, the uncertainty in the gamma efficien- 
cies plus the error in beta-counter efficiency due to the 
neglect of scattering effects for the individual samples 
lead to a cumulative error in the efficiency of ~ 15%. 
Other experimental uncertainties include those owing 
to the statistical fluctuations in the counting rates and 
to decay curve analyses (3%), to chemical yield de- 
terminations (3%), and to the values used for branch- 
ing ratios and conversion coefficients. Thus the un- 
certainty in the cross sections of the beta-emitting 
samples is ~ 20%, while for the samples of Te'*® and 
Te”, the stated errors are ~ 15%. A possible syste- 
matic error in the cross sections for the (a,m) reactions 
exists because of other tin isotopes present in the target 
foils. The products of the (a,z) reactions of Sn’? and 


Tas e I. Composition of targets." 


Foil “A” 
(atom ‘ 


Foil “B” 


Isotope (atom ©;) 


Sn!20 a 
Sn!22 78 ¥; 
Sn!*4 * 96.0 


* Two sets of foils were used in the irradiations; they are designated as 
foils ‘“‘A"’ and “B"’. For all excitation functions which were measured, the 
data from foil ‘‘A"’ are in good agreement with those from foil ““B"’. 


2A. C, 


i Pappas, Massachusetts Institute of Technology Lab 
oratory 


for Nuclear Science Technical Report 63 (unpublished). 
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Fic. 1. Excitation functions for the isomers of the (a,) products. 
---, extrapolated from isomer ratio. 


Sn can be distinguished from Te!" only with ex- 
treme difficulty. Thus, as is seen from Table I, which 
presents the atomic percent of the tin isotopes of 
interest in the target, the measured (a,7) reaction lead- 
ing to Te!’ may be high by as much as 6%. Because 
of the method used to determine the disintegration 
rate of Te”72, the ground state excitation function may 
also contain this systematic error. 

Recoil losses measured for the antimony fractions of 
the catcher foils were 1.5% of the total activity for the 
(a,p) product at the highest energy measured. The 
recoil losses for the (a,p) reaction were less than 1%. 


Corrections for recoil losses that were not experimen- 
tally determined were based on the assumption that 
the momentum distribution of recoiling nuclei after 
emission of x particles was independent of the nature 


of the particles; that is, the ratio of recoil losses of 
(a,xp) to (a,x) is unity. 

The (a,7z) excitation function for the isomeric states 
are shown in Fig. 1. Because of the similarity of radia- 
tion and half-life between the (a,z) metastable state 
and the (a,3”) product, the Te’ isomer could not be 
followed beyond 26 Mev. However, as seen in Fig. 2, 
the isomer ratio of Te!”’ (spin J=3/2) toTe?™™ (J=11/2) 
seems to approach a limiting factor. This behavior is 
consistent with that observed for isomers of Mn*®, 
Ag’®, and Sr® by Linder and James.”* Using the 
asymptotic isomer ratio of 0.375 from Fig. 2, one can 


3B. Linder and R. A. James, Phys. Rev. 114, 


322 (1959). 
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Fic. 2. Isomer ratio for the (a,#) products. 


extrapolate the excitation functions for the metastable 
state and for the total (a,) reaction to 40 Mev. The 
maximum value for the (a,z) total curve, as shown in 
Fig. 3, is 161 mb at 18 Mev; its value at 40 Mev is 
26.2 mb. 

The excitation function for the (a,p) reaction is also 
given in Fig. 3. Note that the curve reaches its maxi- 
mum several Mev above the (a,m) peak. However, at 
no point in the energy range covered does the (a,p) 
cross section exceed the (a,v). 

Just as the (a,m) reaction is the major portion of the 
total reaction cross section at energies up to 22 Mev, 
so does the (a,3) predominate at the highest energies 
observed. Its maximum of 1.18 b occurs at an excita- 
tion of 36 Mev. The experimentally determined ex- 
citation function (solid (a,3) curve in Fig. 3) isa 
lower limit to the total (a,32) reaction for only the 
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Fic. 3. Excitation functions for the (a,n), (a,p), (a,3n), (a,an), 
a,pn), and (a,2pn) reactions. -, extrapolated values based 
upon isomer ratios. 
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isomeric excited state (J= 11/2) of Te! was measured; 
the ground state (J=}) is stable. However, by assum- 
ing that the isomer ratio of ground to excited state is 
equal to 3, the ratio of the spin statistical weights,” 
one can approximately determine the total (a,3m) 
curve (broken (a,3”) curve in Fig. 3). If the assumed 
isomer ratio is in error by a factor of 2, the total (a,3m) 
cross section will be in error by only some 17%. 
Average values of the total excitation functions for the 
Sn™(a,pn)Sb"*, Sn'*(a,2pn)Sn” and Sn™(a,an)Sn™ 
reactions are also presented in Fig. 3. The data for the 
isomers of Sb!2*, Sn!5, and Sn are shown in Figs. 
4-6, respectively. It is seen, in contrast to the (a,p) 
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Fic. 4. Excitation functions for the isomers of Sb!* 
produced in the (a,pm) reaction. 


data, that none of these other charged particle excita- 
tion functions attain their maximum values in the 
energy range investigated. 

It is possible that secondary neutrons produced 
during the irradiation may lead to an (n,y) reaction 
on Sn™, and so contribute to the Sn!® cross section. 
However, one would expect the dependence on energy 
of the (n,v) cross section to be much less than that 
shown in Fig. 5; from the data, one can conclude that 
the effects due to the (n,y) reaction are quite small. 
The contribution of the Sn’ impurity to the yield of 
Sn! via the (a,2pm) reaction may also be neglected; 
the small value of the (a,2pm) cross section, combined 
with the few percent of Sn’ in the target, contributes 
less than 1% to the (a,an) excitation function. 
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The experimentally determined cross sections and 
the energies at which they were measured are presented 
in Table II. 

IV. DISCUSSION 

The sum of the cross sections observed in this ex- 
periment as well as theoretical estimates of the total 
reaction cross section are plotted versus excitation 
energy in Fig. 7. In the experimental curve, the “valley” 
in the region of 18-27 Mev is a result of the fact that 
the (a,2m) product is stable. At 36 Mev, the experi- 
mental curve, including the assumed contribution of 
the (a,3”) ground state, is a reasonable estimate of the 
total reaction cross section; from the observed behavior 
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Fic. 5. Excitation functions for the isomers of Sn!** 
produced in the (a,2pm) reaction. 


of the (a,an), (a,pn), and (a,2pn) products, one can 
infer that the contribution to the total curve of the 
undetected (a,ay), (a,a2n), and (a,2p) cross sections is 
negligible. The missing (a,2”) data prevent one from 
comparing theory and the experimental curve over an 
extended range. However, an indication of the com- 
parison can be obtained in the region of 36 Mev. 

The broken curves (with large dashes) in Fig. 7 are 
based upon the approximations to continuum theory 
given by Dostrovsky ef al.* 


oc=0,(1+c;)(1—k;V;/6), (3) 
where o¢ and ga, are the capture and geometric cross 


*T. Dostrovsky, Z. Fraenkel, and G. Friedlander, Phys. Rev. 
116, 683 (1960). 
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TaBLe IT. Experimental cross sections (millibarns). 


(a, pn) 
(12 day) 


31.5 


sections respectively, and k;V; is the Coulomb barrier 
for particle j, corrected for barrier penetration. In 
computing the nuclear radius, R=roA', ro=1.5 and 
1.7 fermis were used with the appropriate values of 
the constants c; and &;. In the region of threshold, o¢ 
deviates most from the experimental data because of the 
approximate manner in which barrier penetration is 
treated. At higher energies, a value of r9~1.7 fermis is 
indicated. The results of an optical model computation 
of the total reaction cross section by Igo® are presented 
as the broken curve (with small dashes) in Fig. 7. At 36 
Mev, the fit to the experimental data is within 16%. 
Figure 8 presents the ratios of the (a,p) to total 
(a,m) cross sections. Because the (a,p) reaction does 
not become appreciable until after the (a,n) has at- 
tained its maximum value, the ratio increases very 
rapidly with increasing excitation until the (a,p) peak 
is reached. Calculations of the probabilities of neutron 
and proton evaporation from compound nucleus Te!”* 
were based upon a treatment of Houck and Miller.” 


** F. S. Houck and J. M. Miller, Phys. Rev. 123, 231 (1961). 
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Beginning with Eq. (1), the integrated probability per 
unit time for particle emission is calculated for three 
cases : 


(1) If the nucleus is excited above the energy 6, one 

uses the exponential dependence of the level density, 

p(€m—€)=C exp[2a!(e,,—e—5)!], (4) 

where ¢, =U c—S. (By inserting 6 in the level density 

expression, one corrects for pairing and shell effects by 

counting the excitation energy from a characteristic 
level, displaced upward from the ground state.) 

(2) In examining emission from levels between the 
ground state and the characteristic level, Eq. (4) 
cannot be used since 0<e,,—e<6. Instead, a constant 
level density is assumed, p(€mn—«€)=C. 

(3) The above considerations lead to W,, the total 
emission rate from a nucleus with excitation between 
0 and (Uc—S) Mev. W; is equivalent to the single- 
particle emission rate, W,’, below the threshold for 
evaporation of a second particle. If the excitation is 
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above this threshold, one may calculate W,’ by re- 
quiring that only one emission is energetically allowed : 
Em—S’<e<em, where S’ is the separation energy of 
the most loosely bound particle in the residual nucleus. 

The calculations were performed on an IBM 610 com- 
puter. The inverse cross section used for charged parti- 
cles was given by Eq. (3); for neutrons, ¢co,a(1+8,/ €) 
was used where a and @ are constants.” The advantage 
in using these approximate forms for o¢ lies in the fact 
that the computation can then be carried out in closed 
form. Separation energies were taken from the litera- 
ture*®; these values appear in Table III. The constants 
a and 6 were treated as parameters. Initial values of 6 
for residual nuclei Sb’? and Te"? were taken from 
Cameron.’ The ratio W,’/W,’ is plotted in Fig. 8 for 
ro=1.7 fermis and three values of a. It was found 
that in the region where the experimental ratio in- 
creases rapidly, changing the value of a alters the 
slope of the computed curve significantly. To move 
the curve laterally with only a small change in slope, 
one must change the value of 6. The curves presented 
are for 6,(Sb*)=1.94 Mev and 6,(Te!’?)=1.04 Mev, 
while Cameron’s respective values are 0.94 and 1.04 
Mev. Using the latter values results in the W,’/W,’ 
ratio being too large; by increasing 6,, one inhibits 
the proton emission and obtains a satisfactory fit 
with experiment from 18-24 Mev for a=1.6 Mev". 
A value of a=3.2 seems reasonable also, but it is 
evident that still larger values give poor fits to the 
data. Satisfactory agreement was also obtained using 
a=1.66 Mev", ro=1.5 fermis, 6,=0.74 Mev and 
5,(Te'’) = 1.04 Mev, while Cameron’s respective values 
are 0.94 and 1.04 Mev. Using the latter values results 
in the W,’/W,’ ratio being too large; by increasing 
5», one inhibits the proton emission and obtains a 
satisfactory fit with experiment from 18-24 Mev for 
a=1.6 Mev. A value of a=3.2 seems reasonable also, 
but it is evident that still larger values give poor fits to 
the data. Satisfactory agreement was also obtained 
using a=1.6 Mev, ro=1.5 fermis, 6,=0.74 Mev, and 
5,=1.04 Mev, reflecting the inhibition of proton emis- 
sion by the increase in the Coulomb barrier due to a 
smaller radius. It is of interest that the experimental 
ratio increases by a factor ~ 100 for an energy incre- 


TABLE IIT. Separation energies (Mev).%* (S, S’, and S” are 
the respective separation energies for the initial nucleus, the 
residual nucleus, and the nucleus remaining after a particle has 
been emitted from the residual nucleus.) 


Residual 
nucleus 
Te!?? 
Sb!2? 
Sn 124 


Emitted 
particle 


Initial 
nucleus 


Tel2s 


26 Nuclear Data Sheets (National Academy of Sciences-National 
Research Council, Washington, D. C., 1959). 
27 4. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 
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ment of 6 Mev. The fact that the particular functional 
form of the emission rate predicted by compound 
nucleus theory succeeds in fitting the data in the region 
of this rapid change is of significance. 

The behavior of the experimental ratio at energies 
above 24 Mev could not be duplicated by using a set 
of parameters which gave agreement with the data 
below 24 Mev. In order to understand this property 
of the experimental results, the excitation functions 
for the (a,p) and (a,z) reactions, rather than simply 
their ratio, were calculated using the same parameters 
which gave the best fit to the ratio. The basis of the 
compound nucleus theory is the concept that its forma- 
tion and decay are independent. Thus 


oi=ocW!/X Wi, (5) 


where oc is the cross section for forming the compound 
nucleus, >; W, is the sum of emission rates for all 
particles and a; is the cross section for the reaction in 
which the compound nucleus is formed and particle 7 
is evaporated. W,’/}°; W,; then is the probability that 
particle 7 and only particle 7 is emitted. Values of oc 


were taken from Fig. 7 for r»>=1.7 fermis. Using 
>; W;=W,+W, introduced an error of only a few 
percent into the computation. The calculated results 
are compared with experiment in Fig. 9. Use of a=1.6 
appears preferable to an a=3.2. The calculated curves 
for (az) and (a,p) reactions follow the low-energy 
behavior of the data very satisfactorily. However, the 
experimental excitation functions exhibit high-energy 
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tails which are quite different from the characteristic 
rapid decrease of the calculated curves. This behavior 
has been observed for many excitation functions and 
is considered a consequence of non-compound-nuclear 
processes. In evaporation, as a result of the monotonic 
increase with energy of the total rate of particle emis- 
sion, the single-particle evaporation probability de- 
creases rapidly above the threshold for multiple par- 
ticle emission. If direct interactions occur above this 
threshold, a higher probability of single-particle emis- 
sion is expected than from the statistical theory be- 
cause of the greater probability for the emission of 
high-energy particles which should result from the non- 
compound processes. It appears, then, that the single- 
particle emission process is dominated by the mechan- 
ism of compound nucleus formation at energies below 
= 24 Mev. As the energy increases, the fraction of emis- 
sions that proceed through non-compound processes 
appears to increase and exceeds the evaporation con- 
tribution above ~30 Mev. 

The small value of a that is required for the best fit 
to the excitation functions is but another example 
of the anomaly that was pointed out by Igo and 
Wegner**: a~2 and independent of mass number is 
indicated by excitation function results; a~A, as 
expected from the Fermi gas model, if often, but not 
always,” indicated when attention is focused upon the 
energy spectra of emitted particles 


26 G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1956). 
*R. M. Ejisberg, G. Igo, and H. E. Wegner, Phys. Rev. 100, 
1309 (1955). 
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Fic. 10. Experimental and calculated (a,am) excitation func- 
tions. For curve Y: the excitation energy of the final nucleus, Lp, 
is not greater than the separation energy, S’’, of the most loosely 
bound particle; for curve X: the neutron has ~5-Mev kineti 
energy, i.e., Up<S”—5. 


The (a,a . ) reactions are of considerable interest 
for they are generally thought to proceed mainly 
through non-compound processes. Igo* determined, for 
example, in inelastic scattering of 40-Mev alphas from 
targets such as copper, niobium, silver, and tantalum, 
that the differential cross sections could not be ex- 
plained in terms of the statistical theory, except for 
the very small fraction of scatterings that went in the 
backward direction. Nevertheless, Dostrovsky et al.™ 
found in several cases for A¢75 that the shape and 
magnitude of (a,ax) excitation functions were repro- 
duced moderately well by evaporation theory. It was 
thus desirable to investigate the behavior of the 
Sn™(a,an)Sn'™ reaction predicted by the theory. In 
terms of the evaporation calculation discussed above, 
the (a,an) excitation function was obtained from the 
difference of the emission rates for the [ (a,ay)+ (a,an) | 
and (a,ay) processes. The results of the calculations, 
in which Cameron’s 6 values were used with a=1.6 
Mev and ro=1.7 fermis, are shown in Fig. 10. Curve 
Y was obtained by requiring that only an alpha particle 
and a neutron could be evaporated ; the energy, Ur, of 
the final nucleus could not exceed the binding energy 
of a third particle, S’”. For curve X, the additional 
condition that the evaporated neutron had ~5 Mev 
kinetic energy was required; that is, Ug<S’’—5. It is 
seen that the small value of a that was used yields 
cross sections whose magnitudes are of the same order 


* G. Igo, Phys. Rev. 196, 256 (1957). 
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as the experimental results. However, the curve com- 
puted from evaporation theory, just as in the case of 
the (a,m) and (a,p) excitation functions, attains its 
maximum value and then decreases rapidly; in con- 
trast, the experimental curve appears to be just ap- 
proaching its maximum at 42 Mev. Thus, again it 
appears that some non-compound nuclear process is in 
effect in the (a,an) reaction. 

It could well be that the data, although not explicable 
in terms of the simple evaporation calculation de- 
scribed he vv fit within the framework of the 
compound odel. On the other hand, calcula- 
tion of excita,. .unctions based on some direct- 
interaction mechanism would be extremely useful in 
the analysis of the data; unfortunately, no such calcula- 
tion is available at the present time. 


V. CONCLUSIONS 
The optical model calculation of the total reaction 
cross section appears to agree within 16% with the 
sum of experimental cross sections in the region of 
36 Mev. In terms of the approximate form used for the 
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continuum theory cross section, a value of ro~1.7 
fermis is indicated. 

The statistical theory of nuclear reactions predicts 
values for the (a,p) and (a,m) cross sections which are 
in agreement with the experimental data in the energy 
range of 18-24 Mev. An a=1.6 Mev appears to give 
the most satisfactory fit. However, the high-energy 
tails of the (a,p) and (a,) excitation functions cannot 
be reproduced by the theory. Evaporation calculations 
of the (a,am) excitation function, using a=1.6, yield 
excitation functions of the required magnitude; how- 
ever, the experimental data do not appear to be the 
result of compound nuclear processes. 
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\ modification and generalization of the Puff-Martin model 
for many-fermion systems is employed to calculate nuclear 
compressibility and symmetry energy in order to provide a 
practical test of the model and at the same time obtain useful 
information about these interesting quantities. An alternative, 
heuristic, derivation of the Puff-Martin equations is presented in 
order to exhibit the role of the exclusion principle. The condition 
stated for normal nuclear matter is that the mean binding energy 
be minimal (with respect to variation of the Fermi momentum) 
rather than the Puff-Martin condition that the mean binding 
energy equal the “single particle” energy at the Fermi surface. 
These two quantities differ from each other by the rearrangement 


I. INTRODUCTION 


RELATIVELY simple procedure for calculating 
properties of nuclear matter has been devised by 
Puff and Martin,! based upon the formalism of Martin 


* Supported in part by the U. S. Atomic Energy Commission. 

t NATO Postdoctoral Fellow. Present address, Departent of 
Physics, University of Maryland, College Park, Maryland. 

tt From August 1961 to August 1962, Senior National Science 
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1 R. D. Puff and P. C. Martin, Bull. Am. Phys. Soc. 5, 30 (1960); 
R. D. Puff, Ann. Phys. 13, 317 (1961). 


energy, which is found to be 10 Mev. Employing Puff’s potential 
(hard-shell potential plus a separable Yamaguchi potential, 
acting only in relative S states), satisfactory agreement is obtained 
with observed binding energy and density. The value of nuclear 
compressibility, 214 Mev, falls within the wide range of semi- 
empirical values. The symmetry energy coefficient, 43 Mev, is 
larger, by 40-80%, than those usually quoted in semiempirical 
mass formulas. However, our value of the symmetry coefficient 
is the same as that calculated by Brueckner and Gammel in the 
absence of odd-state forces; they found the coefficient to be 
reduced to 26 Mev when a more realistic potential, including 
odd-state contributions, is employed. 


and Schwinger.? Their approximation may be arrived 
at in the following manner: First the two-body problem 
is solved as a function of energy (‘‘off the energy shell’) 
in the absence of other particles; the center-of-mass 
and relative motions separate in this case. Then the 
Fermi sea is filled loosely according to a prescription 
which satisfies the exclusion principle in an average 
way. The loose packing is essential, since two-body 
scattering is allowed to all final states. 


2P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959). 
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The method treats ‘‘properly” two-body correlations, 
but approximates three- and four-body correlations. 
This is true also of other methods, such as that of 
Brueckner,’ in which, to the same order, the Fermi sea 
is tightly packed but two-particle scattering is not 
allowed to states inside the sea. The difference between 
the methods arises from the treatment of higher 
correlations. An advantage of the Puff-Martin method 
lies in the simplicity with which the two-body reaction 
matrix can be obtained. The diagonal elements for 
S-wave scattering depend only on two parameters 
(relative momentum and energy) compared with four 
parameters (the magnitudes of the two momenta, the 
energy, and the density) in the Brueckner formulation. 
For special forms of potentials, analytic expressions for 
the reaction matrix can be derived. 

It is difficult to make a careful estimate of the correc- 
tion terms in the Puff-Martin method, although their 
investigation of the presumably most important omitted 
terms indicated an error of less than 10% in the 
energy per particle and mean separation distance. By 
using a simple, separable two-body potential which 
fits the low-energy nucleon-nucleon scattering data and 
the 310-Mev S-wave phase shift, they obtained the 
remarkably good value of 14.7 Mev binding energy per 
nucleon and a fair value (0.92 f compared with the 
Stanford value of 1.07 f) for the internucleonic distance. 
The potential contains no tensor or spin-orbit compo- 
nent, so it is not whether the interaction is 
adequate. 

An _ important concerning their 
treatment of rearrangement energy. It follows from the 
saturation condition alone that the separation energy 
of the “last” particle must equal the mean binding 
energy. It is not trivial to identify the separation energy, 
however, since one is not dealing with a truly independ- 
ent particle model. The removal of a particle removes 
not only its kinetic and potential energy, but results in 
a rearrangement of the remaining particles which, in 
turn, affects their mutual interactions. Similar questions 
were raised by Hugenholtz and Van Hove‘ in the 
Brueckner theory, and the rearrangement terms were 
later identified by Brueckner.® 

The Puff-Martin condition for the ground state is 
that the independent-particle energy (kinetic plus po- 
tential) of the “last” particle be equal to the mean 
binding energy. We discuss below why we believe the 


clear 


question arises 


condition should be that the mean energy per particle 


is minimal. In re-solving their equations to minimize 
the energy, we found the rearrangement energy to be 
almost 10 Mev for this model. 

In order to obtain further tests of the method, as 


3 A survey of recent progress in the field is given in The Many 
Body Problem, Les Houches session of 1958 edited by DeWitt 
(John Wiley & Sons, Inc., New York, 1959). A list of references 
is given by K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 
1023 (1958). 

*N. M. Hugenholtz and L. Van Hove, Physica 24, 383 (1958) 

5K. A. Brueckner, Phys. Rev. 110, 597 (1958). 
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well as for intrinsic interest, calculations were carried 
out to determine nuclear compressibility, symmetry 
energy, and other symmetry phenomena. 

Empirical estimates of the symmetry energy are 
available from the coefficient of the (V—Z)?/A term 
in the semiempirical mass formula. The value is not 
well determined even when a good fit to nuclear masses 
near the stable valley is obtained. It would be desirable 
to fix the coefficient more precisely in order to predict 
nuclear masses far from stability. Such masses are 
seldom measurable, but are of importance in astro- 
physical problems and in the theory of nuclear fission. 

Compressibility can be inferred only through model- 
dependent arguments. The phenomenon would be more 
interesting if nuclear matter were softer to compression. 
As it is, collective compressional oscillations lie too 
high for identification except in light nuclei, where 
surface and shell effects play an important role. Semi- 
empirical estimates of the compressibility coefficient 
do give a lower bound to the coefficient and thus provide 
a meaningful comparison with the present calculations. 

In Sec. IT an heuristic derivation of the Puff-Martin 
equations is presented to give an alternative view of the 
method. A brief but generalized outline of the Puff- 
Martin derivation is also given. In Sec. III the results 
of numerical calculations are presented for the case of 
normal nuclear matter, .V=Z, and also for the case of 
NZ. From these calculations nuclear compressibility 
and symmetry energy are deduced, along with the 
dependence of other quantities on V and Z. In Sec. IV 
comparison of these calculations is made with experi- 
ment and other theories. 


II. PUFF-MARTIN EQUATIONS 
A. Heuristic Derivation 


We present here an intuitive approach to the Puff- 
Martin equations which may help towards a better 
understanding of the method. Particular emphasis is 
laid on the role of the exclusion principle. 

We seek a self-consistent approximation which 
treats the detailed scattering between two particles 
exactly while representing the dynamic effect of all the 
other particles by some average potential. In the same 
manner we will treat the exclusion principle exactly for 
the two-body event (i.e., the wave function is anti- 
symmetric in the two particles), but only in some 
average manner with respect to all the other particles 
(i.e., the two particles cannot, “on 
scatter into already occupied states). We may consider 
this approach as an improvement to the Hartree-Fock 
approximation. In the latter method one considers 


the average,” 


each particle to be moving freely except for the effects 
of an external potential which represents the average 
effect of the other V—1 particles. This potential is then 
determined in a self-consistent manner. Here we shall 
consider two particles to interact only with each other 
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in the presence of an external potential which represents 
the average effect of the other V—2 particles. 

To see how this is achieved, consider the Hamiltonian 
(h=2m=1): 


H=84-V=—T V!+ F Vo. (1) 
i i<? 


If we only had two particles, their wave function, 
Yi, would be related to the plane-wave single-particle 
functions % (normalized in the total volume) by 


Vvii=Toxdr, (2) 
where the scattering matrix, 7, obeys® (symbolically) 


1 
T=V+V—T, (3) 
w— Ho 


and is a function of the energy parameter w. Here the 
inhomogeneous term, V, is considered to be multiplied 
by an antisymmetrical product of delta functions (see 
below). 
The energy, w, is the sum of the energies of the two 
particles, 
w= wW~+o, (4) 


where, to include the effects of the external potential 
which is to represent the other .V-2 particles, we write 


we=R+Ux. (5) 


To evaluate self-consistently the external potential, 
Ux, we note that the energy shift of a pair of particles 
is given by 
(kl 7 kl). (6) 


Ani=(kKE Vu 


The total shift per particle, which we equate to Ux, 
is then 
U,= 2-1 Axipi > (kl T kI)p;, (7) 


where p; is the probability that level 1 is occupied. 

Before discussing p, it is well to note that the two- 
particle scattering matrix, 7, considered as a function 
of w, has a pole (i.e., a bound state) at —/z, where Ez 
is the deuteron binding energy, and a branch cut, 
beginning at zero, along the real axis. Consequently 
we can only write (5) provided the maximum energy in 
the Fermi sea is less than —}//. Physically this means 
that single-particle levels are not stable at energies 
greater than —}/g; they can decay to a state of lower 
energy by pairing off into deuterons which do not, in 
this approximation, interact with each other. We can, 
however, use (5) to describe the energy levels in the 
Fermi sea of nuclear matter where the Fermi energy is 
considerably less than —}/x. 

We must now turn to the problem of the statistics. 
In the Hartree-Fock approximation, one handles this 
by taking the total wave function antisymmetric in the 


® B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950); 
M. Geil-Mann and M. L. Goldberger, ibid. 91, 398 (1953). 
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particle variables. Here, while the two-body wave 
function is antisymmetric (because of the antisym- 
metrized product of delta functions in (3)), we must 
still antisymmetrize the total .\V-particle wave function. 
Equivalently, we must insure that the probability of 
there being a particle in any level k be less than or 
equal to unity. This is not trivially satisfied because 
(3) allows scattering into the Fermi sea. Thus the 
problem of the statistics becomes a problem of evaluat- 
ing the density of states, px. 

Suppose we consider the Fermi sea to be filled except 
for one particular level, say k (described by the single- 
particle wave function ¢,). Now, this level is already 
‘partially filled” corresponding to the finite probability 
that other pairs have scattered into it. We have called 
px, the probability that level k’ is occupied. Then 
px <1, and py: =0 for k’>k;. The probability that level 
k is occupied due to scattering from other levels is 
given by 


(kL Yue)! 2pxpr, (8) 


where the prime on the summation indicates that none 
of I, k’, I’ is equal to k. 

In order to express Py in terms of the single-particle 
plane wave functions, it is convenient to introduce the 
{2 matrix defined by 


Vx1 


Comparison with (2) shows that 


Qdxdi. (9) 


VQ=T, (10) 


and that, consequently, 2 obeys, 


1 
1+ VQ, (11) 


w— Ho 


where the 1 symbolizes the antisymmetric product of 
delta functions and corresponds to the fact that Yur 
is an antisymmetric combination of plane waves in 
the absence of the interaction, V. Using (1), we may 
write Py as 

Py ad pg 


lk’l 


(kl Q k’l’) OK’ pI’. (12) 


Since there is an a@ priori probability that level k is 
already occupied, the available phase space has been 
reduced, on the average, to 1— P,, and so px must be 
restricted to satisfy 

1—p, > Px. (13) 


The approximation will now be to satisfy (13) on 
the average, rather than for each k. That is, we require 
only that 


> (-—pw)> EY DY’ [KN QIK)| 2px pr. 


k<k RRs yy’ 


(14) 


This inequality can be satisfied by extending the 
summation on the right-hand side over all k, and 
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changing the equation to an equality. This yields, with 
a change of dummy summation variables, 


E (1—px)= E [(kl | @'Q| kl)— | (kl || kD) | *Joxp.. (15) 


k<ky kl 


The second term in the square brackets is due to the 
fact that the summation in (14) is primed, and we have 
used the facts that 2 conserves total momentum and 
satisfies the exclusion principle for the two body 
problem (i.e., vanishes when operating on a state with 
two particles in the same level). 

Now, using (11) and its adjoint, and (10), one may 


= 0t+N— 1+ (Qt—1)(Q—1) 
Z (16) 


On the other hand, if (3) is differentiated with respect 
to the parameter w, one gets 


1 1 oT 
) —— t--(1-v— ) . 
(w— Hy)? w— Hy] dw 


Combining (17) with (16) and the adjoint of (11), one 


gets 


(17) 


oT 
2N=0t+N—1-—-—, (18) 


Ow 


oT 
(Q'Q)— | (Q = —( )- (1—)]?. (19) 
Ow 


Since both (d7/dw) and (1—) vary inversely as the 
volume, the square of the latter can be neglected. Thus 
(15) may be written as 


oT 
E (=~ £ (kl ( ) Kl oxo 
k<ky kl \ Ow @ =ek Te] 


OU~y 
z Pr, 
6 Ow 


(20) 


where use of (7) has been made. This equality may 
satisfied term-by-term by setting 


OU, I 
=| 1 | » RLRy, 
Ow, 


=(), k>ky. (21) 


This completes the approximation. [One may note that 
if only the lowest-order approximation to (3) is used, 
one gets the Hartree-Fock approximation. Thus 


UeF=>, (kl! V| kI)—(kKI| V Ik) |p, (22) 


which is independent of w. Consequently (21) reduces 
to the usual non-interacting Fermi gas distribution. ] 
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The mean energy per particle is then given by 


E dix (R?+3Ux)px 
Sh tice. AR te ee (23) 


A Dx px 


Given a two-body potential, the 7 matrix can be 
obtained from (3), once and for all, as a function of w. 
Thus the statistics of the problem have been shifted 
from the T matrix to the density of states, py. This 
latter is determined by solving Eqs. (5) and (21) 
simultaneously as a function of ky. The Fermi momen- 
tum, &,, is in turn determined by minimizing the mean 
energy per particlé (23). 


B. Green’s Function Derivation 


We present here a brief outline of a derivation of 
the approximation due to Martin and Schwinger,’ and 
Puff and Martin.' We have extended it to include the 
case of unequal numbers of neutrons and protons. One 
advantage of this approach is that the approximation 
is more explicitly stated, and hence subject to numerical 
evaluation, a point to which we shall return. It also 
serves to point out other aspects of the approximation 
and to allow generalization to finite temperatures, 
unbound systems (e.g., superconductivity)’ and to 
systems with Bose statistics. 

Consider the Hamiltonian 


KH=H—-pA—vil, 


where H is the usual Hamiltonian (= 2m=1), 


A= [ar W(eus)(—Vew(oh) +4 | dridrsdrsde, 


XV (rit) (rots) V (rire; sts) (reli) (4yt1). 


The number of particles operator, A, is given by 


A= | ar, Wt (niti)W(nit), 


the proton excess (Z—V) operator, /, is 


(27) 


[= | dr. vi(asts)rab (ait), 


and yw and v are Lagrange multipliers. The anticommut- 
ing field operators, ¥, have four components, two in spin 
space and two in isotopic space (the latter will some- 
times be indicated by a Greek subscript). The matrix 73 
has only diagonal matrix elements, t2= +1. In (25) we 
have allowed for a nonlocal two-body potential. 

The n-particle Green’s operators are defined (for 


7A. J. Cantor and P. C. Martin, Bull. Am. Phys. Soc. 3, 202 
(1958). 
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n=1 and 2) by 
Gi;aa’(1,1’)= —i(Wa(l Wart (1"))pe(titr’), 


Go; a8ya’p’ (1,2; 1’,2’) = — a(1)Wa(2)Ps-t(2’ Wart (1’))+ 
X €(titote’ty’), 


(28) 


(29) 


where the subscript + means positive time ordering, 
and the e’s are antisymmetrical in their arguments and 
equal to +1 when the time order is as written. We 
write (1’) for (r,'t;’), etc. Averaged Green’s functions 
are defined by 

>: (AEIE|G,.| AEE) 


G.={4k?|6,) At}, 
Y: (AEIE| AE) 


(30) 


where | AF/£) is a state of a given A, EF, and I (eigen- 
values of the operators A, H, and J), and any other 
quantum numbers £. 

The G, obey a set of linked equations, the first few 
of which may be written as 


0 
E . +O wt Ire [eas UN) =BapB(1N, (31) 
Oty 


G,(1,1") =G,°(1,1') +G,°(1,2) V (23 ; 45)G2(45 ; 3*+1’), (32) 
and (combining several equations), 


G2(12,1'2’) =[G,(1,1)G1(2,2’) —Gi(1,2')G1(2,1’) ] 
+G,°(1,3)G1"(2,4) V (34; 56)G2(56,1'2’) 
+G1"(1,3)G1°(2,5) V (34,3'4) V (56,5’6’) 
X {G,(3'4'5'6' ; 6441/2’) 
—[G2(3'4’,4*1')G2(5’6' ; 6*2’) 

—G2(3'4' ; 442’)G2(5'6'; 6*1’) ]}, (33) 
where (1*) means we are to evaluate at a time infini- 
tesimally greater than ¢;. Neglecting all but the first 
term in (33) leads to the Hartree-Fock approximation. 

Corresponding to our desire to treat two-particle 

correlations exactly, but to treat higher order correla- 

tions in some average manner, we terminate the series 
by neglecting the four-particle correlation term in 

(33), i.e., we set 


G4(3'4'5'6' ; 6+441'2’) = G2(3'4’ 5 441.)G2(5’6' ; 6*2’) 
—G2(3'4’; 4+2')G2(5'6’; +1"). (34) 
The fact that this choice of G, is not completely anti- 
symmetric means that the statistics, as well as the 
dynamics, are being treated in some average manner. 
The resulting asymmetrical appearance of unperturbed 
and perturbed Green’s functions in the equation for 
G, reflected in the appearance of the exclusion principle 
not in be 7 matrix but in the loose packing of the 
Fermi sea see this by noting that the T matrix, 
defined by 
V Go- 


TG,G,, (35) 
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obeys, in momentum space, 
(Ek | T k:ap a’p’ (w) tk’) 
=[(tk V Ek’ )baa’5ae— (tk PV §—k’)dn8'5 50° | 


dk" 
+ [ —{tk| V| &k’” )Ax.ag(k” w) 
J (2x)8 


X(EK” | T;08,0’8'(w)| Ek’), (36) 
where é refers to the spin state of the two scattering 
particles; P is +1 for the spin triplet state and —1 
for the singlet state; the momenta are written in terms 
of the center-of-mass momentum, K=k,+ko, and the 
relative momentum, k=3(k:—k.); and A is the factor 
resulting from the product G,°G,° in (33). For a finite 
temperature, signified by 8=1/kT, 


1 
Li +exp[—8(ki’?—p— VTa) ] 


1 
Pe en ———1| 
1+exp[—8(k2’"*—p—vr,) | 


1 
(37) 


ace 


Thus A is a product of a statistical factor (in brackets) 
and a two-particle noninteracting propagator 1/(w— Ho). 
The factor 1+ v7_ may be shown to be the Fermi energy 
of particles of type a, and is, consequently, negative for 
a bound system such as nuclear matter for sufficiently 
small V—Z. Hence in the zero-temperature limit 
(8— «), A reduces simply to 1/(w—Ho) and we see 
that (3) is a direct consequence of the approximation 
(34) for a bound system. 

The statistics, of course, reappear in the density of 
states. The one-particle Green’s function for particle 
of type a may be written in the spectral form? 


dk 
iG,(ri,r’t’) + | 
Pt 


) 


2r)* 2 


LT 
; (38) 
1 4+. eFilw U—?Ta 


the upper sign corresponding to ¢>/’ and the lower 
sign to ¢<?’. With this form, Eq. (32) becomes an 
equation for the spectral densities A g(K,w), which, 
with (36) and (35), may be written in the form’ 


1 
A (kw) - 1 
wtie—k?—VUa(k, wtie) 


1 
_ i (39) 
w—ie— k?—V,(k, w—ie) 


8 See reference 2, particularly Eqs. (5.86) to (5.90) and the 
ensuing discussions. 


? 
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where 


dk, dw» 
ry ties ay(@1+we) tk) 


Valki,01 )= | 


(2r)* 29 7+.¢ 
A,(k.,w2) 


1+ e82 u— PTy) 


+[terms tending to zeroas8—> «]. (40) 

As noted in Sec. II-A, because the T matrix is the 
ordinary two-particle scattering matrix, in the limit 
of zero temperature, it is continuous across the real w 
axis provided both particles are in the Fermi sea. In 
this limit then, 


Valk, wt+ie)=Ua(k, wie), (41) 


w<utrvta<—tlp. 


Equation (39) may then be 
conditions, as 


rewritten, under these 


A, (Kw) = 275 (w— k?— Va (k,w)) 


2 pa(k)5(w—wa(k)), 
where 


wa(k) =k? +Va(kwa(k)), 


OVa(k,w) 
Pa(k) = j— see | ’ 
Ow @ =Wa(k) 


F dk» 
‘pa (ke) 


and 


Va(ki,o) => | 


8 Jkg<kyg (29 


ys i (ék T K:as a3(w+w3(K)) fk). (45) 


‘ 


The density, the proton excess, and the energy are then 
given as 
pa(k), (46) 
k (2r)* ‘ 


dk 
Tab. (k), 
_ (2r) 


(47) 


and 
E k 
- LR?+3Va(Kwa(k)) lpa(k). (48) 


27) 


These equations are the same as those in Sec. II-A, 
and, as indicated there, one solves (36) as a function of 
w. One then simultaneously solves (43), (44) and (45) 
as a function of the proton and neutron Fermi levels, 
kya. These latter are determined by equating (47) to 
one’s choice of // A, and minimizing (48) with respect 
to the density (46). 

The Lagrange parameters, although not needed for 
the above, may be determined by the conditions 


WalR fa) =ptvta- (49) 


The separation, or binding, energy of the “last” 
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particle of the system is defined by 


OF E fF 
Ep ( ) =—-+ 
DODAJ; A op 
? O/E 
Waar 
1,1 Op\ A/y.1, 


since £/A is a function only of p. A system which is 
held together by its own forces, such as nuclear matter, 
will achieve a finite density in the absence of any 
external pressure. This density may then be determined 


by P=0, ie., 
0 (- 
(), 
Op =] I 


As suggested by the heuristic derivation of II-A, (52) 
may be viewed as the self-consistent solution for the 
single-particle wave functions ¢x%, which, for an infinite 
medium, depend only on the density. 

If we had a truly independent-particle model (1.P.M.) 
or a “normal system,’” then it would follow that 


(1.P.M.) 


where 


(51) 


(52) 


Ep=un, (53) 


in which case one would also have as the condition 
when P=0 
(I.P.M.). 


p= E/A. (54) 


In fact (54), rather than (52), is the condition used by 
Puff and Martin in solving for the case of normal 
nuclear matter with 7=0.' Unfortunately, despite the 
appearance of (42), we do not have a completely 
independent-particle model, as can be checked by 
comparing Eg and yp at the energy minimum (52). 
The difference between these two quantities, referred 
to as the “rearrangement energy,” is nearly 10 Mev 
in this model. On the other hand, even if nuclear 
matter is actually an example of the elusive normal 
system,’” the approximation (34) destroys the validity 
of (53). The application of ¥.'(k) will not actually 
change the energy by wa(k). The independent-particle 
character of (42) cannot be valid for the exact solution 
which will exhibit the more general form (39). We 
believe there is no basis for using (54) as the normal 
density condition. 

As to the question of the error introduced in (33) by 
the approximation (34), an estimate of this may be 
obtained by evaluating the contribution to G2 of the 
last term in (33) using a fully antisymmetrized combina- 
tion of G»’s for Gy (18 terms). The terms which might 
be expected to give the largest contribution are those 
which would ordinarily cancel the terms allowing 
scattering into the Fermi sea; that is, the important 

® This result, (54), is evident for an independent-particle model 
[see V. F. Weisskopf, Nuclear Phys. 3, 423 (1957)], but has 
also been proven in the more general case of the “‘normal system”’ 
[see references 4 and 2, and also A. Klein, Phys. Rev. 121, 950 
(1961) ]. 


¥cof. L. N, Cooper, Phys Rey. 122, 1021 (1961 
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terms should be those which involve exchange of the 
scattered particles with Fermi sea particles. There are 
four such terms, and indeed Puff found that they gave 
the dominant contribution in his error estimate. 
Unfortunately he only considered 6 of the 18 terms, 
including only two of the four “important” terms. 
His choice was dictated by the fact that, since the 
potential is large only at small distances, the neglected 
term in (33) gives its major contribution for 3’ close 
to 4’ and 5’ close to 6’. He therefore selected the six 
terms with 3’ and 4’ correlated (and therefore with 5’ 
and 6’ correlated). As the full 18 term G, has an overall 
factor of 1/3 which Puff’s 6 term G, does not, his 
estimate may be expected to be fairly good. This 
estimate indicates an error in the mean energy per 
particle of less than about 2 Mev, and, if we write the 
density as 


p= ($aru'), (55) 


then the error in ro due to (34) should be less than 
about 10%. Any additional error would be due to the 
choice of two-particle potentials. 


UI. NUMERICAL RESULTS 
A. Puff-Martin Potential 


We adopt for our calculations the potential used 
by Puff and Martin. This consists of the sum of a 
Yamaguchi potential," which is operative only in 
relative S states, and the S-wave part of a hard-shell 
potential. The potential was chosen of this form 
primarily because it allows an analytic solution for the 
T matrix. The parameters were adjusted to give the 
experimental singlet and triplet scattering lengths and 
effective ranges, the deuteron binding energy, and the 
singlet phase shift at 310 Mev.” This potential does not 
contain spin-orbit or tensor components. The latter 
appear to contribute significantly (perhaps a few Mev) 
to binding energies, so the absolute energies which 
emerge from this calculation may not be too significant. 
However, because the net binding energy is only about 
} or 3 of the individual kinetic and potential terms, for 
our purposes (namely relative energies as a function of 
density and neutron-proton difference) we believed 
the potential to be adequate. 

The Fourier transform of the potential is given by 


1 sinkr, sink’r, 
(ék| V| £k’)= lim 2d. 
AcO~ k k’ 


1 
i re, 
a SB: (R°-+B,") (k?-+B,’) 

1 Y. Yamaguchi, Phys. Rev. 95, 1629 (1954). 

2 This was done prior to the fits at 310 Mev by M. H. Mac- 
Gregor, M. J. Moravscik and H. P. Stapp [cf. P. S. Signell, 
Phys. Rev. Letters 5, 475 (1960)]; this is probably as good as 
anything else. However, it may be expected to have some effect 
on the higher energy dispersive properties of the medium, and 


hence on the results calculated here, which are fairly sensitive to 
the behavior at the Fermi surface. 


(27)? 
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each term of which is separable in the relative momenta, 
k and k’. Here & labels the spin state (singlet or triplet). 
The potential depends only on the momenta magni- 
tudes, since S-state interactions lead to isotropic 
scattering. 

The experimental data are fit by choosing 


r= 0.45 f. 
8,=2.004f", B= 
B,°/md, = 0.224, 


2.453 f, 


B.3/md,=0.172. 


(57) 


From (45) we see that we only need the T matrix 
summed over spins. It is easily seen from (36) and (56) 
that 
>: (Ek T k:a8,a3(w+w3(ke)) tk) 

= (sk | T(w+we(ke) — 43K")! sk)(1+6.3) 
+ 3k | T(wt+wa(k2)—3K?)| tk)(1—6a3), (58) 
where 
(tk| T(—2y?) 
¥ sinkr, sinkr 
=—2( 20) | 


(k2-+6;2)2 R(1—e-27")L ke? 


mde 4d: e-ve— eB 
B:(B:+y)? (k?+8;") (B:°—~y") 


wd: 4yB: 
i— 


; = : 
a (y—8;)? 


(e-V"e— Fre)? , 
ices || _ (59) 
(1—e~?""") 


B. Nuclear Compressibility 


The Puff-Martin equations (43), (44), and (45) were 
solved numerically on an IBM-709 computer and the 
results used to calculate the mean energy per particle 
(48) as a function of internucleonic separation ro. The 
calculation was first performed for the special case 
I/A=0. Under these circumstances, Rye, pa(k), and 
wWa(k) are all independent of a. The results are plotted 
in Fig. 1. The error due to computational methods is 
probably less than 0.1 Mev. A least-squares fourth 
order polynomial has been fit to the nine points cal- 
culated and is drawn as a smooth curve in the figure. 
Expressed as an expression about the minimum, 10, 
the polynomial is given 
E/A=—17.58+105.01 (r79— roo)? — 291.61 (ro— ro)? 


+ 387.03 (ro—roo)t Mev, (60) 


with 79 and 7o9 measured in fermis. The energy minimum 
occurs at 
Too= ( 1.01 3 +0.01 ) f, 


E/A= 


(61) 


(—17.5,+0.1) Mev. (62) 





AND L. 





E/A in Mev 








1 1 i l A l 1 1 lL 





Fic. 1. Mean energy per particle in Mev as a function of 
interparticle spacing ro=(4rp/3)-!. The crosses are calculated 
points and the solid curve is a fourth-order polynomial least- 
squares fit for the case N=Z. The X points are calculated for 
Ak;/k;=0.08. The broken curve is merely a translation of the 
solid curve 


[The results of Puff and Martin, obtained using (54), 
are 0.92 f and —14.9 Mev. | 

The nuclear compressibility at 7=0, determined from 
the polynomial is then 


aE 
K=r, ( ) = 214 Mev. 
Ory’ \A/ yr p 


(63) 


The solutions for p(k) and w(k) at the minimum (by 
interpolation between nearest calculations) are given 
in Fig. 2.!° Least-squares polynomial fits for these 
functions are 


p(k) =0.87746+0.01422(k/k,)—0.0264(k/k,)?, (64) 


and 


w(k)= —116.406—47.285(k/k;)+183.283(k/k;)? 


—47.362(k/k;)* Mev, (65) 
where 

k,=1.! (66.a) 
and 


w(k;)= —27.7 Mev. (66.b) 


(For the same density, a noninteracting four-component 
Fermi gas has a Fermi momentum of 1.50 f—!.) 
The effective mass at the Fermi surface is given by 


m 1 dw 1 
= =——-, (67) 
m* 2koOkik=k; 0.58 


C. Symmetry Energy 


Equations (43) through (45) were also solved for the 
case [/A#0 in order to investigate the dependence of 


8 Hugenholtz and Van Hove‘ have indicated why the calculation 
of the mean energy per particle should be more accurate than that 
of the single-particle energies. See also P. Mittelstaedt, Nuclear 
Phys. 17, 499 (1960), for a general discussion of the rearrangement 
energy. 
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nuclear binding energy on neutron-proton difference. 
This was accomplished in the following manner. The 
Fermi momenta were written as 


Rja=kst+ TaAk +. (68) 


The parameters k; and Ak;/k; were then taken as the 
independent variables instead of p and //A. Thus ky 
was determined by minimizing E/A [as in Eq. (52) ], 
and the arbitrarily chosen Ak;/k,; then determined //A. 
The symmetry energy, Cy, is then determined as the 
coefficient of the quadratic symmetry term, 


C.y(N—Z)?/A, (69) 

in the expression for the energy. The results, displayed 
in Fig. 1, correspond to 

Ak y/ky 

(N—Z)/A 

(Rs) min= 


(Fe) min = 1.05 f, 


0.08, 
= 0.249, 
1.51 £1, 


and yield for the symmetry coefficient, 
Cyy=43+2 Mev. 
The results suggest setting 
ro(N,Z)=rooL 1+a,(V —Z) 
with 
roo= (1.01;+0.01) f, 


a,=0.6+0.2. 


The indicated error limits are our estimates of the 
accuracy of the numerical calculations. There appeared 
to be only a weak dependence of compressibility on 


(N—Z)/A. 
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Fic. 2. Density of states p(x) 
particle energies w(x)=k?+v(k) [cf. Eq. (43) 
x=k/ky. 


cf. Eq. re and the single 


as functions of 





NUCLEAR COMPRESSIBILITY 


IV. COMPARISON WITH EXPERIMENTS AND 
OTHER THEORIES 


A. Energies 


From the Bethe-Weizsicker semiempirical mass 
formula, the Stanford electron-nuclear scattering experi- 
ments, and semiempirical models of the nucleus, 
experimental information on nuclear energies and 
densities can be extracted. The usual Weizsiicker mass 
formula contains terms which describe volume, sym- 
metry, surface, and Coulomb effects. A rather general 
form of the formula is given by 


2 


; _ N-Z) 
Binding energy = | C-+C.-— ~ | 


(V-Z)? 
+| Cout+Couty macs | 


9 


+Coulomb energy +O(A!) 


+pairing and shell corrections. (73) 
Values given by Green" and Cameron! for the con- 
stants Cy, Csy, Csurt, and Cyurt,sy are listed in Table I. 
It is clear from this table that there is considerable 
latitude in the determination of the constants, even 
though both authors claim good fits to observed binding 
energies over a considerable range of nuclear masses. 
The non-uniqueness in the results arises from a variety 
of effects, among which are: (1) uncertainties in the 
empirical data; (2) treatment of specific ‘‘shell”’ 
effects; (3) treatment of the Coulomb (ordinary and 
exchange) energy; and (4) the handling of terms of 
order A* (curvature effects). In regard to (4), Cameron"® 
proposed a formula with explicit. A! terms. Green" 
fit Cameron’s formula (by least squares) to a formula 
without A? terms; the result (column labeled ‘‘Cameron- 
Green” in Table I) shows the sensitivity of the coeffi- 
cients of A and A! terms to the inclusion or noninclusion 
of A! terms. 

Furthermore, the formulas are fit to data near the 
rather narrow valley of stable nuclides. It is not clear, 
for example, whether the quadratic dependence 
(\ —Z)?/ A? is adequate as far from the region of normal 
nuclear matter (V=Z) as the stable valley in fact lies. 

The uncertainties in the coefficients of the mass 
formula are not only of importance for comparison with 
theory, but are also of importance in problems of 
stellar structure and evolution, and nuclear fission 
where one is dealing with short-lived species whose 
masses are not now measurable. With these uncertain- 
ties in mind, we now compare the calculated energies 
with experiment: 

4A. E. S. Green, Revs. Modern Phys. 30, 569 (1958); Phys 


Rev. 95, 1006 (1954); also private communication. 
16 A. G. W. Cameron, Can. J. Phys. 35, 1021 (1957). 
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TABLE I. Comparison of results. All numbers except ro are in Mev; 
see Eqs. (63) and (73) for definitions. ro is in fermis. 


Semiempirical 
Cameron 
Green’ Green® Cameron* 


Theoretical 
Brueckner- Present 
Gammel® work 


— 16.34 
30.34 
20.96 

— 36.35 


— 17.04 —1 
31.45 26-4 
25.84 

—44.24 


5.2 —17.5 
3! 43 


218 302 172 
1.078 1.02 


214 
1.01 


* Nuclear compressibility K [Eq. (58) ] was determined semiempirically 
from the model of Berg and Wilets (reference 16). In addition to the 
parameters listed directly above, the Stanford data (reference 17), ro=1.07 f 
and surface thickness (90% —10%%) =2.4 f, were employed. 

b See reference 14. 

¢ This column represents a least-squares fit by Green (reference 14) to 
Cameron's (reference 15) mass formula so that A! terms do not appear 
explicitly. 

4 See reference 15. 

© See reference 19, Table II, column C. 

{The value of 26 Mev was obtained® with the “‘best’ Gammel-Thaler 
potential. The value of 43 Mev was obtained with another potential which 
also yields acceptable values of the density and binding energy but, like 
the one used in the present work, contains no odd-state terms (reference 19, 
Table II, column B). 


® See reference 17. 


1. Volume energy. In Table I are given the results of 
the present calculation for comparison with the mass 
formulas. The mean binding energy, (£/A)min=Cy 
is in surprisingly good agreement with the semiemprical 
value. Because the potential employed contains no 
tensor, spin-orbit or odd-state forces, the absolute 
energies could well be in error by several Mev from this 
source. There appears to be no violation of the 10% 
estimate by Puff of the accuracy of the model. 

2. Symmetry energy. Our value of the coefficient of 
symmetry energy is larger than any of the semiempirical 
values found in Table I. The deviation from the 
(N—Z)*/A law is too weak (15% in Pb”®) to account for 
the discrepancy. In view of the uncertainties quoted 
above, it is by no means clear that this is a failure of 
the model. 

3. Compressibility. In order to obtain comparison 
with experiment, it is necessary to appeal to semi- 
empirical models. The model of Berg and Wilets'® 
correlates observed nuclear mean binding energy, 
density, surface energy and surface thickness with 
nuclear compressibility K [cf. (63)]. The values 
predicted by that model from the various mass formula 
parameters are given in Table I. The semiempirical 
values of K thus range over nearly a factor of two, with 
our value (214 Mev) included. The primary point of 
interest of these numbers is that K is large, and thus 
nuclear matter is relatively incompressible. Compres- 
sional modes of nuclear excitation are expected to lie 
considerably higher than particle modes except perhaps 
in the lightest nuclei, where, unfortunately, surface 
phenomena complicate the analysis. 


16 |, Wilets, Revs. Modern Phys. 30, 542 (1958); R. A. Berg 
and L. Wilets, Phys. Rev. 101, 201 (1956); L. Wilets, ibid. 101, 
1805 (1956) 
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B. Densities 


Analyses of the Stanford electron-nuclear scattering 
experiments" [assuming a p= po(1+e'—*?/¢)— distribu- 
tion} yield a central charge density for intermediate 


and heavy nuclei corresponding to 


ro= (1.07+40.02) f (exptl). (74) 


The present calculations give re==1.01; f for normal 
nuclear matter. At least two corrections must be made 
for real nuclei: (1) As indicated in Eq. (71), the nuclear 
radius expands with increasing (V —Z)*/A? for fixed A. 
Thus for gold (which has been particularly well studied), 
this effect would increase the calculated value by 0.02, f. 
(2) The Coulomb field exerts a (negative) pressure on 
the nucleus tending to produce expansion. This causes 
an increase in radius given by'® 


bro/ro E./ KA, (75) 
where £, is the Coulomb energy of the nucleus. For 
gold, this yields an increase of 0.03, f. The two effects 


give a total increase of 0.05;, for a final value of 


ro=1.063f (Au,calc). (76) 


The agreement between theory and experiment is far 
better than either warrants. However, the very reason- 
able values obtained both for C, and r» lend support to 
the calculated values of compressibility and symmetry 
(see “‘Discussion” below). 


C. Comparison with Bruckner and Gammel 


The most detailed calculations using the most 
“realistic’’ potential have been carried out by Brueckner 
and Gammel’* employing the Gammel-Thaler® poten- 
tial. Their results are given in Table I. Our calculations 
are in reasonable agreement with theirs. 

Brueckner and Gammel find that the symmetry 
coefficient is very sensitive to the potential used. 
Employing the ‘‘best’”” Gammel-Thaler potential, they 
obtained C,,= 26 Mev. However, using another poten- 
tial which contained no odd state interactions but 
which also yielded “acceptable” values of the mean 
binding energy, density and compressibility, they 
obtained C,,=43 Mev. They attributed the reduction 
of the coefficient from 43 to 26 Mev to the inclusion of 

1 A review and further references is given by D. G. Ravenhall, 
Revs. Modern Phys. 30, 430 (1958) 

18 FE. Feenberg, Phys. Rev. 59, 149 (1941); L. Wilets, D. L. 
Hill, and K. W. Ford, ibid. 91, 1488 (1953). 

*K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 


2 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 and 1337 
(1957). 
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odd-state forces, where both the repulsive singlet and 
attractive triplet components act to lower the symmetry 
energy. Since no odd-state forces have been included in 
our work, we anticipate that their inclusion would also 
lower our value for the symmetry coefficient. 


V. DISCUSSION 


The main object of this work has been to test the 
validity of the very simple Puff-Martin model (regarded 
as a “variational” method) and to obtain useful 
information about nuclear compressibility and sym- 
metry energy. The good agreement obtained between 
the calculations and experiment for mean _ binding 
energy and radius must be in large part fortuitous, 
since the interaction used contains no tensor, spin-orbit, 
or odd-state components (indeed, only S-state interac- 
tions are considered). The tensor force, in particular, 
was found by Brueckner and Gammel" to contribute 
6 Mev to the binding energy per particle; its neglect also 
led to a lowering of the equilibrium density. 

Regarded from another point of view, it would be a 
reasonable procedure to adjust the potential parameters 
to fit not only two-particle data, but to yield the 
correct binding energy and radius in this model, and 
then calculate with it such properties as compressibility 
and symmetry energy. This would constitute a semi- 
phenomonological approach to the determination of 
the parameters. We are spared this added procedure. 
However, fortuitous or not, the agreement attained for 
the binding energy and radius lends credibility to the 
other results. This is somewhat tempered by the 
apparent sensitivity of the symmetry coefficient on the 
odd-state interactions found by Brueckner and Gammel. 
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The nuclear magnetic moment of the 158-kev, $~ state has been measured by precessing, in a solid gold 
environment, the }~(334 kev)§—(158 kev)4- oh te ray-gamma ray angular correlation in an external 


magnetic field of 26 000 gauss. The value obtained, yy = 


+1.03+0.08 nm, includes a 5% correction for quad- 


rupole attenuation as determined by studying the angular correlation as a function of the delay of the inter- 


mediate state. The value is compared to the recent prediction of de-Shalit assuming that the §> 
originates from the coupling of the 4~ ground state (u,= 


state 
+0.504 nm) with the 2+ excitation of the core. 


The magnetic moment of the core excitation was obtained from the M1 gamma-ray mean life of the 50-kev 
transition between the $~(208 kev) and §-(158 kev) core-particle doublet. That mean life, determined to be 
7 (50) = (4.4641.0) X10 sec, leads to predicted magnetic moments of peore= (+0.33_0.25*°!7) mn and 


y= (+0.84_0.25*°!7) nm. 


N this paper we report on the measurement of the 
nuclear magnetic moment of the }- first excited 
state of Hg’ by the precession of a gamma ray-gamma 
ray angular correlation in an external magnetic field. 
The value obtained is compared to and found to be in 
accord with the prediction of de-Shalit'! based on the 
premise that the }~ state is the lower member of a 
doublet formed by the coupling of the p; ground state 
to the 2+ excitation of the core. 

The relevant level structure of Hg™ is shown in the 
insert of Fig. 1(a). It is based on internal conversion 
measurements of Jung and Svedberg’ corroborated by 
gamma-ray spectroscopy.’ Those results from the latter 
work necessary to the prediction of the magnetic mo- 
ment will be given here. 

The sources of Tl" were prepared by 27-Mev alpha 
bombardment of 0.i-mil gold foils. The sources were 
used in situ; neither chemistry nor heat treatment was 
performed on the foils. The sources, directly after pro- 
duction, contained <1.0% Hg” and were useful over 
seven half-lives. The electronic and magnetic equipment 
used for this study has been described elsewhere.‘ 

The determination of the magnetic moment of an 
excited state by the method used here requires the 
knowledge of the lifetime of the state, the angular 
correlation pattern through the state, and the perturba- 
tion effects on that correlation. 

The mean life of the 158-kev state was measured by 
247-kev—158-kev gamma ray-gamma ray coincidences 
using Nal crystals, one of which (detecting 158 kev) 
was unactivated and kept at 77°K. The decay curve of 
the 158-kev state observed with the time-to-pulse 
height converter is shown in Fig. 1(a). The finite time 
resolution of the circuit is illustrated by the prompt 
247-kev—208-kev cascade. The result of these measure- 
ments, plus those on the delayed 334-kev—158-kev 

t This work is supported in part by the U. S. Atomic Energy 
Commission, the Office of Naval Research, an the Air Force of 
Scientific Research. 

1 A. de-Shalit, Phys. Rev. 122, 1530 (1961). 

2 B. Jung and J. Svedberg, Nuclear Phys. 20, 630 (1960) 

*R. W. Bauer, L. Grodzins, and H. H. Wilson (to be published). 

‘R. Stiening and M. Deutsch, Phys. Rev. 121, 1484 (1961). 


cascade, yields a mean life 


Tm (3.35+0.12) 10 9 sex 


in agreement with the measurement of Bell, e¢ al.° 

The 3(334 kev)}(158 kev)} gamma ray-gamma ray 
cascade was used for the magnetic moment measure- 
ment. Its unperturbed angular correlation after sub- 
tracting backgrounds was found to be 


W (0)=1—(0.42+0.02) P2(cos#) 
+ (0.01-40.02)P4(cosé). 


The perturbation of this correlation by quadrupole 
fields was determined by measuring the anisotropy 
parameter A, as a function of delay time, Fig. 1(b). 
The perturbation is ~5% per mean life. 

To measure the magnetic moment, the Tl" source, 
placed in an external magnetic field of 26 000+75 
gauss, was viewed by two magnetically shielded NaI (T1) 
counters placed at an angle of 135° to each other and 
the 334-158-kev integral coincident counting rate 
determined as a function of direction of the magnetic 
field; 27=35 nsec. For each of the fifteen separate runs 
(two at a magnetic field of 13000 gauss) the angular 
correlation at zero field was also determined. The 
weighted average of all runs yielded a difference 

8a, +H)—W(3n, —H)] 

A= a 


—=0.118+0.005, 
(3, +H)+W (3m, —H) 


and an angular anisotropy, corrected only for chance 


rate, of 


5=(W (r)—W ($n) ] }=0.200+0.005. 


(Only the Az term was needed, since A«<Az2.) The 
gyromagnetic ratio of the 158-kev state is oun 
h 5+ (6°— A’)! 
( —-——- —)= +0.413+0.032, 
A 


(Ww (x) +W (3x) 


ee 
2unHrn 


Thus py=+1.03 


where un=5.05X10-* erg gauss”! 


oR. E. 
(1951). 


Bell, R. C. Graham, and H. E. Petch, Phys. Rev. 84, 380 
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Fic. 1. (a) Decay curves of the 158-kev and 208-kev states in 
Hg™, the latter illustrating the time resolution for “prompt” 
coincidences. The insert shows the relevant level structure of 
Hg™. (b) The dependence on delay time of the anisotropy, 
Az=(W (x)—W (x/2)]/[W (x/2)+4W (x) ], valid for Ay=0, of 
the 334 kev—158 kev gamma-gamma correlation corrected for 
chance rate and solid angle. The dashed line, showing 5% attenua 
tion per mean life, is a least-squares fit to the data. 


+0.08 nm, including the diamagnetic correction of 
0.96%. 

de-Shalit recently proposed that the 158-kev and 
208-kev states may be an example of a doublet arising 
from the coupling of the }~ ground state to the 2* 
excitation of the core. Though the center of gravity of 
this doublet is ~ 200 kev lower than that of the first 2° 
excitations of the neighboring even-even nuclei, the 
electromagnetic transition probabilities satisfy the cri- 
teria for particle-core coupling. The reduced £2 transi- 
tion probabilities of the 158-kev and 208-kev transitions 
are approximately the same and equal to that of the 
neighboring 2+—> 0* transition; i.e., 20 times faster 
than single-proton speeds. The M1 transition proba- 
bility of the 208-kev transition is 70 times slower than 
the single-proton estimate, while the 50-kev stopover 
transition, which contains® <0.1% F2, is only 20 times 


6 J. C. Null, Q. L. Baird, and S. K. Haynes, Phys. Rev. 118, 
1278 (1960). 
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slower. Such speeds are difficult to reconcile with a 
simple shell-model interpretation of these levels, which 
cannot account for the enhanced £2 speeds and predicts 
that the M1 speed of the 50-kev transition should be 
l-forbidden, hence slower than the 208-kev M1 speed 
which should be allowed. 

One of the consequences of a particle-core interpreta- 
tion is that the magnetic moment of the }~ state should 
be the sum of the magnetic moments of the 2* core exci- 
tation wu, and the ground state uw». The latter value has 
been measured’ as u,=+0.504 nm. A further conse- 
quence is that the former value may be deduced from 
the M1 gamma-ray transition probability of the 50-kev 
“spin-flip” cascade, T,(50), plus the knowledge of u,, 
the relationship being! 


T, (50) 
——= a, (2) +1) j(f+1)(27+1) 
Fs 


: (Jess 
>< 


(g-— Zp)’, (1) 
ligJ. 


where £ is the energy of the transition in Mev; g 
stands for gyromagnetic ratio; J;, J;, J-, and j are 
the angular momenta of the initial, final, core, and 
single-particle states, respectively; and a,;=4.210" 
sec! Mev-3, 

The measurement of 7,(50 kev) proceeded as follows. 
The 208 kev—50 kev total branching rate was deter- 
mined by gamma-gamma coincidences with the 248- 
kev transition as 3.24+0.15. The total internal conver- 
sion of the 50-kev transition was determined by 158 
50-kev gamma-gamma_ coincidences Au'® 
source; the result being a5)= 18_2*'. These values, com- 
bined with resonance fluorescence data*® of Knapp on 
the 208-kev state, lead to r,(208) = (1.43+0.2)K10-" 
sec and 7,(50)=1/T,(50) = (4.46+1.0) K10~ sec. The 
predicted value of the 2* core is then, from Eq. (1), 


using a 


pe= (+0.33 +0.17)nm, 
and hence 


pr = (+0.84_5 


; 05??? )nm. 


The agreement of this value with the direct measure- 
ment, while supporting the core-particle coupling inter- 
pretation of these states, must be qualified by the re- 
marks that the experimental errors, especially on the 
value of 7,(50 kev), are large, and the agreement does 
not exclude substantial mixing of the wave functions 
of the states. 
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7 B. Cagnac and J. Brossel, Compt. rend. 249, 77 (1959). The 
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Angular Distributions of 4.43-Mev Gamma Radiation from C"(p,p’y~)C”}* 
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The yield at 90 degrees, and 32 angular distributions of the 4.43-Mev gamma ray from the first-excited 
state of C® have been measured for proton bombarding energies between 5 and 12 Mev. The excitation curve 
for inelastic scattering is characterized by a number of strong resonances, some of which were previously 
known. In addition, underlying the resonances, there is a monotonically rising background. The angular 


distributions were fitted by least squares to the expression W (@)=A 9+ A2P2(cosé)+A4P4(cosd 


Those 


obtained in the region of the resonances at “,=5.36 Mev and £,=5.89 Mev can be interpreted by taking 


into account these two resonances with respective characters }* 
excitation energy of 6.38 Mev ($*) in the compound nucleus N™ 


and $* plus one additional state at an 


which can be seen only in elastic scattering 


A simple direct-reaction model using a nucleon-nucleon interaction accounts very well for four angular 
distributions at higher energies in regions showing no resonant structure 


I. INTRODUCTION 


HE excitation of the first-excited state of C™ at 
4.43-Mev and subsequent gamma decay has been 
studied by inelastic scattering of protons with energies 
below 20 Mev by a number of groups.'~* The precisely 
controlled energies which have become available with 
the advent of tandem electrostatic accelerators have 
led us to investigate the yield and angular distributions 
of the 4.43-Mev gamma radiation in the proton-energy 
range between 5 and 12 Mev. 

Our program was to measure the yield of gamma 
radiation at 90° to the beam, as a function of bombard- 
ing energy, and then to determine angular distributions 
at salient points of the excitation curve; some 32 angu- 
lar distributions were obtained and analyzed near reso- 
nances, as well as far from pronounced resonant struc- 
ture, in an attempt to explore the relative contributions 
of compound-nucleus formation and direct reaction 
mechanism. As we shall see, some success in a theoreti- 
cal understanding of distributions 
achieved.°:® 


these has been 


II. EXPERIMENTAL 


The proton beam from our tanden Van de Graaff 
generator was focused to a 2-mm diameter spot on a 
thin (~10 kev), self-supporting carbon target, located 


¢ Supported in part by the Air Force Office of Scientific Research 
of the Air Force Office of Aerospace Research. 

* A preliminary account of this work was presented at the 1960 
[Thanksgiving meeting of the American Physical Society [Bull. 
Am. Phys. Soc. 5, 404 (1960) ]. 

t Also Department of Terrestria} Magnetism, Carnegie Institu 
tion of Washington, Washington, D. C. 

‘M. Martin, H. Schneider, and M. Sempert, Helv. Phys. Acta 
26, 595 (1953). 

2C. W. Reich, G. C. Phillips, and J. L. Russell, Jr., Phys. Rev. 
104, 143 (1956). 

* H. E. Gove and N. S. Wall, Can. J. Phys. 31, 189 (1953). 

3. J. Lidofsky, J. Weil, R. D. Bent, and K. W. Jones, Bull. 

. Phys. Soc. 2, 29 (1957). 

*N. M. Nikolic, L. J. Lidofsky, and T. H. Kruse, Bull. Am. 
Phys. Soc. 6, 25 (1961). 

®’ M. Nomoto, Air Force Office of Scientific Research Tech. Rept. 
No. 784, 1961 (unpublished) ; also Nuclear Phys. (to be published). 

6 M. Nomoto, Air Force Office of Scientific Research Tech. Rept. 
No. 971, 1961 (unpublished); also Phys. Rev. (to be published). 


at the center of a 6-in. diameter cylindrical aluminum 
chamber with 3-in. wall thickness. After traversing the 
target, the beam was allowed to continue in vacuo for 
about 7 ft, and was stopped in a piece of lead. Layers of 
concrete, lead, and paraffin shielded the detector from 
the beam stopper. The last portion of the beam tube 
was insulated and served as Faraday cup. 

The movable detector was a 5-in. diameter, 4-in. 
thick NaI(Tl) crystal located on a rotatable arm at 
about 90 cm from the target, surrounded by a 2-in. lead 
shield. Angular distribution data were obtained in steps 
of 15°, usually between 15° and 90°. On several occa- 
sions we extended the measurements to the backward 
hemisphere to check on the required symmetry about 
90°; no significant departures were observed. 

As an additional check on the centering of the turn- 
table, we placed a Pu-Be neutron source at the target 
position ; this source emits the same 4.43-Mev ¥ ray iso- 
tropically, and we found the gamma-ray counting rate 
to be constant to within 2%. 
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Fic. 1. Typical pulse-height distribution of 4.43-Mev gamma 
ray observed with 5-in. diameter, 4-in. thick NaI(TI) crystal 90 
cm from carbon target bombarded by 11-Mev protons. Logarithm 
of counting rate per channel vs channel number. Angular distri 
butions obtained by straddling the single-escape peak (first peak 
to the left of 4.43-Mev peak) with a single-channel analyzer. 
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Fic. 2. Typical pulse-height spectrum of 4.43-Mev gamma ray 
observed with a three-crystal pair spectrometer (a 14-in.X3-in. 
crystal flanked by two 3-in.X3-in. crystals) when bombarding a 
carbon target with 11-Mev protons. Counting rate per channel 
vs channel number. Peak corresponds to double escape (3.41 
Mev). Note complete absence of higher energy gamma radiation. 


During the angular distribution measurements, the 
gamma radiation was monitored by a fixed, 3 in. X3 in. 
Nal(TI) scintillation counter located at about 90° to 
the beam. 
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A typical pulse-height spectrum of the 4.43-Mev 
gamma ray in the movable detector is shown in Fig. 1. 
Figure 2 shows a three-crystal pair-spectrometer spec- 
trum of the same radiation obtained at 11.0-Mev bom- 
barding energy which shows the purity of the gamma 
spectrum. The spectra in both gamma counters were 
continuously monitored on a TMC 256-channel ana- 
lyzer for possible changes in over-all gain, and slight 
adjustments in the photomultiplier voltages were made 
to keep the full energy gamma-ray peaks stationary to 
within one channel. A single pulse-height channel 
straddling the single-escape peak (Z,—0.511 Mev) was 
actually used to measure the relative counting rates in 
both the movable and fixed detectors. The background 
rate without target was found to be negligible; in fact, 
no difference in background was observed whether the 
beam was intercepted on a tantalum shutter in the 
main accelerator room, or by the beam stopper beyond 
the target. 

Beam currents of the order of 0.2 wamp were used. 
All pertinent information for the angular distribution 
measurements such as magnet frequerity (beam 
energy), angle, monitor count, and movable detector 
count was automatically recorded on cards by a model 
026 IBM card punch for later analysis. 
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Fic. 3. Excitation curve for 4.43 
Mev gamma radiation from the re- 
action C!(p,p’y)C™ between 5.2-Mev 
and 11.5-Mev proton energy, at 90 
to the beam. Numbered arrows indi- 
cate energies at which angular distri- 
butions were obtained. Numbers agree 
with those of Fig. 4 and Table I. 
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ANGULAR DISTRIBUTIONS 


Ill. RESULTS 


Figure 3 shows the excitation curve for the yield of 
gamma radiation at 90° between 5.2-Mev and 11.5-Mev 
proton bombarding energy. Yields were measured at 
least every 50 kev, with finer steps whenever indicated. 
The uncertainties due to counting statistics were kept 
in the neighborhood of 1%. The numbered arrows in 
Fig. 3 indicate the energies at which complete angular 
distributions of the gamma radiation were obtained. 

Since the gamma ray represents a pure £2 transition 
(2+ to OF), its angular distribution contains even powers 
of cos@, only up to the fourth: 


W (0) = Aop+A2P2(cosd)+ A 4P4(cos6). 


Two parameters can be extracted from each angular 
distribution, namely, the quantities A2/Ao and A4/Ao, 
which contain all information obtainable from such 
measurements. The values of these coefficients are 
governed by the properties of the state or states excited 
in the compound nucleus N", as well as by the incoming 
and outgoing proton orbital angular momenta. In the 
direct-reaction picture, the form assumed for the 
nucleon-nucleon interaction or nucleon-surface inter- 
action will determine the coefficients. 

Values of these coefficients with their least-square 
uncertainties were extracted from the data with the aid 


TABLE I. Result of least-squares analysis of gamma-ray angular 
distribution data. Numbers in first column correspond to arrows 
in Fig. 3. W(@) = Ao+A2P2(cos0) +A 4P5(cos6). 


Zz 


A2/Ao A,/Ao 


0.442+0.018 
0.648+0.026 
0.616+0.012 
0.551+0.007 
0.532+0.005 
0.563+0.009 
0.595+0.012 
0.502+0.017 
0.213+0.014 
0.269+0.011 
0.218+0.014 
0.287+0.014 
0.33540.010 
0.374+0.013 
0.395+0.009 
0.395+0.007 
0.358+0.019 
0.326+0.013 
0.168+0.010 
0.166+0.009 
0.230+0.018 
0.177+0.010 
0.303+0.007 
0.161+0.009 
0.074+0.010 


0.154+0.027 
—0.442+-0.037 
—(0.902+0.018 
—0.623+0.011 
—0.574+0.007 
—0.774+0.013 
—0.962+0.017 
—().998+0.024 
—0.336+0.019 
—0.442+0.016 
—0.496+0.021 
—0.414+0.020 
—0.285+0.015 
—0.241+0.019 
—0.269+0.013 
—0.391+0.010 
—0.440+0.027 
—0.387+0.020 
—0.271+0.013 
—0.156+0.015 
—0.153+0.019 
—(.223+0.017 
—0.446+0.010 
—0.163+0.012 
—0.051+0.016 
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0.072+0.009 
0.103+0.009 
0.194+0.006 
0.265+0.011 
0.333+0.005 
0.336+0.005 
0.357+0.011 


0.031+0.014 
0.199+0.014 
0.247+0.010 


—0.136+0.016 
—0.357+0.007 
—0.384+0.008 


-0.385+0.017 
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lic. 4. Angular distributions of 4.43-Mev gamma radiation 
from C!?(p,p’y)C. Numbers refer to arrows of Fig. 3 (bombarding 
energies) and identify the distributions in Table I. Solid points 
are experimental points; curves represent least-squares fits whose 
parameters are to be found in Table I. Curves are symmetric about 
90°, 


of an IBM 650 computer. They are tabulated in Table I. 
The uncertainties in both cocfficients are seen to lie below 
5% in all cases, and are generally considerably smaller. 
No correction for finite solid angle of the detector was 
made in view of its smallness. Figure 4 shows the first 
10 of the experimental angular distributions and the 
curves obtained by least-squares fit; they are numbered 
so as to correspond to the arrows in Fig. 3. 


1. Bombarding Energy below 6 Mev 


The pronounced resonances between 5 and 6 Mev 
have received some attention previously. Two strong 
gamma-ray resonances were reported by Swiss workers! 
at 5.37 and 5.9 Mev, using a cyclotron. Reich e¢ al.* 
have examined elastic scattering angular distributions 
as well as the gamma-ray angular distributions at 
energies up to 5.7 Mev. These authors assigned a 3+ 
character to the state at 5.36-Mev bombarding energy 
(6.91-Mev excitation in N"™) and inferred the possi- 
bility of another interfering level of character $+ in the 
vicinity. This is clearly apparent, since a pure 3+ reso- 
nance would yield angular distributions with 44=0. A 
glance at Table I reveals nonzero fourth-order co- 
efficients on either side of the peak of theresonance 
(distributions Nos. 1 and 2) but of opposite sign. The 
interfering level must have a spin of at least $, and the 
orbital angular momentum of the incoming protons 
must be at least 2. Angular distributions No. 4, 5, 6, 
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Fic. 5. Angular distributions of 4.43-Mev gamma radiation 
from C™(p,p’y)C™. All solid curves are theoretical interpretations 
in terms of three resonances as obtained by Nomoto‘ and are 
normalized to unity and to the experimental points at 90°. Open 
circles give experimental data of Reich et al.*; solid dots are our 
data. Curves (b), (c), (d), and (e) correspond to No. 2, 3, 5, and 7, 
respectively, of Figs. 3 and 4, and Table I. 
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and 7 (Table I and Fig. 4) on the resonance at 5.89 
Mev (7.42-Mev excitation in N™) have shapes most 
nearly like distributions for a 3+ state excited by /=2 
protons, with outgoing protons having /’=0 and out- 
going channel spin s’= 3, but with significant departures 
from that shape. Nomoto® has attempted to fit these 
four angular distributions in terms of the interference of 
the two resonances at 5.36 and 5.89 Mev, leaving the 
ratio of their reduced widths as an adjustable parame- 
ter. No consistent fit was obtainable, and he conciuded 
that at least one additional compound state was con- 
tributing in this region. A }* state previously identified 
by elastic scattering at 6.38-Mev excitation in N“, 
although unobservable by inelastic scattering for ener- 
getic reasons, can nevertheless influence the angular 
distributions, as shown by Nomoto’s analysis.’ He ana- 
lyzed some of our angular distributions in this region 
(No. 2, 3, 5, and 7 of Table I and Fig. 4) by taking into 
account the three resonances at excitation energies of 
6.38 Mev (3+), 6.91 Mev (3*), and 7.42 Mev ($+). 
There were two free parameters in the problem, namely, 
the two independent ratios of the “reduced widths’ of 
the three states in question. Figure 5 shows the results 
of these theoretical fits to some of our angular distribu- 
tions, as well as some previously obtained by Reich et al.? 
The agreement is seen to be fairly good, but the experi- 
mental angular distributions are found to be less pro- 
nounced in all cases. Subsequent to this work, Nikoli¢ 
et al.* reported evidence for a weak state of spin }*, 
located at 5.68-Mev bombarding energy (7.20-Mev 

7 Each of these “reduced widths” are actually products of square 
roots of incoming and outgoing proton reduced widths. 
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excitation in N'). Our excitation curve is consistent 
with the existence of this weak state. Such a state, if 
included in the analysis, would contribute an isotropic 
component to the angular distribution, and hence bring 
experiment and theory into closer agreement.*® 

In addition, there is evidence for a very broad state 
at about 6.7-Mev bombarding energy,’ and possibly 
others that may affect the angular distributions in this 
energy region. No further analysis in terms of several 
contributing compound resonances was attempted. 
Analysis of elastic and inelastic scattering data”: may 
shed some more light on this situation. 

It is clear that even at our lowest excitation energies 
we are faced with a rather complex situation: The exci- 
tation function is still dominated by strong resonances, 
but their widths, strengths, and spacings are such that 
a number of them have to be taken into consideration 
at any given bombarding energy. A simplified picture 
which profits from assuming very high level densities 
does not seem appropriate at this point. Table II sum- 
marizes the resonances we observe, and their approxi- 
mate widths. 


2. Bombarding Energy above 6 Mev 


Beyond 6-Mev bombarding energy, the most striking 
feature in the excitation curve is the more or less 
monotonically increasing yield which underlies all struc- 
ture at the higher energies. It is tempting to associate 
this yield with some type of direct reaction. Nomoto' 
has investigated the angular distributions to be expected 
when assuming a direct nucleon-nucleon interaction 
potential localized in the nuclear surface, and consisting 
of a spin-flip part plus a non-spin-flip part. He used 


j—j coupling shell-model wave functions for the ground 


observed in the 


proton 


TABLE II. Prominent resonances reaction 
C2(p,p’y)C™. Eres = resonant bombarding energy; 
E*=excitation energy in N"; [\,4,=full width at half-maximum 
in the laboratory. 


Exes (Mev) E* (Mev) 


| 
| 


36" 
898 


6.89 
7.38 
55 8.91 
17 9 98 
12 10.36 
51 11.64 
11.85 
12.09 


nmnu 


9. 
10. 


10.74 
10.99 


= 


* Previously observed (see reference 2). 


§ This does not include the interference effect for a }* state which 
may contain a term in ?2(cos@) when interfering with }* and 3 
states, but only for outgoing proton angular momentum /’=2, 
which is expected to be small compared to the favored /’=0 con 
tribution. If the state is 4~, the interference term vanishes and we 
only have the isotropic admixture mentioned above 

* H. Schneider, Helv. Phys. Acta 29, 55 (1956) 

 F, L. Bordell, G. E. Mitchell, P. B. Weiss, J. W. Nelson, and 
R. H. Davis, Bull. Am. Phys. Soc. 5, 404 (1960), and private 
communication. 

"V. R. McKenna, A. M. Baxter, and G. G 
J. Phys. 14, 196 (1961) 
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ANGULAR DISTRIBUTIONS 


Fic. 6. Angular distributions of 
4.43-Mev gamma radiation from 
C"(p,p’y)C®. Solid dots represent 
our experimental data. Bombarding 
proton energies of 6.69, 8.46, 8.71, 
and 9.72 Mev correspond to No. 9, 
17, 18, and 22, respectively, as defined 
in Figs. 3 and 4, and Table I. All 
curves are theoretical as obtained by 
Nomoto from a direct-reaction pic- 
ture,* and are normalized to the data 
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at 45°. Dashed curves (I) and (II) 
correspond to plane-wave approxima- 
tion, spin-flip coat. a)=0) and non- 
spin-flip (a, =0, a9=1) interaction po- 
tential, respectively; solid curves (I) 
and (II) correspond to distorted 
wave calculation, spin-flip, and non 
spin-flip potential, respectively. Solid 
curves (III) represent the best fit: 
distorted waves and |a;/a9| =0.67. 
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and first-excited states of C”, as indicated by the cal- 
culations of Glendenning,” and Levinson’ and 
Banerjee.” Figure 6 shows a comparison of Nomoto’s 
theoretical curves and our data corresponding to dis- 
tributions No. 9, 17, 18, and 22 of Table I.and Fig. 3. 
At these bombarding energies the excitation curve is 
seen to be smooth and reasonably free of pronounced 
resonant structure. Remarkably good agreement with 
the four experimental curves is obtained for the same 
mixture“ of non-spin-flip and spin-flip interaction. 
Furthermore, the experimental curves fall outside of the 
extremes allowed by plane-wave Born approximation, 
and hence definitely require the consideration of dis- 
tortion effects. 

We have not attempted to interpret angular distri- 
butions above 10 Mev. A very wide and complex struc- 
ture can be seen in the excitation curve between 10 and 
11.5 Mev (cf. Fig. 3), consisting of at least 6 resonances, 

2N. K. Glendenning, Phys. Rev. 114, 1297 (1959). 

'8C, A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957); 
ibid. 2, 499 (1957); ibid. 3, 67 (1958). 

4 This mixture is given by ao/a;= +0.67, where ap measures the 
non-spin-flip portion, and a the spin-flip portion of the inter- 
action potential (see reference 6). These proportions are close to 
the so-called Rosenfeld mixture if the minus sign applies. [L. Ros 
enfeld, Nuclear Forces (North-Holland Publishing Company, 
\msterdam, 1948), Chapter 11.] 
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and possibly more.'® These are superimposed on a back- 
ground which we believe to be due to some form of 
direct process, as corroborated by agreement with the 
theoretical analysis.® In view of the relative complexity 
in dealing with just three resonances’ (see above), an 
extension of this approach including more resonances 
does not seem fruitful. 

The peaks in the excitation curve at 7.55, 8.17, and 
9.12 Mev proton energy are probably due to single 
compound states. In view of the sucessful interpretation 
of our angular distributions in the comparatively un- 
eventful regions between these resonances in terms of a 
simple direct reaction picture, it may be possible to 
interpret the angular distributions on these resonances 
by combining the amplitude of a single resonance 
(once its spin and parity are known) with the direct- 
reaction amplitude. This possibility is presently under 
investigation. 
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The hyperfine structure of »;Am**(7';=16 hr) in the J=j electronic ground state has been studied by the 
atomic-beam technique using radioactive detection. The nuclear spin is found to be /=1. The measured 
values of the magnetic-dipole interaction constant A and the electric-quadrupole interaction constant B are 
A=+10.124(10) Mc/sec and B= +69.639(40) Mc/sec, respectively. Combining these measurements with 
optical spectroscopic and atomic-beam data for Am*™', we infer the nuclear magnetic-dipole moment to be 
uy =+0.33 nm and the nuclear quadrupole moment Q = 2.76 barns. These results are discussed in terms of 


the Bohr-Mottelson nuclear model. 


INTRODUCTION 


HE 16-hr state of Am*” has recently been shown 

to be the ground state of an isomeric pair, the 
excited member having a half-life of 152 years.' Since 
this isotope is in the region where nuclei are known to 
exhibit relatively large deformations, the properties of 
the ground state ought to serve as a test for the Bohr- 
Mottelson-Nilsson model of the nucleus.?* This model 
makes definite predictions for the spins and moments of 
the ground state, and these measurements are concerned 
with establishing the validity of these predictions. 

The properties of an odd—odd nucleus are determined 
by the states of the last odd nucleons and the coupling 
between them. Information concerning the probable 
state assignment of the odd proton in the nuclear 
ground state can be inferred from the spin of } measured 
for Am*' and Am**.* These are consistent with the 
assignment of }— [5 23]. The odd-neutron orbital is 
$+ [622] according to the assignment of Mottelson 
and Nilsson’ on the basis of the observed alpha decay of 
Am** to the ground state of Pu. Finally, relative 
transition probabilities of Am** decay to the 0* and 2* 
states of Pu” clearly indicate that the ground state of 
Am** is the lowest level of a K=0 rotational band. The 
consistency of these assignments with our measure- 
ments is discussed in the conclusions. 

In order to determine the nuclear properties from 
hyperfine structure constants, the quantities charac- 
terizing the electronic state under observation must be 
known. These can be deduced from extensive measure- 
ments on the electronic ground state of americium-241 
made by optical spectroscopy‘ and atomic beams.*® The 
experimentally determined quantities that are pertinent 


t This work was done under the auspices of the U 
Energy Commission 

' F. Asaro, I. Perlman, J. O. Rassmussen, and S. G. Thompson, 
3ull. Am. Phys. Soc. 4, 461 (1959) 

? A. Bohr and B. Mottelson, Kg!. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 1 (1955a) 

#5. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 29, No. 16 (1955a). 

‘T. E. Manning, M. Fred, and F. S. Tomkins, Phys. Rev. 102, 
1108 (1956). 
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to the measurements reported here are, for the electronic 
ground state: 


electronic angular momentum, J= 4; 


spectroscopic splitting factor, gy= —1.9371(10) ; 


magnetic field at the nucleus, 

(H,)s ms=s=2.3XK 10° gauss ; 
quadrupole field at the nucleus, 
1.3X10* cm. 


(qu J my=J 


BEAM PRODUCTION AND DETECTION 


Americium-242 is produced by neutron irradiation of 
Am*'. Approximately 5 mg of americium oxide powder 
was poured into an aluminum capsule with a screw-on 
cap. The capsule was sealed in a quartz tube, which was 
placed in a larger aluminum capsule. The package was 
bombarded for 16 hr at a flux of 9.510" neutrons 
sec-cm? at the General Electric nuclear reactor at 
Vallecitos, California. A stable beam of americium 
atoms was produced from the americium oxide by the 
same lanthanum reduction technique that was used 
successfully with Am**!.® 

The americium beam was detected by means of its 
radioactivity. Freshly-flamed platinum disks placed at 
the detector position collected the impinging americium. 
After exposure, the platinum disk was removed from 
the apparatus and counted in flow proportional beta 
counters. The presence of Am*! decay does not signifi- 
cantly contaminate the sample. A typical neutron 
bombardment yields approximately 1000 times more 
Am activity than Am* activity. The isotope is 
identified from its half-life and gamma-ray spectrum. 


OBSERVATIONS AND DATA ANALYSIS 


A spin search at a magnetic field of 0.7 gauss clearly 
indicates a nuclear spin J=1. Resonances associated 
with transitions in the three states with total angular 
momentum F=§, 4, and } were observed at several 
magnetic fields. The data are presented in Table I. 
From these data, the separations of the hyperfine levels 
can be predicted with sufficient accuracy to warrant a 
search for the direct transitions. The results of such a 
search at 0.7 gauss are shown in Fig. 1 and tabulated in 
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Table I. There are 12 possible |AF|=1, |Am|=1 
transitions between the levels F=$ and F=}. The 
transition (3, —}<> 3, 3) was identified from its field 
dependence by observing it again at 1.4 gauss. The 
transition ($, <> 3, 4) is the only |AF|=1, |Am|=0 


transition between the levels F= 3, F=}. 


TaBLe I, Observed resonances in Am™?, 








Data H 
y (gauss) 


2.818 (27) 
2.818 (27) 
2.818(27) 
5.566 (27) 
5.566 (27) 
5.566 (27) 
9.564 (26) 
9.564(26) 
9.564(26) 
14.678 (31) 
14.678 (31) 
14.678(31) 
21.931 (35) 
21.931 (35) 
21.931 (35) 
46.077 (47) 
46.077 (47) 
46.077 (47) 
540.903 (220) 
0.711(028) 
0.711(28) 
1.418 (28) 


Vobs 


(Mc/sec) 


5.95(15) 
7.35(15) 
9.73(15) 
11.95(10) 
14.70(10) 
19.25 (8) 
20.60 (12) 
25.90(10) 
32.60(12) 
31.96(12) 
40.55(10) 
48.91(12) 
49.20(20) 
61.50(20) 
70.35 (20) 
112.20(30) 
130.00 (40) 
133.95 (30) 
1467.80 (80) 
52.04(10) 
111.125(75) 
109.680)75) 


Vobs— Veale 


(Mc/sec) 


—0.018 
0.051 
—0.064 
0.105 
—0.003 
0.060 
0.067 
0.023 
0.143 
—0.028 
0.024 
0.191 
0.109 
0.065 
0.069 
0.346 
0.113 
0.147 
0.471 
— 0.004 
0.001 
0.000 


4 
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Uke whe 


> 
- 


4 (S/2, 1/2 +» 7/2, 1/2). 
© (9/2, —1/2 + 7/2, 1/2). 


® (9/2, —1/2 ++ 9/2, —3/2). 
b (7/2, 3/2 ++ 7/2, 1/2). 
© (5/2, 1/2 ++ 5/2, —1/2). 


The data taken can be analyzed by means of the 
Hamiltonian 


m= BU3(1-J)?+3(1-J)—1(1+1)I (J +1) ] 
Ph ith. A, 2c ah 


21 J (2I—1)(2J—1) 
— g spol, 


where the first term arises from nuclear moment inter- 
action with the electronic magnetic field, the second 


t 16 hr—Am 
4 H=0.7! gauss 
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Fic. 1. Results of a search at 0.7 gauss. 
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Fic. 2. Energy level ordering vs B/A for Am™?, 


term is the quadrupole interaction, and the third term 
is the interaction of the electronic moment with the 
external field (H). By means of an IBM 704 program 
described elsewhere,® the values of the hyperfine- 
structure constants A and B that give the best fit to our 
data were determined. The results are 


A= +10.124(10) Mc/sec, 
B= +69.636(40) Mc/sec. 


In this analysis, we have taken gy= —1.9371(10) and 
J= 3. When the data are analyzed for an optimum 
value of gy; as well as A and B, no significant change 
occurs in the results. From Fig. 2 we see that the ratio 
B/A=-+6.88 indicates that the levels F=} and F=3 
are inverted, so that the energy level scheme is as shown 


in Fig. 3. 
NUCLEAR MOMENTS 


The hfs constants of two isotopes of the same element 
are related by AJ/y;=A’ I'/yy and B/Q=B'/Q’. 


16 hr—-Am** 
hfs schematic 


Fic. 3. Energy levels of Am™?, 
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Manning, Fred, and Tomkins determined the nuclear 
moments of Am*! from optical spectroscopic data to be 
ur=1.4 nm and Q=4.9 barns.‘ The hfs constants of 
Am*" as measured by the method of atomic beams are 
A=+17.144(8) Mc/sec and B= 123.82(10) Mc/sec.® 
The nuclear spin of Am* is = 3. Therefore, we have 


uy(Am*) = +0.33 nm 
and 
Q(Am*) = + 2.76 barns. 


These values can be best interpreted in terms of the 
state assignments for the last odd proton and neutron 
quoted in the introduction. If these assignments are 
correct, then the odd-odd coupling rules of Gallagher 
and Moszkowski’ predict that K= |Q,—@,|=0 in the 
nuclear ground state. The spin-1 result indicates that 
the J=1 level of the K=O rotational band is displaced 
below the 7=0 level. This situation is analogous to the 
one in Pa™, where we have K =} but J=3.* Fora K=0 
rotational band, the nuclear angular momentum, /, 


7 C. J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
1282 (1958). 

§R. Marrus, W. A. Nierenberg, and J. Winocur, Nuclear Phys. 
23, 90 (1961). 
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must be perpendicular to the symmetry axis; hence 
there can be no contribution to the nuclear dipole 
moment from the odd nucleons. The nuclear core has a 
magnetic moment u;=grl, where gr is the g factor of 
the collective motion of the core. For a uniformly 
charged nucleus, ge is equal to Z/A and therefore 
ur(theor.)=+0.39 nm. According to the collective 
model of the nucleus, the nuclear quadrupole moment 
Q, is given in terms of the intrinsic quadruple moment 
Qo by 
3K?—I(I[+1 


Oo= —Oo/5. (1) 


x 


= . x 
(1+1)(27+3 


If we assume that the intrinsic () of Am*® is the same 
as that of Am*™!, then the predicted Q of Am*®* is 
Q(theor)=—2.74 barns. The agreement between the 
theoretical and experimental values of the nuclear 
moments is excellent, if the positive sign for A and B is 
assumed. This choice of sign supports a previous calcu- 
lation which indicates that the discrepancy in the sign 
of one of the hfs constants of Am**' with that predicted 
from a theory based on the breakdown of L-S coupling 
is due to effects which change the sign of A, but not 
of B.® 
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Eu™® Decay* 


Otto K. HaRLinc 
The Pennsylvania State University, University Park, Pennsylvania 
(Received July 10, 1961) 


The electron capture decay of Eu to Sm has been studied using scintillation and proportional counters. 
A decay scheme is given which is consistent with the measured coincidence data. The half-life of the Eu 


decay was measured to be 106+2 days. 


INTRODUCTION 


HE decay of Eu’ to Sm has been studied with 

magnetic spectrographs.'* A half-life of about 120 

days has been assigned! to the electron capture decay. 

The disintegration energy has been estimated‘ from 
beta-decay systematics to be about 800 kev. 

In the present work, scintillation counters and gas 
proportional counters have been used to investigate the 
Eu’ decay. Half-life measurements on the prominent 
gamma-rays and Sm x-ray coincidences have been used 
to establish the isotope, which is present in composite 
sources with various other activities. The energies of 
gamma-rays found in singles and coincidence experi- 
ments are in agreement with more accurate results using 
magnetic spectrographs.'’* Results of the coincidence 
data indicate a decay scheme in general agreement with 
that proposed by Harmatz, Handley, and Mihelich? on 
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Fic. 1. Coincidence spectrometer. 
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H. Handley, and J. W. Mihelich (to be 


the basis of their conversion electron data. However, 
coincidences between the 277 and 255-kev gamma-rays 
and a gamma-ray of about 280-kev indicates the pres- 
ence of a transition not seen in singles spectra. 


EXPERIMENTAL PROCEDURE 
Equipment 


A fast-slow coincidence spectrometer with a resolving 
time of one microsecond to ten nsec was used. Figure 1 
shows a block diagram of the equipment.{The fast cir- 
cuit is essentially of the Bell and Petch® type. The 
scintillation detectors were of the integral line type. By 
the use of a number of broad-band amplifiers the 10- 
stage photomultipliers could be operated at conserva- 
tive voltages. Typical resolution for the three-inch and 
the two-inch Nal crystals was 8% for Cs'*7. A 400- 
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Fic. 2. High-pressure proportional counter. 
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channel analyzer was used for pulse-height analysis, 
ungated for singles spectra and gated for coincidences. 

Figure 2 shows the proportional counter used to study 
the low-energy portion of the Eu” gamma-ray spec- 
trum. The counter was designed to operate at pressures 
up to 100-psi gage pressure and had an L/D of about 
10 to 1 to reduce wall and end effects. A flanged opening 
was provided to permit insertion of sources directly into 
the sensitive volume of the counter. A commercially 
available mixture of argon and methane, 90%-10%, 
was used for the filling. At low energies the proportional 
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Fic. 3. Singles spectra of Eu’. Curve A shows spectrum using 
a 3X3 in. Nal crystal. Curve B shows spectrum obtained with 
high-pressure proportional counter. 
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counter had a resolution, 13% for 39-kev x-rays, and a 
peak to valley ratio which were considerably better 
than any of the available NaI detectors. The photons 
from a highly converted 22.5-kev transition in Eu 
were clearly resolved in the gas counter but could not be 
seen with a scintillation counter. 

A four-inch long by three-quarter inch diameter lead 
collimator was employed for gamma-ray singles spec- 
trum measurement. Precision positioning of the source 
was utilized for the half-life measurements. 

Coincidence experiments were performed at 90° and 
180° geometry. By using graded anticompton shields, 
coincidences resulting from compton scattering were 
greatly reduced. 


Sources 


Sm! and Sm targets composed of about 50 mg of 
the isotope were bombarded in the proton beam of the 
86-in. ORNL cyclotron. The Sm'*(,2n)Eu’ reaction 
was carried out with an 80% enrichment of Sm! at a 
proton energy of 20.8 Mev and a Sm™*(,n)Eu' bom- 
bardment was made on 88% enriched Sm" with protons 
of about 12 Mev. In both cases an integrated beam 
current of 170 vamp hours yielded sources with activities 
in the order of 345 mC after allowing the short half-lived 
activities to die away for a few weeks. The main con- 
taminant in these sources was Eu'*§ with a 55-day half- 
life. Other contaminants which caused difficulty were 
Eu*?, Sm!) Eu!®, and Eu, which could be expected 
in the above irradiation due to proton-, neutron-, and 
gamma-ray-induced reactions. 

The active source material was placed in thin plastic 
tubes or was cast into epoxy which was machined to fit 
a precision source holder for half-life determinations. 


EXPERIMENTAL RESULTS 


Figure 3, curve A, shows a singles spectrum of a Eu'® 
sample obtained with a three by three inch Nal crystal. 
Gamma-ray lines are seen at 125, 180, 280, 330, and 440 


TABLE I. Relative numbers of gamma-rays (V,) and conversion 
electrons (Ne) in the activity of Eu'* for gamma-ray energies (F,) 
expressed in kev. 
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Fic. 4. Typical coincidence’spectra. Part A, a spectrum of a NaI 

crystal gated by Sm x-ray counts. Part B, a proportional countex 

spectrum gated with 330-kev gamma-rays in a NaI crystal. Part C, 

330 kev Gate | a 3-in. NaI crystal spectrum gated by 330-kev gamma-rays in 
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kev; and multiple gamma rays in the interval from Eu'* at 506, 529, 536, and 558 kev were not resolved in 
about 500 to 600 kev. All of these, except the 125- and the Nal spectrometer. In addition, a strong transition 
440-kev gammas, are in Eu’. The four? gamma rays of in Eu'** at 550 kev helped to mask the separate peaks. 


TABLE II. Gamma-gamma coincidences attributed to Eu™®. Designations are gamma-ray energies in kev. 
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Fic. 5. Proposed decay scheme for Eu™®. (Energies in kev.) 


The 125- and 440-kev gamma rays are probably due to 
the impurity activity of Eu’. Gamma-gamma coinci- 
dence data have verified the existence of additional 
peaks at 73, 210, and 255 kev. The proportional counter 
spectrum of Eu’ is shown in Fig. 3, curve B. In addition 
to the Sm x ray and lower energy x rays from the 
counter walls, a 22.5-kev gamma ray is found in the 
Eu spectrum. 

Half-life measurements on the 280- and 330-kev peaks 
were carried out for a period of about three half-lives 
and gave a result of 106+2 days for the Eu’ decay. 

All of the reported radiations emitted from Eu are 
listed in Table I. Column 7 lists our measurements of 
the relative intensity of the observed gamma rays with 
corrections for crystal efficiency. Columns 3 and 5 list 
the relative numbers of conversion electrons in refer- 
ences 1 and 2, and column 2 the photon intensities as 
reported in reference 2. 

Gamma-gamma coincidence measurements were made 
by gating on every gamma ray listed in Table I. Two 
Nal crystals were used for most of the measurements, 
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except those involving the 22.5-kev transition. For this 
low-energy gamma ray the high-pressure proportional 
counter was used in coincidence with a Nal crystal. 
Resolving times of one microsecond to ten nanoseconds 
were employed. The proportional counter was used ex- 
clusively with the slow coincidence circuit. Typical 
coincidence spectra are shown in Fig. 4. Curve A shows 
the gamma-rays in coincidence with the Sm x-ray. 
Curve B shows the proportional counter spectrum when 
gated by 330-kev gamma-rays, and curve C the higher 
energy gamma-ray spectrum in a Nal crystal gated by 
330-kev gamma-rays. Curve C, in addition to coinci- 
dence peaks at the position of the Sm x-ray, 180 and 210 
kev, shows peaks at 120, 230, and 330 kev. The 180- and 
210-kev peaks, as well as the x-ray peaks, were shown to 
be in coincidence with the 330-kev gate by a comparison 
of the area under the peak in the coincidence spectrum 
with the singles count rate as the one-channel analyzer 
gate was moved through the 330-kev peak. The area 
under the coincidence peaks at 120, 230, and 330 kev did 
not vary in direct proportion to the count rate in the 
one-channel analyzer and were therefore caused by 
coincidences with the Compton tails of higher energy 
gamma-rays. 

Table II gives a tabulation of the coincidence infor- 
mation obtained for Eu'’. Clear coincidences are indi- 
cated with a “yes,” doubtful ones with a ‘*?,” anda “‘no” 
if the coincidence was searched for but could not be 
found. 

Figure 5 shows an energy level scheme for Eu! which 
is consistent with the experimental results of this in- 
vestigation. A similar level scheme has been proposed 
by Harmatz, Handley, and Mihelich® on the basis of 
their conversion electron data. The 281-kev gamma-ray 
originating at the 558.3-kev level and terminating at the 
277.2-kev level is based upon coincidence results only. 
A separate 281-kev gamma-ray has not been reported 
in the conversion electron (references 1, 2) but could 
have been masked by the relatively intense conversion 
electron peak at 277.2 kev. 
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The lifetime of the 344-kev level of Gd'*? was measured by coincidence measurements between the beta 
spectrum of Eu'®? and the A conversion line of the 344-kev transition, using a double lens coincidence spec- 
trometer. The time delay between the outcoming coincident pulses was converted to pulse height. From the 
calibrated shift of the centroids, using the self-comparison method, a mean lifetime of r= (7.64+1.3)X10™! 
sec was obtained. The transition probability is 20 times the single-proton value. Thus, although the level is 
not “rotational,” it has considerable collective character. 


INTRODUCTION 


EASUREMENTS of the electromagnetic tran- 
sition probabilities from the first excited 2+ 
states in even-even nuclei have been carried out in many 
cases, through Coulomb excitation or by direct lifetime 
determinations. A large enhancement of these £2 transi- 
tions is characteristic for the transitions between the 
rotational levels of distorted nuclei situated between 
closed shell, as in the rare earth region. Approaching 
a closed shell, the equilibrium shape of the nucleus 
becomes spherical and the first excited states show to a 
greater extent the characteristics of a vibrational spec- 
trum. The stability of the spherical shape in nuclei 
which have a few particles outside the closed shell and 
the rather sharp transition from spherical to deformed 
nuclei has been recently given a theoretical explanation 
by Belyaev' by treating the effect of pairing correlations 
on nuclear properties. 

This change in the features of the excited levels is 
strikingly displayed in the nuclei produced by the 
decay of the Eu’ isomers. The excited levels of Sm’, 
populated by electron capture of Eu'® exhibit proper- 
ties of strongly deformed nuclei; whereas the states of 
Gd'® excited after 8 decay show the characteristics of 
vibrational levels. (The decay scheme of Eu! is shown 
in Fig. 1.) This sudden change in the properties of 
nuclei, when the neutron number is changed? from 90 to 
88 is expected also to show up in the transition proba- 
bilities of the excited levels in the corresponding nuclei. 
It is interesting therefore to determine the lifetime of 
the 2+ first excited state of Gd! and to compare its 
reduced transition probability with that of the first- 
excited state of Sm'® and-with those of other nuclei in 
this region. 

A delayed-coincidence measurement between beta 
particles from the 13-yr isomer of Eu'® and the conver- 
sien electron of this transition using the self-comparison 
method*® seemed to be the most appropriate for the 
lifetime measurement of the 344-kev level, provided 
that the lifetimes of the intermediate levels feeding it 
are sufficiently short in comparison. 

1S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 31, No. 11 (1959). 

2Q, Nathan and S. Hultberg, Nuclear Phys. 10, 118 (1959). 


3 R. E. Bell, R. L. Graham, and H. E. Petch, Can. J. Phys. 30, 
35 (1952). 


Considering only those transitions which are coinci- 
dent with 8 particles of about 300 kev (the energy of the 
continuous spectrum selected experimentally), then we 
see that the 344-kev level is populated in more than 
90% of the total cases by a direct beta transition and by 
the 782-kev F1 transition from the 1126-kev level, 
which is itself fed by a lower energy branch. The 3- 
assignment of the 1126-kev level and the pure F1 
character of the de-exciting transition was deduced from 
angular correlation and conversion coefficient meas- 
urements.?*~® Owing to the comparatively high energy 
of the £1 transition, the lifetime of the 1126-kev level is 
very probably short in comparison with the 344-kev 
level. 

The first-excited level is also populated in about 7% 
of the total cases by the 412-kev £2 transition from the 
756-kev state. The proposed assignment for this level is 
2+ or 4+. Recently Marklund e/ al.’ have found a 0+ 
level at 615 kev in Gd! excited by the beta decay of the 
9.2-hr isomer of. Eu’®*. It is very probable that the two 
levels 756 kev and 615 kev are the members of the two- 
phonon triplet 0+, 2+, 4+ in the limit of harmonic 
oscillator approximation.®:? Owing to the higher energy 
of the 412-kev transition and its probable collective 
nature, the lifetime of the 756-kev level is not expected 
to be longer and is probably considerably shorter than 
that of the first-excited state. Recalling that in only 7% 
of the cases the first excited state is populated via the 
756-kev level, it would seem that the lifetime measure- 
ment of the 344-kev state might be in error at most by 
only a few percent, on this account. 


EXPERIMENTAL ARRANGEMENT 


The lifetime of the first-excited state of Gd? was 
determined by carrying out coincidence measurements 
between the beta spectrum and K conversion line of the 
344-kev transition using a double-lens coincidence beta 
spectrometer.* The transmission and momentum reso- 

4H. Kendall and L. Grodzins, Bull. Am. Phys. 
(1956). 

5S. K. Bhattacherjee, T. D. Nainan, S. Raman, and B. Sahai, 
Nuovo cimento 7, 501 (1958). 

6 P. W. Lide and M. L. Wiedenbecke, Phys. Rev. 113, 840 (1959). 

7]. Marklund, O. Nathan, and O. B. Nielsen, Nuclear Phys. 15, 
199 (1960). 

8 T. R. Gerholm, Rev. Sci. Instr. 26, 1069 (1955). 
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Fic. 1. Decay scheme of the 13-yr isomer of Eu'®. 


lution in both spectrometers were adjusted to about 
5%. A 200-uC source of Eu'™ in the form of chloride 
was deposited on a 1-mg/cm? Mylar foil covered with 
an evaporated thin film of gold. 

The focused electrons were detected by plastic scin- 
tillators coupled to 6810A RCA photomultipliers. The 
pulses from the collector were fed into a delay-to-pulse- 
height converter similar to that described by Green and 
Bell. The pulses from the ninth dynodes were intro- 
duced into linear amplifiers, and after discrimination 
against the noise pulses, passed to a coincidence circuit 
having a resolving time of 10~’ sec. The resolution of the 
scintillators was about 28% for electrons of 300 kev. A 
single-channel analyzer transmitted only pulses within 
a 30% width of the peak voltage. This output of the 
analyzers together with the output pulses of the fast 
coincidence circuit were fed into a slow triple coinci- 
dence circuit having a resolving time of 2X 10~ sec. 

The pulses from the time to amplitude converter 
were fed into an 80-channel pulse-height analyzer gated 
by the pulses from the fast-slow coincidence circuit. The 
position of the centroid of the analyzed spectrum, when 
spectrometer 1 focused the beta spectrum at the lower 
energetic side of the conversion line and spectrometer 
2 focused the conversion electrons, was compared with 


*R. E. Green and R. E. Bell, Nuclear Instr. 3, 127 (1958). 


the position when the role of the spectrometers was 
inverted by an appropriate increase in energy in both 
channels. The adjustments of the spectrometers before 
and after inversion were made in such a way that the 
average delay between the coincident pulses, due to the 
small change in energy of the focused electrons and 
corresponding change in pulse height, was the same. 
The assumption was made that this delay, to a good 
approximation, is inversely proportional to the energy 
of the electrons. The error introduced thus to the life- 
time measurement due to the change in the transit time 
of the electrons in the spectrometers was less than 
2X 10-* sec. 

The shift between the centroids which corresponds to 
twice the mean lifetime of the excited state’ 
calibrated by introducing a 4X10~-sec delay cable 
between one of the limiters and the 6BN6 coincidence 
circuit. To eliminate time-dependent drifts, many sets 
of measurements of short duration were made. Every 
set included four measurements of 10 to 15 min each, 
and consisted of self-comparison measurements carried 
out for two different lengths of cables. 

The experimental set up was checked by the same 
self-comparison method using the 238-kev transition 


© T. D. Newton, Phys. Rev. 78, 490 (1950 
1 Z. Bay, Phys. Rev. 77, 419 (1950). 
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line of Bi? (thorium F line) in coincidence with the 
8 spectrum of Pb**. The counting rate at the peak of 
the conversion line was about the same as in the case of 
Eu!, However, in the Pb?” source the difference in 
counting rates, when one spectrometer was set on the 
line and the second off, was much bigger than in the 
Eu’, Even under these more stringent conditions, no 
shift in the centroids was detected within experimental 
error, as expected for this prompt transition. 


RESULTS AND DISCUSSION 


The results obtained, by analyzing a total number of 
80 000 accumulated coincidences, for the mean lifetime 
of the 344-kev level of Gd!" was r= (7.742)X10-" sec. 

Another set of measurements was carried out utilizing 
a pile up rejector in addition to the same experimental 
setup. This arrangement assured that a second pulse 
from either phototube which came within 3 usec of a 


100 110 120 ¥ 130 
126 


preceding pulse would not be analyzed. The result 
obtained by analyzing 240000 coincidences was 
T= (7.541.5) X10 The excellent agreement 
between the results of the two sets of measurements 
indicated that the present lifetime measurement was 
not affected by piling up of pulses. The average value 
obtained from these two 
7= (7.641.3) X10 sec. 

In deriving the final results, corrections were made 
for the fact that the spectrometer accepts about 10% of 
the total intensity of the conversion line when the 
spectrometer was focused off the line. In estimating the 
errors the small uncertainty in determining the exact 
shape of the tail of the conversion line and also the 
uncertainty arising from the fact that in 7% of the 
total cases the 344-kev level is populated via the 756-kev 
level were taken into account. 

The total conversion coefficient for,the 344-kev level 
is 0.041 and the mean lifetime of the gamma transition 


sec. 


sets of measurements is 





1914 BURDE, 
is therefore (7.941.3)X10-" sec. The £2 transition 
probability is thus 20 times the single-proton value. 

It is interesting to note that the enhancement of the 
transition probability from the first excited rotational 
level of Sm! is three times larger. In Fig. 2 the present 
measurement is added to a plot of mean life values as 
presented by Sunyar.” Thus, in passing from neutron 
number 90 to 88 with the decrease in deformation of the 
nucleus as exhibited in the abrupt change of the se- 
quence of levels and their relative energies, we see a 
corresponding change in reduced transition probabilities 
from the first excited states. 


12 A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
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Perlman® has recently indicated that a similar case 
appears in the other region of strongly distorted nuclei, 
that of the heavy elements where A is greater than 220. 
For Em?'’, which is outside the deformed nuclei region 
as shown by its sequence of levels, the transition proba- 
bility from its first excited state is correspondingly 
reduced. 
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Decay of Cd™® and In"™® Isomers* 
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The isomers 9.5-min Cd" and 2.7-min Cd" are formed in the fission of natural uranium induced by 
14-Mev deuterons and fast neutrons, with the latter reaction favoring the production of the low-spin 9.5-min 
isomer. The decay of 18-min In", the daughter of 9.5-min Cd", is characterized by 8 rays with a maximum 
energy of 2.7 Mev and y rays of 0.024, 0.30, and 0.91 Mev. Some (~5%) isomeric transition is observed. 
The decay of 2.0-min In" is characterized by 1.6-Mev @ rays and 0.82-Mev ¥ rays. 


INTRODUCTION 


N 1949 Duffield and Knight prepared (17.5+1)-min 
In™ by the reaction Sn™(y,p)In™ employing 

isotopically enriched tin and 23-Mev x rays.' Beta rays 
with a maximum energy of 2.7+0.2 Mev were found 
to be associated with this nuclide. No y rays were 
observed. More recently, Nussis reported 10-min Cd" 
and a (3.5+0.5)-min Cd isotope.2* The 3.5-min Cd, 
tentatively assigned mass number 121, was stated to 
be the parent of two indium daughters, (11+1)-min In 
associated with 1.2- and 3.8-Mev §-ray groups and 
850-kev y rays, and (32+2)-min In associated with 
1.7-Mev 8 rays and 740- and 520-kev + rays. 

Earlier studies in our laboratory of neutron-rich 
isotopes of Cd and In formed in fission revealed several 
short-lived species that could not be ascribed to the 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

t Present address: Tracerlab, Richmond, California. 

1R. B. Duffield and J. D. Knight, Phys. Rev. 75, 1967 (1949). 
Pe N. Nussis, J. Pahissa, and E. Ricci, Z. Naturforsch. 12a, 520 

ON) Nussis et al., Proceedings of the Second United Nations 


International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 14, p. 209. 


known 115, 117, and 118 chains.‘ This study is an 
extension of this work employing similar irradiation 
and chemical procedures. 


EXPERIMENTAL RESULTS 


Cadmium produced by the fission of natural uranium 
(U*) with 14-Mev deuterons, bombarded 1 to 3 min 
and separated 3 min after irradiation, showed an 
apparent 3.1-min period for gross 8 decay and longer 
periods due mainly to 49-min Cd", 50-min Cd"’, and 
3-hr Cd". In a series of 11 experiments in which In 
was separated from the Cd within 3 min after the initial 
Cd separation §-decay periods of 2.0+0.2 and 18+1 
min were apparent when measured on a proportional 
counter. Extracts of In taken at times greater than 15 
min after the initial Cd separation displayed only the 
18-min half-life. Analysis of the apparent 3.1-min 
period showed it to be a composite of the decay of Cd 


*C. E. Gleit and C. D. Coryell, Phys. Rev. 122, 229 (1961). 

5C. E. Gleit, Ph.D. thesis in Chemistry, Massachusetts Insti- 
tute of Technology, 1958 (unpublished); Semiannual Progress 
Report, Laboratory for Nuclear Science, Massachusetts Institute 
of Technology (November 30, 1958) (unpublished), p. 34; also 
Atomic Energy Commission Report AECU-3908 (1959) (ur 
published). 
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parent and a 2.0-min In daughter initially growing and 
then decaying. The true Cd half-life was calculated 
from a series of 14 experiments to be 2.7+0.3 min. The 
presence of a species with a half-life <1 min, presum- 
ably Cd”, was detected but could not be quantitatively 
analyzed. 

Separating Cd from the products of fast-neutron 
induced fission of natural uranium reveals apparent 
8-decay periods of 3 and 11 min. Extracting In from 
Cd produced by neutron-induced fission shows that the 
18-min In has a (10+2)-min parent. The high value 
of In activity in the initial extractions of freshly formed 
Cd indicates some formation of 18-min In from the 
newly characterized 2.7-min Cd. Correcting the decay 
data for the growth of In, the half-life of the longer 
period Cd was calculated to be 9.5-+1 min. 

Experiments in which In was extracted from Cd 
produced by deuteron-induced fission yielded similar 
results as to the genetic relationship of the Cd and In 
isotopes. The parent of 2.0-min In has a half-life of 
(2+1.5) min. The In extracts also indicate that 18-min 
In arises from both the 2.7- and 9.5-min parents in this 
situation, where 2.7-min Cd heavily outweighs the 
9.5-min species. 

A 256-channel pulse-height analyzer coupled to a 
3-in.X3-in. NaI(Tl) crystal was used for y-ray meas- 
urements. Spectral analysis of the short-lived Cd iso- 
topes is rendered difficult by the complex spectra of 
50-min Cd' and 3.0-hr Cd"’" which are present in 
appreciable quantities. The most prominent photopeak 
in the y-ray spectrum oi Cd rapidly separated from 
fission products or In rapidly extracted from Cd is a 
0.82-Mev y ray. A 0.73-Mev y ray with an intensity of 
0.05 relative to the 0.82-Mev y ray has a similar decay 
characteristic, namely a rapid decay of ~2 min and a 
slowly decaying ~15-min component (Fig. 1). 

All the y rays associated with 18-min In are in low 
abundances. Photopeaks of 0.024, 0.30, and 0.91 are 
apparent in In samples 10-60 min old. These decay 
with ~20-min half-periods. As the 0.024-Mev y rays 
obscured by competing phenomena and _ the 
0.30-Mev y rays appear only as a weak shoulder on 
the more intense isomeric transition y rays of In" 
(0.335 Mev) and In"? (0.316 Mev) measurements of 
their intensities are difficult to make. The ratios of the 
0.024, 0.30, and 0.91-Mev y rays, corrected for counter 
efficiency, relative to the total 8 decay of 18-min In, 
are evaluated as approximately 0.4, 0.03, and 0.05, 
respectively. The 0.82-Mev y ray and the 0.91-Mev 
y ray are about equally intense after the 2.0-min In 
initially present has been removed by decay. 

In addition to the short-period y rays found in In, 
photopeaks of 0.43, 0.61, and 1.8 (very weak) Mev are 
associated with 9.5-min Cd. On the basis of its great 
intensity in freshly separated Cd, it is possible that 
y rays of about 0.82 Mev occur in the decay of both 
2.7-min Cd and 2.0-min In. 

By judicious choice of timing of extractions, the 
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Fic. 1. Partial y spectra of In separated from Cd produced by 
deuteron-induced fission of U. Time ¢ represents minutes elapsed 
since end of irradiation. 


18-min In can be obtained with high purity, the 8-decay 
curve showing no deviation over a period of seven 
half-lives. An Al absorption analysis yields a maximum 
B-ray energy of 2.7+0.2 Mev. Beta-ray scintillation 
spectrometry employing a hollow-well plastic crystal 
reveals that In rapidly extracted from freshly formed 
Cd is richer in low-energy 8 rays. Absorption analysis 
and spectrometry reveal a §-ray end-point energy of 
approximately 3.5 Mev for the 2.7-min Cd and nearly 
the same value for 9.5-min Cd. 


DISCUSSION OF RESULTS 


The identification of the 18-min In, emitting 2.7-Mev 
8 rays, is in good agreement with the previously reported! 
17.5-min In'’. As 18-min In grows mainly from 9.5-min 
Cd, this latter nuclide must also be a member of the 
119 chain. The 2.7-min Cd appears a parent of both 
18-min In and 2.0-min In and is tentatively identified 
as Cd". The decay ch teristics of the 0.73- and 
0.82-Mev y rays associated with 2.0-min In" indicating 
growth of 2.0-min In" 18-min In"™™ tend to 
confirm the mass assignment of the shorter lived In 


from 


species. 

Figure 2 illustrates the suggested decay scheme for 
the 119 chain. The 51/2 ground state, 18-nsec (d3,2) level, 
and ~245-day (/t11;2) level of Sn"® have been observed 
in previous studies and their spin assignments confirmed 
through measurements of conversion ratios.®6 The 
0.907-Mev level of Sn" has been produced by Coulomb 
excitation.’ Assuming it to be an £2 transition an 
assignment of 3+ is tentatively made. An assignment 
of gzj2 to the 0.82-Mev level is consistent with the 
single-particle model and a similar level® in Sn". 

Designations of pio and goo are given to 18-min 


6K. Way et al., Nuclear Data Sheets, National Research 
Council, NRC-58-6-11 (National Academy of Sciences, Wash- 
ington, D. C.). 
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Fic. 2. Decay schemes for 9.5-min Cd™9, 2.7-min Cd", 
2.0-min In", and 18-min In™", 


In" and 2.0-min In" respectively, on the basis of the 
single-particle model and by analogy to the lighter 
odd-A isotopes of In. The energy of the observed 0.30- 
Mev y ray of In"", ascribed to the isomeric transition 
between In levels, agrees well with similar energy 
differences in the lighter odd-A In isotopes. The 1.8-Mev 
8-ray transition of 18-min In'™ is calculated from the 
measured 2.7-Mev 8 ray and the 0.91-Mev y ray. 

The abundance of the isomeric transition ~5%, 
based on the relative intensities of the 0.82- and 0.91- 
Mev ¥ rays in old In, agrees with a calculated abundance 
based on the intensity of the 0.30-Mev y ray and a 
theoretical value for ax of 1.2. The branching ratios 
for the 8 transitions to the $+ level, d3/2 level, and s;/2- 
ground state based on the observed y/8 ratios are 5%, 
40%, and 50% respectively. The log ft values of these 
8-transitions, 6.9, 6.6, and 6.5, are consistent with their 
first forbidden assignment. 

The prominent 0.82-Mev y ray is associated with 
2.0-min In"*. On the basis of a value of 2.7 Mev for the 
energy difference between In" and the ground state 
of Sn” and a separation of 0.3 Mev between the In 
isomers, a value of 1.6 Mev is calculated for the 8 rays 


CORVELL 


associated with the 0.82-Mev vy rays. If this path 
accounts for the entire decay of In", the log ft for 
this transition is 4.4, within the normal range for 
allowed transitions. The 0.73-Mev y ray associated 
with 2.0-min In” arises from a transition from the gz;2 
level of Sn™® to 250-day Sn™™ (/1/2). The expected 
energy of this transition, 0.82—0.09 Mev, is in good 
agreement with the 0.73 Mev observed. The abundance 
of the 0.73-Mev y rays relative to those of 0.82 Mev 
(~5%) is within theoretical limits. 

Level assignments of 41/2 for the metastable level 
and d3,2 (or possibly s1,/2) for the ground state of Cd" 
are predicted on the basis of the single-particle model 
and the energetics of lighter odd-A Cd isotopes. As the 
9.5-min Cd appears to be the parent of 18-min In" 
(p12) and 2.7-min Cd is mainly the parent of 2.0-min 
In"® (g9/2), 9.5-min Cd" is taken to be the low-spin 
ground state. 

The low yield of 9.5-min Cd"® relative to 2.7-min 
Cd"™ in deuteron-induced fission can be explained in 
terms of these assignments. In neutron-induced fission 
chain-lengths are appreciably longer. If isomerism 
inherited from the Ag and Pd precursors favors the 
9.5-min isomer (d3;2), as appears true for lighter Cd 
species,® whereas the short-lived isomer of Cd™® (/4,)2) 
is favored among the primary products of near-sym- 
metric fission, the observed greater relative abundance 
of 2.7-min Cd'” in deuteron-induced fission is expected. 
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The energy-level structure of Ar*! has been investigated by bombarding argon gas with 7.5-Mev deuterons 
and measuring the energy spectrum and angular distributions of the reaction protons. A Q value of 
3.874+0.006 Mev was measured. Fifty levels were observed, and their excitation energies, /,, values, reduced 
widths, and shell-model configurations have been determined. Mean energies of the shell-model configu- 
rations were: 1 f7;2, 0 Mev; 2p3/2, 1.50 Mev; 21/2, 3.53 Mev; 3s1/2, 4.78 Mev; 2d5/2, 4.86 Mev; and 1 fos, 


5.55 Mev. 


I. INTRODUCTION 


HE energy-level structure of Ar“ is of interest 

with regard to the shell model. The three /7,2 
neutrons outside an almost closed proton shell give an 
energy-level scheme similar to that of Ca** where the 
proton shell is closed.! 

By measuring angular distributions and absolute 
values of differential cross sections for the Ar®(d,p)Ar® 
reaction, spins, parities, and reduced widths of levels in 
Art have been determined. Previous work on this 
reaction?*? had given J, values for 10 levels below 4 
Mev. The present work is of higher resolution and was 
made possible by the development at the High Voltage 
Laboratory at M.I.T. of a thin-window rotating gas 
cell.4 

Il. EXPERIMENTAL PROCEDURE 


Deuterons were accelerated to 7.5 Mev by the 
MIT-ONR electrostatic accelerator and were deflected 
by a 90-deg analyzing magnet.® The exit slits of the 
analyzing magnet were adjusted to give a spread in 
incident energy of 0.14%. The incident beam, which 
averaged 0.3 wa, entered a cylindrical rotating gas cell 
through a thin Formvar window. A diagram of the gas 
cell is shown in Fig. 1. Natural argon gas, which con- 
tains 99.6% Ar was used at a pressure of 0.81 cm of 
mercury as measured by the difference of levels in a 
calibrated oil manometer. The gas in the cell was con- 
tinuously renewed by introducing it through a needle 
valve and allowing it to be removed through a second 
needle valve. The pressure was maintained constant by 
remote regulation of the second needle valve and 
monitoring of the manometer level using closed-circuit 


*This work has been supported in part through an AEC 
contract with funds provided by the U. S. Atomic Energy Com- 
mission, by the Office of Naval Research, and by the Air Force 
Office of Scientific Research, 
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television. The gas temperature was assumed to be the 
same as the cell temperature. The cell itself was main- 
tained at constant temperature using cooling-water 
circulation. 

The broad-range spectrograph, which has been de- 
scribed in_detail elsewhere,* was provided with a set of 
vertical entrance slits close to the gas cell. The target 
thickness was defined by the width of these slits, the 
width of the incident deuteron beam, and the reaction 
angle. The target thickness was about 1.2 cm at 5 deg 
and was less than 0.6 cm for angles larger than 10 deg. 
This means that the energy loss in the target was less 
than 1.5 kev at all angles. The solid angle was defined 
by the width of the slit in the focal plane of the spectro- 
graph, the length of the trajectory between this slit 
and the target, the angle of acceptance in the vertical 
direction, and the width of the vertical entrance slit of 
the spectrograph. The solid angle, which for a gas 
target is a function of angle, was calculated using a 
formula derived by Silverstein.’ In addition, corrections 
were made to account for the effect of a beam stopper 
rotating with the gas cell. Considering the various 
errors of angle setting, we estimated the maximum 
error in mean angle of scattering at less than 1 deg. 

An rms error of 6% in the final cross section was 
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Fic. 1. Diagram of cylindrical gas cell showing the thin 
Formvar window and the tantalum beam stopper. 
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Fic. 2. Momentum spectrum of protons from the Ar®(d,p) Ar" reaction. 


calculated from estimates of errors in pressure, tem- 
perature, solid angle, and charge integration. This 
error does not include any statistical error of counting. 
The nuclear emulsions were counted for proton tracks 
in half-millimeter strips across the exposed zone. During 
exposure, the emulsions had been covered with 
aluminum foils of sufficient thickness to stop the 
elastically and inelastically scattered deuterons from 
the target, but thin enough to allow the passage of the 
reaction protons. The elastically scattered deuterons, 
whose yield at 5 deg would have been large enough to 
produce sufficient Al*’(d,p) protons in the foil to obscure 
much of the plate, had a higher Bp value than the 
Ar" ground-state protons, and therefore caused no 
trouble. 

The data for the various angles were obtained over a 
period of several weeks. There was not an internormali- 
zation of cross section, since each measurement resulted 
in an independent absolute measurement of cross 
section. 
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Fic. 3. Angular distribution of the protons to the Ar ground state. 


Ill. RESULTS 


The Ar®(d,p)Ar* cross section was measured in 5-deg 
intervals for angles from 5 to 30 deg and at angles of 
40, 55, 70, 90, 110, and 130 deg. Although the entire 
plates were scanned, the analysis above an excitation 
energy of 5.1 Mev has been limited to the more intense 
proton groups. In this region, the distance between 
peaks and the intensities of most peaks are small. A 
typical momentum spectrum, the 55-deg data, is shown 
in Fig. 2. There was no trouble in peak identification, 
since almost all of the peaks were due to Ar”. Natural 
argon is practically monoisotopic, and the contami- 


-nation of the gas was negligible, as observed from the 


spectrum of elastically scattered deuterons. 

A number of peaks were very small, including the 
new level at 0.171 Mev, whose average cross section 
was 0.05+0.01 mb/sr. The almost complete lack of 
background that has characterized most of the gas- 
target data taken so far was most helpful in identifying 
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TABLE I. Summary of the results for the energy-level scheme of Ar*! and for the reduced widths of the levels. 








(do/d2) max 


E, (Ar*) 
(Mev) 


mb/sr l R=5.5f 


@(2J+1)X 10% Shell-model 


configuration 





0.0 

0.171+0.002 
0.517+0.002 
1.035+0.002 
1.354+0.002 
1.636+0.002 
1.871+0.003 
1.988-+0.003 
2.402+0.003 
2.701+40.003 
2.740+0.004 
2.895+0.004 
2.955+0.004 
3.017+0.004 
3.293+0.005 
3.335+0.005 
3.393+0.005 
3.438+0.005 
3.577+0.005 
3.601+0.005 
3.705+0.005 
3.808+0.005 
3.847 +0.005 
3.900+0.005 
3.979+0.005 
4.108+0.006 
4.135+0.006 
4.163+0.006 
4.280+0.006 
4.305+0.006 
4.395+0.006 
4.414+0.006 


4.447+0.006 
4.487+0.006 
4.526+0.007 
4.577+0.007 
4.613+0.007 
4.676+0.007 
4.816+0.008 
4.840+0.008 
4.935+0.008 
4.977 +0.008 
5.018+0.008 
5.070+0.008 
5.407 +0.009 
5.440+0.009 
5.754+0.009 
5.790+0.009 
5.825+0.009 
6.041+0.009 
6.146-+0.009 
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weak proton groups. In addition, the areas normally 
obscured by the C(0) peaks were clear. The ground- 
state 0 value was determined to be 3.874+0.006 Mev 
by studying the reaction at a laboratory angle of 90 
deg and using a stationary gas cell with small entrance 
and exit windows, both of which were made of Formvar. 
The exit window in that case was only of 6 yug/cm? 
thickness, resulting in very small correction for energy 
losses. In all, 43 proton groups, corresponding to Ar*! 
excited levels, were observed below 5.1 Mev, and an 
angular distribution was obtained for each. A list of 
the levels, their energy, Ex, angles of maximum cross 





section @max, and their dimensionless reduced widths, 
calculated by using a radius of 0.55X10-" cm, is given 
in Table I. It was also found useful to tabulate the 
angle 61/2, greater than @max, where the cross section 
had half its maximum value. This helped in the assign- 
ment of some of the higher levels, for which the angle 
of maximum cross section was not well defined. 

In Figs. 3-6, we have plotted some of the angular 
distributions and their Butler-theory fits for /=3, 2, 1, 
and 0. All cross sections are given in the center-of-mass 
system, which only differs from the laboratory cross 
sections by a few percent because of the small velocity 
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Fic. 5. Angular distribution of protons to levels in Ar* at 
0.517, 1.354, 2.955, and 3.979 Mev. 


of the center of mass. Some of the proton groups did 
not exhibit a stripping pattern easily identified with a 
given J, value. An example is peak (1), corresponding 
to the first excited level in Ar*, whose angular distri- 
bution is given in Fig. 7. 


IV. DISCUSSION 


It is clear from the data in Figs. 3-6 that many of 
the angular distributions exhibit a strong forward-angle 
maximum characteristic of the stripping process. In 
order to compare the stripping theory to the experi- 
mental theoretical angular distributions were 
calculated using numerical tables of Enge and Graue,* 
which are based on formulas for stripping cross sections 
given by Friedman and Tobocman.’ In order to obtain 
reduced widths for levels for which curves were not 
calculated, tables by Lubitz™ giving numerical values 
of Butler stripping cross sections were also used. The 
review article written by Macfarlane and French" 


data, 


*H. A. Enge and A. Graue, Univ. Bergen Arbok, Natur- 
vitenskap. Rekke Nr. 13 (1955). 

°F. L. Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953). 

10 C, R. Lubitz, ‘Numerical tables of Butler-Born approxi- 
mation stripping cross sections,” University of Michigan Report, 
1957 (unpublished). 

11M. H. Macfarlane and J. B 
32, 567 (1960). 


French, Revs. Modern Phys. 
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which includes discussion of reduced widths from 
stripping reactions on nuclei in this part of the periodic 
table will also be used in the interpretation of our 
results. 

A nuclear radius of 5.5 fermis was used in obtaining 
all reduced widths given in Table I. Once the /, value 
for a given level was determined, the reduced width 
was calculated by matching the maximum of the 
theoretical differential cross section to the experimental 
cross section. This is not a very satisfactory way of 
obtaining the reduced width of levels, especially, in 
our case, for negative Q values. The theoretical curves 
do not give the correct position of maximum angle for 
reasonable values of the radius. Still, except in the 
1,=0 case, they give a reasonable estimate of the 
reduced width. For /,=0, matching maximum cross 
sections does not work well at all. In Fig. 8, ®(2/+1)/ 
(do/dQ) max is plotted versus Q for /,=0, 1, 2, and 3. 
Here # is the dimensionless reduced width, J is the spin 
of the Ar level, and (do/dQ) max is the maximum value 
of the differential cross section for protons to that level. 
As can be seen from the figure for /,=0, that ratio 
becomes very large as ( becomes negative. The reason 
for the increase is that as Q becomes more negative, 
the theoretical stripping curves shift towards smaller 
angles much faster than the experimental stripping 
data. For example, the theoretical curves for /,=0 has 
shifted enough so that it has a minimum at @=0° for 
Q=-—2 Mev. We can also see from Fig. 8 that the same 
effect appears for /,=1 around Q=—1 Mev. This is 
clearly a weakness in the theory, since the experimental 
data show almost no shift toward smaller angles, while 
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LEVEL STRUCTURE OF Ar*! 


the theoretical curves do. Figure 5 is a good illustration 
of this effect for four /,=1 levels. For excitation energies 
above 2 Mev, the dotted curve was used to obtain 
reduced widths for /,=0 levels. 

In Figs. 3-6, the reduced width y is given; y has the 
dimension of energy and depends strongly upon the 
value chosen for R, the nuclear radius. This dependence 
decreases if the reduced width is expressed in terms of 
the Wigner limit, 3%?/2uR?. Thus, the dimensionless 
reduced width @=~y(2uR?/h*?). As an example, the 
ground-state angular distribution (J=}-) gave y=9.5 
and 18 kev for R=6.5 and 5.5 fermis, respectively. 
For &, the values are 6.3X10~ and 8.5X10-*. The 
values obtained for (2/+1)@ are listed in Table I. 
These are also plotted in Fig. 9, together with the level 
scheme for Ar“. In the discussion that follows, not all 
levels of Table I are included. Those left out do not 
exhibit a clear stripping pattern and have very small 
cross sections. 


l,=3 Transitions 


The ground-state proton group was best fitted with 
!,=3 in agreement with the shell-model prediction that 
the Ar ground state should be formed by the capture 
of a 1f7,2. neutron in Ar”. The observed reduced width 
of #=0.0085 is in agreement with ®@=0.01, as calculated 
by Macfarlane and French from previous data. As can 
be seen from Fig. 9, the next /,=3 transitions with 
reduced widths of importance consist of a group of four 
with a ‘‘mean energy” Ey= (>> E£,02/>_ 62) of 5.55 Mev. 
There is evidence that they belong to the 1/52 con- 
figuration. From the independent-particle model, one 
would expect a single level for this configuration, 
corresponding to the eigenstate of the captured neutron 
in the potential of the target nucleus. The eigenstate 
is, in fact, not pure because of individual interactions 
between nucleons, thus resulting in many levels whose 
reduced widths are large for levels in the neighborhood 
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of the pure eigenstate.” The high value of Ey for the 
1/s;2 configuration would explain why it has not been 
observed in the studies of (d,p) reactions for Ca isotopes. 
In addition, if these four levels, that is, levels Nos. 39, 
43, “55”, and “56”, comprise nearly all the (1f5/2) 
fragments, we can apply the sum rule ITT.185 of refer- 
ence 11: 
dD (2I+1)P =6¢2(27+1)(2Jo+1), 


where the summation on the left is over the fragments, 
j is the spin of the levels and, in this case, is $, and Jo 
is the spin of the target nucleus. 6? will be the 1fs/2 
single-particle reduced width. The result for 4°, using 
the values of (2/+1)#@ from Table I is 62?=0.0081, in 
excellent agreement with the 1/7;2 value of 0.0085 for 
the pure ground state. 

The previously unobserved low-lying level at 0.171 
Mev is also of interest in discussing 7,=3 transitions. 
There is little doubt that it corresponds to the 0.373 
($-) level in Ca* and to the 0.176-Mev level in Ca‘. 
The angular distribution of the protons to the first 
level in Ar* does not suggest an /,=3 assignment, even 
though the cross section does go down at small angles. 
The cross section to this level (0.05 mb/sr) is small 
compared to 1 mb/sr for the level No. 43, the largest 
of the observed /,=3 levels around 5.5 Mev. If this 
level is assigned 1/5,2, one might understand its small 
cross section, since it would lie 5.3 Mev away from the 
main 15/2 component. 


1,=2 Transitions 


All the 7,=2 levels appear to be above 4.5 Mev, 
except for the /,=2 level at 1.035 Mev which was 


2A. M. Lane, R. G. Thomas, and E. P. Wigner, Phys. Rev 
98, 693 (1955). 
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assigned J*= }* and a core-excitation origin," and the 
weak level at 3.601 Mev. The other levels are assumed 
to belong to the 2ds5,2 configuration, with a mean energy 
E,=4.86 Mev. Calculating the single-particle 2d5,2 re- 
duced width with the assumption that those four levels 
(Nos. 35, 37, “52”, and “53’’) comprise all of the main 
fragments, one obtains @:°>= 2.7 X10~. It is interesting 
to note that the four levels forming this group are split 
into two groups around 4.6 and 5.8 Mev. These seem 
to correspond to two /,=2 levels observed in 
Ca®(d,p)Ca" by Holt and Marsham"™ at 4.76 and 5.72 
Mev. 
l,=1 Transitions 


The /,=1 levels not arising from core excitation 
should make up two sets of fragments of 23/2 and 21/2 
shell-model states. In the initial separation into two 
groups, the levels 0.517 and 1.354 Mev were assigned 
23/2, while all 7,=1 levels lying between 2.4 and 4.2 
Mev were assumed to belong to the 2612 group. This 
division gave Eo(23,2)=1.20 Mev and Eo(2p1;2)=3.23 
Mev, with the 2)1/2-2)3,2 energy difference of 2.03 Mev 
almost identical to the 2.026-Mev separation found for 
Ca® for the corresponding levels.“ However, the calcu- 
lated single-particle reduced widths yield 607(2p3)2) 
=2.1X10 and 6:?(2p1;2)=3.9X10-*, and these are 
in poor agreement. In order to obtain better agreement, 
1,=1 levels below 2.8 Mev were assigned to the 23,2 
configuration and those from 2.9 to 4.2 Mev were 
assigned to 21,2 configuration. This division gave 
67 (2p3)2) = 2.7 X10 and also 0.?(2p1;2)= 2.7K 10°. The 
values for mean energies were Eo(23/2)= 1.50 Mev and 
Eo(2p1/2)=3.53 Mev, with the difference of 2.03 Mev 
again in excellent agreement with the corresponding 
difference in Ca“. The assignment of levels in one 
configuration or another cannot be certain, especially 
in this case where the levels are close together. There 
could easily be cross-overs. However, the mean energy 
would not change to any large extent. 


1,=0 Transitions 


Since Ar® has spin O*, all 1,=0 levels have J=}*. 
The 1.871-Mev level is low lying and probably arises 
from core excitation. The three levels around 4.8 Mev, 
level Nos. 32, 36, and 40 have a mean energy Ey=4.78 
Mev, and, assuming they comprise the main 3512 


fragments, have a reduced width 


O2(351 2) = 1.1<10-*. 


single-particle 


3 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 565 (1953). 

4 W. W. Buechner, Proceedings of the 1954 Glasgow Conference 
on Nuclear and Meson Physics (Pergamon Press, New York, 1954). 
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Fic. 9. Level scheme of Ar showing the reduced widths 
of the various levels. 


The results obtained here for mean energies are in 
good agreement with previous work on other nuclei. 
The 3s; x1 fr/2 splitting of 4.78 Mev, the 2d; x1 fy; 2 
splitting of 4.86 Mev, and the 2d5)2-2,2 splitting of 
1.33 Mev agree well with work by Schiffer, Lee, and 
Zeidman" on Ti® for which these values are 4.9, 4.3, 
and 1.2 Mev, respectively. The agreement of the 
2p12-2 3/2 energy difference with the results in Ca® 
has already been discussed. The confirmation of the 
position of the 1/52 single-particle configuration is 
shown in many ways. Levels in Ca® have been observed 
at 2.026, 3.589, and 4.004 Mev, with the ground state 
and first-excited state constituting the 23,2 and 21/2 
components, respectively. This indicates a 1f52-2p3,2 
spacing 23.59 Mev. In the Ar* case, it is observed to 
be 4.05 Mev. Enge et al.,!® in a study of K*(d,p)K® 
reaction, report a level at 6.06 Mev that possibly has 
1,=3 and is associated with a d3/7 fs. quadruplet. In 
their study of Ca®(p,p)Ca®, Class et al.,” find evidence 
for the main 1/52 component in Sc* at 5.8 Mev, in 
good agreement with the present result. 
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The high-energy part of the proton spectrum at 4° from the reaction D(n,p)2n at 14.4 Mev has been ana 
lyzed using the final-state interaction formalism, taking into account only the m—n interaction in the final 
state. The primary interaction has been calculated in a kind of Born approximation. It has been shown that 
the shape of the high-energy part of the proton spectrum is dependent mostly on the m—m scattering length, 
Gnn, and that by varying dyn, a good fit to the shape of this part of the spectrum is obtained. From this 
analysis, a value of dan=(—22+2)f has been obtained. However, this value of a,, is to some extent de 
pendent on the accuracy of the approximations used. A more refined theoretical treatment would therefore 


be desirable. 


1. INTRODUCTION 


HERE has been much discussion on the difference 

between the n—p and p—p singlet scattering 
lengths (@,, and a,,) and whether the purely nuclear 
part of the n—p and p—p interactions are equal.'” 
Needless to say, this problem is of fundamental im- 
portance because of the hypothesis of charge independ- 
ence of nuclear forces. The values of dnp and dyp as 
derived from experiments are very accurate, but dp), 
has to be corrected for the Coulomb interaction. This 
correction depends somewhat on the assumed shape of 
the nuclear potential, but the corrected values for dif- 
ferent nuclear potentials, a,,’, still differ appreciably 
from @np: 
17 a (dy 7.69 f), 


, 
iia p 


anp= — 23.7 f. 


Schwinger* attributed this difference to the magnetic 
interaction between nucleons and obtained a good 
agreement between @,, and d,, using the Yukawa 
potential. Salpeter‘ showed that the agreement is de- 
stroyed for all kinds of potentials if one uses the re- 
pulsive core. Besides, it has been pointed out by 
Salpeter* and later Riazuddin® that one should take 
into account the spread of the charge and magnetic 
moment of the nucleon, as has been indicated by recent 
electron-nucleon scattering data.® The calculations have 
shown that the electromagnetic correction is then too 
small to account for the discrepancy between a,» and 
dp, . However, Riazuddin® showed that the difference 
between d,, and dy,’ may be explained by taking into 
account the 7°—* mass difference and using coupling 
constants (g, and g,#*) differing by 1.5%. A knowledge 
of the n—mn scattering length would certainly help 
towards the understanding of this problem. 


1 See, for example, L. Hulthén and M. Sugawara, Encyclopedia 
of Physics, edited by S. Fliigge (Springer-Verlag, Berlin, 1957), 
Vol. 39, p. 5, and H. A. Bethe and F. de Hoffman, Mesons and 
Fields (Row, Peterson and Company, Evanston, Illinois, 1956), 
Vol. 2, and references therein. 

2K. W. McVoy, Phys. Rev. 121, 1401 (1961). 

* J. Schwinger, Phys. Rev. 78, 135 (1950). 

‘E. Salpeter, Phys. Rev. 91, 994 (1953). 

® Riazuddin, Nuclear Phys. 7, 217 and 223 (1958); A. Sugie, 
Progr. Theoret. Phys. 11, 333 (1954). 

® R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 


The measurement of a,,, has been a problem of long 
standing. Since it is at present practically impossible 
to measure d,,, in the same way aS dn, and @pp, that is 
by n—n scattering, one is obliged to look for other less 
direct methods. It has been pointed out by Watson? 
and others*® that the interactions between the final 
products of a reaction leading to three particles in the 
final state can influence strongly the energy and angular 
distribution of the products. Moreover, in the case of 
final-state interaction of two neutrons, the distribution 
of energy of their relative motion in the region of small 
relative momenta is dependent essentially on one 
parameter: the n—n scattering length. This may be 
seen in the following way: The matrix element for the 
reaction may be written in the form’ 


M~ | gon* (r)F (r)r'dr, (1) 


where ¢2,(r) is the singlet S-wave part of the wave 
function of the two neutrons in the final state, and F(r) 
denotes all other factors whose dependence on the 
relative momentum of the two neutrons is weak. In the 
zero-range approximation, which works well in this 
case, we can write for the two-neutron wave function: 


gon(r)~sink”’r/k" r+ f(k” e*'*/r, (2) 


where k” is the relative wave number of the two neu- 
trons and /(k”) is the m—n scattering amplitude. We 
shall be interested in the form of the matrix element for 
very small k”. Since F(r) is large essentially only within 
the volume of the primary interaction of the incoming 
neutron with the deuteron, r is effectively limited to a 
few Ra, where Rg is the radius of the deuteron. The con- 
dition k”<10"% cm is then equivalent to k”r1 so 


7K. M. Watson, Phys. Rev. 88, 1163 (1952). 

8S. Tamor and R. E. Marshak, Phys. Rev. 80, 766 (1950); 
K. Brueckner, R. Serber, and K. M. Watson, ibid. 81, 575 (1951); 
K. Brueckner, ibid. 82, 598 (1951); K. M. Watson and 
R. N. Stuart, ibid. 82, 738 (1951). 

9A. B. Migdal, J. Exptl. Theoret 


(1955). 


Phys. (U 
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that we can write: 


M~ | or+ soir 


=[r+f(e")] | F(p)rdr,. (3) 


where 
#= Sf rF (r)rdr/ J F (r)rdr. 


Here # can be taken as a quantity which measures the 
extension of the function F(r)r. It has, in general, a 
value close to that of the radius of the deuteron, i.e., 
*#~4 f. Since the n—n scattering amplitude approaches 
the value of ~20 f as k” — 0, it will be the main factor 
in determining the energy dependence of M. We can get 
a rough idea of this dependence by neglecting 7 in com- 
parison with f(k”) and taking the form of f(k”) for 
small k” : 
f(k”) = (1/k” )e®*" sind (k”), 


k” coté(k’’)=—1/an, for k” small. 


The cross section is then 
da~ | M |*p(k”)~| f(k”)|*p(k”) 
~[ann?/(1+k”Gnn?) lo(k”), (4) 


where p(k”) is the energy density of the final states. It 
should be realized that this is only a rough approxima- 
tion for 7~4 f and a,,~20 f, and the effect of # on the 
cross section is not negligible. As an interesting conse- 
quence of the effect of 7, it may be seen that the cross 
section is not the same for +a,, and —dnj,. However, 
&S Gann becomes very large, the two cross sections 
become the same. 

Any reaction involving in the final state two neutrons 
plus another particle can therefore provide information 
on the n—n scattering length if the energy distribution 
of relative motion of the two neutrons can be meas- 
ured. In most cases, this distribution is measured in- 
directly by measuring the energy distribution of the 
third particle. There have been several attempts to get 
information on dy, in this way. Phillips and Crowe” 
have measured the y spectrum from #-+D — 2n+7. 
They were able to establish a,,=—15.9 f, correspond- 
ing to a dineutron unbound by approximately 
e=h?/ma,.7=160 kev with limits a¢n,=—8.5 f and 
Gnn= — ©, where m is the nucleon mass. They also con- 
cluded that a bound dineutron of more than 50-kev 
binding energy is less than 0.1% probable. Brolley et al." 
studied the reaction T(d,He*)2n, and the spectrum of 
He’ has been analyzed by Komarov and Popova” who 
used e=70 kev (dn,~24 f) to fit the data. However, 
due to the lack of knowledge of the exact triton and 


ut J. E. Brolley, Jr., W. S. Hall, L. Rosen, and L. Stewart, Phys. 
Rev. 109, 1277 (1958). 

VY. V. Komarov and A. M. Popova, Nuclear Phys. 18, 296 
(1960); V. V. Komarov and A. M. Popova, Izvest. Akad. Nauk 
$.S.S.R.; Ser. Fiz. 34, 1153 (1960). 
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He’ wave functions, and to the considerable uncertain- 
ties of the data, it was not possible to determine dna 
with any certainty. Finally, one should mention that 
there have been considerable efforts in the past in the 
search for a bound state of the dineutron. The results 
were all negative.” 

We present in this paper an analysis of the proton 
spectrum from the reaction D(n,p)2n in an attempt to 
determine the n—n scattering length. This reaction has 
the advantage of involving only single nucleons in the 
final state, which facilitates the theoretical treatment 
considerably. 


2. CALCULATIONS 


In the proton spectrum at 4° from the reaction 
D(n,p)2n at 14.4 Mev (see Fig. 1), there are two pro- 
nounced peaks. The peak near the maximum energy, 
Emax, corresponds kinematically to the process in which 
the two neutrons are recoiling backwards in the c.m. 
system with small relative momentum. The lower 
energy peak near 5.6 Mev corresponds kinematically 
to the proton and one neutron moving forward with 
small relative momentum in the c.m. system and the 
other neutron recoiling backwards. The interaction 
between two particles with small relative momentum 
in the final state must be considered if these peaks are 
to be explained. 

The calculations have been performed using a kind 
of Born approximation in which the primary inter- 
actions between the incident neutron and nucleons in 
the deuteron are treated as the perturbing potential. 
In the final state, however, a square-well interaction 
between the two neutrons is taken into account exactly. 
The interaction between the proton and either neutron 
in the final state has been neglected since we sought 
only to fit the high-energy part of the spectrum where 
information about n—n interaction may be obtained. 
The effect of the n—p final-state interaction in this 
region where the two neutrons have small relative 
momenta is expected to be small, for the proton must 
have large relative momentum with respect to either 
neutron and the time during which m—? interaction 
comes into play is very short. This procedure, which 
takes into account only the interaction of one pair of 
particles in the final state at a time, has been applied 
previously to a number of similar problems.*:® 

Let us denote the neutron and proton in the deu- 
teron, and the incident neutron by numbers 1, 2, and 3, 
respectively. Then the respective positions of these 
particles are specified by vectors r, r2, and r3. Let E be 


3M. Y. Colby and R. N. Little, Phys. Rev. 70, 437 (1946); 
N. Feather, Nature 162, 213 (1948); B. L. Cohen and T. H. 
Handley, Phys. Rev. 92, 101 (1953). : 

4 K. Makovac, L. G. Kuo, M. Petravi¢, I. Slaus, and P. TomaS, 
Phys. Rev. Letters 6, 356 (1961). 

1 R. L. Gluckstern and H. A. Bethe, Phys. Rev. 81, 761 
(1951);yR. M. Frank and J. L. Gammel, ibid. 93, 463 (1954); 
W. Heckrotte and M. MacGregor, ibid. 111, 593 (1958); V. V. 
Komarov and A. M. Popova, J. Exptl. Theoret. Phys. (U.S.S.R.) 
38, 1559 (1960). 
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Fic. 1. The experimental data for D(n,p)2n at 14.4 Mev and 

at 4° in the laboratory system compared with the calculated spec- 
trum using @nn=—19.2 f after smearing and normalization. Emax 
indicates the maximum proton energy for Q= —2.225 Mev. This 
corresponds to the case when‘the two neutrons are moving to- 
gether with zero relative energy backwards in the center-of-mass 
system. F; indicates the proton energy in the case where a neutron 
and the proton are going together with zero relative energy in the 
forward direction in the center-of-mass system. 





the total kinetic energy in the c.m. system before re- 
action, E£’ the total kinetic energy in the c.m. system 
after reaction, and E” the relative energy of the system 
of two neutrons. Then energy conservation gives 
a’ +- E” = E— ea, (5) 
where eg is the binding energy of the deuteron. In terms 
of wave numbers, (5) reads: 
k’24+-4 “ee 2 — S07. 
where 
a? = (m/h*) ea, 
k?= (4m jog 
k= (4m/3h?)E 
hk”? = (m/h?) E” 


=3(4m/3h)E>, 


The cross section is i by 


(24/h)(2m/3hk)| M |2p(k”), 


do= 
where p(k”) is the energy density of final states, 
p(k”) = (1/2) *k"*dk'dQ’k”*dk” dQ”. 
In the case where interactions between all pairs of 


nucleons in the final state are considered, and taking 
into account only S states of relative motion, 


8 


SE MA- 


i=l f=l 


2—2x} P1303) WsxsV oxi) |? 


6 
+3X3 2D 


x 
D |((1— PisQisWrxsV gixs)|?. (7) 
f=l 
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P 3 and Qj; are the space and spin exchange operators 
for particles 1 and 3. (1—P 1301s) appearing here takes 
into account antisymmetrization of both the initial and 
final wave functions with respect to the two neutrons. 
y; and yy; are the initial and final space wave functions, 
respectively, and x; and xy the initial and final spin 
wave functions, respectively. ¢, is the solution of the 
Schrédinger equation for 


HAyo= Ti+ T+ T3+ V ie. 
The perturbing potential is 
"= Vist Vo3. 


The 7’s are the kinetic energy operators and V;; the 
interaction potential between particles i and j. The 
subscripts 1 to 4 denote the quartet states belonging 
to the total angular momentum of the whole system and 
spin of the two-particle system (3,1), respectively. The 
subscripts 5 and 6 denote the doublet states of (3,1) 
while 7 and 8 denote the doublet states of (3,0). 

It may be shown on taking the appropriate nor- 
malized spin functions and applying the Pi; and Qi; 
operators that (7) becomes 


M |*=3|M,|?+3|M2|?+3/|M;|? 


M,, M2, and M3 are the matrix elements corre- 
sponding to (3,1), (3,1), and (3,0) states, respectively. 
We are considering only the final-state interaction 
between the two neutrons and since it comes only in 


[Msl, 


(8) 


where 


M |2=4|M;|? 
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where 
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Za 
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’«(ro—4(ry+13)] 


|r2—Ts|) ] 


—ro| )et® lrs-hCytrldzr, (9) 
¢ga(|tfi—fe|) is the Hulthén wave function for the 
ground state of the deuteron, 
e7alti—re| — p— Bl ri—re2| 
{r:—re| = VN 

! ! 

| ¥1—fo} 


A 


¢a\ 


where NV =[a8(8+a)/2mr(8—a)? |!, and B=7a. The final- 
state wave function for the two neutrons has been taken 
as a square-well S-wave function, 


A sin(K” |r,—rs3|) 


for [rm—rs| <b, 
ny" 5 


sin(k”|ry—r3|) et’ "Ir! 
(4n)) ———_"" + f ——| 
k” |ri—rs ri—TFs| 

for |ri—r;|>0, 


where 6} is the range of the square-well potential. The 
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Fic. 2. Five theoretical spectra 
of protons from the reaction 
D(n,p)2n at 14.4 Mev at 4° in the 
laboratory system. These spectra 
have been calculated using the 
final-state interaction formalism, 
taking into account only the inter 
action between the two neutrons 


as described in Sec. 2 





} 


J 





use of the square-well wave function is certainly an 
approximation. The effect of the approximation may be 
estimated by comparing the values of M; calculated 
with the square-well wave function and with the 
asymptotic wave function. The resulting change in 
shape of the curve which may be measured in terms of 
the ratio of the values of M; at 11 and 11.7 Mev has been 
on 


found to be 3%. In the effective-range approximation, 


1 1 ‘ie 
f= [treks ia? | are “ +k” 
Ann Gan 


where ro is the effective range. When f is determined 
by the parameters a,,, and ro, the outside wave function 
is given. By matching the outside and inside wave 
functions at |r;—r;|=6; A and K”=[m(E”+V nn) }i/h 
may be determined. Here V,,,, is the depth of the singlet 
n—n interaction potential. 

For the perturbing potential (Vis+V23), Vis has 
been taken to be a square well with depth V,,, and range 
b consistent with the n—n interaction potential used in 
the calculation of ¢2,. However, for ease of calculation, 
V23 has been chosen in the form of a 6 function: 


Vo3= V, pi 


V np has been determined by comparing a calculation of 
n— p elastic scattering cross section using Born approxi- 
mation and V ,,6(r) with the experimental cross section 
at the same incident energy. 


TABLE I. Values of parameters chosen in the calculation. 


Vap 
(Mev) 
15.49 
15.49 
15.49 
15.49 
15.49 


Gan r 0 J nn 
fermis fermis fermis (Mev) 
—15 


—19.2 


65 12.78 

65 13.15 
65 13.42 
65 16.20 
65 15.88 


+19.2 


2 
? 
~i 2 
2 
+25 2 


n 
Eve (Mev) 


3. COMPARISON WITH EXPERIMENT 


Figure 2 shows five calculated spectra of protons for 
the reaction D(m,p)2n at 4° in the laboratory system. 
All curves have been normalized to the same value at 
the peak. In Table I, we list the values which were 
chosen for the parameters in the calculation. The value 
of V,, is determined by the experimental n—p elastic 
scattering cross section. In the effective range theory, 
only two of the four parameters @,,, ro, 6, and Vx» are 
free. The parameters a,, and ro were taken as free and 
their values were chosen in such a way that the resulting 
value of 6 was constant in order to simplify the nu- 
merical calculation. It is clear that the influence of ro 
on the scattering amplitude f is small for small relative 
momentum of the two neutrons, the dominant contri- 
bution to f coming from the —1/a,, term in the 
effective-range expansion. Therefore the resulting 
spectra depend mostly on a,,,. This has also been clearly 
demonstrated by the calculations of McVoy.? The value 
Of @nn= —19.2 f used for one of the curves was calcu- 
lated from the known a,, and a,, values using the 
Schwinger procedure,‘ that is to say, magnetic inter- 
action has been corrected for but no account was taken 
of the spread of the magnetic moment. This procedure 
is known to be inaccurate for reasons already mentioned 
in the Introduction, but this value was taken only as a 
starting point in the calculation. 

In order to compare the theoretical calculation to the 
experiment, the theoretical curves have to be smeared 
with the experimental resolution of the counting 
system. This has been done by making use of the ex- 
perimental width of the proton peak obtained by n—p 
elastic scattering from a polythene target. Since the 
absolute values of the theoretical curves are an order 
of magnitude too big, they have been separately nor- 
malized after smearing to the experimental points. 
Figures 1 and 3 siow the smeared and normalized 
curves together with the experimental data. It may be 
noted that although normalization has been necessary, 
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Fic. 3. The experimental data 
for D(n,p)2n at 14.4 Mev and at 
4° in the laboratory system com- 
pared with three calculated spec- 
tra which have been smeared with 
the experimental resolution and 
separately normalized. The three 
calculated spectra correspond to 
Qnn=—15 f, Qun=—19.2 f, and 
@nn=—25 f. E,'*> indicates the 
proton energy in the laboratory 
system at 4° corresponding to a 
bound di-neutron of 66-kev bind- 
ing energy. 
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no adjustment has been performed on the energy scale. 

Only the theoretical curves for a, negative have been 
compared with the experimental data. The curves for 
positive values of dn, have been discarded on the 
grounds discussed in Sec. 4. 


4. DISCUSSION AND CONCLUSION 


It may be seen that there is a distinct difference 
among the shapes of the three calculated spectra and 
that by varying the parameter a,,,, a good fit to the 
experimental points may be obtained in the region of 
energy 11-12.3 Mev. The discrepancy in the absolute 
value of the experimental and calculated cross sections 
is most probably due to the use of Born approximation. 
On the other hand, it has been argued by Watson’ that 
the expression (4) in our Sec. I is approximately valid 
in a more general case. Hence one could deduce the 
value of a,, just from the shape of the spectrum. 
Watson’s arguments are certainly likely to hold in the 
case when one can neglect * of Eq. (3) in comparison 
with f, the n—n scattering amplitude. In most practical 
cases, however, the contribution of 7 is far from negli- 
gible implying that the shape of the spectrum is to a 
certain extent dependent on the shape of F(r) [Eq. (3) ], 
i.e., on the approximation one uses. More theoretical 
work will be required to show just how much the shape 
of the spectrum depends on the form of F(r) and also 
how good the Born approximation is in this respect. 

In view of what has been said above, the accuracy 
with which @,, has been determined from our experi- 
ments will probably be considerably worse than what 
one could tentatively conclude from the statistical 
analysis. 

The value of @,, has been determined by fitting the 
theoretical curves to the experimental points in the 
energy region 11-12.3 Mev. By varying both the a,,, and 
the normalization factor, the values of @n,= (—22+2)f 
has been obtained. The error given is purely statistical 


1 
Ein (Mev) 


and does not contain any estimates of the accuracy of 
the theory. 

Below 11 Mev, the experimental points lie far above 
the theoretical curves. This is to be expected since, at 
larger relative momenta between the two neutrons, the 
formalism which takes into account only the final-state 
n—n interaction is no longer adequate. In the low- 
energy region, the »—? final-state interaction becomes 
dominant. Therefore, we took only a limited region 
corresponding to relative momentum between the two 
neutrons k” <0.15X10" cm in the determination of 
@nn. This is where the theory should be most accurate. 

It has been seen that only the curves for a,, negative 
were compared with the experiment, though Fig. 2 
shows that a good fit could be obtained also for a posi- 
tive @,, of around +25 f. A positive @,,, however, 
implies the existence of a bound dineutron. If such a 
structure existed, one would obtain the same spectrum 
as the present one with a monochromatic line at the 
proton c.m. energy Ey°"™:=Emax°™ + $e. The ratio of 
the cross section leading to the bound state (do/dQ), 
and the cross section do/dQdE, to an unbound state is 
given by Migdal®: 


(=) “/( do ) m- (6!)am! 
da], / \dodE,) I 


~~ 9 
E E } | Pdineutron | 
x{ —__—} ———. 
Emax" a t3e | gon]? 


From this we obtained (do/dQ),"**=38 mb/sr, using 
Ann=+25 f corresponding to a binding energy e of 
approximately 66 kev. The energy at which the line is 
expected is indicated in Fig. 3 by E,'*. Such an intense 
group could easily be observed in our experiment. Since 
we have not observed it, we conclude that there is no 
bound state of the dineutron. Therefore the sign of ann 
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the experiment described in reference 14, this sensitivity 
has not been exploited to the full, due to the rather poor 
energy resolution as can be seen by comparing the 
smeared curves of Fig. 3 with the unsmeared ones of 
Fig. 2. If the present calculation could be put on a more 
rigorous basis, or if a more exact theory could be de- 
veloped, a measurement of the shape of the proton 
spectrum could be used for a very accurate determina- 


tion of dan. 


is negative. This conclusion may be substantiated by 
the work of Phillips and Crowe,’® Cohen, and others.” 

If the theory gave correctly the absolute value for 
the cross section one could easily distinguish between a 
positive and a negative @,, since the absolute cross 
section is very sensitive to the sign of @nn. In our ap- 
proximation the cross section at the high-energy peak 
is by a factor of ~2.5 higher for a negative a, of around 
— 22 f than for a positive one of the same absolute mag- 
nitude. There are no reasons to believe that this ratio 
would change considerably if one used an exact theory. 

It can be said in conclusion that the shape of the 
proton energy spectrum from the reaction D(n,p)2n is 
definitely sensitive on the m—n scattering length. In 
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The energy spectra of a particles from V, Fe, Co, Ni, and Rb bombarded with 17.5-Mev protons 
were obtained at a number of angles. Beyond 30°, the spectra are essentially isotropic and have been 
analyzed in terms of the evaporation model. The level density deduced is of the form exp(E,/T) for E,=3 
to 12 Mev. The values of T are in the range 1.2-1.5 Mev if the cross sections of the continuum model with 
R=(1.4A!+2.2) fermis are used, and in the range 1.3-1.6 Mev if optical model cross sections are used 
This “constant temperature” level density is also consistent with alpha spectra of Ni and Co bombarded 
15- and 19-Mev protons. Analysis of published inelastic proton scattering data for elements in the Ti-Zn 
region, with bombarding energies of 11.3 to 23 Mev, indicates that the (p,p’) spectra (in the above excitation 
interval) are only partially attributable to evaporation. At 11.3 Mev the upper limit of the contribution 
of evaporation to the proton spectra is estimated to be <96%, while at 23 Mev it is probably much smaller 
than 22%. The value of T for Fe5* deduced from (p,a) and (a,a’) reactions is ~1.5 Mev, while inelastic 
neutron scattering data yield a value of 0.95 Mev. The resolution of this disagreement will require modifica 
tion of the usual calculations of inverse cross sections. 


I. INTRODUCTION 


N recent years there have been many investigations 
of the energy spectra of nuclear reaction products at 
intermediate bombarding energies. Where the final 
states are well-separated, the angular distributions can, 
in general, be described in terms of the optical and direct 
interaction models. Where the final states are not re- 
solved, corresponding to high excitations of the residual 
nucleus, analysis of the experimental results has been car- 
ried out in terms of the evaporation model of Weisskopf 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 

t Some of the results of the present investigation have appeared 
in the following: P. C. Gugelot, Physica 22, 1019 (1956); R. Sherr, 
Proceedings of the University of Pittsburgh Conference on Nuclear 
Structure, 1957 (University of Pittsburgh and Office of Ordnance 
Research, U. S. Army, 1957), p. 376; F. P. Brady and R. Sherr, 
Bull. Am. Phys. Soc. 5, 249 (1960); F. P. Brady, D. G. Cassel, and 
R. Sherr, ibid. 6, 48 (1961). Part of this work was submitted by 
F. P. Brady in partial fulfillment of the requirements for the 
Ph.D. degree from the Department of Physics, Princeton 
University. 


and Ewing.’? The present paper discusses experiments 
falling into this second category. 

The evaporation model describes the spectra of par- 
ticles emitted from a highly excited compound nucleus 
in which the available energy is shared by all the nuc- 
leons. The compound nucleus has a long lifetime and its 
decay is assumed to be independent of its mode of for- 
mation. In order to describe the spectra of the evapo- 
rated particles, it is assumed' that the intrinsic proba- 
bilities for the formation of all final states are the 
same. The differential energy spectra are then deter- 
mined by phase space factors, transmission coefficients 
for the particles, and the level densities of the residual 
nuclei. 

Theoretical expressions for the spectra are given by 
Eq. (1) and Eq. (2) in Sec. IV; in all subsequent refer- 
ences to the evaporation model we shall be referring 


1V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940) 
2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 342. 
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to this specific formulation. According to this model, the 
particles are evaporated isotropically, so that it is 
generally assumed that particles with isotropic dis- 
tributions are the products of an evaporation process. 

Many spectra have been experimentally investigated 
and analyzed in terms of this model for (n,n’), (n,p), 
(p,p"), (p,m), (a,a’), and (a,p) reactions. From the first 
it was evident that this model by itself was inadequate 
to explain the observations.’ The angular distributions 
were frequently peaked in the forward direction and 
the shape did not have the predicted dependence on 
incident energy. Subsequent work on the evaporation 
model and its application has been reviewed by Peaslee‘ 
and Le Couteur.® The theoretical aspects of this problem 
have recently been discussed by Ericson. 

Despite the limitations of the evaporation model, it 
appears to be capable of describing at least semiquanti- 
tatively many experimental observations. It is therefore 
of interest to explore various reactions at different 
energies to see whether there are regions in which this 
strong interaction model provides a consistent quantita- 
tive description. With this latter question in mind, 
Colli and her collaborators’ have recently reviewed most 
of the available experimental results. If one considers 
the part of the spectra corresponding to the emission 
of only one particle, one is limited to a range of excita- 
tion from 0 to 7 or 10 Mev. As a statistical model should 
not be applied below about 3 Mev of excitation for 
medium weight nuclei, the range of excitation which is 
usable for analysis is only 3 to 7 Mev. (In the case of 
a emission a larger range can be investigated.) Colli 
el al.’ analyzed the spectra of protons and neutrons 
emitted in the backward direction by medium-weight 
nuclei (Al-Mo) following bombardment with neutrons 
and protons of 14 Mev or less. Although there is some 
forward peaking, generally ascribed to direct interac- 
tions, the assumption is made that these interactions 
will not contribute significantly to the yield in the back- 
ward direction. 

The level densities obtained’ from the neutron induced 
spectra using Eq. (1) are of the form exp(/,/T), with 
T =~1 Mev. Level densities of the same form were found 
by Lassen et al.§ for the reaction (a,e’) on medium- 
weight nuclei using 12-20-Mev a particles. The appli- 
cability of the statistical model is strongly supported 


’ P. C. Gugelot, Brookhaven Conference on Statistical Aspects 


of the Nucleus [Brookhaven National 
BNL-331 (C-21), 1955 (unpublished), p. 89). 

‘D. C. Peaslee, Ann. Rev. Nuclear Sci. 5, 99 (1955). 

5K. J. Le Couteur, Nuclear Reactions (North Holland Publishing 
Company, Amsterdam, 1959), Vol. 1, p. 318. 

6 T. Ericson, Advances in Physics, edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1960), Vol. 9, p. 425. 

7L. Colli, U. Facchini, I. Iori, M. G. Marcazzan, and A. M. 
Sona, Nuovo cimento 13, 730 (1959). (This article contains 82 
references; we shall make specific references only to work which 
is immediately relevant to the present paper.) 

8 N. O. Lassen and N. O. Roy Poulsen, /nternational Conference 
on Low-Energy Nuclear Physics, Paris, July, 1958 (Dunod, Paris, 
1959); H. W. Fulbright, N. O. Lassen, N. O. Roy Poulsen, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 31, No. 10 
(1959). 
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by the approximate isotropy of the continuous part of 
the @ spectra, a condition not satisfied in the (m,n’), 
(n,p), (p,m), and (p,p’) reactions. Recently, Facchini 
et al.* used the evaporation model to calculate the rela- 
tive total cross sections for proton and neutron emission 
for 14-Mev incident neutrons. The results were in good 
agreement with experimental observations. Similar 
analysis and conclusions have been reported by Allan.'® 
On evaluating the results obtained at higher bombard- 
ing energies (>15 Mev for protons and 40 Mev for 
a particles), Colli et al.’ conclude that instantaneous or 
nonequilibrium emission leads to an intensification of 
the high-energy part of the spectra at all angles; con- 
sequently, at these bombarding energies it is not pos- 
sible to extract the evaporation component. 

Despite the impressive amount of data on the 14-Mev 
(n,p) spectra which is consistent with the evaporation 
process, it is not certain that these neutron-induced 
reactions always involve the formation of a compound 
nucleus. The optical model predicts mean free paths 
of several fermis for nucleons at 14 Mev‘; furthermore, 
the mean free path increases as the energy decreases. 
It would thus appear that the successive collisions re- 
quired to attain thermal equilibrium would be improb- 
able. It is by no means clear that one can distinguish 
evaporation and direct interaction processes on the 
basis of angular distribution above. While direct inter- 
actions to discrete states generally lead to strong emis- 
sion in the forward direction, distortion and exchange 
effects can produce emission in the backward direction. 
It should also be noted that for highly excited final states 
the variation of momentum transfer with angle becomes 
small, thereby reducing the variation of direct process 
yield with angle. Thus, further experimental or theoreti- 
cal information is needed in order to find the relative 
contributions of the two mechanisms to the (n,p) 
spectra. An investigation of the spectra obtained 
at different incident energies would provide valuable 
information. Such investigations have been carried out 
by Lassen ef al.* for the (a,a’) reaction, by Cohen and 
Rubin" for the (,p’) reaction, and by Fulmer and 
Goodman” for the (p,q) reaction. 

The measurements of Lassen and his collaborators*® 
on the (a,e’) reaction using 12-20-Mev a particles show 
that the continuous parts of the a spectra agree very 
well with the predictions of the evaporation model. The 
direct interaction and evaporation portions of the 
spectra are apparently readily distinguishable. This 
separability of the two mechanisms is consistent with 
the optical model parameters*’ for a particles which 
indicate that nuclei are essentially black for a particles. 

®U. Facchini, I. Iori, and E. Menichella, Nuovo cimento 16, 
1109 (1960). 

10D. L. Allen, Proceedings of the International Conference on 
Nuclear Structure, Kingston, 1960 (University of Toronto Press, 
Toronto, 1960), p. 838. 

1B, L. Cohen and A. G. Rubin, Phys. Rev. 113, 579 (1959). 

12C, B. Fulmer and C. D. Goodman, Phys. Rev. 117, 1339 


(1960). 
83 G. Igo, Phys. Rev. Letters 1, 167 (1958). 
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Fic. 1. Schematic diagram of experimental arrangement 
and details of the NaI-proportional counter telescope. 


Thus, @ particles passing through the nuclear surface 
dissolve so that direct interactions can occur only at 
the surface. Emission of a particles from the interior 
would then take place after an appreciable time as 
evaporation particles. On the other hand, the protons 
emitted in the (a,p) reaction at 20 Mev do not seem to 
be entirely due to evaporation“; they could come from 


knock-on particles from the surface or as fragments of 


the dissolved a particle.® 

In the present paper we shall discuss several reac- 
tions with a view to determining the range of validity 
of the evaporation model in describing the spectra of 
a particles, protons, and neutrons. The experimental 
results of the investigation of the (,@) reaction using 
15-19-Mev protons are presented in Secs. II, III, and 
IV(c). The analysis of these results in terms of the 
evaporation model is described in Sec. IV. Comparisons 
with previous experiments involving a emission are given 
in Sec. V. In Sec. VI, the experimental results of Cohen 
and Rubin" on inelastic proton scattering are analyzed 
and discussed. In Sec. VII, various experimental results 
on the level density of Fe**, and their implications with 
regard to the evaporation model, are discussed. A 
summary is given in Sec. VIII. 


Il. EXPERIMENTAL METHOD 


The angular distribution and energy spectra of a 
particles from the (,a) reaction were investigated 
using the 15-19-Mev proton beam of the Princeton 
FM cyclotron. The a-particle spectra were measured 
at different angles with a proportional counter-scintilla- 
tion counter telescope. (Fig. 1.) The former discrimi- 
nated well against protons, y rays, deuterons, and 


4 NO. Lassen and V. A. Sidorov, Nuclear Phys. 19, 579 (1960). 


tritons. A He’ particle of a given energy has almost the 
same energy loss as an a@ particle and these would be 
difficult to separate. Fortunately, (p, He*) reactions have 
large negative Q values and could only contribute 
through transitions to ground and near-ground states. 
Such transitions are strongly peaked at forward angles 
for (p,p’), (p,d), and (p,«) reactions for 18-Mev protons 
and one might expect the (~,He’*) reactions to be similar. 
No evidence for this reaction was found, but there 
remains the possibility of a slight He’ contamination 
at the lowest He‘ energies. 

The NaI(T]) crystal was cleaved just thick enough to 
stop 30-Mev a particles. 18-Mev protons lose 3 Mev in 
such a crystal but because of their better response in 
Nal give a pulse equivalent to an a particle of about 
6 Mev. The latter is considerably below the Coulomb 
barrier for a particles for the targets used and it would 
not be important if some proton pulses were gated in 
by chance coincidences. The crystal itself was exposed 
directly to the counter gas except for a 0.15-mg/cm? 
aluminum reflector. With this arrangement, 2.9-Mev 
a particles just reached the crystal and 5.3-Mev polon- 
ium a particles gave a peak whose resolution was 350 
kev. 

Energy loss curves for protons, deuterons, tritons, 
He’, and alpha particles passing through the counter 
gas were computed. The energy losses were calibrated 
with Po alphas and known reactions. An integral dis- 
criminator was used to select those pulses from the pro- 
portional counter which corresponded to the desired 
range of a-particle energies. The scintillation spectrum 
was recorded on a 20-channel analyzer which was 
gated by the pulses from the integral discriminator. 

The energy response of the system was obtained with 
a Po” source and with a particles from the C"(p,a)B°, 
AP? (p,a)Mg*, and F!*(p,a)O"* reactions. As can be seen 
from Fig. 2, the calibration curve is nonlinear. The 
energy of the proton beam was measured several times 
with an energy measuring and regulating device.’® At 





(Calc) 


° Sonal 
Sree 8 GS 





Fic. 2. Energy calibration curve of counter telescope. E; is 
the laboratory energy of the a particle on entry into the telescope. 


46 G. Schrank. Rev. Sci. Instr. 26, 677 (1955). 





SPECTRA OF (?,a) 
these times, the calibration spectra were taken. During 
each run on the (f,a) spectra of other targets, the 
over-all gain of the system was checked with the Po?! 
source and the beam energy was monitored by observ- 
ing alpha particles from the C”(p,a)B® reaction. 

Although the proportional counter distinguishes easily 
between alphas and protons, or deuterons, spurious 
counts can arise from pileup or from chance gating of 
protons by neutron recoils of the counter gas. Chance 
coincidences due to neutron recoils were observed at 
high beam currents and forward angles, and were 
avoided during the final measurements. 


Ill. EXPERIMENTAL RESULTS 


The a-particle spectra at various angles were obtained 
for natural targets of V, Fe, Co, Ni, and Rh. Each 
pulse-height spectrum \ (/) was converted to an energy 
spectrum .V (£;), where £; is the energy of the a particle 
incident on the telescope. V(/;) included the correction 
for the variation of slope of the (£; vs #) calibration 
curve (Fig. 2). Next, correction was made for the 
foil thickness to obtain V (£;), where £, is the laboratory 
energy of the a particles on leaving the nucleus. As 
the foils were usually 2 to 3 mg/cm? thick, it was as- 
sumed that all the a particles passed through half the 
foil and the energy scale was corrected for the corre- 
sponding energy loss; the correction to V(£,) due to 
the variation of energy loss with energy in the target 
was ignored. (Trial calculations were made for an 8- 
mg/cm* target, integrating over the foil thickness with 
appropriate correction for variation of energy loss. It 
was found that this correct spectrum would be about 
200 kv broader and the peak position lowered by 
similar amount relative to the spectrum obtained with 


*17.9 Mev 
17.5 Mev 
«17.4 Mev 
p* '7.7 Mev 
»* 17.6 Mev 
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Fic. 3. Spectrum of a@ particles from V"(p,)Ti* reaction. The 
vertical scale at the high energy end of the spectrum has been 
enlarge d. In this and succeeding figures of spectra, the maximum 
energies corresponding to various reactions are indicated by 
arrows. The laboratory bombarding energies and laboratory 
angles are given in the graphs. The abscissa is the total kinetic 
energy of disintegration (a particle plus recoil) in the center of 
mass system. 


AND 


(p,p’ REACTIONS 


— 120° 


+— 150° 


= 17.5+.2 Mev 








€-Mev DISINTEGRATION 


ENERGY 


Fic. 4. Spectrum of a particles from Fe®*(p,a)Mn*®. 


the less complete correction. It was estimated that the 
value of J for V in Table IT should be increased by a 
few percent and the total cross section of V in Table 
III should be increased by ~ 10%; corrections for the 
other targets would be smaller). Havi ing obtained N (E£;) 
vs Ej, conversion to channel energy was then carried 
out. 

The final results of these transformations of the ex- 
perimental data for V, Fe, Co, Ni, and Rh are shown 
in Figs. 3, 4, 5, 6, and 7, where the absolute center-of- 
mass differential cross section is plotted against the 
channel energy. The angles refer to laboratory angles; 
these differ only slightly from the center-of-mass 
angles. The target thicknesses were 8.1, 2.3, 2.5, 2.8, 
and 2.5 mg/cm*, respectively. The spectra for a target 
at different reaction angles were obtained at different 
times. The quality of the statistics is evident from the 
few error flags shown. Within the uncertainties in statis- 
tics and absolute calibration, the spectra are fairly iso- 
tropic for V, Fe, and Co for angles beyond 30°, except at 
the high-energy end of the spectra. The same conclusion 
is suggested by the Ni data. In the case of Rh, the 90° 
spectrum appears to be lower than the 60° and 120° 
spectra near the peak of the spectra, but the experi- 
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Fic. 5. Spectrum of a@ particles from Co®(p,«)Fe®. 
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Fic. 6. Spectrum of a yr les from Ni(p,¢)Co for a natural 
target (Ni** 68%, Ni® 26%). The maximum energies for various 


reactions are indicated wi subscripts 58 and 60 corresponding 
to these two most abundant isotopes 


mental inaccuracy precludes a firm conclusion on this 
point. Forward peaking of high-energy a particles is 
evident in all reactions at least up to 4-Mev excitation 
and is particularly marked for the Rh! (p~,a)Ru™ 
reaction. Silver as a target element gave similar results. 
Rhodium was chosen as a representative nucleus for 
this region of A. 

Indicated in Figs. 3, 4, 5, and 6 are the energies 
available for various reactions. In the case of V, sec- 
ondary a particles (following a primary neutron or 
proton) could not compete in an evaporation process 
with a secondary nucleon. For Fe, secondary a particles 
would not compete with secondary protons following 
neutron emission. If a proton were emitted first with an 
energy between 7.0 and 9.6 Mev, only a secondary 
a@ particle or y ray could be emitted ; however, the maxi- 
mum energy of the a particle would be 2.6 Mev and 
would not pass through the counter window. Lower 
energy primary protons would (with rapidly increasing 
probability) be followed by a proton or neutron rather 
than an a@ particle. Similar considerations hold for Co 
and Ni. It is therefore unlikely that secondary (evapo- 
rated) a particles with energies greater than 5 Mev 
would be observed, nor is a significant contamination of 
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Taste I. oe of present Q values with previously 
determined Q values. Column 2 gives the differential cross 
section per Mev of the maxima of the ground-state experimental 
peaks. 


d*a (30°)/dQde Experimental Q 
(mb/sr Mev) (Mev) 


0.025 1.1+0.4 
0.50 —1.0+0.3 
0.05 1.95+0.25 
0.50 1.30+0.25 
0.20 —0.25+0.25 
0.02 4.5+0.3 





Mass value Q 
(Mev) 


1.16+0.005 
—1.05+0.01 
3.23+0.01 
—1.34+0.02 
—0.025+0.03 
5.6+1.0 


Reaction 


V"1 (pax) Tit® 
Fe®*(p,a)Mn* 
Co (p,a)Fe®* 
Ni®8(p,a yc 
Ni®(p,a)Co* 
Rh"? (p,a)Ru'® 











He® likely. The experimental spectra are consistent 
with these arguments in that there is nothing seen which 
points to secondary a or He’® particles; nevertheless, 
one cannot rule out such events with complete certainty. 

The highest energy groups at 30° can be used to meas- 
ure Q values, assuming that these groups correspond to 
ground-state transitions. Table I compares the ex- 
perimental Q values with those obtained from mass 
measurements and other reaction data,'® and includes 
the cross sections at the maxima of the corresponding 
groups. 

The agreement in ( values is good for V, Fe, Rh, and 
the Ni isotopes, but poor for Co. It would appear that 
the highest energy peak (at ~19.3 Mev) for the Co™® 
is not due to the ground-state transition; it would cor- 
respond to an excited state at ~1.2+0.3 Mev in Fe. 
The known" states in Fe®® are at 0.845, 2.085, 2.661 
Mev, and higher. The group at 1.2 Mev is apparently 
due to the first two excited states (unresolved). It is 
evident that the cross section for the ground state of 
Fe** is appreciably less than 0.05 mb/sr Mev at 30°. 

The ground-state cross sections for the V, Fe, Co, 
and Ni targets show an interesting variation. For Fe 
and Ni, the peak cross sections are of the order of 0.5 
to 0.8 mb/sr Mev, while for V and Co they are <0.025 
and 0.01, respectively. For the former pair, the initial 
and final states are 0* and 3-, respectively, while for 
the latter the states are $- and O*. Thus, the angular 
momentum changes involved are the same and the 
linear momentum transfers are approximately the same 
in all four cases. It is probable that this large variation 
in cross section must be attributed to the shell structure 
of the nuclei involved. Preliminary calculations by 
Tobocman and by Bayman" indicate that such large 
variations can occur in both pickup and knockout de- 
scriptions of the (p,a) reaction. 


IV. ANALYSIS OF THE (p,a) SPECTRA 
A. Theory 


According to the evaporation model, the differential 
cross section at a fixed bombarding energy for (p,a) 


of California 
(unpublished ). 
Buechner, Phys. Rev. 


16 V. J. Ashby and H. C. Catron, 
Radiation Laboratory Report UCRL-5419, 1959 


University 


17M. Mazari, 
107, 365 (1957). 
18 W. Tobocman, B. F. 


A. Sperduto, and W. W 


Bayman (private communications) 
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reaction (assumed to be isotropic) is given by? 
da (€,€y) (2M ,,/h?)eo-(€)w(Ez) 


=Te\€p) ? 
dQde de > Fi 





where e, and ¢ are the incident and exit channel energies 
(the sum of the kinetic energies of the particle and 
target (or residual) nucleus in the center-of-mass sys- 
tem). o.(€,) and o,(e) are the cross sections for protons 
and alpha particles for forming the compound nucleus 
with the target and (excited) residual nucleus, respec- 
tively. The level density of the residual nucleus at 
excitation E,=e9—e is represented by w(Ez). €o is the 
maximum channel energy available for decay and is 
given by e9=€p+Qpa- M, is the reduced mass of the a 
particle. F; is the energy integral of the numerator of (1) 
for each of the possible reactions (p,2) (p,p’) (p,a), etc. 
These integrals over the various spectra are constants 
at a given bombarding energy. Equation (1) is useful in 
a limited range of €; the lower limit is set by the possible 
presence of low energy secondary a particles, and the 
upper limit should correspond to £,~ 3 Mev for medium 
heavy nuclei. 

The energy dependence of the level density is ob- 
tained from the differential spectrum (1): 


1 @& 
w(E,)=w(eo— €) « —— 


eo.(e) dOde 


Total cross sections can be calculated integrating (1) 
over energy and solid angle. In the following sections 
the experimental results are analyzed in terms of these 
theoretical expressions. 


B. Energy Distribution 


The isotropy of the observed spectra beyond 30° 
is consistent with an evaporation process. Using an 
average of the 90°, 120°, and 150° data for each target, 
the present results were analyzed in terms of Eq. (2). 
Semilogarithmic plots were made of differential cross 
section divided by eo.(€) versus ¢, or F,, the excitation 
energy. These plots should give the logarithm of the 
relative density of the residual nucleus as a function of 
excitation energy. (We shall refer to these graphs as 
level density plots.) 

In order to carry out this analysis, one needs values 
of the inverse cross sections o.(e). Tables of o,(e) for 
a particles have been published by Shapiro,’ Blatt and 
Weisskopf,”” and Feshbach, Shapiro, and Weisskopf.”! 
These tables are based on the boundary condition 
model”? with the assumption of a Coulomb potential 
which is sharply cut off at an interaction radius R. o,(e) 
is very sensitive to the choice of this interaction radius, 


19M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
2% Reference . Table 4.1, p. 352. 

#1 H, Feshbach, M. M. Shapiro, and V. F. Weisskopf, Atomic 
Energy Commission Report NOA _ 25-B-3, (NYO-3077) 
(unpublished). 
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Fic. 8. Relative level density of Mn®* from the Fe'*(p,a)Mn* 
reaction. The various values of R and ro (in fermis) refer to the 
radius of Mn* used in calculating the inverse cross sections. Two 
scales are shown for the abscissa, the disintegration energy and 
the excitation energy. 


particularly for a-particle energies which are below the 
Coulomb barrier (approximately 3Z/R Mev, with R 
in fermis). Thus the form of the energy dependence of 
relative level density one obtained depends strongly on 
the choice of R. This point is illustrated in Fig. 8 for 
the Fe data. The various choices of R are indicated 
together with the values of rp which correspond to 


R=r,A!+2.2. (3) 


The use of this formula is suggested by the analysis of 
the elastic scattering of a particles in terms of the sharp- 
cutoff model of Blair.”** The values of R used in Fig. 8 
were chosen for convenience in the use of the tables for 
o-(€). 

The various models which are used to predict the 
level density lead to w(E,) « exp(bE,) with }<@<1. 
It is evident from Fig. 8 that a value of R can be chosen 
to correspond to any choice of 8. We will restrict the 
discussion to 8=43, corresponding to the Fermi gas 
model, and to 8=1. Thus for 8=3, the curve for the 
level density in Fig. 8 should be concave downward, as 
for R=8.45 fermis, while for 8=1, one expects a straight 
line, as for R=7.22 f. We shall refer to the case B=} 
as a ‘‘Fermi-gas level density” ; this is usually expressed 
as w(E,)«exp[2(aE,)']. We shall refer to the case 
8=1 as the “constant-temperature level density”, and 
use the usual expression w(/,) « exp(E,/T). 

Similar plots were made for the other targets using an 

22 7.S. Blair, Phys. Rev. 95, 1218 (1954). 

*D. D. Kerlee, J. S. Blair, and G. W. Farwell, Phys. Rev. 
107, 1343 (1957). 
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Fic. 9. Relative level density vs E, for radii appropriate to a 
constant temperature level density. The corresponding values of 
ry (in fermis) and T (in Mev) are given for the various residual 
nuclei. The inverse cross sections were calculated using the tables 
of Shapiro." 


average of the 90°, 120°, and 150° data for each target. 
For values of r>~1.35 fermis, the level densities have 
the constant-temperature form, while for ro> 1.53 f, the 
Fermi-gas form is obtained. Semilog plots of relative 
level density which are linear when plotted vs £, and 
EAare shown in Figs. 9 and 10; the corresponding values 
of ro and T for the former, and of ro and a for the latter, 
are given in the figures. 

It is evident that the experimental data can be repre- 
sented equally well by either level density form. The 
analysis of elastic scattering of a particles by Kerlee, 
et al. using the sharp-cutoff model,” yielded a value of 
of 1.4 f for ro. With this radius our results are in much 
better agreement with the constant temperature level 
density than with the Fermi-gas level density. 

Another method of obtaining the inverse cross section 
a-(€) is based on the analysis of @ scattering using the 
optical model. Igo“ recently carried out this analysis 
and obtained the total reaction cross section ¢,(e) for 
the ground state using a Woods-Saxon potential based 
on the Hill-Ford charge distribution. These two poten- 
tials produce a barrier which is smaller in height but 
thicker radially than the Coulomb potential with a 
sharp cutoff radius of 1.44!+2.2 f. Igo compared his 
calculated cross section with a-induced excitation 
functions and concluded that the agreement is good. 

The cross sections published by Igo* were inadequate 
for analysis of the present data. Recently appropriate 


* G. Igo, Phys. Rev. 115, 1665 (1959). 
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cross sections were calculated by Igo and Huizenga*® 
and we have used these cross sections to analyze the 
present data. The results are seen in Fig. 11. Constant- 
temperature level densities are again found, with tem- 
peratures somewhat higher than those obtained with 
continuum model cross sections. By interpolation of 
the curves of Fig. 8 for the various targets we obtained 
the temperatures corresponding to ro>=1.4 f for the 
Shapiro cross sections. These temperatures and the 
corresponding ones, for the optical potential cross sec- 
tions are compared in Table II. 

It should be noted that the optical model calculations 
yield reaction cross sections which include direct inter- 
action as well as compound nucleus reactions. It is 
therefore probable that the optical model cross sections 
are larger than the inverse cross sections required here 
and furthermore that this difference increases with in- 
creasing energy. From our data the total direct-interac- 
tion cross section is small (<10% for V—Ni), so that 
this effect is unimportant here. However, at higher bom- 
barding energy this effect could become significant. 

We conclude on the basis of the above discussion 
that analysis of the observed spectra in terms of the 
evaporation model leads to a constant-temperature 
level density for the range of excitation from 3 to 12 
Mev. The value of T depends only slightly (10%) on 
the choice of model for calculating o.(e). (The error in 
the temperature assigned to each curve, based on the 
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Fic. 10. Relative level density vs EZ, for radii leading to a 
shape consistent with the Fermi level density exp[2(aE,)*]. The 
values of 7» (in fermis) and a (in Mev~) for the various residual 
nuclei are shown. The inverse cross sections used were obtained 
from the tables of Shapiro.” 


% G. Igo and J. R. Huizenga (private communication). 
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TABLE II. Comparison of temperatures obtained using the 
a-(€) values of Shapiro with the Blair-Kerlee-Farwell radius, 
1.4 At+2.2 fermis, and Igo-Huizenga optical model values of 


o-(e). 








Residual T (Shapiro) T (Igo) 
nucleus (Mev) (Mev) 


Ti* 1.42 1.59 
Mn® 1.21 1.33 
Fe 1.46 1.54 
Co8s.87 1.20 1.32 
Ru 1.17 1.31 











scatter of points, is estimated to be ~5%.) We note 
for the first four nuclei, closely spaced in A, that the 
even-even residual nuclei appear to have higher tem- 
peratures than the odd-even nuclei, so that the level 
density increases more rapidly with excitation in the 
latter case. 


C. Dependence of a Spectra on 
Bombarding Energy 


Fulmer and Goodman” have investigated the Ni(p,a) 
reaction using bombarding energies of 11.3, 13.1, 14.9, 
17.2, 20.02, and 22.8 Mev. They found that the energy 
of the peak of the spectra remains essentially constant 
independent of bombarding energy. They calculated 
that for a Fermi-gas level density, the energy of the 
peak should drop by 15% on reducing the bombarding 


energy from 22.8 to 11.3 Mev. To account for the ab- 
sence of this expected shift, they attributed this effect 
to a decrease of Coulomb barrier with excitation. They 
note, however, that a constant-temperature level density 
would also explain the constancy of the peak. The latter 
follows immediately from Eq. (1), for with E,=«.—e 
and €9= €,+(, the spectrum would factor into a product 
of a function of bombarding energy and Q, and a func- 
tion of disintegration energy: 


N(€) & f(€p,Q)[eae(e)e*!” J. (4) 


f(€,?) would determine the relative cross section for 
a emission, but the spectral shape would be given by 
the bracketed factors. The latter has its maximum at 
some particular value of e, independent of bombarding 
energy if T is a constant. 

There is, however, a way of testing the hypothesis of 
constant temperature in a more detailed way than is 
provided by the constancy of the energy _of the peak. 
According to Eq. (4), the spectra at different bombard- 
ing energies should be similar except for multiplicative 
factors. Intercomparing the experimental spectra of 
Fulmer and Goodman (excluding energies corresponding 
to excitation energies less than 2 Mev for Co*), we 
found that the similarity was reasonably good. 

It should be emphasized that the comparison of 
spectra at different bombarding energies is a more direct 
way of testing for a constant-temperature level density 
than attempting to fit straight lines to the level density 
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plots. The latter depend critically on the choice of 
parameters for o,(¢). For a comparison of shapes it is 
sufficient to use the experimental pulse height spectra 
without the various corrections and transformations 
since these depend only on « for a given target. (There 
is a negligible correction for bombarding energy in the 
transformation from laboratory to c.m. coordinates.) 
With this in mind, the (f,a) spectra of Ni and Co 
at different proton energies were determined. In Fig. 12, 
the experimental yields vs channel number for Ni (at 
135°) at 19.4- and 15.6-Mev bombarding energy are 
shown. The two spectra were normalized at the peaks 
of the distributions. The agreement is very good from 
channel 11 to channel 35 (e=7 to 12 Mev). These chan- 
nels correspond to E,=2 to 7 Mev for the 15.6-Mev 
spectrum and £,=6 to 11 Mev for the 19.4-Mev spec- 
trum. Beyond channel 35 one would not expect agree- 
ment since this region would involve E,<2 Mev. In 
Fig. 13 a similar comparison is made for Co* (at 135°) 
for bombarding energies of 19.0 and 15.4 Mev. In this 
case the curves agree from channel 15 to channel 55. 
(There is some indication of a weak group at channel 
48 at the higher bombarding energy.) Because the ( is 
higher for the Co reaction, the range of ¢ (7 to 15 Mev) 
corresponds to E,=3.5 to 11.5 Mev and £,27 to 15 
Mev at the lower and higher bombarding energies. 
Finally, as an indication of the sensitivity of this test 
for a.constant temperature level density, Fig. 14 dis- 
plays spectra for Co calculated on the basis of a Fermi 


IGO-HUIZENGA , (e) 





' 





14 


Fic. 11. Relative level density vs Ez. The inverse cross sections 
used are the optical model cross sections calculated by Igo and 
Huizenga.™ 25 
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Fic. 12. Ni(p,«) spectra at 15.6 and 19.4-Mev bombarding energy. 


level density using the optical-model cross sections for 
values of a=3.0 and a=3.5 Mev which are in the 
appropriate range in the present case. Comparison of 
Figs. 12, 13, and 14 shows that a constant-temperature 
level density is consistent with the experimental re- 
sults while the Fermi level density is not. We conclude 
that the (~,a) spectra are consistent with a constant- 
temperature level density and that T is independent of 
bombarding energy in the range 15-19 Mev. It should 
be emphasized that these conclusions are based on the 
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Fic. 13. Co(p,z) spectra at 15.4 and 19.0-Mev bombarding energy. 
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Fic. 14. Calculated spectra for Co(p,a) at 15.4 and 19.0-Mev 
bombarding energy for a Fermi-gas level density. 


assumption that o,(¢) is independent of F; this point 
is discussed in Sec. VIII. 


D. Total Cross Section 


By integrating Eq. (1), one can, in principle, calculate 
the total (p,«) cross section. However, one has to as- 
sume appropriate level densities for the residual nuclei 
following proton and neutron emission. The (p,p’)*6 
and (p,m)*? spectra for 18-Mev incident protons are 
forward peaked, and in general do not appear to be 
entirely due to evaporation. Ignoring this difficulty 
and assuming that the level densities are in all cases to 
be w(E,)=C exp(E,/T), total (p,a) cross sections were 
calculated for several sets of parameters. These calcu- 
lations are summarized in Table III. C was assumed to 
be the same for all the residual nuclei. 

The calculations in Table III were made several years 
ago and are based partially on incorrect Q values for 
the (p,a) reaction; the correct values for the latter 
would decrease the calculated total cross section for 
Fe®* and V™. Further refinements could be made re- 
garding the level density dependence for even-even, 
even-odd and odd-odd nuclei. However, these, the 
temperatures, and the relative importance of direct 
interaction in the (p,7) and (p,p’) reactions are not 
sufficiently we’: warrant more detailed 
calculations. One can conclude that the observed (p,q) 
total cross section. are not inconsistent with the evapo- 
ration model. 


Known to 


26 P. C. Gugelot, Phys. Rev. 93, 425 (1954). 
27D. M. Thomson, Proc. Phys. Soc. (London) A69, 447 (1956). 
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V. COMPARISON OF PRESENT RESULTS WITH 
PREVIOUS OBSERVATIONS 


A. (~,a) Spectra 


Fulmer and Cohen" investigated the (~,a) spectra for 
a variety of nuclei using 23-Mev protons. They found 
that for Z<50, the spectra are moderately isotropic 
beyond 60° if the highest energy particles are excluded. 
Fulmer and Goodman” studied the dependence of (p,a) 
spectra on bombarding energy [see Sec. IV (C) ]. In 
general, our results are in qualitative agreement with 
the results reported in these two papers. However, the 
maxima of the spectra of Fulmer and his co-workers 
occur at a lower energy. They found the peak for Ni, ata 
bombarding energy of 17.2 Mev, at a total kinetic en- 
ergy of 8.15 Mev,” whereas our spectrum peaks at 
9.4 Mev. Similarly, they found the Rh peak at 17-Mev 
bombarding energy” about 1 Mev lower than the peak 
in our Rh spectra. The total cross section for Ni at 17.6 
Mev was found to be 55 mb in the present experiment, 
in excellent agreement with 53 mb obtained by inter- 
polation of their total cross-section data. 

The disagreement in energy scale is somewhat larger 
than the estimated uncertainties (~0.2 Mev in our 
scale, and ~0.5 in theirs’®:*8), To resolve this dis- 
crepancy, Hill and Sherr*® measured the Ni(p,a) spec- 
trum at 28° and 17.6 Mev with a magnetic analyzer. 
A comparison between their results and the 30° curve 
of Fig. 6 is shown in Fig. 15. The agreement is good 
both in energy scale and in shape, and also in absolute 
cross section. We have recently determined the (/,a) 
spectra of Co and Ni using a telescope with a p-n 
junction detector, with the same calibration procedures 
used in obtaining Fig. 2. The results substantiate our 
earlier measurements. 

Fulmer and his coauthors” ascribed their a spectra 
to the compound nucleus reaction. However, because 
the Maxwellian peaks of their spectra occurred at 
unexpectedly low energy they concluded that the 
Coulomb barriet for excited states was lower than for 
the ground state. The preceding discussion on energy 
calibrations eliminates the necessity for this conclusion 
for the above reason. As was mentioned in Sec. IV (C), 
these authors also ascribed the lack of dependence of 
the energy of the Maxwellian peak on bombarding 
energy, if the Fermi gas level density is assumed to be 
correct, to a decrease of barrier with excitation. Their 
analysis suggests that the radius of Co**.*” increases by 
a factor of 1.28 at 12.5 Mev of excitation. Lane and 
Parker have calculated that the increase in nuclear 
radii should be negligible even at 30 Mev of excitation. 
Therefore, the Fermi-gas level density can be maintained 
only by modifying the inverse cross section for reasons 
other than variation of radius. 


28 C, B. Fulmer and B. L. Cohen, Phys. Rev. 112, 1672 (1958). 

2 A. Hill and R. Sherr, Bull. Am. Phys. Soc. 5, abstract III, 
249 (1960). 

30 A. M. Lane and K. Parker, Nuclear Phys. 16, 690 (1960). 
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TaBLeE III. Comparison, of calculated and observed total cross 
sections for the (f,a) reaction. The 7’s refer to the temperatures 
assumed for the neutron, proton, and @ channels, and the Q’s 


are the respective Q values for the reactions. The experimental 
cross sections are accurate to about 10%. 
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B. Comparison of (f,a) and (e,e’) Reactions 


Lassen and his collaborators*® have investigated (a,a’) 
reaction using 20-Mev a particles. For targets in the 
Fe-Zn region, the a-particle spectra show sharp peaks 
superimposed on a broad continuum. The continuum 
was found to be almost the same at 45°, 90°, and 135°. 
Analysis in terms of the evaporation model with inverse 
cross sections corresponding to the sharp-cutoff radius 
(R=1.4A!+2.2) yielded a constant-temperature level 
density with T in the range 1.04-1.25 Mev. 

In trying to compare the temperatures in Table II 
with those obtained in other experiments,** we have 
found disagreement which is in part attributable to 
an ambiguity in the instructions for the use of the pub- 
lished cross-section tables.'®° The energy parameter is 
stated to be the kinetic energy of the particle in the c.m. 
system, but the cross sections are tabulated as a function 
of the total kinetic energy of particle and recoil nucleus. 
The total energy is (A+4)/A greater than the particle 
energy. For low-energy a particles this small difference 
in energy can make a large difference in o,(e). For ex- 
ample, for e=8 Mev, incorrect use of the tables will 
yield a cross section which is 0.57 of the correct value 
for Z=20, while for Z=30 the factor is 0.43. At e=7 
Mev, the corresponding factors are 0.45 and 0.34. The 
effect of this error in the level density plots is to raise 
the low-energy points relative to the high-energy points 
and therefore decrease the value of 7. For-this reason, 
the temperatures of reference 8 are lower than they 
should be. 

The spectra of Lassen e/ al.,8 are very similar to the 
(p,a) data presented above. Dr. Lassen sent us a com- 
parison between an unpublished 90° spectrum for 
Fe(a,a’)Fe at 20 Mev and the 90° spectrum for 
Co**(p,a)Fe®® of Fig. 5. This comparison is shown in 
Fig. 16. The agreement is striking. The excitation ener- 
gies of the compound nucleus Ni® involved in both 
reactions are nearly the same (26.8 for the protons and 
25.0 for the @ particles) and the emission spectra are 
very similar. Thus the assumption of the independence 
of production and decay in the compound nucleus model 
is strongly supported by the comparison of these two 
experiments. Both spectra are quantitatively consistent 
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with the evaporation model if a constant-temperature 
level density is assumed. With the latter assumption, 
the evaporation spectrum was shown Sec. IV(C) to be 
independent of the energy of the compound nucleus. 
Hence the difference in excitation of Ni® in the present 
comparison will affect only the absolute cross sections, 
but not the spectral shapes. 

There are a few differences between the results of 
the present (f,@) investigation and the (a,a’) experi- 
ments. Lassen et al.§ found that T for Cu decreased 
from 1.12 to 0.94 Mev when the incident energy was 
reduced from 20 to 16 Mev, while in the present investi- 
gations of. the Ni and Co (f,«) reactions, T was found 
to be constant for an equivalent change in bombarding 
energy. The (a,a’) angular distributions are slightly 
more anisotropic than the (/,a) distributions. The 
values of T given in Table I indicate that even-odd 
nuclei have a lower J than even-even nuclei, while the 
(a,a’) experiments lead to the opposite conclusion. 
These minor differences, if real, between the two reac- 
tions are not considered important enough to mask the 
impressive similarity of the two reactions exhibited in 


Fig. 16. 
C. (n,w) and (d,a) Reactions 


The a@ spectra from Al, S, V, Mn, and Co bombarded 
with 14.8-Mev neutrons have been observed by 
Kumabe and collaborators.” These authors find spectra 
and angular distributions which are completely in- 
consistent with the (p,q) and (a,a’) results discussed 
above. Their angular distributions are markedly ani- 
sotropic though symmetrical about 90° and the spectra 
are fitted with temperatures which are about 35% 
smaller than those reported above. 

Mead and Cohen® have observed the @ spectra re- 
sulting from the (d,a) reaction on various targets using 
15-Mev deuterons. They find for Z<50, a Maxwellian 
low-energy component which they attribute to evapora- 
tion. In the region of Cu they find a temperature of 
about 1.2 Mev, in fair agreement with the (f,@) and 
(a,a’) results. They show angular distributions for Ni 
which are slightly peaked in the forward direction. 
Insufficient detail is given to make an accurate compari- 
son with our results. However, the agreement is suffi- 
ciently good to support the view that in the 10-20 Mev 
range of bombarding energies for protons, @ particles, 
and deuterons, most of the a@ particles emitted from 
medium-weight targets are the result of evaporation 
from a compound nucleus. 


VI. ANALYSIS AND DISCUSSION OF (#,9’) 
EXPERIMENTS 


Colli e¢ al.? and Allan,” in their analysis of 14-Mev 
(n,p) experiments, found their spectra consistent with 


311. Kumabe, J. Phys. Soc. Japan 13, 325 (1958); I. Kumabe, 
E. Takekoshi, H. Ozata, Y. Tsumeoka, and S. Oki, ibid. 13, 129 
(1958), and Phys. Rev. 106, 155 (1957). 

% J. B. Mead and B. L. Cohen, Phys. Rev. Letters 5, 105 (1960). 
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a constant-temperature level density. However, dis- 
cussion of the (~,@) work indicates the importance of 
using different bombarding energies in order to establish 
the applicability of the evaporation model. This was 
recognized by Gugelot®® in his (p,’) measurements 
and emphasized by Cohen and Rubin" who investi- 
gated the (,p’) reactions in the Ti-Zn region with 
incident bombarding energies between 11.3 and 23.0 
Mev. 

We have tried to deduce the relative contributions of 
direct interaction and evaporation to the inelastic pro- 
ton spectra of Cohen and Rubin." In the following 
discussion, we consider only the portions of the spectra 
which correspond to E,=3 to 12 Mev. 

Figure 5 of reference 11 presents level density plots 
of Fe®* for bombarding energies of 11.3, 13.4, 14.9, 17.2, 
20.2, and 23.0 Mev. The curves are based on inverse 
cross sections of the continuum model with a radius 
R=2.0A! fermis. At a bombarding energy of 11.3 Mev, 
a good fit is obtained with T=1.5 Mev, in agreement 
with the (p,a) data (Table II above). At higher bombard- 
ing energies the curves become progressively more con- 
cave upward and the average slope (over the interval 
E,=3 to 12 Mev) decreases rapidly. The basic assump- 
tion of the present analysis is that this decrease in 
slope is caused by an increasing contribution of direct 
interaction to the observed spectra. 

If the inelastic protons arose solely from an evapora- 
tion process, one would expect that for different inci- 
dent energies the slopes of the level density plots at 
those values of € corresponding to a particular value of 
FE, would be independent of incident energy. The value 
of the slope might depend on £,, but cannot depend on 
€>. This property follows simply from Eq. (2), for on 
taking the partial derivative of Eq. (2), noting that 
E,=eo—e and that ec=e,, one obtains 


fs) N(e) , @ | 
| -—|n——|| = | ——[Inw(E,) }} 
deL eg. (e) I! | de ‘ 


E. 5| 
;——[Inw(E,z)]} . 
| dE, iP 


0 


Since the level density depends only on £,, it is evident 
that the term on the left, the slope of the level density 
curve, at € corresponding to £,, is also independent of 
eo. If, however, direct interactions also contribute to 
the spectrum, the value of the slope will not be expected 
to remain independent of €». 

The data of Cohen and Rubin" described above, sug- 
gested the possibility that the contribution of direct 
interaction was negligible at the lowest bombarding 
energies and became progressively more important as 
the incident energy increased. If this were the case, the 
values of the slopes of the level density curves, corre- 
sponding for example to E,=4 Mev, would be constant 
at low €, but then decrease at higher €o. 
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We have analyzed the 90° Fe spectra of Cohen and 
Rubin" (Fig. 3 of reference 11) in these terms, using 
ro=1.5 f for the radius parameter. The level density 
curves for e-=11.3, 13.4, 14.9, 17.2, 20.3, and 23 Mev 
were calculated. The slopes of these curves at value of 
€ appropriate to excitation energies of 4,7,and 11 Mev 
were determined. These slopes were plotted against 
(eo —F,) and are shown in Fig. 17; (e9>—£-) is used as 
the abscissa rather than ep itself in order to give each 
set of points a common zero. The uncertainties in the 
points are estimated to be 5-10%%. For purposes of 
comparison, an identical analysis of the (p,@) spectra 
would yield a horizontal line at an ordinate of ~0.67 
corresponding to T~ 1.50 Mev. 

The ordinates of the points in Fig. 17 decrease mono- 
tonically with increasing bombarding energy and there 
is no compelling evidence of an approach to constancy 
even at the lowest values of e97—/z. It therefore appears 
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Fic. 15. Comparison of the 30 


Ni( pa) 


spectrum of Fig. 6 for the 
reaction with that of Hill and Sherr®® at 28°. 


that direct interaction may be significant at 11.3 Mev 
bombarding energy as well as at higher energy. How- 
ever, considering the inherent difficulty in obtaining 
the slopes, one cannot exclude the possibility of an 
abrupt leveling off below «—F.~6.5 Mev. It would 
clearly be desirable to have data at lower bombarding 
energies to determine if and where the slopes become 
constant. 

All of the points in Fig. 17 seem to lie on a single 
curve. Since ey, — £,= «, the energy of the emitted proton, 
one sees from Fig. 17 that the ordinates appear to de- 
pend only on ¢, and are independent of £,. An effect of 
this sort was noted and discussed by Gugelot.”¢ It should 
be remarked that a different choice of ro would change 
the dependence of slope [Eq. (5) ] on e, but cannot affect 
this apparent lack of dependence of slope on £,; the 
curve of Fig. 17 will simply look somewhat different. 
With ro= 2.0f, the corresponding curve would be roughly 
the same at ¢e-—£,>13 Mev and about 10% lower at 
6 Mev, 
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Fic. 16. Comparison of the 90° spectra @ 
at 17.6 Mev (from Fig. 5) and X—for Fe 
of Lassen and Roy Poulsen. 


for Co*(p,a)Fe** 
6 (a,a’ )Fe*® at 20 Mev 


The significance of the above observation that the 
slopes of the level density curves are independent of 
E, is not at all clear. It is evident that the spectrum 
represented by Eq. (4) will give this result. So also will 
Eq. (4) multiplied by any arbitrary function of e¢; 
indeed, Fig. 17 indicates that the (,p’) spectra require 
such a multiplying function, for otherwise the points of 
Fig. 17 would lie on a horizontal line. The implication 
of these remarks is that the relative shape of the (p,p’) 
spectra is independent of bombarding energy. 

In Fig. 18, the (p,p’) spectra" for various elements are 
superimposed for best overlap on a semilog plot. Only 
the portions of the spectra corresponding to excitation 
energies in the interval 4-12 Mev were used in order to 
avoid confusion due to secondary protons from the 
(pnp) reaction. On the whole, with a few obvious ex- 
ceptions, the spectra coincide to better than 10% from 
3 to 14 Mev. 


fot lS f 
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Fic. 17. Slopes of the level density curves for the 90° Fe(p,p’) 
spectra" at selected excitation energies as a function of bom- 
barding energy. If the spectra were due to evaporation, the points 
would lie on horizontal lines. The dashed lines near the origin are 
reasonable extrapolations. 
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INELASTIC SPECTRA AT 90° (COHEN AND RUBIN) 


BOMBARDING ENERGY 

23.0 Mev aa’ 

20.2 Mev bb 

8.5 Mev cc’ 

17.2 Mev dd 

6.0 Mev ee 

4.9 Mev tt Fic. 18. Superposition of the 
(p,p’) spectra of Cohen and 
Rubin" for Ti, V, Fe, Co, and Cu 
at various incident energies. At 
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Returning to Eq. (4), one notes that the equivalent 
expression for the Fermi gas level density would not 
factor into a similar product of a function of incident 
energy, and a function of outgoing energy. Therefore, 
if one wants to describe the (p,p’) spectra by a product 
of functions in which the level density is a multiplying 
factor, only the constant temperature level density will 
be consistent with Figs. 17 and 18. 

Thus Gugelot’s observations”® and their present am- 
plification might be taken as evidence supporting the 
constant-temperature level density. However, it is more 
likely that for high bombarding energies where direct 
interactions are important, the apparent dependence 
of spectral shape on outgoing energy is an accident. 
It is difficult to see how the yield of protons from 
evaporation, direct, and intermediate processes could 
be combined to give a spectrum whose relative shape 
depends only on e. Direct processes appear to be a 
function of momentum transfers which involve incident 
and’ emergent energies in functions which cannot usually 
be written as a product of the form F(¢€)G(e) required 
to agree with Figs. 17 and 18. 

We turn now to the problem of estimating the rela- 
tive contribution of direct and compound nucleus reac- 
tions to the (p,p’) spectra. To estimate an upper limit 
for the evaporation yield, we assume that at very low e, 
the protons come entirely from evaporation. An evapo- 
ration spectrum, assumed to be given by Eq. (4), is 
compared with the actual spectrum with the proviso 
that the former never exceeded the latter. This requires 
normalization of the calculated to the experimental 
spectra near «=4.5 Mev. The ratio of the evaporation 
spectrum to the experimental spectrum, designated by 


each energy only the section from 
E,=4 to E,<12 Mev is shown. 
The curves for each element were 
arbitrarily displaced vertically. 


fin Table IV, was evaluated from the ratio of the areas 
under the two curves. 

In order to carry out these computations, values for 
ro and T have to be assumed. In Fig. 17, the dotted 
curve (a) is merely a conceivable extrapolation; if 
this corresponded to reality, one would have to conclude 
that direct interactions contribute significantly to the 
spectra down to quite low bombarding energies. The 
values of T at e9— £,=0 is 1.0 Mev for curve (a). Curve 
(b), on the other hand, corresponds to the level density 
slope found for Fe*® in the Co**(p,a)Fe®® reaction 
(T~1.5 Mev according to Table IT). It was noted earlier 
that the 11.3-Mev level density curve of Fig. 5 of 
reference 11, was in good agreement with T=1.5 Mev, 
with ro>=2.0 f. Both the 11.3- and 13.4-Mev spectra 
are moderately well reproduced with 7=1.5 Mev and 
ro=1.75 f. Thus it seems reasonable to assume values 
of ro= 1.5 to 2.0 f, and T= 1.0 to 1.5 Mev, for the present 
calculations. The results are given in Table IV. Here 
AE, is the range of excitation energy for which f is 
evaluated. For ¢)>17.2 Mev, there is an increasing 
amount of secondary protons at e=4.5 Mev (the energy 
used for normalization), so that the corresponding 
values of f are increasingly overestimated. 

The values of f in Table IV depend appreciably on 
the parameters selected. If the spectrum at 11.3 Mev 
were, in fact, predominantly due to evaporation, these 
calculations indicate that ro is in the neighborhood of 
2.0 f, and T~1.5 Mev. This value of r9 (R=1A!) is 
considerably larger than that deduced from electron 
scattering or the optical model calculations of nuclear 
scattering. However, in the present context, 7o is a 
parameter in the continuum model calculations of in- 





SPECTRA OF (,a) 
verse cross sections and its precise meaning depends 
on the validity of this model. This question is discussed 
in detail in the following section (VII). 

It would be desirable to set lower limits to the cross 
section for evaporation of protons. If the Maxwellian 
portion of the (~,a) spectrum is due to evaporation for 
proton bombarding energies of 15-19 Mev, one must 
expect a corresponding evaporation of protons. From 
the o(p,a) cross section for Fe at 17.6 Mev (see Table 
III), one can, in principle, calculate the evaporation 
cross section for inelastic protons from Fe. However, 
there is not sufficient theoretical or experimental infor- 
mation to allow one to make more than an estimate. 
Such a calculation is sensitive to choices of parameters. 
Assuming ro>=1.5 f and T=1.0 for protons, we find 
f=3.5% at Ey=17.2 Mev, while for r>=2.0 f and 
T=1.5, we obtain f=63%. These estimates are con- 
sistent with the upper limits of f given in Table IV. 

Further analysis of these data would be greatly 
helped by a “statistical” model for direct interactions 
to highly excited states. The small values of f for 20.2 
and 23.0 Mev show that the spectra at these energies 
would be suitable for comparison with such a model. 
It should be remarked that the small values of f at 
these energies disagree with the results of Monte 
Carlo calculations. According to Lane’s review,® only 
few direct protons should be observed for incident ener- 
gies below 20 Mev, whereas the present analysis (Table 
IV) suggests that even at 13.4 Mev, 9 to 35% of the 
protons may result from direct interaction. 


VII. LEVEL DENSITY OF Fe*® 


In the previous sections, the level density of Fe°® 
was obtained from Fe(p,p’) reaction at 11.3 Mev, from 
the Co**(p,a) reaction for incident energies of 15-19 
Mev and from Fe(a,a’)Fe at 20 Mev. The value of T 
for Fe*® extracted from the (p,a) spectra was found tobe 
1.46 Mev or 1.54 Mev (when the cross sections of the 
continuum model or of the optical model, respectively, 
were used). We have seen that the Fe®*(a,e’) and 
Co**(p,a) spectra are in excellent agreement, so that 
the values of T are the same for both reactions. For the 
(p,p’) reaction on Fe®® a value of T= 1.5 Mev was found 
to be in fair agreement with the (p,p’) spectra! at 
11.3 Mev using the inverse cross sections of the con- 
tinuum model with ro= 2.0 f, while a choice of ro= 1.70 f 
yielded 7 = 1.42 Mev’® for the same data. Thus, the level 
densities obtained from the (a,a’) (p,a), and (p,p’) 
reactions are found to be in satisfactory agreement for 
the particular choices of parameters and inverse cross 
sections used. 

There is also experimental information on the 
Fe(n,n’)Fe reaction. Thomson** has measured the in- 
elastic neutron spectra for a number of elements. His 


A.M. Lane, Revs. Modern Phys. 29, 191 (1957). 
4D. B. Thomson, Doctoral thesis, University of Kansas 
unpublished ) 
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TABLE IV. Upper limits for the ratio f of the evaporation 
process to the observed (,p’) spectra for Fe at 90°. 








f 
7o1.5 f ro=1.5f ro=2.0 f 
(Mev) T=1.00Mev T=1.5 Mev T=1.5 Mev 


€o AE; 
(Mev) 





11.3 3-8 
13.4 3-10 065 
14.9 3-12 0.65 
17.2 3-11 <0.33 
3 
3 


0.75 0.91 
0.91 
0.83 

<0.83 

<0.51 
<0.22 


0.96 
0.85 
0.90 
<0.76 


20 2 3-11 <0.10 <0.44 


23.0 11 <0.014 


spectra for Cu and In for different bombarding energies 
(5, 6, and 7 Mev) show the same independence of shape 
on bombarding energy as was found for the (p,p’) 
spectra discussed in Sec. VI above. The level density 
plots are linear for the lower part of the spectra, but 
decrease in slope at the upper end, as in the case of the 
(p,p’) ‘spectra. Thomson has analyzed his spectra as- 
suming that the inverse cross section is constant for 
neutron energies in excess of 0.5 Mev. 

The level density plot for Fe* is linear between 0.5 
and 3 Mev and corresponds to T=0.95 Mev. This value 
for T is completely inconsistent with T~1.5 Mev 
obtained from the (f,a), (a,e’), and (p,p’) reactions. 
This disagreement illuminates the basic difficulty of 
the evaporation model [Eq. (1) ], namely, the lack of 
precise knowledge of the inverse cross section. This cross 
section, o,(e), is the cross section for forming the original 
compound nucleus by bombarding the excited residual 
nucleus with particles of energy ¢. Clearly, one cannot 
obtain these cross sections by direct measurements. 
Therefore, the usual. procedure is to use inverse cross 
sections calculated on the basis of a theoretical model 
such as the continuum model, or to use semitheoretical 
cross sections based on optical model parameters ob- 
tained from elastic scattering. In either case, the as- 
sumption has to be made that the cross section for an 
excited nucleus is identical with that for the same 
nucleus in its ground state. 

The parameters of the optical model have been in- 
terpreted in terms of multiple scattering of incident 
nucleons by the target nucleons.*® In its simplest form 
this analysis relates the absorption potential Wo directly 
to the nucleon-nucleon scattering cross sections. In 
order to calculate Wo, only those scatterings which do 
not violate the Pauli principle are to be considered. 
If the nucleus in its ground state is assumed to be a 
degenerate Fermi gas, both nucleons involved in the 
scattering must have final states above the top of the 
Fermi sea. This restriction leads to small values of Wo 
at low bombarding energies; Wo increases at higher 
energy where the effect of the Pauli principle is less 
important. 


36 J. P. Elliott and A. M. Land, Handbuch der Physik, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 39, p. 385. 
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For an excited nucleus there can be nucleon-nucleon 
collisions with final states below as well as above the 
top of the Fermi sea. Therefore, the Pauli principle 
will not be as restrictive as it is for the nucleus in its 
ground state. Thus, excitation of the nucleus would lead 
to cross sections which are higher at low particle energy, 
but not too different at high particle energy, relative 
to the cross sections for the unexcited nucleus. If one 
uses optical model cross sections based on elastic scat- 
tering experiments for analysis of evaporation spectra, 
one may therefore expect that the optical model cross 
sections are relatively too low at low energies. 

In addition, the inverse cross sections for compound 
nucleus formation at high energy must be smaller than 
the optical model absorption cross section. The latter 
includes direct interactions as well as compound nucleus 
formation, and experiments indicate that direct inter- 
actions become increasingly important at higher energy. 
To summarize this discussion, the inverse cross sections 
are larger than the optical model cross sections at low 
energy, and smaller at high energy. The magnitude of 
these effects remains to be estimated. Qualitatively, 
such modifications of the optical model cross sections 
would lower the level density plots at small ¢ relative 
to large e, and therefore act in the direction of in- 
creasing 7. 

In the case of optical model calculations for a particles, 
the absorption is so large that the modifications sug- 
gested above are probably negligible. If this were cor- 
rect, then the modified cross sections would increase T 
for the (#,n’) spectra without affecting the T for the 
(pa) spectra. 

In order to obtain T=1.5 Mev from Thomson’s* 
neutron spectrum for Fe, one has to assume that the 
inverse cross section is not constant, but varies as 
~e~*'3 between 0.5 and 4.0 Mev. This implies a decrease 
by a factor of ~4 in cross section between these energies. 
Optical model calculations by Beyster et al.** show a 
decrease by a factor of $ for Fe®* over this interval ; thus, 
the effects discussed above would have to yield an ad- 
ditional factor of 3. 

Ericson® has suggested that the continuum model 
cross sections should be reasonably good for excited 
nuclei. However, one would expect that the fraction of 
the reaction cross section which goes into direct inter- 
action will increase with the particle energy. The cor- 
responding reduction of the compound nucleus cross 
section would lead to an increased value of T for the 
(n,n’) spectrum. Because of the relative unimportance 
of direct interactions in the Co**(p,a) reaction, T for 
this reaction should be unaffected. This type of correc- 
tion might also lead to T in the neighborhood of 1.5-Mev 
for the (p,p’) reaction with a value of ro smaller than 
2.0 and perhaps bring the latter into agreement with 
accepted nuclear radii. 


6 J. R. Beyster, M. Walt, and E. W. Salmi, Phys. Rev. 104, 
1319 (1956). 
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Unfortunately, these are at present speculative argu- 
ments, and probably one could in the same vein think 
of reasons why the (,’) temperature is correct and 
why the analysis of the (,@) spectrum should be modi- 
fied. Ericson*’ has determined nuclear temperatures 
from the distribution of known (resolved) energy 
levels for Fe*®®, Fe®’, and Fe®*®, for which he finds 
T=1.2 Mev. If a similar distribution of levels holds for 
Fe**, both the neutron and the a-particle inverse cross 
sections would require modification. 


VIII. SUMMARY 


The present experiments on (f,a) reactions of 15-19 
Mev protons on targets in the V-Ni region have yielded 
spectra which can quite easily be separated into two 
parts. Groups of @ particles leading to low residual 
states are strongly peaked in the forward direction and 
are attributed to direct interactions. The major part 
of the spectra has a Maxwellian shape and is essentially 
independent of angle observation. The isotropic com- 
ponent can be satisfactorily described in terms of the 
evaporation model if one assumes a constant-tempera- 
ture level density, exp(£./T), for excitation energies 
in the interval 3-12 Mev. Using the inverse cross 
sections of the continuum model with the Blair-Kerlee- 
Farwell® nuclear radius, one finds values of T varying 
between 1.2 and 1.5 Mev for the nuclei investigated in 
the V-Ni region. When the inverse cross sections of the 
optical model are used, the values of T are about 10% 
larger. In either case, T is independent of bombarding 
energy (15-19 Mev). The evaporation spectra can also 
be successfully described with a Fermi-gas level den- 
sity, exp[2(aE,)'], with a suitable choice of nuclear 
radius. However, since the experimental spectrum shape 
is independent of bombarding energy, either the nuclear 
radius or the parameter @ would vary with bombarding 
energy for this form of the level density. 

We have compared our experimental results with the 
predictions of the evaporated model using the two forms 
of level density discussed above. While our analysis 
indicates a preference for the constant temperature level 
density, the differences in the spectra based on these 
two forms, for a particular choice of radius, is not large. 
Thomas and Grover*s have pointed out that spectra 
based on the Bethe-Bardeen® level density, (£,)~° 
Xexp[2(bE,)'], would be nearly the same as those 
based on exp(E,/T). Indeed this third form, with 
b=7.0 Mev-, would agree within 10% with exp(£,/1.5) 
between F,=4.5 and 13 Mev. Thus the experimental 
results we have presented above could not distinguish 
between these two prescriptions for the level density. 


37 T. Ericson, Nuclear Phys. 11, 481 (1959). 

%T. D. Thomas and J. R. Grover, Brookhaven National 
Laboratory (private communication). 

*H. A. Bethe, Revs. Modern Phys. 9, 79 (1937); J. Bardeen, 
Phys. Rev. §1, 799 (1937); T. Ericson, Proceedings of the Inter 
national Conference on Nuclear Structure, Kingston, 1960 (Uni 
versity.of Toronto Press, Toronto, 1960), p. 704. 
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The Maxwellian portion of the @ spectra obtained 
in the present (p,a) reactions are very similar to those 
observed in (a,a’) and (d,a) reactions with similar tar- 
gets, for bombarding energies of 10 to 20 Mev. This 
agreement is considered to be strong evidence in favor 
of the evaporation model as a valid model for describing 
the emission of a particles to the region of high level 
density in the residual nucleus. 

Direct interaction @ particles are prominent in our 
(p,a) spectra only for 0<60°. The strong forward peak- 
ing suggests that direct interactions occur only at the 
nuclear surface, either by pickup or knockout. It ap- 
pears that quasi-tritons or @ particles are available only 
on the surface and that in the interior such clusters 
are not likely to occur. This picture is consistent with 
the sharp-cutoff and diffraction inelastic scattering 
models of Blair®-“° and the optical model calculations 
of Igo,** in which the nucleus is found to be “black” 
for @ particles. 

The comparative roles of direct interaction and 
evaporation in the inelastic scattering of protons is 
not as clear as it is in the (p,@) reactions. For targets 
in the V-Zn region, and for excitation energies in the 
interval 3-11 Mev, it appears that evaporation may 
predominate at 11.3-Mev bombarding energy, while 
at incident energies > 20 Mev, at least 50% of the yield 
is due to direct interaction. In order to reach quantita- 
tive conclusions, more experimental data is needed at 
bombarding energies between 8 and 12 Mev. The 90° 
proton spectra for a given target obtained with incident 
proton energies of 11.3 to 23 Mev were found to have a 
shape independent of bombarding energy (for excitation 
energies from 3 to 11 Mev). This feature of the spectra 
is consistent with a constant temperature level density, 
but not with a Fermi gas level density. However, since 
the spectra contain an admixture of protons from 
evaporation and direct interaction it may be that the 
universal shape found for each element is only a peculiar 
accident of no particular significance. Our analysis of 
the (p,p’) reaction data indicates the importance of 
careful investigation of the dependence of spectra on 


40 J. S. Blair, Phys. Rev. 115, 928 (1959). 
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bombarding energy for other reactions such as (n,p) 
and (p,m) in order to determine the nature of the reac- 
tion mechanisms involved. It is felt that there is at 
present insufficient information for an adequate under- 
standing of reactions involving the emission of single 
nucleons. 

On comparing the values of T deduced from experi- 
mental results for the (7,7) reaction** with those ob- 
tained in the (p,a) reaction, one finds appreciable dif- 
ferences. In particular, for Fe®*, the present work on the 
Co**(p,a)Fe®*® reaction indicates a value of T~1.5 Mev, 
while Thomson’s analysis* of the (,’) spectrum of 
Fe yields T=0.95 Mev. The level density should not 
depend on the nature of the particle used to reveal this 
property of the nucleus. In order to resolve this dis- 
crepancy within the framework of the evaporation 
mode, appreciable modifications in our present models 
for inverse cross sections would be required. Such 
modifications might alter the conclusions stated above 
with regard to a constant-temperature level density in 
the interpretation of the (p,q) spectra. Until this dis- 
agreement is resolved, one cannot consider the evapora- 
tion model in the form given by Eq. (1) as more than 
qualitatively useful; in particular, calculations of com- 
peting reactions (e.g., Table III) have questionable 
significance. 
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The reaction F"(,y)Ne* has been studied at two resonances, 669 kev and 1092 kev, to obtain information 
about properties of the 4.97-Mev level in Ne®. It is shown that this 4.97-Mev level is fed by a direct transi- 
tion from the 1+ resonance at 669 kev, that it does not have spin 0 and that its transition to the ground 
state of Ne* is less than 5% of the transition to the first excited state. It is concluded that the most likely 


assignments to the 4.97-Mev level are 2+ or 3+. 


INTRODUCTION 


HE properties of the 4.97-Mev level in Ne” are of 

particular interest because_of the possible role 
this level plays in,stellar nuclear reactions.’ Levels 
above an excitation energy of 4.753 Mev in Ne” can, 
in principle, be formed by the addition of an alpha 
particle to O**. For this to occur, of course, the levels 
must have right combination of spin and parity (i.e., 
0+, 1—, 2+, etc.) and, depending on the spin, the. 
reduced width for formation must be greater than a cer- 
tain fraction of the single particle limit.? Once formed 
there must also be an appreciable probability for the 
level to decay to the ground state of Ne’ by gamma ray 
emission. 

The positions of low-lying levels in Ne” have been 
most carefully studied by Buechner and Sperduto’ 
employing the Na*(,a)Ne” reaction. They found levels 
at 0, 1.635, 4.248, 4.969, and 5.631 Mev, all with an 
accuracy of +6 kev. Many other reactions have been 
employed to study Ne”, in particular the reaction 
F"*(p,7)Ne*.* The reaction has recently been used by 
Kane et al.° to study a resonance at 669 kev. 

In the present work® gamma-gamma coincidence 
measurements were carried out at two resonances in 
the F"(p,7)Ne” reaction at 669 and 1092 kev.‘ These 
correspond to levels in Ne” at 13.51 and 13.91 Mev, 
respectively. 


APPARATUS 


The reaction was initiated by protons from the 
Chalk River 3-Mev electrostatic accelerator and the 
gamma rays were detected in two 5-in. diam by 4-in. 
long NaI(T1) crystals coupled to Dumont photomulti- 
plier tubes. For coincidence work a fast-slow coincidence 
arrangement’ was employed with a resolving time 27 


1 E. E. Salpeter, Phys. Rev. 107, 516 (1957). 

2 A. G. W. Cameron, Chalk River Report CRL-41 (AECL-454) 
June, 1957 (unpublished). 

3 W. W. Buechner and A. Sperduto, Phys. Rev 106, 1008 (1957) 

*F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 

5 J. V. Kane, R. E. Pixley and D. H. Wilkinson, Phys. Rev. 
120, 952 (1960). 

*H. E. Gove, A. E. Litherland and A. J. Ferguson, Bull. Am. 
Phys. Soc. 3, 36 (1958). 

7R. E. Beli, R. L. Graham and H. E. Petch, Can. J. Phys. 30, 
35 (1952). 


of about 40 nsec. The target was CaF evaporated on a 
tantalum backing. Its thickness was about 45 kev for 
700-kev protons. 


RESULTS 


Studies of the F(p,y)Ne” reaction are rendered 
dificult by competing reactions which give rise to 
gamma rays. For example, Fig. 1 shows the principal 
modes of decay of a level in Ne” at 13.51 Mev formed 
by adding 669-kev protons to F"*.‘ The principal capture 
gamma-ray transition to the first-excited state of Ne” 
has a partial width of 2.2 ev. In competition with this 
is the F(p,a)O"* reaction which gives rise to gamma 
rays of 6 to 7 Mev and whose partial widths are 110 
and 25 ev, about two orders of magnitude greater in 
intensity. Gamma-ray decay of low-lying levels in Ne” 
can be studied however, in coincidence with capture 
gamma rays provided sufficiently short resolving times 
are employed in the coincidence circuits to minimize 
random counts. 

Figure 2 shows the direct gamma-ray spectrum meas- 
ured at the 669-kev resonance. This resonance is known 
to have spin and parity 1+.‘ The predominant capture 
gamma ray of this level is an 11.88-Mev transition 
to the first-excited state of Ne” at 1.635 Mev. The most 
intense gamma rays observed in the spectrum are the 
6.13- and 7.12-Mev gamma rays from the F"(p,ay)O"® 
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Fic. 1. Principal decay modes of the 13.51-Mev level in 
Ne” with the partial widths for each listed below. 
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Fic. 2. The upper curve shows the direct gamma-ray pulse spec- 
trum measured at the 669-kev resonance in the proton bombard- 
ment of F!*, The lower curve is the spectrum in coincidence with 
pulses corresponding to 11.88-Mev gamma rays. 


reaction. The 1.63-Mev gamma rays is also observed 
in the spectrum. When a gate on the second crystal is 
set on the 11.88-Mev peak, the coincidence spectrum 
shown in the lower part of Fig. 2 is observed. The short 
coincidence resolving time reduces chance counts from 
the intense 6.13- and 7.12-Mev gamma rays to negli- 
gible proportions and only the 1.63-Mev gamma rays 
are observed in the spectrum. 

The gate on the second crystal was then adjusted 
until its lower limit was just above the pulses produced 
by the 7.12-Mev gamma rays and its upper limit re- 
mained as before above the 11.88-Mev gamma-ray 
pulses. The coincidence spectrum observed under these 
conditions is shown in Fig. 3. In addition to the 1.63- 
Mev gamma ray a weak 3.34-Mev gamma ray is ob- 
served. This is interpreted as arising from a weak pri- 
mary transition from the capturing state to the 4.97- 
Mev level which in turn cascades to ground through the 
first excited state by a 3.34-Mev transition. 

To establish that the level in Ne?° at 4.97 Mev is fed 
by a primary transition from this 1+ resonance at 
669 kev, the yield curves shown in Fig. 4 were meas- 
ured. Two of these are direct yields of all gamma rays 
of energy greater than 1 and 7 Mev, respectively, and 
two are coincidence yield curves with one crystal count- 
ing gamma rays of energy greater than 7 Mev and 
the other measuring 1.63- and 3.34-Mev gamma rays 
in coincidence. Because the intensity of the primary 
transition feeding the 4.97-Mev level is only about 5% 
of that feeding the first-excited state the counting rate 
for this 3.34-Mev coincidence yield curve is low. How- 
ever, the evidence for a gamma transition between the 
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Fic. 3. The pulse spectrum at the 669-kev resonance correspond- 


ing to gamma rays in coincidence with gamma rays of energy 
greater than 7 Mev measured in a second detector. 


1+ level in Ne” at 13.51 Mev and the 4.97-Mev level 
is reasonably convincing. This argues that the spin 
of the 4.97-Mey level is 3 or less. 

To test whether the 4.97-Mev level had spin zero and 
to measure its branching ratio more accurately, a reso- 
nance in the F"(p,y) reaction at a proton energy of 
1092 kev was investigated. This resonance has the ad- 
vantage that it decays principally to the 4.97-Mev 
level. The results are shown in Fig. 5. The spectrum in 
the upper left of this figure shows the gamma rays in 
coincidence with those of energy greater than 7 Mev 
measured in the second crystal. No sign of a 4.97-Mev 
gamma ray is observed in this spectrum; if present, it 
should occur in channel 35 and an upper limit of 5% 
can be placed on its intensity compared to the 3.34-Mev 
transition to the first-excited state. 

With the position of the 3.34-Mev peak established in 
the coincidence spectrum the gates shown in Fig. 5 
(upper left) were set sequentially on the direct spectrum 
to encompass, first the 3.34-Mev peak (gate 1) and then, 
an equal number of channels just above the 3.34-Mev 
peak (gate 2). The coincidence spectrum observed in 
the second detector is shown in the lower left of Fig. 5. 
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Fic. 4. Yield eg 
curves measured at 
the 669-kev _ reso- 
nance in the proton 
bombardment of F. 
They are, respec- 
tively, the yield of 
all gamma rays of 
energy greater than 
1 Mev (crosses), of 
all gamma rays of 
energy greater than 
7 Mev (squares), of 
1.63-Mev gamma 
rays in coincidence 
with 11.88-Mev 
gamma rays (open 
circles), and of 3.34- 
Mev gamma rays in 
coincidence with pri- 
maries feeding the 
4.97-Mev level in 
Ne” (closed circles). 
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Fic. 5. Measurements made at the 1092-kev resonance in 
the proton bombardment of F¥. 


The residual 1.63-Mey gamma peak observed using 
gate 2 is due to coincidences with the pulses in the tails 
of the spectrum of the higher energy gamma rays which 
feed both the 4.97- and 1.63-Mev levels. 

With the gate 1 setting, the angular correlation be- 
tween the 3.34- and 1.63-Mev gamma rays were meas- 
ured using the geometry illustrated schematically in 
the upper right of Fig. 5. Since the experiment could 
only distinguish between spin 0 for the 4.97-Mev level 
and all other spins, it was only necessary to make the 
measurement at three angles 6. The results are shown 
in the lower right of Fig. 5, along with the theoretical 
correlation to be expected if the 4.97-Mev level had 
spin 0. Because, when the gate is moved above the 3.34- 
Mev peak there is still a residual number of 1.63-Mev 
coincidence counts one would expect some attenuation 
in the variation with angle over that predicted theoretic- 
ally for a 0-2-0 distribution but not as much as ob- 
served. It is therefore possible, with reasonable confi- 
dence to eliminate spin 0 for the 4.97-Mev level in Ne”. 


CONCLUSIONS 


Figure 6 shows an energy level diagram for Ne” 
summarizing the results presented here. The coincidence 
yield curve proved that a 3.34-Mev gamma rays is in 
coincidence with one of energy greater than 7 Mev at 
the 1+ level at 13.51 Mev and the observation of this 
3.34-Mev gamma ray in the coincidence spectrum at a 
resonance 400-kev higher shows that it is not a primary. 
Hence the 1+ level at 13.51 Mev feeds the 4.97-Mev 
level. Combining the observed‘ I’, = 2.2 ev for the transi- 
tion to the 1.63-Mev level with the branching ratio re- 
ported here yields ',=0.12 ev for the transition to the 
4.97-Mev level. In addition, it was shown that the 
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TABLE I. Comparison between I’, measured at the 13.51-Mev 
resonance and the Weisskopf value, Iw. 








Multipole 
13.51 Mev — 4.97 Mev, E,=8.54 Mev, ',=0.116 ev 
El 312 3.7K 10-4 


T'w(ev) 





M2 0.005 23 
8.9 10°85 
0.96 


> 1.63 Mev, E,=11.88 Mev, I',=2.2 ev 
6.2107 
3.5 


M1 13.1 
£2 0.121 

13.51 Mev 
M1 35.3 
E2 


4.97-Mev level does not have J =0 and that it decays to 
the ground state of Ne” with less than 5% probability 
of its decay to the first-excited state. 

Because it is fed by a 1+ level its spin is 1, 2, or 3. 
The partial width for the decay .,=0.12 ev can be com- 
pared to the Weisskopf limit for various possible spins 
and parities of 4.97-Mev level following the procedure 
of Wilkinson.® The results are given in Table I. 

It follows from an examination of this table that if 
the 4.97-Mev level had J=3—, the 8.54-Mev M2 
transition would be enhanced by a factor of 23. No such 
enhancement has ever been observed in any region of 
the periodic table* and there is no reason to expect that 
it will be. J=1+, 2+, and 3+ are all consistent with 
|M|? observed for light elements while J=1— or 
2— give a value of | M |? which is consistent with other 
F1 transitions in light nuclei which violate the isotopic 
spin selection rule. 

Since this work was completed, a comprehensive series 
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Fic. 6. Partial energy level diagram of Ne® summarizing the 
information obtained in this experiment. 


§ D. H. Wilkinson, Nuclear Spectroscopy, edited by F. Ajzenberg 
Selove (Academic Press Inc., New York, 1960), Part B, Chap. V.F. 
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of experiments designed to measure the properties of 
levels in Ne” have been undertaken at Chalk River.® 
In particular the 4.97-Mev level has been found to have 
Jx=2—. The astrophysical significance of this and a 

*C. Broude and H. E. Gove, Proceedings of the Iniernational 
Kingston Conference on Nuclear Structure (University of Toronto 
Press, Toronto, 1960) see also H. E. Gove, Nuclear Instr. and 
Methods 11, 63 (1961). 
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3— for the 5.63-Mev level! 
has been discussed.” Sufficient information on levels in 
Ne” now exists to reveal the existence of several rota- 
tional bands." 


recent measurement of /x= 
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Capture of 14.4-Mev Neutrons by Protons and Deuterons 
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\ counter telescope in connection with a two-dimensional analyzer has been applied to determine the 
ratio of the 14.4-Mev neutron capture and elastic scattering cross sections. The cross section for the capture 
by protons was determined to be 31.6+3.1 wb. This value is in reasonable agreement with the theoretically 
predicted value. The cross section for the capture of neutrons by deuterons was found to be 29.4+5.8 pb 


HE photodisintegration of deuterons and tritons 

and their inverse processes are among the simplest 
nuclear reactions and the study of these reactions can 
give informations about the deuteron and triton wave 
functions, the final continuum states, and the inter- 
action mechanism. 

It has been shown by De Swart and Marshak!” that 
a successful fit to the experimental data on photodis- 
integration of deuterons in the medium energy region 
can be obtained if one uses for the deuteron the 
Gartenhaus wave function (6.7% D-state probability 
and for the final-state interaction the Signell-Marshak 
potential. Around 10 Mev the £1 transition is domi- 
nant, M1 contributing only ~2% and E2~0.15%. In 
this energy region accurate measurements of the total 
cross section and of the anisotropy are desirable for 
better understanding of the magnetic transitions. Hsieh* 
pointed out that the measurement of the total cross 
section around 10 Mev can provide additional informa- 
tion about the sign of the tensor potential in the triplet 
odd states. 

For the capture of neutrons by deuterons, Burhop and 
Massey® in 1947 calculated the cross section using the 
wave functions constructed by a resonating-group 
structure method. Their cross section depends sensitively 
upon the type of nuclear forces; at 11.47 Mev it amounts 


1 J. J. De Swart and R. E. Marshak, Physica 25, 1001 (1959). 

2 J. J. De Swart and R. E. Marshak, Phys. Rev. 110, 272 (1958). 

3 P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957); 
109, 1229 (1959). 

4S. Hsieh, Progr. Theoret. Phys. (Kyoto) 19, 453 (1958); 21, 185 
(1959); 21, 211 (1959). 

5E. H. S. Burhop and H. S. W. Massey, Proc. Roy. Soc 
(London) A192, 156 (1948). 


to 45.8 wb for ordinary forces, and to 30.7 ub for ex- 
change forces. 

Accurate measurements of the fast neutron capture 
cross sections by light nuclei have been made possible 
through the development of counter telescopes.*~® This 
method permits precise determination of the ratio of 
capture and elastic scattering cross sections, as in either 
the same 
counter and target setting. Although the fast neutron 


process charged particles are detected at 


capture cross sections are very small, due to kinematics 
all particles formed by capture are emitted within a 
forward cone of a small aperture and have a narrow 
energy distribution. The counter telescope’ in connec- 
tion with a two-dimensional 100-channel analyzer® 
allowed a good discrimination between protons, deu- 
terons, and tritons above 3 Mev. As the capture cross 
section can be related to the photodisintegration cross 
section by assuming the validity of the principle of de- 
tailed balance, measurements of the capture of fast 
neutrons by protons and deuterons seemed to be of 
some interest. 

14.4-Mev neutrons were supplied by a 200-kev 
Cockcroft-Walton accelerator.’° The targets were a 1X1 
cm, 6.1 mg cm~? polyethylene foil and a 1X1 cm, 8.4 
mg cm? heavy paraffin 


mold, respectively, each 
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1948 CERINEO, 
mounted on a gold backing. The background was meas- 
ured with a blank gold foil of the same size. The counting 
efficiency of the arrangement was 66% for deuterons 
and 48% for tritons. This was calculated by taking into 
account final size of the neutron source, target, and 
detector and the inherent angular distribution due to 
the emission of y rays. 

In the H(n,y)D experiment the spectra of particle 
energy losses in the dZ/dx proportional counter were 
simultaneously displayed on the two-dimensional ana- 
lyzer for four energy groups each 0.52-Mev wide. The 
spectra of three major energy groups are shown in 
Fig. 1(a), (b), and (c). The energy spectrum of deu- 
terons is shown in Fig. 1(d). 
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Fic. 1. (a}-(c) The spectra of proton and deuteron energy losses, 
AE, in the dE/dx counter for three energy intervals. (d) The 
energy spectrum of deuterons. The errors shown are statistical. 
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Fic. 2. (a), (b) The spectra of deuteron and triton energy losses, 
AE, in the dE/dx counter for two energy intervals. (c) The energy 
spectrum of tritons. The dashed curve is calculated taking into 
account the effective thickness of the thick target laminas, the 
inherent energy distribution due to the y-ray emission and the 
resolution of the scintillation counter. The errors are statistical. 


Assuming a total cross section for n-p scattering of"! 
689 mb with 7% anisotropy,” the total cross section for 
capture of (14.4+0.2) Mev neutrons by protons was 
found to be 

Ccapture= (31.6+3.1) ub. 


The error is mainly due to statistics. The cross section 
is in reasonable agreement with the value of 28.9 ub 
derived from the paper by De Swart and Marshak.! 
In the D(n,y)T experiment each energy group of the 
two-dimensional analyzer was 0.24-Mev wide and the 
heavy paraffin target was infinitely thick for tritons. 
Two typical dE/dx spectra are shown in Fig. 2(a), (b), 
and the energy spectrum of tritons is shown in Fig. 2(c). 
Following the same comparison procedure asin H(n,y)D 
experiment, the total cross section for capture of 
(14.4+0.2)-Mev neutrons by deuterons was found to be 


T capture — (29.4+5.8) pb. 


Again the error is mainly due to statistics. 
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The relative yields of 4.4-hr Kr, 78-min Kr®’, and 2.8-hr Kr®* have been measured radiochemically for 
the fission of Th, U***, and U8 induced by 14- and 9-Mev deuterons and 25-Mev alpha particles. Yields 
of these nuclides were also determined for the fission of U** with thermal neutrons. By correcting for charge 
distribution, relative chain yields were obtained for mass numbers 85, 87, and 88. The results for thermal 
neutron fission of U™** are in good agreement with mass-spectrometrically determined yields at these mass 
numbers. Deviations from smooth yield-mass curves are found for deuteron fission of Th®? and alpha- 
particle fission of Th*?, U*5, and U*8, whereas deuteron fission of U*° and U8 show normal mass yields. 
The origin of these fine-structure effects is not understood, but no evidence has been found for a systematic 
influence of the 50-neutron shell in perturbing the fission yields in the krypton mass region. 


I. INTRODUCTION 


HE early radiochemical investigation of slow- 
neutron-induced fission indicated that the yields 
of fission product chains varied smoothly with mass 
number.! However, marked deviations from a smooth 
curve were definitely established by Thode and co- 
workers?* in mass spectrometric determinations of the 
relative abundances of stable krypton and xenon iso- 
topes produced in U** fission and by Stanley and 
Katcoff* in radiochemical determinations of the yield 
of 16 in the fission of U?*, U**, and Pu**. Further 
work®” has shown that the phenomenon of fine struc- 
ture in the mass-yield curve is general for low-energy 
fission, and that this fine structure is related to the 
occurrence of closed nuclear shells. 
In order to explain the observed fine structure, 
Glendenin™ suggested, on the basis of binding-energy 
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arguments, that fission fragments which, after emitting 
the usual number of prompt neutrons, are left with 51 
or 83 neutrons might emit an extra neutron rather than 
the usual gamma rays. Pappas!‘ extended this reason- 
ing to closed-shell-plus-odd-neutron species, and Wiles® 
proposed that, in addition, fragments with closed shell 
configurations are favored in the fission act itself. One 
would expect the influence of closed shells to be greatest 
in the 82-neutron shell region because of the high 
fission yield of the species of interest, and a combina- 
tion of the above arguments serves to satisfactorily 
explain the very pronounced fine structure observed in 
this region." However, similar considerations applied 
to the region of the closed shell at 50 neutrons showed 
no agreement between the predicted and the experi- 
mentally determined fission yields of stable krypton 
isotopes.?! 

Considering all the available evidence concerning 
fine-structure effects, it would seem obvious that nu- 
clear shell structure plays a significant role in the 
fission process.'® However, the precise manner in which 
closed nuclear shells exert their influence is still far 
from being understood. It is particularly puzzling that 
the 82-neutron shell seems to have a much more direct 
effect than the similar shell at 50 neutrons. As yet no 
experimental evidence has been found which would 
indicate either a selectivity in the fission act or en- 
hanced neutron emission from primary fragments due 
specifically to the inherent stability of the 50 neutron 
shell. 

The present investigation was carried out in an 
attempt to examine more closely the influence of the 
50-neutron shell in the fission process. As will be de- 
scribed in succeeding sections, the relative fission yields 
of Kr", Kr87, and Kr®® have been measured radio- 
chemically for deuteron and alpha-particle induced 

sion of Th, U5, and U™* at several bombarding 
energies. To facilitate comparison with published work 
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Fic. 1. Fission product decay chains for mass 
numbers 85, 87, and 88. 
the yields of these nuclides were also measured for the 
fission of U*® with thermal neutrons. 

The fission-product decay chains which were studied 
in this work are shown" in Fig. 1. As can be seen, 
measurements of the fission yields of the krypton 
isotopes will give values for the cumulative yields of 
the respective mass chains up to Z=36 (krypton), 
provided sufficient time has elapsed to permit the 
complete decay of all short-lived precursors. Small 
corrections were made for the expected yields of isobars 
of Z>36 to obtain total cumulative yields of the three 
mass chains. Fine structure information is sought by 
comparison of these chain yields with one another 
(eliminating problems of absolute calibration), and 
with existing information for neighboring mass num- 
bers, based principally on radiochemical data for Br®™, 
Br*, and Sr®. The correlations are assisted by the fact 
that the logarithm of the chain yield is approximately 
linear with mass number in this region. It was decided 
to choose mass number 88 as the point of normaliza- 
tion, since on theoretical grounds shell effects would 
be least likely to be found here. 

Il. EXPERIMENTAL 
A. Irradiations and Chemistry 

For the experiments with U** and Th™, the targets 
consisted of small natural uranium foils (35.7 mg/cm?) 
and natural thorium foils (70.9 mg/cm*) obtained from 
Metals and Controls, Inc., Attleboro, Massachusetts. 
The U*® runs were made using powdered samples of 
U,0s highly enriched in U™*, furnished by the United 
States Atomic Energy Commission. The isotopic com- 
position as determined by mass spectrometric analysis 
was: U™5, 93.14%; U4, 0.96%; U%*, 0.33%; U8, 
5.57° 

In the deuteron and alpha runs, the appropriate 
target was wrapped in a single thickness of thin (1.88 
mg/cm?) aluminum foil and irradiated in the external 
beam of the M.I.T. cyclotron. The bombardment times 
ranged from 10 sec to several minutes, depending on 
the reaction being studied and the beam current 
available. The average energy of the beam striking the 
fissile target was computed from the range-energy 
curves of Rich and Madey”* to be 14.0 Mev for the 


7S. Katcoff, Nucleonics 18, No. 11, 201 (1960). 
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deuteron bombardments and 25.5 Mev for the alpha- 
particle bombardments. In experiments to be carried 
out at lower energy, the deuteron beam was degraded 
to 9.3 Mev with aluminum absorbers. 

The calculated beam energy loss in the targets 
themselves varies from 0.6 Mev for 14.0-Mev deuterons 
incident on the natural uranium foil to 5 Mev for 
25.5-Mev alpha particles incident on the thorium 
target foils. Consequently, there is some uncertainty 
in the average energy causing fission in the targets. 
However, as the relative fission yields in the mass 
region of interest (the slope of the light wing of the 
light- -mass peak) change only very slowly with energy 
in this energy range, ® the distribution of energies 
across the target will not have a serious efiect on the 
results of the measurements. For convenience in dis- 
cussing the various experiments, we shall refer to the 
irradiations by the beam energy incident upon the 
target surface. 

The experiments on thermal neutron fission of U* 
were carried out with samples which had received short 
irradiations in the rapid removal facility of the M.I.T. 
reactor. 

About 20 min after irradiation, the target material 
and its aluminum wrapper were dissolved in an ap- 
propriate solvent in a gas-handling system designed 
for these experiments. (The solvents employed were: 
uranium foil targets, 10 ml conc. HCI plus 1 ml conc. 
HNO;; thorium foil targets, 10 ml conc. HCl plus 10 
mg NaF; U;Ox3 targets, HC! followed by 
5 ml conc. HNO. In all cases, after dissolution was 
complete the target solution was diluted by the addi- 
tion of 5 ml H,0.) The volatile components were swept 
from solution by a stream of helium 
the system for about 10 min. The bulk of the water 
and acid vapors and some of’ the fission-produced 
halogens were extracted from the gas stream by means 
of NaOH pellets, and the remaining non-noble gas 
impurities were removed by passage over a hot (900°C) 
titanium getter. The krypton and xenon were finally 
collected by adsorption on charcoal at liquid nitrogen 
temperature, and separated from each other by means 
of a two-stage, temperature-regulated, ad- 
sorption trap. 

Preliminary studies were carried out to determine 
the optimum conditions for effecting a rapid and clean 
separation of krypton in the system. Provision was 
made for the injection of measured quantities of non- 
radioactive krypton and xenon carriers to facilitate 


5 ml conc. 


flowing through 


charcoal 


. the purification process. However, it was found that 


equally good results were obtained when the procedure 
was carried through using only the helium transport 
gas and consequently, the addition of isotopic carriers 
was omitted. No measurements were made of the 
over-all efficiency of the krypton recovery, but a rough 
estimate of the chemical yield would be of the order 
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of 50%. The krypton samples obtained in this way 
were found to be free of any detectable radioactive 
contamination, as shown by the absence of 9.2-hr Xe™® 
and 5.3-day Xe". 

The counting of the krypton samples was carried 
out with a 8-proportiona! counter designed and con- 
structed in a manner conventional for gas-phase count- 
ing. The krypton was transferred in vacuum from the 
charcoal trap to the evacuated counter by means of a 
Toepler pump. A counting gas mixture of 90% argon 
and 10% methane was then admitted via a device 
which filled the counter to atmospheric pressure, and 
the counter was isolated from the remainder of the 
apparatus. Counting rate measurements were usually 
begun between 60 and 90 min after the end of the 
target irradiation. When necessary, small, empirically 
determined corrections were applied to the counting 
data to account for dead-time losses. 


B. Analysis of Decay Curves 


Reference to Fig. 1 shows that at a short time after 
counting is begun, the species which will contribute to 
the observed counting rate are 4.4-hr Kr*5", 78-min 
(=1.3-hr) Kr*’, 2.8-hr Kr**, and its daughter product 
18-min Rb**. The Kr* ground state (half-life 10.3 yr) 
is so long-lived that its contribution is much too small 
to be detected. Krypton isotopes of mass numbers 
greater than 88 are too short-lived to have survived 
the duration of the chemical purification procedure. 

The resolution of a multicomponent decay curve 
containing species of similar half-life requires special- 
ized techniques. We were able to take advantage of 
the fact that an independent measurement of the Rb** 
activity grown in by decay of the parent Kr** could be 
used to calculate the contribution of Kr** to the total 
observed activity. The chemical separation is based on 
the fact that a newly formed Rb** ion, produced by 
the decay of a Kr** atom, finds itself in an intense 
electric field (in the counter) and being positively 
charged it is accelerated to the counter wall and 
remains there. Consequently, the krypton may be 
removed from the rubidium very rapidly and very 
efficiently by opening a valve connecting the counter 
to the vacuum pumps. The counter may then be re- 
filled with fresh counting gas and the Rb*’, being 
already present, may be counted. (Repeated pumping 
and refilling of the counter showed no change in the 
Rb® activity, except for radioactive decay.) 

The procedure employed in our experiments was as 
follows. The decay of the krypton sample was followed 
for a time sufficiently long to give a workable decay 
curve. This time was considerably longer than that 
necessary to establish radioactive equilibrium between 
Kr and Rb**. During this period of observation (a 
minimum of four hours), approximately one hundred 
counting-rate measurements were taken. The krypton 
was then removed by pumping, the counter was re- 
filled with counting gas, and the Rb*® counting rate 
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Fic. 2. Analysis of krypton decay curve. (a) is the experimen- 
tally obtained decay curve corrected for background and counter 
deadtime. (b) is the synthetic Kr**— Rb** decay curve constructed 
to pass through the fixed point P, the Kr**+ Rb*$ contribution at 
the time of the Kr-Rb separation. (c) is curve (b) subtracted from 
curve (a). (d) is the contribution of Kr*" and (e) is the con- 
tribution of Kr*’, both obtained by resolution of curve (c). 


determined. The Rb** measurements were begun three 
to four minutes after the separation of the parent, and 
were continued over several half-lives. From the count- 
ing rate of Rb* at the time of separation, the contribu- 
tion of Kr** to the total observed counting rate (at 
this time) was computed from the relation: 


A3/A4g= (C3/C4) (As—A3)/Aa, (1) 


where A; and A, are the counting rates of Kr** and Rb*®, 
respectively, C3/C, is the counting efficiency of Kr* 
relative to that of Rb**, and A; and Aq are the respective 
decay constants. The calculation of counting efficiencies 
discussed in Appendix I gave C3/C4= 1.000/0.785. 

A synthetic Kr®8-Rb*®* decay curve was then used to 
subtract the contribution of these species from the 
observed total decay curve. The synthetic decay curve 
was constructed from the general relationship: 


A 34> "3A 3° exp(—A;/) 


( "4\4A 3? 
+———[exp(—Asf)—exp(—Ad/) ], (2) 

Aa--As 
where A 3,4 is the activity of Kr8*+ Rb*’, C; and C, are 
their counting efficiencies, and A;° is a constant fixed 
by the requirement that A3,4 be equal to the computed 
counting rate of Kr**+Rb*® at ¢ equal to the time of 

the krypton-rubidium separation. 

The curve obtained by subtraction of the mass 88 
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Fic. 3. Resolution of Kr®6" and Kr®’, 


contribution from the total decay curve represents 
only the decay of 4.4-hr Kr**" and 78-min Kr*?: 


A(t)= Aj, exp(—Axt)+A2? exp(—A;2), (3) 


where A,° and A;2* are the counting rates of species 1 
and 2, respectively, at time ‘=0. Equation (3) may be 
rewritten in the form: 


A(t) exp(Ait)= A+A.2° exp[—(A2—Aa)E], ~~ (4) 


to show that a plot of A (¢) exp(Ast) vs exp[— (A2—A,)¢] 
gives a straight line with ordinate intercept A,° and 
slope A»’. This type of expanded plot gives a greater 
accuracy than ordinary graphical subtraction, and 
yielded the values of 4,° and A,” needed to determine 
the contributions of Kr*°" and Kr*’, respectively. 
Figure 2 shows the completed analysis of the total 
decay curve into its components. In the figure, curve 
(a) is the experimentally obtained decay curve, cor- 
rected for background and counter deadtime. Curve 
(b) is the synthetic Kr**-Rb*® decay curve constructed 
to pass through the fixed point P, the Kr**+Rb* 
contribution at the time of the krypton-rubidium 
separation. Curve (c) is obtained by subtraction of 
curve (b) from curve (a). Curves (d) and (e) represent 
the contributions of Kr®" and Kr*’, respectively, which 
result from the resolution of curve (c). The latter 
resolution, by the method of Eq. (4), is shown in Fig. 3. 
The intercepts of curves (d), (e), and (b) (Fig. 2) on 
the ordinate axis (‘=0) represent the counting rates 
of Kr®™, Kr87, and Kr** (denoted A,°, A2’, and A;°), 
respectively, at the time of the beginning of counting. 
This method of analysis of the decay curves was 
found to give consistent results, the separated com- 
ponents decaying in the proper manner and with half- 
lives in excellent agreement with the known values. 
In some experiments, the krypton-rubidium separa- 
tion was not carried out but instead the decay of the 
krypton sample was followed for an extended period 
of time. This was done in order to check that the 


TABLE I. Decay constants and corresponding 
half-lives used in this work. 





Half-life 


4.40 hr 
78.0 min 
2.80 hr 
17.7 min 


Decay constant 
0.00262 min 
0.00889 min=! 
0.00412 min 
0.03915 min™ 


Nuclide 


Kr85™ 
Kr®? 
Kr88 
Rb*s 





samples were free of xenon activity, and also to verify 
that the method of decay curve analysis would work 
equally well over longer time intervals. In these ex- 
periments (Figs. 2 and 3 are of this type), the fixed 
point giving the mass 88 contribution was obtained 
from separate duplicate experiments in which the 
krypton-rubidium separation was made. This procedure 
is justified by the fact that the ratio of the Kr*®* counting 
rate to the total counting rate is the same in duplicate 
experiments, at a given time after irradiation. These 
experiments verified the consistency of the method 
employed for decay curve analysis, and also showed the 
krypton samples to be free of xenon contamination. 

In the above analysis we have not included perturba- 
tions that could arise from 1.9-hr Kr”, descended!” 
from 2.3-hr Br® and in part from 25-min Se®. It is 
expected that its contribution is very small because of 
the much lower fission yield at mass 83 and the large 
holdup of chain 83 in the form of precursors of Kr®™ 
during the time to krypton separation. Calculations 
show that at the time of counting the contribution of 
Kr®" would be at most 3% of the initial counting rate 
(using the flattest yield-mass curve found and the 
longest time before separation was complete). The 
method of analysis attributes the Kr™™ activity to 
Kr®5" and Kr*’, with upper limits of the contribution 
being 2 and 4%. Since these limits are comparable 
with the experimental error in the A® values, and no 
direct evidence for Kr®" was seen in any decay curve 
component, we have neglected the effects of Kr®™, 

In performing the various analyses and other calcu- 
lations which were necessary in this work, one must 
have an accurate knowledge of the decay constants 
(\’s) or corresponding half-lives of the nuclides of 
interest. As these quantities are not known to better 
than a few per cent, a set of values was chosen and used 
consistently throughout. For convenience, these se- 
lected constants are presented together in Table I. 
They are in good agreement with the values given by 
Katcoff.” 

III. RESULTS 


A. General Considerations 


The analysis of the krypton decay curves provides 
counting rates for Kr®", Kr’, and Kr** at a time / 
after the target irradiation. In order to determine the 
relative disintegration rates, we must have a knowledge 
of the fraction of the disintegrations of each nuclide 
which are actually counted. No corrections for absorp- 
tion of the radiations need be considered, as the 
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samples are in the gas phase within the counter. The 
number of krypton atoms of a given nuclear species 
which happens to be located in the small insensitive 
volume of the counter will be proportional to the total 
number of atoms of that species present, and con- 
sequently will not affect the relative measurements. In 
addition, the amplification of the counting system is 
sufficiently high so that the fraction of the pulses which 
are too small to pass the scaling circuit discriminator 
(arising from the low-energy end of the 8-ray spectrum) 
is negligible. On the basis of these arguments, we define 
the counting efficiency of the krypton isotopes decaying 
by 6 emission to be 1.000. 

The decay Kr*’ and of Kr** proceed only by 8 emission, 
and hence their relative disintegration rates can be taken 
as being equal to their counting rates. However, in the 
case of Kr®™, 77.5% of the decays proceed by 8 emis- 
sion to Rb® and 22.5% by isomeric transition to the 
Kr®> ground state.24 The isomeric transition is ap- 
preciably internally converted,” and the internal con- 
version electrons will have been counted as efficiently 
as 6 rays. Calculations based upon these considerations 
are given in Appendix I, with the result that the rela- 
tive disintegration rate of Kr*™ is equal to its counting 
rate multiplied by the factor 1.19. 

Once the relative disintegration rates of the species 
of interest have been determined at a known time after 
the target irradiation, the relative formation cross sec- 
tions for these species may be computed in the usual 
way. As all short-lived precursors would have decayed 
away by the time krypton was separated from the 
target, we have, for convenience, carried out the calcu- 
lations as though the krypton isotopes were formed 
directly in the irradiation. 

The total chain fission yields for each mass number 
were obtained from the formation cross sections for 
the krypton isotopes by correcting for the independent 
production in fission of chain members with atomic 
numbers greater than 36. These corrections require a 
knowledge of the distribution of nuclear charge along 
a given mass chain. As the charge distribution varies 
with the compound nucleus undergoing fission, as well 
as with the excitation energy involved, we must be 
able to compute appropriate corrections for each of the 
different fission reactions studied in our work. The 
study of charge distribution has been carried out most 
thoroughly for the fission of U*** with thermal neutrons. 
Unfortunately, charge distribution data are scarce for 
many of the other fission reactions studied here. In 
view of these circumstances, a semiempirical method 
was developed” whereby the distribution of nuclear 
charge to be expected in the fission reactions of interest 
could be obtained from the known charge distribution 
for thermal neutron fission of U*®. For a given fission 
reaction, the corrections are greatest for the mass 88 


211). Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

2C. D. Coryell, M. Kaplan, and R. D. Fink, Can. J. Chem. 
39, 646 (1961). In particular, see Appendix IT of this reference 
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chain and least for the mass 85 chain. The largest cor- 
rection applied was for the mass 88 chain in the fission 
of U5 with 14-Mev deuterons, and amounted to 17% of 
the total chain yield. In general, however, the corrections 
were much smaller, ranging from less than 0.1% to several 
percent. Variations inthe method of computing thecharge 
distribution corrections would yield results not very 
different from our own. 

As a final point, the charge distribution calculations 
were used to estimate the independent yield of 10.3-yr 
Kr®> (not detectabl. in our measurements), and a very 
small correction was made for this effect. 

In the following sections the experimental results are 
presented, and for convenience the different fission re- 
actions investigated are discussed separately. 


B. Deuteron Bombardments 


The results obtained in the studies of deuteron- 
induced fission are given in Table II. The first two 
columns in the table show the irradiation number and 
the fission reaction, respectively. The subscript on the 
d indicates the deuteron energy incident upon the 
target material. The third column gives the ratio of 
the formation cross section for Kr*5" to that for Kr*8, 
denoted by og5/oss. These ratios were calculated directly 
from the experimental measurements (after analysis of 
the decay curves), and include the appropriate counting 
efficiency factors. The fourth column gives the ratio 
of the total mass 85 chain yield to that of mass 88, 
denoted by Vs5/¥ss. The ratios in this column were 
obtained from those in column 3 by application of the 
appropriate charge distribution corrections. Column 5 
gives the average value of Vs5/Vss from the duplicate 
experiments. The indicated uncertainty in this average 
value is the standard deviation of the mean (standard 
error) and is not intended to represent an absolute 
error estimation. Columns 6, 7, and 8 correspond to 
columns 3, 4, and 5, respectively, for the mass 87 to 
mass 88 ratios. 

It has been shown by Sugihara ef al.® that in the 
bombardment of natural uranium with 13.6- and 9.9- 
Mev deuterons, the fraction of the fissions which are 
caused by the fast neutron background is negligible. 
We expect the same to be true in our studies of deuteron- 
induced fission. 


[38 


Six experiments were performed using natural ura- 
nium targets, four at an incident deuteron energy of 
14.0 Mev and two at 9.3 Mev. The fission of natural 
uranium with deuterons has been studied by Sugihara 
et al. at 13.6, 9.9, and 5.2 Mev, by Alexander and 
Coryell®™ at the same energies, and by Douthett 
and Templeton™ at 18 Mev. Portions of the yield- 
mass curves obtained by Sugihara eft al. at 13.6 


23 J. M. Alexander and C. D. Coryell, Phys. Rev. 108, 1274 
(1957). 

*E. M. Douthett and D. H. Templeton, Phys. Rev. 94, 128 
(1954). 
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TABLE II. Experimental results for deuteron-induced fission. The subscript on the d indicates the incident deuteron energy in } 








Irradiation Fission 
No. reaction (oss os) (Yss/Y V's)? Average _ (os: Os5)* (¥s7/Y ss) Average 


13 U*8(di,,F ) 0.564 0.538) 
14 U%8(di4,F 0.592 

15 eg 0.587 > oe 
37 U8 (di4,F 0.574 0.547 
43 U8 (dy F 0.552 0.542 0.930 0.913) 
U8 (do, F 0.563 0.552 0.948 0.930 | f 


Th (d,4,F 0.650 0.614 | 1.014 0 958) 
Th** (d4,F) 0.641 0. zt 1.007 0.952 


0.902 
0.869 
0.845 
0.897 J 


0.552+0.006 0.878+0.013 


0.547+0.005 0.921+0.009 


in 


Th?" (dy4,F) 0.653 0.617 0.643+0.019 0.932 0.880 
Th**(d,4,F) 0.721 0.681 0.878 0.830 
Th (d.4,F 0.738 0.697 0.944 0.893 


0.903+0.024 


ate te be 
neu wh 


ee i 


Th dy,] 0.620 0.602 
0.702 0.681 
0.617 0.527 
0.634 0.542 
0.577 0.519 
0.509 0.458 


0.649+0.024 0.900 0.875 
0.986 0.959 


0.941+0.034 


4m Ui 


tr 


e 0.884 0.791 "07 " 
0.534+0,.008 0.899 0.804 0.797 +0.007 


0.898 0.828 . ' 
0.488+0.031 0.643 0. oa} 0.710+0.118 


THe ,F) 0.682 0. son | 1.018 0.990 








* Krypton formation cross-section ratios. 
> Total mass chain-yield ratios. 


and 9.9 Mev are shown in Fig. 4. Included also enough to outline the yield-mass curve in this region. 
are the data reported by Alexander and Coryell at the Figure 5 shows these data plotted as logarithm of 
same energies. Our experimental results have been relative yield vs. mass number. Assuming the validity 
normalized to the smoothly-drawn curves” at mass_ of a linear relationship, the relative yield for A = 88 is 
number 88 and the resulting fission yields for mass computed as 0.83. Our data for 14-Mev deuterons are 
numbers 85 and 87 are indicated by circles. normalized to this point. The points for Kr®" and Kr*? 
As can be seen, the fission yields at mass numbers 85 lie above the line by 10 and 7%, respectively. 
and 87 agree quite well with the smooth yield-mass If appreciable curvature (concave downwards) is 
curves. No obvious deviations can be said to exist at expected for the logarithm of yields vs mass number, 
either deuteron energy over the mass range 84 to 91. the departure of the points for Kr*°" and Kr‘*? is re- 
duced. Using the smooth curve drawn schematically by 
Alexander and Coryell,” the points for Kr*°" and Kr*? 
Eight deuteron bombardments were carried out with would not show departures larger than the uncertainty 
thorium foils, five at 14.0 Mev and three at 9.3 Mev. _ in their relative yield values. 
The only data available for comparison in this mass There are no data at all in the literature for the 
region are those of Alexander and Coryell” for 2.3-hr deuteron fission of thorium at an energy near 9 Mev. 
Br, 32-min Br™ (one value), and 51-day Sr® hardly In order to evaluate our results, we have assumed that 
° ; in our mass range the curve for logarithm of yield. vs 


mass number for deuteron fission of Th” varies with 
oe 


energy in the same way as the curve” for U™*. As the 
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laste LIT. Experimental results for 


r alpha-particle induced fission. 


Fission 
reaction 


Irradiation 
No (¥'s5/ Yes) 


0.642 
0.550 
0.592 
0.560 
0.558 
0.546 


0.555 


\85/ Oss) 


34 
42 
32 
39 
33 
41 


57 


0.742 
0.635 
0.621 
0.587 
0.591 
0.578 
0.586 


°5(a,95,F) 
55 (cos, F) 
U8 (a5,F) 
U8 (ae5,F) 
Th?” (a5, F ) 
Th (ao;,F) 
Th (ao5,F) 


= 
2 


U 
U 


* Krypton formation cross-section ratios 
> Total mass chain-yield ratios. 


mass range is small and the energy interval not very 
large, this is probably a fair assumption. On this basis, 
the points shown as triangles in the lower half of Fig. 5 
were computed and the smooth curve drawn. The 
results of our measurements were as usual normalized 
at mass number 88 and are shown as circles. Both the 
mass 85 and mass 87 yields lie considerably above the 
curve, the deviations being 21% for the former and 
15% for the latter. It seems unlikely that curvature 
would remove more than half of the deviation. 

If our thorium data may be interpreted as reflecting 
a real fine-structure effect, then one might expect such 
an effect to be more prominent at lower energies, in 
agreement with the relative deviations from the smooth 
curves for the 14.0- and 9.3-Mev experiments. 


[7235 


Four runs were made using targets of U3O0 3 highly 
enriched in U™®, Two of these were 14.0-Mev deuteron 
bombardments and the other two were at 9.3 Mev. 
The fission of U** with 13.6-Mev deuterons has recently 
been studied by del Marmol.” The results of his fission- 
yield measurements at mass numbers 83, 84, and 89 
are shown in Fig. 6. Included also is the fission yield of 
the mass 92 chain, obtained by reflection through the 
center of the yield-mass curve. The mass-yield ratios 
determined in the present work were again normalized 
at mass number 88 and the resulting fission yields for the 
mass 85 and mass 87 chains are shown as circles. These 
yields are in excellent agreement with the smooth 
curve drawn through del Marmol’s points, and no 
deviations from this curve are visible. 

As no fission yield curve is available for comparing 
our data at 9.3 Mev, we have followed the same pro- 
cedure as in the case of Th discussed above. Using 
the energy variation of the fission yields for U**, as 
obtained from Fig. 4, and del Marmol’s results for 
U™ at 13.6 Mev, we have calculated the fission yields 
shown as triangles in the lower half of Fig. 6. Our 
results at 9.3 Mev, after normalization at mass number 
88, are in agreement with the smooth yield-mass curve 
within the precision of the duplicate experiments. 

25P. del Marmol, Ph.D. thesis, Department of Chemistry, 


Massachusetts Institute of Technology, Cambridge, Massa 
chusetts, January, 1959 (unpublished). 
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The subscript on the @ indicates the incident a-particle energy in Mev. 


Average O37 } 87 Ygs)> 


1.022 
1.039 
1.023 
0.954 
0.942 
0.916 
0.902 


Oss)" Average 


0.903 
0.938 


0.975 
0.910 


0.890) 
0.865 > 


0.852 | 


0.596+0.046 0.920+0.018 


0.576+0.016 0.942 +0.033 


0.553+0.004 0.869+0.011 


C. Alpha-Particle Bombardments 

Table 
particle 
various 


> III gives the results obtained for the alpha- 

induced fission reactions at 25.5 Mev. The 
column headings are the same as those in 
Table II for deuteron bombardments. Two duplicate 
irradiations were carried out on the U™® and U8 
targets and three runs were made with Th. 

The fission of U*® with alpha particles has been 
investigated by several workers. Fairly complete yield- 
mass curves were obtained by Gunnink and Cobble” 
at six energies from 20 to 40 Mev. Figure 7(a) gives 
the yield-mass curve obtained by interpolation to 25 
Mev. The mass-yield ratios determined in the present 
work have to the curve at mass 
number 88, and are indicated by circles. The fission 
yield for mass 85 agrees with the smooth curve within 
the experimental precision of the measurements. At 
mass number 87, our result falls above the curve by 
8%, a discrepancy which is appreciably larger than the 
average deviation of the two duplicate runs. 


been normalized 


In the cases of US and Th, there are no reliable 
data available with which to compare our results. The 
fission of U*** with alpha particles has been studied by 
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Fic. 6. Yield-mass curves for deuteron fission of U™®, 
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@ This work. 


L 
84 


L 


86 


1 4 





L i 
88 90 


Mass number 
O Data 
\. Extrapolated data. & Point of normalization. 





1956 M. KAPLAN 


AND 


Cc. DBD. SGORIELL 


TABLE IV. Experimental results for thermal-neutron induced fission of U*®. 








Irradiation 


No. (Vgs/¥ 3) Average 


40 0.425 + 
49 0.404 | 
52 0.402 


58 


*® Krypton formation cross-section ratios. 
>’ Total mass chain-yield ratios. 


Ritsema** over the energy range 22-45 Mev, and by 
Colby ef al.2’? from 20 to 40 Mev. However, in the 
energy and mass regions of interest here, the yield-mass 
curves are not well defined, except to indicate that the 
logarithm of the fission yield is very roughly linear 
with mass number. The recent work of Chu’ on fission 
yields in the rare-earth region, which is complementary 
to the mass region studied here, also indicates that a 
straight line approximation is valid in the mass range 
84-88. Consequently, in Fig. 7(b) we have plotted our 
mass yield results for U** on a relative scale by means 
of the normalization Vss= 1.000. The dashed line is 
drawn through the mass 85 and 87 points simply to 
show that the three values do not lie on a straight line. 
Expressed in this way, the mass 88 chain yield is low 
(or masses 85 and 87 are high) by 17%. 

The alpha-particle induced fission of Th?” has been 
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and Cobble. Dashed 
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a linear relationship. 
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scale) 
Oo 


ro) 


Peery s 


9 
uw 


(relative 


yield 





Fission 








1 1 


| 
86 88 





Moss number 


6S. E. Ritsema, University of California Radiation Laboratory 
Report UCRL-3266, Berkeley, 1956 (unpublished). 

27. J. Colby, Jr., M. L. Shoaf, and J. W. Cobble, Phys. Rev. 
121, 1415 (1961). 

*Y. Y. Chu, University of California Radiation Laboratory 
Report UCRL-8926, Berkeley, 1959 (unpublished). 


0.386+0.025 


(o87/o8s)* Average 


(Jj 87 Ys b 


0.633) 
0.673 | 
0.641 

0 00) 


‘ 0.659+0.013 


0.691 


studied by Newton” at 37.5 Mev and by Foreman™ in 
the energy range 15-46 Mev. The bombarding energy 
used by Newton‘is considerably higher than that em- 
ployed in this study and it does not seem wise to 
attempt an extrapolation of Newton’s fission-yield 
curve over so large an energy interval. The low-energy 
fission-yield data reported by Foreman contain un- 
certainties of 50% for his three yield measurements in 
the mass range 77-91. We have, therefore, employed 
the procedure used for the U™*(a,F) results, taking 
Vss= 1.000. The results so obtained are shown in Fig. 
7(c). The line through the points for mass numbers 85 
and 87 predicts a value for mass 88 which is 10% high. 

The lines in Figs. 7(b) and 7(c) have higher slopes 
than given by the increments in logarithm of yields in 
the smooth curves of Figs. 4 through 7(a) for masses 
85 to 88. This suggests not only a positive deviation at 
A=87 but one at A =85, relative to A =88. 


D. Thermal Neutron Bombardments 


Four experiments were performed in which the mass- 
yield ratios were measured for the thermal neutron 
fission of U™>. The results of these experiments are 
given in Table IV. As before, the krypton formation 
cross-section ratios are given first, followed by the 
total mass-yield ratios. 

The equivalent of our o ratios has been measured by 
Koch ef al.*! These authors extracted the noble gas 
fraction from an irradiated uranium oxide target, and 
by means of a mass spectrometer were able to separate 
the various krypton isotopes according to mass. The 
isolated samples were then assayed by § counting and 
relative formation cross sections were calculated for 
Kr", Kr87, and Kr®*. The results reported as the 
average of two duplicate experiments were 035/08 
=0.3340.10 and og7/os3=0.70+0.15. In arriving at 
these values, no allowance was made for the isomeric 
transition branch in the decay of Kr*°", and if we apply 
a correction to account for this effect, their value for 
os5/o83 becomes 0.39+0.12. These cross-section ratios 
agree quite well with our results in Table IV. 

The best mass-yield data available for the thermal 


2 A. S. Newton, Phys. Rev. 75, 17 (1949). 

3° B. M. Foreman, University of California Radiation Labora- 
tory Report UCRL-8223, Berkeley, 1958 (unpublished). 

31 J. Koch, O. Kofoed-Hansen, P. Kristensen, and W. Drost- 
Hansen, Phys. Rev. 76, 279 (1949). 
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TABLE V. Comparison of chain yields with smooth 
Yield-mass curves.* 


Deviation at 
mass 87 (%) 


Deviation at 


Fission reaction” mass 85 (%) 


U*8+d), 0 0 
j238-+ dy 0 0 
Th®+-di, 0 to 10 0 to7 
Th*?--d, 10 to 21 8 to 15 
U*64-d), 0 0 
U*5+-d, 0 0 
U%5+-a9; 0 & 
U*8+ao; >(' >! 
Ph? +-ao5 >0 


*® Normalized to mass 88. 
b The subscript on d or a indicates the incident energy in Mev. 
¢ See text, Sec. III-C, 


neutron fission of U**® have been used to construct the 
fission yield curve shown in Fig. 8. Yields have been 
accurately measured at each mass number, arid pre- 
sumably represent the true fission-yield curve. The 
data are mostly mass spectrometric determinations of 
Petruska ef al.,!* with the mass 81 and 82 points taken 
from Coryell and Sugarman,! and the mass 89 value 
from the work of Reed and Turkevich.” The fine- 
structure which appears in the mass region 84-88 is 
believed to be an effect of chain branching, brought 
about by delayed neutron emission” from As*® and 
Br*". 

The mass-yield ratios determined in the present work 
have been normalized to the fission-yield curve at mass 
number 88, and the resulting yields for the mass 85 
and mass 87 chains are shown as circles in Fig. 8. As 
compared with the mass spectrometrically determined 
fission yields of Petruska e/ al.,” our mass 85 value is 
in good agreement, whereas our result at mass 87 is 
6% low. This latter deviation exceeds the limit of pre- 
cision of our replicate experiments by several per cent, 
and may reflect more meaningfully the uncertainties in 
our measurements. 


E. Discussion 


We present in Table V a summary of the fine- 
structure evidence for the fission reactions which we 
have studied. The extent of our agreement with pub- 
lished values for thermal neutron fission of U*® (see 
Fig. 8) would imply that our results are probably 
good to 5%. The deviations in yields at masses 85 and 
87 presented in Table V assume a knowledge of a 
general smooth relation between logarithm of yield 
and mass number against which variations in the ratios 
V's5/Vss and V7/¥gg for different types of fission can 
be seen. However, the reliability of the relative yields 
of the krypton isotopes studied here exceeds in many 
cases the reliability of the smooth curves. In particular, 
positive deviations would be lowered if more curvaturé 
exists than shown in Figs. 5 through 7(c), as has been 
(1953 


> G. Reed and A. Turkevich, Phys. Rev. 92, 1473 
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discussed in the comparison for deuteron fission of 
Th*. Positive deviations for both mass numbers are 
shown in Table V for deuteron fission of Th and 
alpha-particle fission of Th” and U** and for A=87 
alone for alpha-particle fission of U**®. The deviations 
can alternatively be interpreted largely as an unex- 
pectedly low yield for mass chain 88. 

It does not seem likely that our results can be in- 
terpreted as a closed shell effect at 50 neutrons, since 
the deuteron reactions with U*® and U™*® seemed to 
give normal krypton yields at 14.0 and 9.3 Mev. Any 
influence of enhanced nuclear stability would be ex- 
pected to show up systematically in all the fission re- 
actions we have investigated. The absence of low yields 
for mass numbers 85 and 87, as compared to the thermal 
neutron fission of U**5 (Fig. 8), may be related to the 
expected diminished yields of the delayed neutron 
emitters As** and Br*’ at the higher bombarding en- 
ergies we have employed. Neutron emission is also 
known" to occur following the 8 decay of Br*’, Br®, 
and Br®, but the resulting effects of chain branching 
at these mass numbers are not well known. 

Wanless and Thode” and Fleming, Tomlinson, and 
Thode" have measured the krypton yields in the mass 
region 83 to 86 for low-energy neutron fission of U%, 
U*®, and U***. The yield of Kr was found to be high 
and the deviation from a smooth curve increased 
slowly with the mass number of the fissioning nucleus. 
The Kr* yield was high in U** fission, about normal 
in U*5 fission, and markedly low in U*** fission. These 
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Fic 8. Yield-mass curve for thermal neutron fission of U™*5, 
Solid line constructed from data described in the text. X Point 
of normalization. @ This work. 
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deviations were noted relative to a straight line through 
the mass 83 and mass 86 yields, and no explanation 
has been advanced which will satisfy the data for all 
three fission reactions. 

The present study gives a similar close look at rela- 
tive yields of masses 85, 87, and 88 in a group of fission 
reactions where the compound nuclei vary from Pa 
to Pu*”, but where the excitation energies are all close 
to 20 Mev (about 22 Mev for 14-Mev deuterons, 17 
Mev for 9-Mev deuterons, and 20 Mev for 25-Mev 
alpha particles). Shifts in yields due to delayed neutron 
emission are expected to be less for the shorter chains 
involved here compared to those in low-energy neutron 
fission. No general explanation is apparent for the 
deviations shown in Table V, but improved knowledge 
of the course of the yield-mass curve in nearby regions 
may lead to further interpretation. 
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APPENDIX I. CALCULATION OF 
COUNTING EFFICIENCIES 


To obtain the experimental results described above, 
it was necessary to know the relative counting efficien- 
cies of the various species detected by the counter. By 
the arguments given in Sec. III(A), we have taken the 
counting efficiencies of Kr’, Kr*’, and the 8 decay of 
Kr**" to be equal to 1.000. We consider the branching 
decay of Kr*™ and the counting efficiency of Rb® 
in detail below. 


Kr*° 


The decay of Kr**™ proceeds 77% by 6 emission to 
states in Rb** and 23% by isomeric transition” to the 
ground state of Kr**. For the latter transition, the 
K-shell internal conversion coefficient is 0.41 and the 
ratio of K-shell conversion to that from the L plus M 
shells is 6.2.. Taking the counting efficiency of the 
internal conversion electrons to be 1.000, we may 
calculate the fraction of the isomeric transitions which 
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mtribute to the observed counting rate: 
extertew= (7.2/6.2)ex, 
(7.2/6.2)ex/y 
(extertemt+y)/y=1.47, 
y/(extertemt+y)=1/1.47 
(extertem)/(extertemu+y) 
= I—y/(ext+e14 


(exte.tem)/Y 0.47, 


0.08, 


1—0.68= 0.32. 


eu Ty) 


Thus of the isomeric transitions, 32° are counted 
due to internal conversion. The remaining 68% are 
not detected to any significant extent, as the counting 
efficiency for 300-kev y rays in our counter is about 
0.003. Since the isomeric transitions comprise 23% of 
the decays of Kr" we have 68% of 23% or 16% of 
the total decays are not counted. Therefore, the over-all 
relative counting efficiency for Kr*°™ is 1-0.16 or 0.84. 

Consequently, the observed Kr*™" counting rates 
have been multiplied by the factor 1/0.84 or 1.19 to 
obtain the relative disintegration rates. 


Rb* 


The rubidium atoms formed by decay of the parent 
krypton are deposited on the wall of the counter and 
remain there. When the radioactive Rb** undergoes 8 
decay, there is equal probability for the 8 ray to be 
emitted into the counter and into the wall. If emission 
is inwards, the 8 ray will be counted, and as a first 
approximation we assume that if emission is outwards 
(into the wall), the decay is not detected. This results 
in a counting efficiency of 0.500 relative to that for the 
gaseous krypton species. 

To improve upon this value, we consider the effects 
of backscattering of the 8 rays by the wall of the 
counter. For the high-energy 8 rays emitted by Rb*®, 
no other process is likely to be of importance. As the 
thickness of the counter wall was sufficient to achieve 
saturation backscattering conditions, we have used the 
experimental data of Engelkemeir and co-workers® 
which relates the. amount of backscattering to the 
atomic number of the backscatterer and the maximum 
energy of the 8 rays. From these curves and an average 
Z for brass of 29.3, we find that the ratio of observed 
counting rates with and without backscatterer is 1.570. 

Multiplying our first approximation for the counting 
efficiency of Rb** by the contribution due to back- 
scattering, we obtain 0.500 1.570=0.758. This is the 
value which has been used in the analysis of our ex- 
perimental decay curves. 

3 TD). W. Engelkemeir, J. A. Seiler, E. P. Steinberg, L. Winsberg, 
and T. B. Novey, Paper 5 in reference 1. 





PHYSICAL REVIEW VOLUMI 


124, 


NUMBER 6 DECEMBER 15, 1961 


Deuteron Polarization in the Be’(/,d)Be*® Reaction* 


James M. LAMBERT, LEON MapAnsky, AND GEORGE E. OWEN 
The Johns Hopkins University, Baltimore, Maryland 


(Received June 21, 1961) 


The polarization of the deuterons from the Be®(p,d)Be® reaction was investigated at two angles, 30° and 
90°, at an incident proton energy of 3 Mev. The deuteron polarization was measured by utilizing the 
asymmetry of the protons from the D(d,)H* reaction. The asymmetries were corrected for the finite 
geometry of the experiment. The analysis of the polarization from this data was performed employing a 
restricted set of interactions, and in this specific case the deuteron polarization was found to be + (11+5)% 
at 30°, and +(6+3)% at 90°. The sign of the polarization is in agreement with the semiclassical model, 
and the magnitude is less than the theoretical upper limit of 33%. 


I. INTRODUCTION 


OLARIZATION in stripping and pickup reactions 

has become an increasingly useful method for 
studying the properties of nuclei. Angular distributions 
can be used, for example, to obtain orbital angular 
momenta from direct-interaction theory. In a similar 
manner, polarization measurements determine the 
total angular momentum of the states involved in 
these reactions. Equally as important, the polarization 
of the reaction products proves to be an extremely 
sensitive parameter for testing the range of applicability 
for various phenomenological theories. In this respect, 
relatively simple models of direct interactions can be 
used to fit angular distribution and correlations, but 
the models must be more comprehensive in order to 
predict the results of polarization experiments.!? 

The Be*(p,d)Be® reaction was investigated to deter- 
mine the polarization of the outgoing deuterons at two 
laboratory angles, 30° and 90°; and further to determine 
the feasibility of using the D(d,p)H® reaction as a 
polarization analyzer. 

In this double scattering experiment, deuterons from 
Be*(p~,d)Be® were incident upon a gas deuterium 
target, and the azimuthal asymmetry of the protons 
from the D(d,p)H*® reaction was measured. These 
protons were detected in the plane formed by the 
proton and scattered-deuteron beams, and the experi- 
mental asymmetry is defined by 


€:= (LL—LR)/(LL+LR), 


where LL refers to the number of protons from the 
beam that were scattered twice to the left, etc. 


II. EXPERIMENTAL ARRANGEMENT 


A Be target (5X10~ in. thick) was bombarded with 
a 10-4 amp proton beam having an energy of 3 Mev, 
and collimated to ;%-in. diameter. The scattered 
deuterons entered the polarimeter, which was 3.8 cm. 
from the Be target, through a ;s-in. aperture. The 
polarimeter consisted of a sealed chamber containing 

* Supported in part by the Atomic Energy Commission. 

'H. C. Newns and M. Y. Refai, Proc. Phys. Soc. 
71, 627 (1958). 

?W. Tobocman, Phys. Rev. 115, 98 (1959). 
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3 atm (absolute) of deuterium gas with CsI(T)) 
crystal detectors at 40° to the right and left of the 
direction of the deuteron beam. 

In order to measure the polarization at different 
angles, a vacuum chamber large enough to hold the 
polarimeter was constructed. This chamber was a 
cylinder 3 ft across and 10 in. high. The cylindrical 
section was made of 3-in. Al, and the top and bottom 
were 1-in. Al having an O-ring groove 3 ft in diameter 
and % in. deep milled into each. A turntable 30 in. in 
diameter and made of }-in. Al was placed in the bottom 
of the chamber and rotated by a shaft extending 
through the bottom of the chamber. To keep the height 
of the turntable constant in spite of deflection of the 
bottom plate under vacuum, the turntable was sup- 
ported at the periphery by 1-in. ball bearings running 
in a race machined in the bottom plate. The shaft to 
rotate the turntable was vacuum sealed to the bottom 
plate by an O-ring, but was free to slide vertically with 
respect to the bottom plate of the vacuum chamber. 
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Fic. 2. Proton spectra from the 
two photomultipliers as recorded 
on the two halves of a 100-channel 
pulse height analyzer. The lower 
curves show the background when 
the deuterium gas is replaced by 
nitrogen gas. The low-energy 
background is not shown. 








Channel 


Inside of the rotating shaft a second shaft was inserted. 
This shaft supported the Be target, and could be 
rotated independently of the chamber or turntable. 
Copper tubing for water cooling the target was intro- 
duced along the center of this support. The polarimeter 
Fig. 1) had a Ni foil (approx. 2X 10~ in. thick) sealed 
to the entrance aperture, and additional foils could be 
inserted in front of this aperture in order that the 
scattered deuterons entering the deuterium gas have a 
constant energy of 1 Mev, independent of the angular 
setting of the polarimeter. To obtain the foil thickness, 
the foils (and the Be target) were weighed on a micro- 
balance and measured on a traveling microscope. From 
these data the energy loss of the particles in the foils 
was calculated from range-energy tables.*:* Although 
the range of 1-Mev deuterons in three atmospheres of 
deuterium gas is 2.02 cm, the distance from the foil 
at which the average number of protons is produced is 
0.67 cm. This number was obtained by a numerical 
convolution using the range-energy curve and the 
D(d,p)H® differential cross section as a function of 
energy. Taking the center point of the d-d reaction 
region at 0.67 cm from the entrance foil, the angle from 
this point to the center of the crystals is approximately 
45° in the center-of-mass system of the d-d reaction. 

The detector crystals were CsI(Tl) (5X10-* in. 
thick) on a glass backing that was in. thick and 1 in. 
in diameter. To provide a light seal, very thin Ni foils 
were placed in front of the crystals. The detectors 
subtended a solid angle of approximately 0.21 s. The 
photomultipliers were RCA 6342-A with conventionally 
wired tube bases which worked very satisfactorily in 
a vacuum of 2X10-* mm Hg with a cathode voltage of 
— 1200 v. 

Because of the relatively high deuterium gas pressure 

3S. K. Allison and S. D. Watshaw, Revs. Modern Phys. 25, 
779 (1953). 

*Ward Whaling, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 34, p. 193. 
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in the polarimeter, no charged particles except protons 
from the d-d reaction (0= 4.038 Mev) were energetically 
capable of reaching the detectors. The use of thin 
crystals made the gamma-ray background negligible in 
the region of the proton peak. As a result the proton 
spectra were very sharp. To insure that the peak 
observed was associated with the d-d protons, the 
deuterium gas in the polarimeter was replaced with 
nitrogen gas, and the peak disappeared entirely, 
leaving a negligible background as shown in Fig. 2. 
Since the direct proton beam struck the face of the 
polarimeter for angles less than about 75°, the polarim- 
eter had to be water cooled. Also, it was necessary to 
electrically insulate the entire vacuum chamber from 
ground. This allowed the beam striking the target to 
be measured and used as a monitor, because the 
geometry did not allow space for a Faraday cup. 


III. EXPERIMENTAL PROCEDURE 


In order to avoid errors caused by fluctuations in 
beam current, data were taken from the two detectors 
simultaneously, and recorded in two 50-channel sections 
of a RIDL 100-channel pulse height analyzer. 

To obtain useful counting rates, the large solid 
angles were required. As a result special efforts were 
made to compensate for geometrical misalignments. 
For this reason, the asymmetry was measured with the 
polarimeter first on one side of the proton beam, and 
then on the other, these runs being about 45 min each. 
As a second check, the polarimeter was designed to be 
completely symmetric when inverted. Therefore, an 
equal number of runs were taken in the inverted 
position. Special alignment holes and dowel pins were 
used so that the geometry could be exactly repro- 
duced. Since the spectra had so little background, the 
number of counts in the peaks were counted directly 
from the readout tapes of the pulse height analyzer, 
and all of the LL and LR counts were added to calculate 
the experimental asymmetry ez. 





DEUTERON POLARIZATION 


IV. ANALYSIS 
A. Finite-Geometry Correction 


Before the experimental asymmetry can be used to 
calculate the polarization of the deuterons, a correction 
must be made for the finite experimental geometry. 
In fact, the experiment should show an experimental 
asymmetry even if no polarization were present. This 
can be described with reference to Fig. 3(a), which 
exaggerates the geometry, and for the purposes of 
illustration shows only the two-dimensional asymmetry 
in a plane parallel to the plane formed by the first and 
second scattered beams. In this approximation it is 
assumed that both targets are thin lines. For con- 
venience, assume that the differential cross sections for 
both targets decrease monotonically with angle. (This 
is true for this experiment up to about 90°.) For a 
proton beam striking the first target at an angle 0, 
there will be more deuterons impinging on the right 
side of the second target than on the left. Not only will 
more particles enter the counter on the right due to 
solid-angle considerations, but also because more than 
half of the particles strike the second target with their 
momentum vector to the right of the center line, so the 
forward peaking of the differential cross section of 
target two contributes to the higher counting rate in the 
right detector. Under these conditions, there should be 
a negative asymmetry when no polarization is present, 
(i.e., LR is greater than LL). 

The number of particles entering one of the detectors 
is given by [see Fig. 3(b) ] 


sof) 


where the constant Cp contains the properties of the 
two targets. The variable «x is the distance along target 
two measured from the center, and @ is the angle from 
the point « on target two to a point on target one, 
measured with respect to the center line between the 
targets. AQ is the solid angle subtended by the detector 
from the point x. The integral is expanded in a Taylor’s 
series about the mean scattering angles and the integra- 
tion over @ is performed. The limits of integration, 4; 
and 62, and the resulting integrand are then expanded 
as a function of x and the second integration is per- 
formed. Since this is an integration between symmetric 
limits, the result will be of the form 


N=Axot+ Bu+::-, (3) 
where all expansion coefficients contributing to A and 
B have been included. In terms of these expansion 
coefficients, and dropping terms that contribute less 
than 3% to N, the beam asymmetry eg can be written as 


aD (8161+7,) — 20181 , 
-— (4) 


~ [3D xo?) + +2(a2+62)—1]' 


with a; and @;, being the slopes of the cross sections for 
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Fic. 3. (a) Schematic indication of the asymmetry caused by 
variation of the differential cross section of the Be target. (b) The 
variables used in the beam asymmetry correction. 


targets one and two, respectively, and a2 and #2 their 
curvatures. If ¢(x) is the angle from the point x to the 
center of the detector, measured from the line joining 
the center of target two to the center of the detector, 
then 6; is the coefficient of the first power of x in the 
expansion, and similarly, 9: is the coefficient of the 
first power of x in the expansion of AQ(x). D is the 
distance between the targets, and 2a is the length of 
the line target. (The two targets are of the same width 
in this experiment.) Since both of the targets are 
actually circular, a better approximation to the three- 
dimensional case is to use the average diameter rather 
than 2x9. Thus 
2xo= 1d/4, 


where d is the diameter of the targets. 


B. Polarization 


In 1953, Newns® developed a very simple, pictorial 
model to describe the gross aspects of polarization in 


the stripping and pickup interactions. Introduction 
of the distortion of the wave functions of the con- 
stituents indicates a polarization of the reaction 
products, and this distortion was interpreted to imply 


5H. C, Newns, Proc. Phys. Soc. (London) A66, 477 (1953). 
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Fic. 4. (a) Illus- 

tration of the semi- 
classical (p,d) polari- 
zation model as dis- 
cussed in the text 
b) The relation of 
the vectors in the 
pickup approxima- 
tion. 
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that the region of interaction acts as a scattering or 
absorbing region for protons or deuterons that have to 
traverse this region. Although Newns originally assumed 
that the proton distortion was the greater of the two, 
suggestions by Tobocman® and later calculations by 
Newns and Rafai indicated that the deuteron distortion 
had to be greater to agree with experiments. This 
model is illustrated in Fig. 4(a) for the pickup reaction. 
The circle represents the region of interaction, and the 
proton approaches from the top with a wave vector 
k,. The deuteron is detected in the direction of its 
wave vector kz, which makes an angle @ with k,. The 
shaded area is perpendicular to kz, and the assumption 
is made that if the deuteron is formed in the shaded 
region it is not detected at the angle 8 due to scattering 
or absorption. Thus only deuterons coming from the 
unshaded region will be detected. The direct-interaction 
assumption is now invoked that at the moment of 
interaction the wave vectors of the proton and picked- 
up neutron combine to form the wave vector of the 
deuteron (i.e., k,+k,=k.). Therefore, k, will be in 
the direction shown in Fig. 4(b). If the positive direction 
is defined as being a long k,Xkz, the orbital angular 
momentum I of the neutron with respect to the target 
nucleus will be positive if the neutron is picked up 
below the line CD, and negative if it is above CD. The 
total angular momentum of the neutron will be 7,=/+3, 

*W. Tobocman, Technica! Report No. 29, Case Institute of 
Technology (unpublished). 
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and since the deuteron must be formed in the triplet 
state, the deuterons from region I will have spin +1 
when j,=/+}3, and those from region II will have 
spin +1 under the same conditions. 

An unpolarized proton beam will therefore produce 
polarized deuterons since region I is larger than region 
II. Be? has 7,=/+4, so the deuterons should have 
positive polarization (i.e., more deuterons will have 
their spin parallel to k, Xk. than antiparallel). 

Several authors’~* have developed the formalism of 
polarization for particles of spin greater than 4} which 
indicate that there can be tensor as well as vector 
polarization. However, Satchler showed that under the 
assumptions of stripping theory, only vector polariza- 
tion should be expected. Vysotskii and Sitenko!® 
summarized polarization and angular distributions for 
stripping and pickup reactions for both polarized and 
unpolarized beams. Their development was based on 
the S-matrix formalism neglecting Coulomb and 
spin-orbit interactions. (The latter interaction was 
calculated by Newns and Refai! and its contribution 
was quite small.) Vysotskii and Sitenko give an 
expression for the vector polarization of the pickup 
reaction in the /—s representation, and when this is 
transformed to 7—j7 coupling scheme (as expected by 
the shell model), the z component of the deuteron 
polarization is given by 


Yum Lin(Gn +1) —-10+1)—-F] 
vam) (21-+1) I(i+1) 


P,= 2 


ol | V li(n) 
x > mJ." Hy > — 


m | ascm (20-+1) m 


where ¥1;(n) is the reduced width, and J,” is an integral 
appearing in the S matrix. No attempt was made to 
evaluate this integral, but Eq. (5) will give the maxi- 
mum value by assuming that only one value of 7, and 
l occur, and by taking m equal to its maximum value, /. 
Under these conditions, the maximum value of the 
polarization is 


er ee ee 


P 


jB/(+1); jem ld 
a’. 


(6) 
|_-2, ja? 


For the Be’, j,=/+} and /=1, so the maximum 
polarization is }. It should be noted*that the maximum 
can be greater than 4 if a spin-orbit interaction is 
included. 

Now consider the analyzer reaction, D(d,p)H’*. 
According to Vysotskii and Sitenko, the differential 

7™W. Lakin, Phys. Rev. 98, 139 (1955). 

§L. J. B. Goldfarb, Nuclear Phys. 1, 622 (1958). 

*L. J. B. Goldfarb and J. R. Rook, Nuclear Phys. 
(1959). 

 G. L. Vysotskii and A. G. Sitenko, J 
(U.S.S.R.) 36, 812 (1959). 
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cross section for a (dp) reaction is given by 
da/dQ= (da/dQ)[1+3P,-Pa], (7) 


where (do/dQ)o is the cross section when the incoming 
deuterons are unpolarized, and P, is the polarization 
of the outgoing protons when unpolarized deuterons 
are incident. It should be noted that although P, is 
not zero experimentally, this theory predicts that it 
should be because /=0. In general, one would expect 
to have an asymmetry term proportional to P,-Pu, 
but the coefficient of this term may depend on the 
interaction model that is used. However, in order to 
discuss the predictions of the deuteron polarization in 
the primary reaction, it will be assumed that Eq. (7) 
correctly predicts the analyzer cross section. In this 
case, Eq. (7) gives the magnitude of the asymmetry as 


e= (LL—LR)/(LL+LR)=3P,- Pa (8) 


when the detectors are in the plane of the two scat- 
terings. 


V. RESULTS AND DISCUSSION 


The beam asymmetry parameter €g was calculated 
using the experimental cross sections to evaluate Eq. 
(4). At 90°, a;x~0 so no correction was made, but at 
30°, with D= 4.48 cm and x»=0.294 cm, the value 


€p=2.0%, @=30° (Q) 
was obtained. 

The uncorrected experimental results are given in 
Table I where “Normal” and “Inverted” refer to the 
polarimeter in the upright and inverted positions as 
discussed in Sec. III. From these data, 

LL—LR { — (8.340.3) 7%, 6= 30° 


= | (10) 
LL+LR |-—(3.640.3)%, 0=90°, 


where the errors are only statistical. 
These corrected asymmetries are 


(—6.3%, @=30° 


«= 
|—3.6%, @=90°. 

The deuteron polarization is then calculated from 

Pa=/3P >. 


Segel and Hanna” found the proton polarization to 
be P,=—(17+47)% where the positive direction is 
defined by kaXk,. The deuteron energy was 0.64 Mev, 
and this was done at 45° in the c.m. system. This 
paper also lists a value of P, [by B. Maglic (private 
communication) ] for an energy of 1.2 Mev on a thick 
deuterium target at 135° in the laboratory system. This 
corresponds to an average c.m. angle of about 140° 
(since it is a thick target). The value at this angle is 
P,=+(24+10)%, and by the symmetry of the d—d 
reaction in the c.m. system, this corresponds to a value 
of —(24+10)% at a c.m. angle of 40°. The 


R. E. Segel and S. S. Hanna, Phys. Rev. 106, 536 (1957). 
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TABLE I. The number of experimental counts of scattered protons 
used in the calculation of the beam asymmetry. 








30° 90° 


Normal Inverted Normal Inverted 


LR si 700 
L 


R 33 151 


26 690 
31176 


present experiment was done at 45° in the c.m. 
but the solid angle included 40°. The energy was 1.0 
Mev, and the detector was a thick target, so it is 
probably reasonable to assume that the proton polariza- 
tion was approximately an average of these values which 
would be P,=—(20+8)%, where all three have 
about the same percentage error (i.e., 40%). 

The errors other than statistical errors are rather 
difficult to estimate. For example, the beam asymmetry 
correction at 30° amounts to 25% of the observed 
asymmetry. However, the correction was made assum- 
ing a thin detector target placed at the average reaction 
center. Further, this was a two-dimensional calculation 
which neglects a possible three-dimensional effect 
(although it is expected that this effect would be small). 
It should also be noted that in spite of the fact that the 
asymmetry at each angle was averaged over four 
geometrical configurations to eliminate effects of 
geometrical misalignment, this might not have been 
completely successful. In this regard, an attempt was 
made to elastically scatter deuterons from a gold 
primary target into the polarimeter to check the 
symmetry; this effort was unsuccessful because of the 
high background encountered. However, it is expected 
that these errors should be less than the beam asym- 
metry correction, so if the error in the measured 
asymmetry is assumed to be 20%, the main source of 
error is in the value of the detector polarization, 
giving an over-all error of 45% in the value of the 
deuteron polarization. That is, 


system, 


(+(1145)%, 9=30° 


Pa 


l+( 643)%, 0=90°. 


Again it should be remarked that the analysis which 
gives these numbers utilizes the interaction of reference 
10. 

Finally, a word should be said about the polarization 
between 30° and 90°. Some data were collected at each 
15° interval in this region, but the statistics did not 
warrant making beam asymmetry corrections. The 
general trend, however, was for a monotonic decrease 
in polarization from 30° to 90°, with no anomalous 
points. 

Thus the results of this experiment indicate that the 
deuterons from the Be*(/,d)Be® reaction are polarized, 
and the sign of the polarization agrees with the semi- 
classical model. It also suggests that the D(d,p)H* 
reaction can be used as a polarization analyzer for 
deuterons, even in the presence of high background 
radiation. 
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Reaction Cross Sections of U*’ and U* with 18-43-Mev Helium Ions* 


J. R. Huizenca, R. VANDENBOSCH, AND H. WARHANEKT 
Argonne National Laboratory, Argonne, Illinois 
(Received August 11, 1961) 


The fission cross sections have been measured for U** and U*® targets bombarded with 18 to 43 Mev 
helium ions. These targets were chosen because of their large fission cross sections. In addition, the spallation 
cross sections are known and represent with 43-Mev helium ions only about 4 and 9% of the reaction cross 
sections of U** and U™$, respectively. The fission fragments were detected with solid-state counters in a small 
evacuated scattering chamber. The fission fragment counting rates were converted to disintegration rates 
with previous measurements of the fission fragment angular distributions. The experimental reaction cross 
sections are in good agreement with reaction cross sections calculated with an optical model in which the 
complex nuclear potential derived by Igo for alpha-particle elastic scattering is employed. The dependence 
of the optical model cross sections on the various Woods-Saxon parameters is discussed. 


I. INTRODUCTION 


N recent years many experiments! have been re- 

ported on the elastic scattering of alpha particles 
from a variety of target nuclei in the energy range up 
to 50 Mev. These data have been analyzed by several 
authors, with the objective of determining the strength 
and spatial extent of the interaction potential between 
the alpha particle and nucleus. Analyses of the experi- 
mental elastic-scattering data in terms of an optical 
model which expresses the interaction between the 
alpha particle and nucleus as a complex potential with 
a diffuse edge have been moderately successful. One of 
the merits of the optical model is that calculations based 
on this model also predict total-reaction cross sections. 

Total-reaction cross-section measurements for 
helium-ion projectiles are few in number at this time 
and those which have been measured are not very accu- 
rate. In this paper measurements of total reaction cross 
sections of U** and U™* are made to an experimental 
accuracy of approximately 5%, and these values are 
compared with optical model cross sections calculated 
with the complex alpha particle-nuclear potential de- 
termined from analyses of the alpha-particle elastic 
scattering data. The potential derived by Igo? in the 
energy range up to 50 Mev is given by the expression 


r—1.17A} 
V+iW =: —1100 exp| ~(— -)| 
0.574 
r—1.40A} 
—45.7i exp| -(———) || Mev. (1) 
0.578 


Since the elastic scattering data defines the complex 
potential near the nuclear surface (and does not give 
information on the potential for small values of r), the 
above expression is valid only for large values of r where 
the absolute value of the real part of the potential is 
less than 10 Mev. 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

f On leave from Institut fiir Radiumforschung, Vienna, Austria. 

+ References to the literature in this field are contained in a 
review article by R. M. Eisberg and C. E. Porter, Revs. Modern 
Phys. 33, 190 (1961). 

2G. Igo, Phys. Rev. 115, 1665 (1959). 


The total reaction cross sections reported here were 
obtained by summing the combined excitation functions 
of all reaction products. The targets U?* and U*** were 
chosen because of their large fission cross sections. In 
addition, the spallation cross sections are known and 
represent with 43-Mev helium ions only about 4% and 
9% of the reaction cross sections of U* and U**, re- 
spectively. The fission cross sections of these targets 
make up most of the reaction cross sections and are 
measured with good accuracy by a technique which 
utilizes solid state counters for detecting the fission 
fragments. Therefore, the errors associated with usual 
difficulties encountered in measuring reaction cross 
sections by summing excitation functions of all possible 
reaction products, such as missing excitation functions 
and uncertainties in absolute counting efficiencies of 
the product nuclei, are minimized in these experiments. 
Although a transmission method for measuring the 
total reaction cross section has been applied to proton- 
induced reactions,’ no similar measurement has been 
reported for helium-ion projectiles. 

The information on total reaction cross sections with 
helium-ion projectiles which is obtained by summing 
excitation function data is discussed by Igo.? One of 
the more accurate measurements of reaction 
sections comes from the excitation functions of 
bismuth*> where the final products of large yield are 
alpha-emitting isotopes. The probability for proton 
emission is small and the total-reaction cross section is 
fairly well represented by the sum of the Bi®(a,xn) 
At®!*-*)-reaction cross sections. The Bi®(a,n) excita- 
tion function is, however, not known. 

The first helium-ion-induced fission 
measurements obtained with a counter technique were 
reported by Jungerman.® He detected the fission pulses 


cross 


cross-section 


3R. M. Ejisberg, Proceedings of the International Conference on 
the Nuclear Model, 1959 (The Research Council, Florida State 
University, Tallahassee, Florida, 1959); G. W. Greenlees and 
O. N. Jarvis, Proceedings of the International Conference on Nuclear 
Structure, Kingston (University of Toronto Press, Toronto, 1960); 
N. M. Hintz (private communication). 
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in an ionization chamber in the presence of the ioniza- 
tion produced by the beam itself by use of a cancellation 
technique. The helium-ion-induced fission cross sections 
of Jungerman® are smaller than our values by a factor 
of 2, and this discrepancy may be related to unreliable 
operation of the ionization chamber in the early work 
of Jungerman as discussed by Steiner and Jungerman.’ 
Several measurements of total fission cross sections with 
helium-ion projectiles have been made by radiochemical 
techniques.*-” This method necessitates the addition 
of the excitation functions of many final fission prod- 
ucts. Among the difficulties inherent in the radiochemi- 
cal fission cross-section measurements are assumptions 
about the charge distribution, uncertainties in the esti- 
mates of the cross sections for the mass chains which 
are not experimentally measured, incomplete and erro- 
neous decay scheme data, and the problems associated 
with absolute beta and gamma counting. The radio- 
chemical fission cross sections are in reasonable agree- 
ment with our solid-state counter results, however, the 
fission cross section measurements” for which the 
greatest amount of attention was paid to factors such 
as absolute beta and gamma counting give values which 
are approximately 15% smaller than our values. 


II. EXPERIMENTAL PROCEDURE 
A. Target Preparation 


The U™*® targets were prepared by volatilization of 
50 to 200 ug of heavy element per square centimeter 
onto 0.0005- to 0.001-in. aluminum backing foils. The 
area of the uranium deposit was fixed by a collimator 
of known diameter and the mass of U*** was determined 
by alpha particle counting in conjunction with an alpha 
pulse height analysis. The U*** was highly depleted in 
U5 and U™* and had an isotopic content of greater than 
99.99%. The U™ targets were very uniform in thickness. 

The U** targets were prepared by electrodeposition 
of 75 to 125 ug of heavy element per square centimeter 
onto 0.001-in. aluminum backing foils. The U?* had an 
isotopic composition of 98.3% U**, 0.13% U™, 0.01% 
U™> and 1.53% U8. The mass of U2 was measured by 
masking the uranium plate with a collimator of known 
area and counting the alpha particles in a low-geometry 
counter. Alpha pulse-height analysis indicated that 
essentially all the alpha activity was due to U**. The 
deposits were tested for uniformity and found to be 
uniform to within about 10%. 
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B. Energy-Degrading System and 
Scattering Chamber 


The energy-degrading system and scattering chamber 
have been described in a previous publication.* The 
energy of the helium ions emerging from the Argonne 
constant-frequency cyclotron are degraded to the de- 
sired energy by aluminum foils of the proper thickness. 
The details of the energy-degrading focusing system 
are described“ elsewhere. The measured mean ranges 
of the beam were converted to helium-ion energies with 
the range-energy relation determined for protons!® and 
the assumption that the energy loss of different par- 
ticles has the same velocity dependence F(v) so that 
R=(M/Z*)F(v). 

The beam is refocused after passing through the de- 
grading foil and after traversing some distance passes 
through a 7-ft wall and enters an experimental area in 
which the 11-in.-diam scattering chamber is located. 
The beam is controlled in the experimental area with 
focusing and deflection coils. The collimating system 
restricts the diameter of the beam at the target to $ in. 


C. Fission Fragment Detectors 


The solid-state detectors are similar to those used in 
the study™ of the fission fragment angular distributions 
of heavy elements. The detectors were placed directly 
back of collimators of known area in order to establish 
the solid angle. The collimators were located 4 inches 
from the fissionable target. Collimators of three known 
diameters which varied in area by approximately a 
factor of 10 were used to establish the uniformity of 
response of different areas of the detectors to fission 
fragments. In most of the experimental runs the col- 
limators of largest size (0.3 cm?) were used. 


D. Electronics 


The electronic system used in these experiments is 
similar to that described“ previously. The signals from 
the solid-state detectors were amplified by a factor of 
50 with preamplifiers which were attached to the scat- 
tering chamber. The outputs from the preamplifiers 
were relayed to the counting area by cables which are 
approximately 150 ft long. The pulses were amplified 
and then fed into single-channel analyzers that were 
used as integral discriminators. Their discriminator 
levels were adjusted so as to discriminate against most 
of the pileup pulses caused by scattered alpha particles. 
Using the output pulses of the single-channel analyzers 
as gating pulses it was then possible to prevent the 
256-channel analyzer from sorting he low-energy 
pulses, thus reducing the deadtime oi the analyzer. 
Through use of scalers the single-channel analyzers also 

13 R. Vandenbosch, H. Warhanek, and J. R. Huizenga (to be 
published). 

4 W. J. Ramler, J. L. Yntema and M. Oselka, Nuclear Instr. 
and Methods 8, 217 (1960). 

16H. Bichsel, Phys. Rev. 112, 1089 (1958); H. Bichsel, R. F. 
Mozley, and W. A. Aron, ébid. 105, 1788 (1955). 
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Fic. 1. Energy spectrum of fission fragments obtained with 
solid-state detectors and recorded in a multichannel analyzer. 
he low-energy pulses (below channel 10) from noise and scat- 
tered alpha particles are eliminated from the multichannel ana- 
lyzer by a technique described in text. 


allowed a quick check on the counting rates of the two 
detectors. The signals from the two amplifiers were fed 
into alternate halves of the 256-channel analyzer, uti- 
lizing a routing pulse from a discriminator circuit in 
one of the amplifiers. 

The total number of helium ions striking the target 
was measured with a Faraday cup and a vibrating reed 
electrometer the output of which was fed to an integra- 
tor. The over-all accuracy of the integrated beam 
current from this system is about 1%. 


III. EXPERIMENTAL RESULTS 


The fission-fragment counting rates were determined 
with solid-state detectors at two angles simultaneously, 
the angles of the detectors usually being 90° and 174° 
to the beam direction with the fissionable layer of 
material on the cyclotron side of the backing foil. In 
most of the experiments the fissionable target was 
placed at an angle such that the normal to the target 
bisects the angle between the two detectors. The fis- 
sionable thin enough such that self- 
absorption was completely negligible in our counting 


targets were 
arrangement. This fact was established by changing 
the angle of the target from the above position to posi- 
tions where the normal to the target was first moved 
30° toward one detector and then 30° toward the second 
detector and observing no differences in the measured 
ratios of the counting rates for the two detectors. 

The length of each experiment was such that the 
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statistical uncertainty in the number of fission counts 
collected was less than 1% for helium ions of energies 
greater than 25 Mev, less than 2% for helium ions of 
energy between 20 and 25 Mev and of order of 10% for 
helium ions of energy less than 20 Mev. The range of 
the emergent helium ions was measured in conjunction 
with each cross section determination. During some of 
the low-energy runs, for which the elapsed time was of 
the order of one hour, the accelerating conditions of the 
cyclotron shifted sufficiently to change the range of the 
emergent helium ions by an amount up to 1.0 mg/cm’. 
With an absorber which reduces the energy of the 
initial beam to 20 Mev the above uncertainty intro- 
duces an uncertainty of about } Mev in bombarding 
energy. 

The number of fission fragment counts for a fixed 
helium ion current was determined by integrating the 
number of pulses in the fission fragment spectrum as 
observed with a multichannel analyzer. The valley 
between fission fragment pulses and the much smaller 
pulses due to scattered alpha particles and noise is 
illustrated in Fig. 1. By adjusting the discriminator 
levels in the single-channel analyzers and making use 
of gating pulses it was possible to eliminate the low- 
energy pulses from the multichannel analyzer. In the 
spectrum shown in Fig. 1, for example, the discrimina- 
tor eliminated pulses with energy such that they would 
fall in the first 10 channels without 
operation. The helium ion current on the target was 
adjusted to give a fission counting rate small enough so 
that the dead time the multichannel 
analyzer was less than 1%. 
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Fic. 2. Angular distribution of fission fragments. The solid 
line curve is drawn to give the same W(6°)/W(90°) intensity 
ratio, 
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The fission cross sections were calculated by integrat- 
ing the measured differential fission cross sections over 
2m solid angle since two fragments are formed per 
fission event. The expression which is integrated 
contains a factor which accounts for the fission fragment 
anisotropy. The experimental fission fragment angular 
distributions, where one detector is kept at a fixed angle 
and the second detector moved to many angles between 
90° and 180° (or 0°), have been measured" for U** and 
U*8 at two bombarding energies. A typical distribution 
is shown in Fig. 2. The experimental! data are fitted by 
a least-squares technique with Legendre polynomials 
having terms up to P.(cos#). These angular distribu- 
tions were used in the fission cross section calculations 
rather than the simple a+é cos*é angular distributions. 
The experimental fission fragment angular distributions 
resulting from a 41.7-Mev helium-ion bombardment of 
U8 is shown in Fig. 2 along with two theoretical 
curves which give the same value of the fission fragment 
intensity ratio at 6° and 90°, i.e., w(6°)/w(90°). The 
more simple expression, w(@)/w(90°)=1+0.448 cos’@, 
leads to a fission cross section which is 7% larger than 
the second expression 


w(0)/w(90°) = 1+0.3376 cos?é+0.0149 
Xcos’9?+0.0978 cos*é, 


which fits the experimental points at all angles. For a 
bombarding energy of 32 Mev the distribution given 
by a+bcos’@, and normalized to the experimental 


angular distribution at 6° and 90°, gives a fission cross 
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Fic. 3. Experimental fission cross sections of U** as a function 
of helium-ion energy in the laboratory system. The solid points 
are the results obtained with solid-state detectors and the tri- 
angles and squares are earlier radiochemical measurements. 
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Fic. 4. Experimental fission cross sections of U8 as a function 
of helium-ion energy in the laboratory system. The solid points 
are the results obtained with solid-state detectors and the tri- 
angles and squares are earlier radiochemical measurements. 


section which is 5% larger than the experimental dis- 
tribution fitted by the least-squares method. For those 
bombarding energies for which the differential cross 
sections were measured at only two angles we have 
interpolated or extrapolated the data of the two bom- 
barding energies for which full angular distributions 
were measured to give the magnitude of the deviation 
between the true angular distribution and that given 
by the two-angle fit to the simple a+ cos’ distribution. 

The fission cross sections of U** and U*® are plotted 
as solid circles in Figs. 3 and 4, respectively. The sta- 
tistical errors due to counting are less than the physical 
size of the points except for a few low bombarding 
energies for which the statistical error flags are shown. 
The fission cross sections plotted in Figs. 3 and 4 were 
measured during four different periods of time and 
during each period some measurements were made at 
widely different bombarding energies. The radiochemi- 
cal data of Colby” ef al. are plotted in Figs. 3 and 4 as 
triangles and that of Vandenbosch,° e¢ al. as squares. 
Aside from the earlier discussion in the Introduction, 
no explanation can be given at this time for the con- 
sistent trend of the present results to be approximately 
15% larger than those of Colby et al. 

The sum of the errors introduced into the fission cross 
section due to uncertainties in target thickness, inte- 
grated beam current, detector, solid angle, and fission 
fragment anisotropy is thought to be less than 5% for 
U8, The comparable error for U** is approximately 
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10% since these targets have small irregularities in 
their thicknesses. 

The quality of the degraded beam in terms of energy 
spread is related to the energy spread of the emergent 
beam and the straggling introduced by the absorber foil 
which is used in reducing the energy of the emergent 
beam. The energy spread of the degraded deuteron 
beam from the Argonne cyclotron has been measured™ 
as a function of energy but no similar study has been 
made for helium ions. Preliminary measurements,'® 
however, indicate that the emergent beam of helium 
ions (43 Mev) has an energy spread with a full width 
at half-maximum intensity of about 0.4 Mev. The 
energy spread of the helium ion beam at various energies 
has been determined by combining the energy spread 
of the emergent beam with calculated values!’ of the 
energy spread introduced by the energy loss in the alu- 
minum absorbers. From such a calculation, for example, 
one obtains a full width at half-maximum intensity for 
20-Mev helium ions (a most probable energy loss of 23 
Mev) of 0.67 Mev. Combining this energy spread with 
the energy spread of the emergent beam gives a full 
width at half-maximum intensity of 0.8 Mev for the 
20-Mev helium-ion beam. 

The fission cross sections in Figs. 3 and 4 are calcu- 
lated on the basis that the helium ions have a mono- 
energetic energy equal to that of the mean value of the 
energy distribution. The magnitude of the error intro- 


duced in the fission cross section by this procedure is 
related to the cross-section dependence on projectile 
energy as well as the projectile energy distribution. If 
we assume the energy distribution of the 20-Mev 
helium ions is Gaussian with a full width at half-maxi- 
mum intensity of 0.8 Mev, the true cross section is about 
5% smaller than the value calculated with the above 


mentioned assumptions. For higher bombarding 
energies, both the variation of cross section with energy 
and energy spread are less, and hence, the errors intro- 
duced by assuming a monoenergetic beam are smaller 
and usually negligible compared to the statistical errors. 

As mentioned earlier, in some of the long runs the 
projectile energy changed enough to alter th "ge by 
1 mg Al/cm*. This amounts to an energy uncer. ity of 
about } Mev for helium ions degraded to 20 Mev. The 
mean ranges of the helium ions were converted to 
energy by the range-energy relation’® mentioned in the 
section on experimental procedure. 

The strong dependence of the fission cross section on 
helium ion energy in the vicinity of 20 Mev indicates 
that the correction for neutron-induced fission is rather 
small. One expects that the neutron background for 
small changes in the helium ion energy would be essen- 
tially constant, whereas the fission counting rate de- 
creases approximately a factor of 5 for a 1-Mev decrease 
in helium-ion energy. The following experiment was 


16 T. Braid (private communication). 
11 T, E. Cranshaw, Progress in Nuclear Physics Vol. 2 (Pergamon 
Press, New York, 1952), Vol. 2, p. 271. 
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Fic. 5. Comparison of experimental and theoretical total re- 
action cross sections of, U**. The theoretical cross sections are 
those obtained with an optical model program with a nuclear 
potential of the Woods-Saxon form, (V+iW)/{1+exp[(r—r0)/d]}. 
The parameters V, W, ro. and d were chosen to reproduce the 
complex potential determined by Igo [Eq. (1)] for values of r 
where the absolute value of the real part of the potential is less 
than 10 Mev. 
done to accentuate the neutron background and check 
the influence of neutrons on the fission counting rate. 
The beam energy was reduced to 22 Mev withaluminum 
foils in the degrading system“ which is located near the 
cyclotron. The fission cross section of U** was then 
measured for 19-Mev helium ions which were produced 
with two different absorber systems. In the first arrange- 
ment additional absorber was introduced in the degrad- 
ing system. In the second arrangement an equivalent 
amount of absorber was introduced at the entrance to 
the scattering chamber (located in the experimental 
area and many meters from the degrading system) in 
order to reduce the energy from 22 to 19 Mev and at 
the same time enhance the effect of neutrons. For each 
of the absorber arrangements the fission cross section 
decreased a factor of about 40 and therefore, within 
our experimental accuracy the neutrons were not 
inducing fission. 

The reaction cross sections of U* and U*** were ob- 
tained by adding to the fission cross sections the pre- 
viously measured values of the spallation 
sections.’8 At a helium-ion bombarding energy of 43 
Mev the spallation cross section represents about 4 and 
9% of the reaction cross sections of U™* and U, re- 
spectively. Included in the U™* spallation cross sections 

18 J. Wing, W. J. Ramler, A. L. Harkness, and J. R. Huizenga, 
Phys. Rev. 114, 163 (1959). 
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are the U** (a,an) cross sections which are deduced 
from systematics’, on the competition of fission to 
neutron emission to be approximately one-half the 
magnitude of the measured U*** (a,an) cross sections. 
At a bombarding energy of 25 Mev the spallation cross 
section represents about 1 and 14% of the reaction 
cross sections of U* and U**, respectively. The reaction 
cross sections of U* and U*** are plotted as a function 
of helium ion bombarding energy in the laboratory 
system in Figs. 5 and 6, respectively. The magnitudes 
of the cross sections for the two different targets are 
equal within the experimental errors. 


DISCUSSION 


The optical model program which was used in cal- 
culating the reaction cross sections required a nuclear 
potential of the Woods-Saxon form, 

7 “ts 


— } |. (2) 
1 
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(v+iw) / 1+exp 


The parameters V, W, ro and d were chosen to reproduce 
the complex potential given in Eq. (1) for values of r 
where the absolute value of the real part of the potential 
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Fic. 6. Comparison of experimental and theoretical total re 
action cross sections of U***. The theoretical cross sections are those 
obtained with an optical model program with a nuclear potential 
of the Woods-Saxon form, (V+iW)/|1+exp[(r—ro)/d]}. The 
parameters V, W, ro, and d were chosen to reproduce the complex 
potential determined by Igo [Eq. (1)] for values of r where the 
absolute value of the real part of the potential is less than 10 Mev. 


'? R. Vandenbosch and J. R. Huizenga, Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
{tomic Energy (United Nations, Geneva, 1958), Vol. 15, p. 1688, 
p. 284. 
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Fic. 7. Comparison of the real potential of Igo with those 
obtained for two different sets of Woods-Saxon parameters, 
(V =—50 Mev, ro=8.99 fermi, and d=0.576 fermi) and (V=—25 
Mev, ro=9.39 fermi, and d=0.576 fermi). The magnitudes of the 
three potentials are similar for r>10 fermi. 
is less than 10 Mev. With the above parameters fixed, 
the depth of the potential for small values of r is also 
fixed although the alpha-particle scattering and total 
cross sections are not sensitive to the potential depth. 

Curves representing the real part of the optical po- 
tential derived with Eq. (2) for two different sets of 
Woods-Saxon parameters, namely V=—50 Mev, 
ro=8.99 fermi, d=0.576 fermi and V=—25 Mev, 
ro=9.39 fermi, d=0.576 fermi; are plotted along with 
the real potential of Igo [Eq. (1) ] in Fig. 7. For values 
of r beyond the nuclear radius, the real potentials given 
by the three equations are approximately equal. From 
a similar type of graph for the imaginary potential, one 
concludes that the imaginary potential of Igo is equally 
well reproduced for comparable r values by the following 
two sets of Woods-Saxon parameters, W=—27 Mev, 
ro=8.99 fermi, and d=0.576 fermi; and W=—13.9 
Mev, ro=9.39 fermi, and d=0.576 fermi. 

The optical-model total-reaction cross sections which 
are plotted in Figs. 5 and 6 as solid lines have been 
calculated” with the Woods-Saxon parameters V= —50 
Mev, W=—27 Mev, ro=8.99 fermi, and d=0.576 
fermi. The alternate set of parameters, V=—25 Mev, 
W 13.9 Mev, ro=9.39 fermi, and d=0.576 fermi, 
give reaction cross sections which agree with the values 
from the above set to within 1%. Even though the 
depths of the two complex potentials given by the two 
sets of parameters are quite different for small values of 


20 J. R. Huizenga and G. Igo (unpublished results). 
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r, they are quite similar for large values of r. Since ab- 
sorption occurs in the surface region, the magnitude of 
the complex potential in this region is the critical factor 
in determining the reaction cross section. 

The agreement between the experimental and optical 
model reaction cross sections is in general quite good. 
In order to get comparable agreement between the ex- 
perimental cross section values and those predicted with 
the square-well model of Weisskopf*" an interaction 
radius of 11.2 fermi is required. Values of this magni- 
tude™”.* for the radii of heavy elements are usually ob- 
tained with sharp-cutoff models which measure the 
alpha-particle interactions with nuclei. The value of the 
radius ro in the optical model with a diffuse potential, 
which has a form factor for the real and imaginary po- 
tentials given by Eq. (2), is defined as the distance at 
which the nuclear potential has fallen to half its central 
value. With the Woods-Saxon parameters V=—50 
Mev, W=-—27 Mev, ro=8.99 fermi, and d=0.576 
fermi, the absolute value of the potential has decreased 
a factor of 10 at r= 10.3 fermi, i.e., V+iW = (—5—72.7) 
Mev. The real potential is about —0.8 Mev at r=11.2 
Mev, whereas the imaginary potential at the same 
radius is about —0.4 Mev. The alpha particle-nuclear 
potential of the optical model is probably larger than 
the matter distribution of the nucleus due to the alpha- 
particle size, finite range of the nuclear forces and other 
details which contribute to the extension of the 
potential. 

ere is some indication from neutron and proton 
scatiering experiments that the depth of the real po- 
tential decreases with increasing energy. From analyses 
of alpha-particle scattering, however, this trend has not 
been observed. In the calculation of the optical-model 
cross sections which are plotted in Figs. 5 and 6 we have 
assumed that the Woods-Saxon parameters are energy 
independent. One of the justifications for this assump- 
tion is that the absorption of alpha particles by nuclei 
is so strong that the absorption length is only about 
1X10-" cm and most partial waves do not experience 
the real part of the potential lying within the 
nucleus. 

The experimental total reaction cross sections with 
20- to 27-Mev helium ions are slightly larger than the 
values derived from optical model theory with the 
Woods-Saxon parameters based on the Igo potential, 
whereas the agreement at higher energies is very good 
(the experimental cross sections are not well determined 
for energies less than 20 Mev). One way to bring the 
theoretical cross sections into better agreement with the 
experimental values is to use an energy-dependent real 
potential. For example, if the real potential is given by 
V=(—109+1.56 E) Mev (V=—50 and —75 Mev for 
38-Mev and 22-Mev helium ions on uranium, respec- 


2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 352. 

7 J. O. Rasmussen, Revs. Modern Phys. 30, 424 (1958). 

4D. D. Kerlee, J. S. Blair, and G. W. Farwell, Phys. Rev. 107, 
1343 (1957). 
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tively) and the other Woods-Saxon parameters are kept 
fixed at W=—27 Mev, ro=8.99 fermi, and d=0.576 
fermi, the optical-model cross sections have an energy 
dependence more comparable to the experimental 
results. Increasing the depth of the real potential from 
—50 to —75 Mev for 22-Mev helium ions increases the 
reaction cross section at this energy by 30%. 

The use of an energy-dependent real potential is not 
a unique solution for obtaining improved agreement 
between the theoretical and experimental energy de- 
pendence of the reaction cross section. Many other 
combinations of Woods-Saxon parameters also have 
comparable effects even though one limits the possi- 
bilities by using the same form factor for both the real 
and imaginary potentials. Changes in the Woods-Saxon 
parameters which increase the depth of the real or 
imaginary (or both) potential in the radial region of 
r>10 fermi (see Fig. 7) increase the reaction cross 
sections for lower bombarding energies by a larger per- 
centage than the higher bombarding energies. Likewise 
if one changes the slope of the real and imaginary po- 
tentials for r>10 fermi by changing the diffuseness 
parameter d, one effects a larger change in the cross 
sections for smaller bombarding energies. For example, 
the two sets of Woods-Saxon parameters (V=—50 
Mev, W=—27 Mev, ro=8.99 fermi, and d=0.576 
fermi) and (V=—42.27 Mev, W=—22.82 Mev, 
ro= 8.99 fermi, and d=0.65 fermi) give the same com- 
plex potential at r=10 fermi, namely (—7.38—13.99) 
Mev. The cross sections calculated with the latter set of 
parameters, however, are 40%, 10%, and 6% higher 
for 22-, 30-, and 38-Mev helium ions, respectively. 

The complex potential of Eq. (1) was deduced from 
analyses? of elastic-scattering data for 18-Mev alpha 
particles from argon, 40-Mev alpha particles from 
copper, and 48-Mev alpha particles from lead. Com- 
parable analyses should be made for uranium in order 
to utilize the uranium-reaction cross sections most 
effectively in checking the optical-model theory. The 
nonspherical nuclear shape of uranium may also be of 
some importance. The magnitude of the uncertainty in 
the complex potential given by Eq. (1) can be esti- 
mated from the figures in reference 2. For example, one 
deduces from Fig. 12 of reference 2 that the imaginary 
parts of the nuclear potential for two “best fits” of the 
elastic scattering data for 48-Mev alpha particles on 
lead differ in the critical region of the radius by a factor 
of 2. The dependence of the optical model cross section 
on changes in the complex potential has been discussed” 
elsewhere. Within the uncertainties in the complex 
alpha particle-nuclear potential, the present experi- 
mental cross sections are in agreement with the optical 


model predictions. 
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Energy Dependence and Absorption in the Use of Recoil Polarization from 
x — p Scattering*} 


PETER B. 


SHAW 


Carnegie Institule of Technology, Pittsburgh, Pennsylvania 
(Received July 18, 1961) 


The use of recoil polarization to determine angular momentum assignments for the second and third 
resonances in ~— p scattering is found to be qualitatively unaffected by the presence of absorption in the 
resonant states. The energy dependence of the polarized cross section in the vicinity of a resonance is shown 
to give some information about both the background and the resonant state. The polarized cross section is 


expected to increase across a resonance if L= 


1. INTRODUCTION 


ORAVCSIK has suggested!' that the polarization 
of the recoil proton in  — scattering might be 
used to determine angular momentum assignments for 
the second and third resonances observed in that scat- 
tering. We would like to develop two points with regard 
to the use of recoil polarization. The first point is con- 
cerned with the effect of inelastic processes upon the 
results of Moravcsik. For the sake of simplicity, the 
method discussed in reference 1 assumes that »~—p 
scattering is purely elastic, despite the fact that in the 
region of the second and third resonances the cross 
section for production of an additional pion is con- 
siderable.? Furthermore it has been shown* that the 
second and third resonances might be due to certain 
initial and final state interactions in the production 
channel, which would indicate that the partial waves for 
the resonant states were largely absorbed. 

The second point is concerned with the energy de- 
pendence of the recoil polarization in the neighborhood 
of a resonance. Investigation of this energy dependence 
is suggested by the fact that the amplitude for a reso- 
nant state is strongly energy dependent in the resonance 
region while amplitudes for nonresonant states are 
essentially energy independent in this region—especially 
if the resonance is quite narrow. Hence, while effects 
that depend on the large size of the resonant amplitude 
might be masked by a large number of “background” 
amplitudes, effects that depend on the large energy 
variation of the resonant amplitude should show 
through. 


2. SUMMARY OF USEFUL FORMULAS 


We choose the coordinate system in which the z axis 
is parallel to the initial pion momentum in the c.m. 
system and the y axis is parallel to the normal to the 


*Work performed under the 
Energy Commission. 

¢ Based on a thesis to be submitted to Carnegie Institute of 
Technology in partial fulfillment of the requirements for the Ph.D. 
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and G. Valladas, Nuovo cimento 19, 210 (1961). 

*R. F. Peierls, Phys. Rev. 118, 325 (1960). 
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auspices of the U. S. Atomic 


Van Rossum, 


J+4 and decrease if L=J—}. 


scattering plane. The x — p scattering is determined by 
two amplitudes 


1 
O)=— (7+4)0cP r(x) ace (2), 
ljt 


O=AE (— 1) Haas), 


ijt ax 


where k is the wave number in the c.m. system, x is the 
cosine of the c.m. scattering angle 6, P;(«) is the /th 
Legendre polynomial, ¢ is the total isotopic spin, 7 is the 
total angular momentum, and 7 is a weighting factor 
which has the values 3? for =} and 3 for t=$. The 
quantities @2; 2;(/) are the various partial wave ampli- 
tudes for a given /, 7, and /. In the case of elastic scat- 
tering it is customary to impose the unitarity condition 
by the use of phase shifts: 


Azz 2) (1) =e%2# 24 sindae 2;(I). 


In the presence of absorption, the unitarity condition 

implies that 
[Imae, 2;(/) —4 P+[Reas: 2;(l) P= <3, 

where p is a measure of the extent to which the partial 

wave has been absorbed. The two extreme cases are 

given by 

(elastic scattering), 

(maximum absorption). 


p=1 
p=0 


The total cross section for r~+ can be obtained by use 
of the optical theorem, 

4 dn 

ot=— Im f(0)=— > (f+4)n: Ima: 2; (1), 

k R° iit 
while the polarized cross section® is given by 
I)P=2 sin Im[ f*(6)¢(6) ] 

== 2 sind >> p y ninvA 1,5 (%) 
; tt’ l<l’ j< 
X Im[a2e 2;*(laee 25-(l’) J, 

Nuclear Sci. 6, 43 (1956). 
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Taste I. Polarization between second and third resonances for various amounts of absorption in the resonant states. 
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where 


A gj.rj(*%) = (G44) (—1) "4" P(x) dP yp (x) /dx 
— (j'+4)(—1)4**1P, (x) dP i(x)/dx, 


and J» is the unpolarized cross section, which is given by 
To= | f(0)|?+sin*6! g(8) |?. 


Particular states are referred to as Sy,, P33, etc., where 
the first subscript is twice the isotopic spin and the 
second subscript is twice the total angular momentum. 


3. ABSORPTION AND THE MORAVCSIK METHOD 


Before looking at the effects of absorption we shall 
comment briefly on the Moravcsik method in general. 
The essential feature of the method is that the inter- 
ference between two large amplitudes that are 90° out 
of phase will dominate over the interference of much 
smaller amplitudes and tend to give a rather large 
polarization. The absence of such a dominant interfer- 
ence will in general lead to a smaller polarization, if any. 
Thus, for example, between the first (P33) and second 
resonances, at 6=90°, we will have a large interference 
between resonant amplitudes if the second is D,;, while 
we will have no interference if the second resonance is 
P,;. Actually, there are two difficulties involved in this 
example. In the first place, phase shift analysis®:? shows 
that 633(P) is already 135° at 310 Mev while neither 
6:3(P) nor 6;3(D) is large, so that it seems unlikely that 
“maximum” interference is ever attained between the 
first and second resonances. Secondly, in the event that 
the second resonance is P;; we should expect to find a 
‘‘small” polarization; but in fact this “small” polariza- 
tion (i.e., polarization arising from the interference of 
small amplitudes with one another and with the reso- 
nant amplitudes) can be quite sizeable. The result of the 
above is that most likely no clear-cut choice can be 
made between P,; or D,; by measurement of the recoil 
polarization between the first and second resonances. 

The situation between the second and third reso- 
nances appears to be more favorable since there is 
greater “overlap” here and by looking at a suitable 
angle we are assured of obtaining a large interference for 

*O. Chamberlain, J. 
Rev. 122, 959 (1961). 

7 VY. G. Zinov, S. M. Korenchenko, N. I. Polumordvinova, and 
G. N. Tentyukova, J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1407 

1960). (Translation: Soviet Phys.—JETP 11, 1016 (1960) ] 
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A +0.90 


x=—0.3 


+-0.70 
+0.70 
—0.70 
—0.70 


+0.90 

+0.90 
—0.90 
—0.90 


—0.90 
+0.90 


any of the four possible angular momentum assignments 
(assuming j= $ for the second resonance and j=$ for 
the third). This assurance is subject somewhat to 
limitations on the relative amounts of absorption in the 
two resonant states. 

We shall write the amplitudes for the second and 
third resonances as 42) and a,3), respectively. Then we 
consider the situation corresponding to “maximum 
overlap” : 

? 


a2) = HO (i—1) a 

From Eq. (1) we see that ua=y 1 indicates that 
both resonances are elastic while u,2)=,.3)=4 indicates 
the maximum possible absorption in each resonant 


state. Using only resonant amplitudes, the polarization 


has been calculated for the various possible angular 
momentum states and for different degrees of absorption 
in the two resonances. Since the two amplitudes are 
taken to be 90° out of phase, the angular distribution 
will be symmetric about = 90° and hence the polariza- 
tion will be symmetric (or antisymmetric) about @= 90°. 
Furthermore, the value of the resonance polarization is 
quite insensitive to small background amplitudes pro- 
vided it is close to unity ; for this reason it is desirable to 
make observations near an angle at which the resonance 
polarization peaks. It was found that += +0.3 is quite 
close to the peak position in all situations. The polariza- 
tion at these angles is given in Table I. The peak value 
is smallest for the case in which the second resonance is 
completely absorptive (y:2) = 4) and the third resonance 
is completely elastic (u;3)=1). This situation will tend 
to be more sensitive to the presence of small amplitudes 
than will the other situations. The results of Table I are 
in qualitative agreement with the results obtained by 
Moravesik. 


4. VARIATION OF THE POLARIZED 
CROSS SECTION WITH ENERGY 


In order to discuss the energy dependence of the 
polarized cross section in the vicinity of a resonance, we 
reed to specify the energy dependence of the amplitudes 
involved. The simplest procedure is to describe the 
resonant amplitude by a Breit-Wigner formula and to 
assume that all other amplitudes are independent of the 
energy. If we specify the resonant state quantum 
numbers by capital letters, then the energy-dependent 





RECOIL POLARIZATION 


part of the polarized cross section is given by 
oP r= (2/k*) sinOnr Im[Q* (@)aer 27(L) |, 


Q(0)=D0 Aj, a(x) naar 2;(D), 


ljt 


where 


and 
der eu (1 ) _ —3I/(E- Ert+3lr). 


Io and I are the “particle and “total” widths, respec- 
tively, E is the total energy in the c.m. system, and Er 
is the resonance energy. The resonance is elastic when 
I'o=T and is most absorptive when I'p=3I. It is easy to 
see that k°JoP x peaks at E= Er+3I tan[$¢(6) ] and at 
E=Er—h cot[4¢(6) | where tand(@) = ImQ (6)/ReQ(6). 
If we restrict the energy range so that Er—31T<E<Ep 
+31 then only one peak will be observed except when 
Q(@) is purely imaginary. In this case k*JoP xg peaks at 
E=Epr—H}l passes through zero at resonance, and then 
peaks with the opposite sign at E=Er+3T; it is 
antisymmetric about the resonance. Another special 
case occurs when ()(6) is real. Then k?/JoP ¢ peaks at and 
is symmetric about the resonance. We can obtain some 
information about the relative importance of various 
background amplitudes if we should observe that the 
polarized cross-section peaks at the resonance for some 
angle 6. As an example, suppose we observe a peaking 
at the resonance when looking at 6=90°. Then we have 
the condition: 
ImQ(x/2)=0. 


If we suppose that we are at the second x — p resonance 
and that it is Dy, then the above condition can be 
expressed as 


2 Ima;;(P)+Ima;;(P)—2 Ima,3(P)—Ima;3(P) 
—3 Ima,;(F)—3 Ima;;(F) =0, 


where we have kept terms up through j= 3. This condi- 
tion could be made more restrictive by using some 
information from phase shift analysis at a lower energy. 

With some algebraic manipulation it can also be seen 
that if Or is an angle for which P(x) vanishes, then 
(@x) is simply the phase of the nonresonant part of the 
non-spin-flip amplitude (at @=@r). This phase could be 
obtained by looking at @=@,r and observing the energy 
at which k*JoP peaks. Similarly if @e’ is an angle for 
which dPz(x)/dx=0 then $(6r’) is the phase of the 
nonresonant part of the spin-flip amplitude. 

It should be noted that the amount of absorption in 
the resonant state, as indicated by the ratio I'p/I’, does 
not influence the shape of the polarized cross section as 
long as we use a Breit-Wigner formula for the resonant 
amplitude. 

As a second application of the energy dependence of 
the polarized cross section, we consider the situation in 
which a single resonance (or two resonances with little 
overlap) occurs in the presence of numerous background 
states which may contribute considerably to the polari- 
zation. The distinguishing feature of the resonant 


FROM x«r--p SCATTERING 1973 
amplitude is its rapid variation in the resonance region 
compared to the slowly varying background. It is just 
this feature which can be utilized to give some indication 
of the parity of the resonance (we assume knowledge of 
the total angular momentum). 

First, we note some properties of the quantities 
A x;,r4(x) (1, j refer to nonresonant states and, as before, 
L, J refer to the resonant state). It is possible to show 
that 

A pra 5,544 s(%) —A; 1 (x), 

and 


A 544 j,5-4 o(X) 


These relations are related to the Minami ambiguity.® 
Since 


—Ag-3 9 gan glo). 


1 
2 


P,(A)=1 and dP,(1)/dx=I1(l+1)/2 


we can write 


A yj,ng(1)= (7 +4) (—1) IAL (L4+1)/2 


— (J+4)(—1) 44 (/+1)/2. 
We now consider the four possible cases: 
1x(1)>0 for L>1; 
ry(1)>0 for all /; 
rs(1)<0O for all J; 
r7(1)<0 for L>l. 


iL 
iT 2. 


J+4, j+3, then A; 
J+, j—3, then 4; 


Re 


(2) 
i+3, then A, 


J—3 j—4 


then 4, 


By continuity there is some angle @>0 for which the 
inequalities (2) are still valid. The value of @ taken 
depends on how large a value of / is thought to be 
important. 

We now make two assumptions: (a) All the energy de- 
pendence is in the amplitude der 2y( L); (b) Reader 27(L) 
is a decreasing function of the energy across the reso- 
nance. We do not assume that de7 27(L) is described 
by a Breit-Wigner formula. If we let £, be some energy 
below the resonance and FE, be some energy above the 


resonance, then 


A(IoP)=IoP(E2)—IoP (F1) 


2 sind >) Aij,ra(x)nenr 


X {Reas: 2;()AL(1/k?) Imaer 27(L) ] 
—Imaz,; »;(/)A[(1/k?) Reaer 27 (L) J}. 


Now (1/k) Imagz 2s(L) is proportional to the total 
cross section in the resonant state and, by as-umption 
(a) above, changes in the total cross section as we pass 
through the resonance are due to changes if the contri- 
bution from the resonant state. Hence 


Af (1/k?) Imaer 27(L) ]« Ao®*. 


If we pick £, and F2 such that o*(/))=o"*( £2) and use 


8S. Hayakawa, M. Kawaguchi, and S. Minami, Progr. Theoret. 


Phys. 11, 332 (1954). 
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assumption (b) to indicate that A[(1/k?) Reger 27(L) ] 
<0, we arrive at the result 


A(MoP)=7 X Ay, x1s(x) Imaz: 2; (2), 


tjl 


where ¥ is some positive quantity. By unitarity we also 
know that Imaz,; 2;(/) 20. Reference to the inequalities 
(2) now indicates that if L=J+4 then Aj;,17(x)>0 
except when /= j+ 3 and />L (provided @ is sufficiently 
small). But, if L=J—}4, then A1;,17(«)<0 except when 
l= j—} and />L. If partial waves with />L are as- 
sumed to be unimportant, then we have the result 


A(P)>0 if L=J+4, 
and 


AUoP)<0 if L=J—}. 


As an example, let us take the second and third r—p 
resonances and, contrary to the assumption in Sec. 3, 
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assume that they are sufficiently separated so that the 
amplitude of one can be regarded as constant over the 
other’s width. Then calculations indicate that @~40° 
should be small enough for the second resonance, while 
6 30° is required for the third resonance. 

Note added in proof. Ball and Frazer have suggested 
recently [Phys. Rev. Letters 7, 204 (1961)] that a 
rapid rise in the x-p absorption cross section will cause 
a peak in the elastic scattering. The use of a Breit- 
Wigner formula in Sec. 3 implies, of course, that there 
is a peak in both the absorption and elastic cross sections, 
and that the ratio of the two cross sections is constant 
for constant Ip and Lr. 
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Using an extension of the Chew-Low extrapolation procedure, the Y+-N — ¥’+N-+-7 differential cross 
sections have been calculated. The calculation requires a knowledge of the energy dependence of the total 
pion-hyperon elastic scattering cross sections, for which we have made use of the results of Dalitz and Tuan 
based on the analysis of K—N data. The effect of Y,* in the present processes appears in the strong peaking 
at low energy and a “knee” at a higher energy in the energy spectrum of the recoil nucleon. In view of the 
rare strong decay of Y,* —> 2+, it is suggested that the reaction A+N — A+N-+-2 would be best suited for 


experimental study. 


INTRODUCTION 


HE existence of a A—7 resonance (denoted by Y,*) 
in J=1 state at 1385 Mev in K-+p— A+2r-+7 is 
now firmly established by recent experiments.! Dalitz? 
has interpreted Y,* as a bound state of the K-—p 
system with angular momentum J=4 and a strong 
decay via S; if the K—A parity is odd. Block et al. have 
analyzed the data on the production of Y,* in K-+Het 
reactions, assuming an initial S wave and neglecting 
final-state interactions. Their analysis favors J=} but 
this conclusion is severely limited by their assumptions. 
Recent data of Berge et al. on Y;* points toa odd K—A 
parity and J=}4, though J= is not excluded. 
We have recently® pointed out that Y,* should also be 
observable in the reactions 


Y+N — Y'+N+2, (1) 


1M. M. Alston et al., Phys. Rev. Letters 5, 520 (1960); O. Dahl, 
et al., ibid. 6, 142 (1961) 

2R. H. Dalitz, Phys Rev. Letters 6, 239 (1961) 

3M. M. Block et al., Nuovo cimento 20, 715, 724 (1961) 

‘J. P. Berge et al., Phys. Rev. Letters 6, 557 (1961). 

5S. N. Biswas and V. Gupta, Nuclear Phys. 24, 620 (1961). 


where Y or Y’ stand for either the A or = hyperon and V 
represents a nucleon. In reference 5, on the basis of 
charge independence, gross tests (like inequalities and 
equalities) were pointed out to test the existence of a 
Y,* as a dominant J=1 isotopic spin state of the pion- 
hyperon system. In this paper we present the calculation 
of the energy spectrum of the recoil nucleon in reactions 
(1) as a specific test of the existence of Y,*. The method 
of calculation is analogous to that used for one-pion 
production in nucleon-nucleon collisions® and is based on 
a generalization of the “extrapolation method” of Chew 
and Low.’ The details are given in Sec. IT. 

The r—Y scattering cross sections used in the calcula- 
tion are those predicted by Dalitz and Tuan,* from low 
energy K—N scattering data. The advantage of using 
the above approach is that it enables one to correlate the 
cross sections, etc., for reactions (1) with the parameters 
for K—N scattering and absorption. 


*F. Selleri, Phys. Rev. Letters 6, 64 (1961); V. N 
Zhur. Eksp. i Teoret. Fiz. (to be published 

7G. F. Chew and F. E. Low, Phys. Rev. 113, 1652 (1959). 

®R. H. Dalitz and S. F. Tuan, Ann. Phys. 10, 307 (1960). 
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EFFECT OF (A=7r) RESONANCE IN N-Y COLLISIONS 


In Sec. III we give the numerical results and their 
discussion. 


II. CALCULATION TECHNIQUE 


The calculation of the reactions (1) is based on the 
diagram shown in Fig. 1. The Chew-Low approach’ 
essentially consists in.calculating the Feynman ampli- 
tude for Fig. 1 and replacing the square of the YY’rr 
vertex by oyy:, the physical cross section for r+ Y — 
m+Y’. A knowledge of cyy would then enable one to 
calculate the relevant cross sections for reactions (1). 
Of course, one may determine cyy’, and thus r—Y 
resonance, by extrapolating the experimental data on 
reactions (1) to the pole at u? (u= pion mass) introduced 
through the pion propagator. Though a rigorous justi- 
fication is lacking, the above procedure (or conjecture) 
has been fairly successful in its applications.*.7 

In the above approximation one can write down the 
differential cross section, 


a(Y+N — Y’+N+7) 
de" AA? 


ee A? 
cote —wgvory'(w), (2) 

ar Vs pr (A?+-p?)? 
where w and gy are the energy and momentum in the 
center of mass system of # and Y. The magnitude of the 
momentum in the laboratory system of the incident 
hyperon ¥ is denoted by pr. Also, A is the square of the 
four-momentum transfer (at the NN vertex) and is 
directly related to the laboratory kinetic energy, T, of 
the recoil nucleon via? A?=2mT, where m is the nucleon 
rest mass. Further, f is the renormalized pion-nucleon 
coupling constant. Relation (2) is valid when a 7° is 
exchanged ; for the exchange of r*, f? is to be replaced 
by 2f?. 

In writing down Eq. (2), we have not considered the 
possibility that the pion can be produced through the 
NNrr vertex. Note that this is not possible if both Y 
and Y’ are A’s, because the AAm vertex is forbidden by 
charge independence. By not considering the possible 
NNrr vertex we are neglecting the effect of a possible 
pion-nucleon resonance. This may be a serious drawback 
for reactions in which wtp or m~n appear in the final 
state. Consequently, we will confine our discussion to 
reactions in which r—WN are not in a pure isotopic spin 
state (cf. Sec. III also). 

As mentioned earlier, Dalitz and Tuan® predicted an 
I=1 resonance in pion-hyperon scattering from an 
analysis of K—N data. The J=1 resonance occurred 
only for the a_ solution for the scattering parameters. In 
this note we assume Dalitz and Tuan’s interpretation?:® 
of the Y,* with J=4 and odd parity. Further, for the 
mass and half-width of Y,*, we take? 1382+20 Mev and 
18 Mev, respectively, which are consistent with the 
scattering length, a+ib= — 1.08(+0.2)+70.20(+0.06) 


5% Y 


| 
| 
| 
! 
| 


Fic. 1. Feynman diagram for reaction (1). 


fermi, for the J=1 state. The expression for cyy’(w) 


predicted near resonance below K—N threshold is 
4dr k’By*qyBy*qy’ 


=— —_—, (3) 
qv? [(1+xa)?+ (xb)? ] 


oyy’(w) 


where «=[2ux(m+mx—w) |', mx being the K-meson 
mass and ux=mmx/(m+mx). Further, By is the off- 
diagonal matrix element, (KN | K|xY), of the Hermitian 
K matrix.® 

In general, 8: and 8, should be energy dependent, but 
there is no clear guidance as to the form of this de- 
pendence. Consequently, we assume for simplicity that 
they are constant with respect to energy; i.e., S-wave, 
x—Y scattering.* For a discussion of the effect of their 
energy dependence on the recoil-nucleon energy spec- 
trum see Sec. ITI. 

The expression for cyy/(w) above the K—N produc- 
tion threshold (x=0) is to be obtained by changing 
xk — ix in the expression for the phase shift, that is, by 
changing the denominator [(1+x«a)*+ (xb)?] in (3) to 
[ (1—xb)?+ (xa)?]. This should be remembered when 
using (4) below. 

Using (3) in (2), we have for the recoil-nucleon energy 
spectrum (for 7° exchange) 
do(Y+N — Y’+N+7) 

dA? 


qy'k By By"w"dw 


oo(V)6(A?, VY) [ ’ 

J my+u [(1+«a)?+ (xb)? ] 
where 

oo(V)=4f?/p*p7* 
and 
(A?, Y) = A?/ (A?+y?)?. 

The upper limit for w is a function of A? and initial 
center-of-mass energy W. For a given w and W, the 
corresponding A? is calculated from the relation’ 


A*= +2(ErEs—m?)+2cos6lEr?— m? }(Es?—m?}}, (5) 
where @ is the c.m. recoil angle; 


Er= (W2+m?—my?)/2W 
and 


Es= (W?+ m?—w’)/2W 
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definition see text. 


are, respectively, the over-all laboratory system energies 
of the target and the recoil nucleons; my denotes the 
mass of the incident hyperon. 


III. RESULTS 


The nucleon recoil energy spectrum has been: calcu- 
lated for W=2.5 Bev. The value of W is so chosen that 
the range for w includes the resonance energy w, for the 
pion-hyperon system. 

For numerical computation the following mass values 
(in Bev): p=0.139, mg=0.494, m=0.939, m,=1.115, 


AND V. 


Fic. 2. Differential cross section, ds(Y — Y’), in dimensionless units, for the reaction Y-+N — Y’+N-+r. 


f z=; (c) 2A; (d) 2-2. A? in (Bev? is directly related to recoil nucleon kinetic energy T, via A? 
nucleon mass. The ordinate do(Y — Y’) is essentially the differential cross section do(Y +N - 


GUPTA 


do(i-A) 

















do(I~t) 


0.2 











(d) 

(a) A— A; (b) 
2mT, where m is the 
» Y’+N+7)/dA*. For an exact 


and my=1.190, have been used. The value for the 
square of the renormalized pion-nucleon coupling, 
f?=0.08, is taken. 

For convenience of discussion, since 8, and By have 
f energy «, the dimensionless 


f 


been taken independent o! 
quantity 
do 
(ByBy:)?—(Y+ N > Y’+N+n), 
dX? 


denoted by do(Y — Y’), has been plotted against A?, in 
Figs. 2(a)—(d). All the quantities have been expressed in 
Bev using #=c=1. 





EFFECT OF (A-r) 

The numerical values of do(Y — Y’) in these figures 
are for a neutral pion exchange as in Fig. 1. In Figs. 2(a) 
and 2(b) da(A— A) and do(A — 2) have been plotted, 
and both show a sharp peak for A?=0.057, that is, at 
recoil nucleon kinetic energy T=30.3 Mev. The plots 
for do(= — A) and do(Z — &) [see Figs. 2(c) and 2(d) | 
also show a sharp peak, but for A?=0.037, that is, 
T= 19.7 Mev. The peak is highest in case of do(= — A). 

For larger A? all the graphs show a “knee” shape at 
A?= 1.288 in Figs. 2(a) and 2(b) and at A?=1.166 in 


Figs.® 2(c) and 2(d). In all the cases the peak and the: 


“knee” are at values of A? corresponding to w=1.40 
rather than w=w,= 1.382 for the r—Y system. 

Our results are to be compared with those of Selleri® 
for V+N — N+N-+n, where he obtains a peak at the 
small as well as at the larger value of A®. The reason for 
this is that in Selleri’s case both the vertices are identical 
and the pion can emerge at either, while in our case the 
vertices are different and moreover we have neglected 
the NNxm vertex. The presence of the NNam vertex 
would show up as a peak in the energy spectrum of the 
outgoing hyperon (excepting A+N — A+N-+7). The 
inclusion of the pion-nucleon resonance (via NNar 
vertex) would also modify the recoil nucleon spectrum. 
However, kinematically one would expect the rN and 
mY resonances to be mutually exclusive,” so that the 
shape of the nucleon energy spectrum in Figs. 2(b), (c), 
and (d) should not be much altered. 

The ¥ — rY’ scattering (except tA — mA) through 
Y,* is expected to be small because the experiment 
shows that the coupling of Y,* to w= is weak. In fact, 
less than 10% decays of Y,* are into r+2 the rest being 
into +A. This implies that the contribution of Fig. 1 


® Note that the two values 1.288 and 0.057 correspond to the 
same w in the case of the A — Y reactions. This is also true for the 
x — F¥ reactions. 

0 For in the c.m. system, when z goes in the same direction as 
N, the hyperon Y must go in the opposite direction; and when x 
goes with Y, then N must travel in the opposite direction. 
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to the A+-N — 3+-N+72 and 2+-N - Y’+N-+ = cross 
sections will be small. Consequently, the experimental 
observation of the nucleon recoil spectrum given in 
Figs. 2(b), (c), (d) would be rather difficult. Thus, the 
A+N — A+N-+ 2 reactions would be the most suitable 
for the observance of Y,* and testing our results; for 
example, A+) — A+ p+7°. 

In the other three cases the best reactions, from the 
experimental point of view, are 


A+p—>>-+ptrt, 
t+ p— A+ ptre, 
+p D+ ptr. 


All these reactions involve a 7° exchange and thus may 
be directly compared with the graphs given. 

As remarked earlier, 8, and Sy have been taken to be 
energy independent. By would have an energy depend- 
ence of the form (gy)! if the r— Y system has an orbital 
angular momentum /7. Such an energy dependence will 
increase the height of the peak in Figs. 2(a)—(d). How- 
ever, for low / this increase in height would be small. 
Furthermore, such energy dependences of 6, and By 
would be different if the A— 
Ba and Bs act as scaling factors and, since their absolute 
values are not known, a rough estimate of the total 
cross section for the reactions (1) on the present model 
would not be significant. 

At present, the data on the reactions considered here 
are very scanty owing to experimental difficulties. How- 
ever, data on the reactions (1) would be very desirable 
as they would enable one to correlate K—N scattering 
parameters by means of the approach adopted here. 


> parity were odd. Constant 
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The u-meson elastic scattering cross section and polarization asymmetry factor are calculated for bromine 
for positive and negative muons, and for silver for negative muons, for the values of »/c=0.4, 0.6, and 0.7. 
These results, when combined with the ones available for cadmium, permit the comparison of theory with 
measurement of the scattering of muons in emulsions. The nuclei are taken to be extended, with a charge 
distribution as derived from electron scattering, the Dirac equation is assumed valid, and the calculation 
is done with the aid of an IBM-650 computer utilizing the same program as used previously for the calcu- 


lations on cadmium and mercury. 


I. INTRODUCTION 


HE recent accurate determination! of the magnetic 
moment of the u meson provides strong evidence 

that the muons? have the same properties as electrons, 
with the exception of a heavier mass and the possibility 
of beta decay through the coupling to the weak inter- 
action. In some experiments cosmic-ray » mesons 
appeared to have an abnormally large scattering cross 
section,’ but recent laboratory experiments‘ on high- 
energy muons gave results consistent with theory, the 
calculations being based on the assumption that muons 
are heavy electrons. In order to increase the accuracy 
in the comparison of muons to electrons, elastic scat- 
tering experiments of nearly relativistic » mesons on 
several nuclei have been conducted by various groups.*:® 
Measurements of the elastic scattering of muons on the 
nuclei of nuclear emulsions are presently being under- 
taken by a group at Cornell University,® and it is the 
purpose of the present note to provide the corresponding 
theoretical values of the cross sections in the range’ of 


* This research was supported by the U. S. Air Force under a 
contract monitored by the Air Force Office of Scientific Research 
of the Air Research and Development Command. 

1G. Charpak, F. J. M. Farley, R. L. Garwin, T. Mueller, J. C. 
Sens, V. L. Telegdi, and A. Zichichi, Phys. Rev. Letters 6, 128 

1961). This paper reports on a g—2 experiment and contains 
references to earlier determinations of g. 

? For a summary of u-meson properties see G. N. Fowler and 
A. W. Wolfendale, Progress in Elementary Particle and Cosmic-Ray 
Physics (North Holland Publishing Company, Amsterdam, 1958), 
Vol. 4, p- 123. 

*R. L. Sen Gupta, S. Gosh, A. Acharya, M. M. Biswas, and 
K. K. Roy, Nuovo cimento 19, 245 (1961); R. Burnstein, T. 
Kitamura, D. D. Millar, Nuclear Phys. 19, 665 (1960); A. I. 
Alikhanyan, Proceedings of the Moscow Cosmic-Ray Conference, 
1959 (International Union of Pure and Applied Physics, Moscow, 
1960), English ed., Vol. 1, p. 327; J. L. Lloyd and A. W. Wolfen- 
dale, Phys. Rev. 117, 247 (196). No anomaly is reported by 
S. Fukui, T. Kitamura, and Y. Watase, Phys. Rev. 113, 315 
(1959); E. Amaldi and G. Fidecaro, Nuovo cimento 7, 535 (1950). 
An experiment on y—e collisions by R. F. Deery and S. H. 
Neddermeyer, Phys. Rev. 121, 1803 (1961) also is consistent with 
the picture of the muon being a heavy electron. 

‘ & E. Masek, L. D. Heggie, Y. B. Kim, and R. W. Williams, 
Phys. Rev. 122, 937 (1961). 

§ B. G. Chidley ef al., Can. J. Phys. 36, 801 (1958). 

*P. L. Connolly, J. G. McEwan, and J. Orear, Phys. Rev. 
Letters 6, 554 (1961). 

? The velocity of the muon is » and the ratio v/c is denoted by 8, 
where c is the velocity of light. For a muon rest mass of 105.7 
Mev, the values of 8 corresponding to kinetic energies of 2.179, 
9.628, 26.425, and 42.309 Mev are 0.2, 0.4, 0.6, and 0.7, respec- 
tively. 


v/c between 0.4 and 0.7. The present results include 
values for the polarization asymmetry factor® S, and 
extend results previously available,” for Z=48 and 
80. In Sec. II the values for the differential cross 
section o and of S are listed for the following cases: for 
the nucleus of bromine (Z=35), v/c has the values 0.2, 
0.4, 0.6, and 0.7, and both wt and uo are considered; 
for silver (Z=47) only uw are considered for v/c=0.4, 
0.6, and 0.7. In Sec. III the dependence of the cross 
section on Z and on 2/c is examined with the purpose 
of exploring the possibility of extrapolation in these 
parameters. 

The comparison of the scattering cross section of 
muons to that of electrons incident on the same target 
nucleus will be of value, not only in seeing the relation 
of the intrinsic properties of muons to those of electrons, 
but also in the determination of the charge distribution 
of the target nucleus. In the calculation of electron and 
muon scattering cross sections several effects have up 
to now been neglected, such as" the effect of nuclear 
excitation on the elastic scattering, the deformation 
from sphericity occurring during the scattering, the 
effect of neutrons in the nucleus, etc. These effects will 
produce corrections on the scattering cross sections 
which are expected to be of different magnitude for yt, 
pw, et, and e~. Consequently, comparison of the meas- 
urements of all four cross sections may show the 
presence of the effects mentioned above. 


*For an incident beam transversely polarized in the “‘up’ 
direction, the polarization asymmetry factor S is given in terms 
of the scattering cross section to the “‘left’”’ (1) and that to the 
right (R) by the relation S(@)=(L—R)/(L+R). A more complete 
definition in terms of scattering amplitudes can be found for 
instance after Eq. (17A) of the paper listed in reference 10. 

9J. Franklin, B. Margolis, and H. Oberthal, Phys. Rev. 111, 
296 (1958) contains values for the cross section o and for S for 
the nuclei of cadmium and mercury, for u~ at 8=0.2 and 0.4. 
The charge distributions of the nuclei are assumed uniform in 
this calculation. 

10 G. H. Rawitscher, Phys. Rev. 112, 1274 (1958), lists values 
of a and S for the following cases: u~, 8=0.6, Z=48, 80, and 92; 
p*, B=0.4 and 0.6, Z=48, 80, and 92; ut, 8=0.8, Z=48 and 80. 
The nuclear charge distribution assumed for these nuclei is 
described in reference 14. 

11 The author is indebted to Professor G. Breit for an interesting 
conversation concerning these corrections. Compare also with 
G. Breit, G. B. Arfken, and W. W. Clendenin, Phys. Rev. 78, 391 
(1950) concerning effect of nuclear excitation on polarization. 
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TABLE I. ¢, Z=35. Differential scattering cross section a, in 10°°° cm? per sr calculated for the extended" nucleus of bromine; 8 denotes 
v/c’. The quantity in parentheses denotes the power of 10 by which each entry has to be multiplied. 


6 
deg) 


B=0.4 


BL 


pt 





8.16(3) 
1.76(3) 
5.65(2) 
2.21(2) 
9.97(1) 
5.08(1) 
2.94(1) 
1.96(1) 
1.49(1) 
1.28(1) 


“ABLE IT 


B=0.2 


“u 


—().098 


0.176 


+ 


u 


4.23(2) 
7.55(1) 
1.98(1) 
6.27 

2.24 
8.77(—1) 
3.82(—1) 
1.92(—1) 
1.16(—1) 
8.70(—2) 


4.01(2) 
8.12(1) 
2.67 (1) 
1.16(1) 
6.10 
3.69 
2.50 
1.87 
1.53 
1.36 





B=0.4 


pt 





0.040 


0.072 
0.097 
0.115 
0.122 
0.119 
0.107 
0.087 
0.058 
0.032 


0.202 
0.364 
0.506 
0.601 
0.636 
0.613 
0.540 
0.431 
0.301 
0.152 


B=0.6 

be Be 
5.16(1) 5.31(1) 
7.03 9.22 
1.28 2.49 

2.55(—1) 8.68(—1) 

1 

3 


.~ 


.18(—2) 3.61(—1) 


oe a 
on > OD fe Un GO 


Ee 


11(—2) 
3.34(—3) 
1.91(—3) 
1.58(—3) 


1.45(—3) 


Sue Re Ue 


7a 
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100S, Z=35. Polarization asymmetry factor® 1005S calculated for the extended" nucleus of bromine; 8 denotes 0/c.7 


B=0.6 
m 
— 0.307 
— 0.667 
—(0.986 
—1.18 


0.146 
—0.010 
—(.491 
— 1.46 
—2.91 
— 10.28 —466 

—9,25 — 6.24 

—7.34 —6.98 

5.29 —6.31 
890 —3.79 


0.240 
—(0).494 
—0.618 
—().989 
—5.01 


II. RESULTS 


The assumptions and methods of calculation are the 
same as those used in our previous work."” The muon 
obeys the Dirac equation, the nucleus has a static 
spherical charge distribution of a Woods-Saxon form, 
also called “‘Fermi” in the literature, with parameters 
taken from the electron scattering work.’ Nuclear 
recoil is neglected, as well as the effects mentioned in 
the introduction. The calculation is numerical, the 
IBM-650 program is the same as used for an earlier 
calculation.” The accuracy of the polarization asym- 
metry® factor S is estimated to be better than 10% for 
the 8=0.7 cases, and improves rapidly with decreasing 
energy. The cross sections are accurate to about 0.1% 
for all energies, but for simplicity are listed only to 3 
significant figures. The accuracy estimates are based on 
considerations similar to the ones done in connection to 
a previous electron-positron comparison.” The results 
are given in Tables I to IV. (See reference 14.) 

In order to determine the sensitivity with which the 
cross section depends on the diffuseness of the nuclear 
surface, w+ and po cross sections were calculated at 
v/c=0.6 for the nucleus of Z=48 for which the surface 
thickness parameter" ¢ was taken equal to 2.64 fermis, 
2G. H. Rawitecher and C. R. Fischer, Phys. Rev. 122, 1330 
(1961). 

13 R,. Herman and R. Hofstadter, High-Energy Electron Scat- 
tering Tables (Stanford University Press, Stanford, California, 
1960). 

4 The nuclear charge distribution is assumed to be of the 
Woods-Saxon form (also called ‘‘Fermi’’ in the literature). The 
two parameters which specify this distribution are the surface 


which is 10% 


previous calculation. 
smaller by about 1% at the scattering angle @ of 45°, 


larger than the value 
The resulting pt 


10 


assumed 
cross section is 


in a 


TABLE III. 100S9 and oo, Z=35, for point nucleus. Polarization 
asymmetry factor® 100So and differential scattering cross section oo 
(in 10~*6 cm? per sr) calculated for the nucleus of bromine for which 
the charge is concentrated at one point; 8 denotes 0/c.? The 
quantity in parentheses behind an entry denotes the power of 
ten by which that entry has to be multiplied. 


0 


(deg ) 
1008 
oo 
100So 
ao 
100So 


go 
10085 
Ai) 
100S> 
ao 
100.So 
oo 
100So 
go 
100.89 


Jo 
100.So 

oo 
100.So 


a 


8=0.2 
7 
0.327 
7.65(3) 
0.028 
1.63(3) 
— 1.36 
5.70(2) 
—3.46 
2.64(2) 
—5.53 
1.47 (2) 
— 6.96 
9.46(1) 
—7.35 
6.77 (1) 
— 6.65 
5.30(1) 


B=0.4 
pt 


—0.495 
6.85(1) 

— 1.84 
1.46(1) 

—3.90 
5.01 


0.276 
4.01(2 
0.410 
8.26(1) 
0.624 
2.79(1) 
0.806 
1.25(1) 
0.929 
6.77 
0.970 
4.22 
0.922 
2.94 
0.784 
2.26 
0.571 
1.88 
0.300 
1.69 


thickness ¢ and ri, the half-density radius divided by A}. Reference 
13 contains a complete discussion of the parameters. For the 
present calculations, as well as the ones listed in reference 10, ¢ 
and r; are taken equal to be 2.40 and 1.08 fermis, respectively. 
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laste IV. 100S and o for w™ scattering on the extended™ 
nucleus of silver (Z=47). The notation is the same as in Tables 


I and II. 
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(deg ) 


s=0.4 


B=0.7 


—0.385 
3.20(1) 
—0.782 
o ; 89 
100S 78 is 39 
o aa ‘ .91(—1) 
100S y 2 —3.79 
3.28(—2) 
—7.21 
8.41(—3) 
— 6.46 
3.94(—3) 
—4.38 
o 1.74(—3) 
100S : 3. —2.07 
a 2.5 : E 6.83 (—4) 
100S —0.477 
2.64(—4) 
—0.526 


1.23(—4 





30 1008 — 0.206 


8.15(2) 


o 
100S —0.859 


o 
100S 

o 
100S 


o 
100S 


g 
100S 
o 14 = 3.32(—3) 


and smaller by about 7% at @= 150°. For uo scattering, 
the 10% increase in ¢ reduces the cross section by about 
3% at @=45° and by about 15% for @=150°. At this 
value of v/c the sensitivity of the cross section to surface 
thickness is therefore larger for u~ than for u*, but the 
reverse would be expected for some larger values of v/c, 
judging from indications obtained in the comparison of 
positron to electron scattering.” 


Ill. DEPENDENCE ON Z AND v/c 


The present results for Z=35, when compared to 
those previously available for Z=48 and 80,°” show 
that for u* the dependence of the cross section on Z is 
more regular than is the case for y~. Figure 1 serves to 
illustrate this comparison, in which the ratio of the 
extended nucleus to the point nucleus cross section is 
plotted versus the momentum transfer g. For the case 
of u*, the spacing between the three curves for Z=35, 
48, and 80 is not quite linear in Z and varies mono- 
tonically with g. A spacing nearly linear in Z is achieved 
by plotting the ratio of extended to point nucleus cross 
sections on a logarithmic scale versus gX A’, where A 
is the mass number corresponding to the nucleus of 
atomic number Z. However an accuracy of about 5% 
can be obtained in the extrapolation to values of Z 
contained between 35, 48, and 80 by plotting the cross 
sections on a logarithmic scale versus transfer mo- 
mentum and assuming a spacing linear in Z. 

The yw cross sections have a less regular trend in Z 
as can be seen from the three lower curves in Fig. 1. 
Since a reliable extrapolation in Z is not feasible, the 
cross sections for Z= 47 have been calculated explicitly. 
The dependence of the cross sections on 2/c is illustrated 
in Fig. 2. The points representing u~ cross sections are 


RAWITSCHER 


connected by lines so as to distinguish them from the 
ut results. 

As pointed out by Connolly e# a/.,° the u* cross sections, 
plotted versus transfer momentum, are nearly inde- 
pendent of v/c. From first Born approximation consider- 
ations one would expect instead that the ratio of the 
extended nucleus to point nucleus cross section should 
be independent of v/c, and hence that the extended 
nucleus cross section should depend on »/c in the same 
way as the point nucleus cross section. From the first 
Born approximation one also would expect that any 
dependence of Gextended/@point On 2/¢ should be more 
pronounced for w~ than for u* mesons, since the dis- 
tortion of the wave functions from plane waves should 
be larger for u~ than for n+. The reverse however is the 
case, as can be seen from the comparison of the v/c=0.6 
and 0.8 curves of Gextended/@point for the case” of Z=80. 
Apparently, the repulsion of the n+ wave function from 
the center of the nucleus lessens the effect of the exten- 
sion of the nuclear charge distribution on the cross 
section, while the opposite is the case for u~ mesons. 
This effect is apparent in Fig. 1, where the Z=80 
curve lies below the others in the uo case, while the 
order is inverted for the w+ curves. As v/c is increased, 
the repulsion of the u*+ wave function from the nuclear 
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8 1.0 1.2 
transfer momentum q/puc 
Fic. 1. Dependence of the cross section on atomic number Z 
The cross section for which the nuclear charge distribution is 
spread out over a finite region is denoted by cextended, While for 
Gpoint the nuclear charge is assumed to be concentrated at the 
center of the nucleus. The abscissa represents the momentum 
transfer g,Jin units of muon rest mass times c, and the ordinate 
represents the ratio of the extended to point cross section. All 
cross sections are calculated for 1/c=0.6. Note that for the ut 
results, the curve for Z=80 (dashed line) lies above the other two, 
while the reverse is the case for u~ through most of the range of q- 
The spacing between the curves for the u* cases is sufficiently 
regular so as to permit extrapolation in Z. 
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transfer momentum q/pe 


* Fic. 2. Dependence of w+ and uo cross sections on 0/c. The ‘dif 

ferential scattering cross section for the nucleus of bromine is 
plotted versus momentum transfer g measured in units of the 
muon rest mass times ¢, uc. The w~ points are connected by lines 
so as to distinguish them from the u* points. The w* cross sections 
are seen to be nearly independent of r/c, when plotted versus the 
momentum transfer. This feature is not peculiar to the nucleus 
of bromine, but holds also, although not as well, for the nucleus 
of mercury. 


interior is lessened and the effect of the finite extension 
of the nuclear charge distribution upon the cross section 
becomes more pronounced. For a given momentum 
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transfer, the increase with v/c of the cross section for a 
point nucleus is offset in the u*+ case by the reduction 
due to the nuclear size. The Coulomb distortion should 
also affect the various theoretical corrections mentioned 
in the introduction. Since, for the same momentum 
transfer, muons have less energy than electrons, the 
Coulomb distortion effects should be larger for muons 
than for electrons. 


IV. SUMMARY 


Reasons are given for believing that the measurement 
of scattering of muons on nuclei might be useful in the 
determination of the nuclear charge distribution. Pre- 
vious calculations” of the cross section and polarization 
asymmetry factor’ are extended to the case of bromine 
and silver in the energy range from 9.6 to 42.3-Mev 
muon kinetic energy, which corresponds to v/c between 
0.4 and 0.7. Comparison of results with measurements of 
the scattering of u* in nuclear emulsions shows good agree- 
ment. Therefore, up to momentum transfer of 160 
Mev/c there is no indication of a scattering anomaly. 
The dependence of the cross section on Z and 2/c is 
discussed. 
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A magnet spectrometer and an array of 15 large scintillator 
disks have been used to examine the distribution of the muon 
component of extensive air showers with respect to both energy 
and distance from the axis. An empirical function which has been 
found to be consistent with the observations is 


Ss pion eee vy 51 )( 3 y” 
PVF, = (1 +1/320)? (a E+50 E+2 


with a(r) =0.14r°*7, where p, gives the average number of muons 
per square meter with energy exceeding FE Bev at r meters from 


1. EQUIPMENT 


S part of an experimental investigation of cosmic- 

ray extensive air showers (EAS) near sea level, a 

study has been made of the muon component, utilizing 

a large array of plastic scintillator detectors and a 
vertically oriented magnet spectrometer. 

Arrival of EAS was detected by an array of 15 
plastic scintillator disks, each of area 0.87 m*, moni- 
tored by a 5-in.-diameter photomultiplier tube (Du- 
mont 6364). The disks were arranged in three groups 
of 5 each, forming a central cluster and two rough con- 
centric circles of radii 150 m and 500 m. (See Fig. 1.) 

Within the central cluster was a vertically oriented 
magnet spectrometer. A magnetic field of 12 000 gauss 
was applied over a gap 45 in. long, 20 in. wide, and 8 in. 
deep. Six horizontal trays of {-in. Geiger-Miiller (GM) 
counters were spaced above, below, and within the 
magnet gap. Three trays (called “sagitta” trays) 
mounted with the counter axes parallel to the magnetic 
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Fic. 1. Location of spectrometer and scintillators 
in a horizontal plane. 


* Now at Operations Research Incorporated, Silver Spring, 
Maryland. 


the axis of a shower that contains N charged particles. According 
to this relation, the mean energy at sea level of the muons in air 
showers is 7 Bev, and they carry, in a shower of N particles, an 
energy of 0.9X 10'5(V/10°)°-75 ev. The positive excess which has 
been observed in muons examined independently of air showers 
was not found in the muons detected in the air showers. We con- 
clude that x-meson production dominates K-meson production 
by a factor of at least 10 in a region of meson energies about 
10 Bev. 


field measured the curvature of the particle trajectory 
normal to the field; the other three (called “scattering” 
trays) were oriented with the counter axes perpendicular 
to the field and determined whether the trajectory 
appeared straight in a vertical plane parallel to the field. 

Above the uppermost tray of counters, lead was 
piled to a thickness of 15 cm in order to shield the 
counters from the soft component of the showers. 
Additionally, all trays but the uppermost were shielded 
by at least two feet of magnet iron, except in a direction 
along the magnet gap. The spectrometer aperture was 
ideally 25.4 cm*-sr for undeflected particles, but was 
reduced by 33% by counter layer inefficiencies and 
muon interactions. 

Photographic records were obtained at a central sta- 
tion whenever coincidence circuits indicated arrival of 
a penetrating particle in the spectrometer and at least 
one other charged particle in one of the scintillator 
disks, within a resolving time of 6 usec. These records 
yield the density of charged particles at each scintillator, 
the measured sagitta of the penetrating particle tra- 
jectory in the spectrometer (in units of the GM counter 
radius), the arrival times of the particles at each de- 
tector, and subsidiary information from the spec- 
trometer to aid in the identification of the penetrating 
particle as noninteracting (i.e., muon) or interacting. 
This subsidiary information consists of a measure of 
the straightness of the trajectory (as determined by the 
scattering trays) in a plane parallel to the magnetic 
field, and an indication if more than one counter was 
struck in any of the six trays of counters. Those events 
were discarded in which more than one counter was 
struck in any tray or in which the trajectory was not 
straight in a plane parallel to the magnetic field. 

The data from 2700 hr of running were used to make 
a histogram showing the number of times at least one 
EAS detector disk and the spectrometer were struck 
within the coincidence resolving time of 6 usec as a 
function of the actual time separation of the counts as 
determined from the photographic record. Events were 
grouped in bins of 0.2-ysec width. This plot shows a 
strong peak of 0.8-usec width around simultaneous 
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TABLE I. Coincidences with the different scintillator disks. 








Distance 

from spec- Number of 

trometer coincidences 
(m) observed 


Corrected Predicted 
number of number of 
coincidences coincidences 


43 465 362 +21.6 405 
721 477 +268 505 
629 446 +25.0 496 
578 462 +240 460 
507 403 +22.4 410 
291 189 +17.1 140 
307 205 +17.5 202 
321 219 +17.9 202 
261 159 +16.1 168 
211 109 +145 135 
127.8 25.8+ 5.0 26 
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—_ 


11-15 (av) 





arrival and a flat background rate for all other bins. 
The size of the background is in agreement with the 
expected rate of chance coincidences. In the following 
analysis only data from the peak are used, and a frac- 
tion equal to the expected background in these bins is 
subtracted. 


2. LATERAL DISTRIBUTION 


Several experiments'~* have measured features of the 
lateral distribution of muons in EAS. Generally, each 
experiment has required some minimum energy of the 
muons for detection, and has obtained the spatial dis- 
tribution of muons of energy above this threshold for 
some range of air-shower sizes and some range of dis- 
tances from the air-shower core. Between pairs of ex- 
periments there is very little overlap of these ranges so 
that the experimental results are often not directly 
comparable. The experiment of the MIT group! was 
similar to the one reported here in low-energy cutoff, 
EAS detectors, and range of distances from the core, 
although not in the range of shower sizes. An analytic 
function proposed by Greisen’ to fit the MIT data 
describes the lateral distribution of muons with E> 1 
Bev and includes a term accounting for the effect of 
shower size. This function also gives a good fit to the 
data obtained here, except for a difference in over-all 
normalization of about 20%, which is within the experi- 
mental uncertainties. (Our data indicate fewer muons 
than were observed by the MIT group.) With the 
normalization suggested by our data, the lateral dis- 


1G, Clark, J. Earl, W. Kraushaar, J. Linsley, B. Rossi, and 
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5N. Porter, T. Cranshaw, and W. Galbraith, Phil. Mag. 2 
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tribution for muons of energy >1 Bev in a shower of 


N scintillator particles is 


14. 4y? 75 ] 0.75 
p(N,r j= (-) muons/m*, (1) 
(1-+7/320)2-5\ 108 


Since most of the coincidences observed at Cornell 
involved only one, or at most a few, scintillator disks, 
we could not determine the shower sizes and core loca- 
tions accurately and so deduce a muon lateral dis- 
tribution directly. Instead, with an @ priori assumption 
of the muon lateral distribution, we could compute the 
expected coincidence rates between the spectrometer 
and each of the scintillator disks. Comparison with the 
number of coincidences actually recorded then indicated 
whether the a priori assumption was reasonable. Table I 
gives for each scintillator disk (except for disks 11-15, 
which make up the group most distant from the spec- 
trometer, and which are averaged) the raw observed 
number of coincidences with the spectrometer, the cor- 
rected observed number, and the number predicted. 
The corrected observed number is obtained from the raw 
observed number by subtracting the expected number 
of chance coincidences (102 for each scintillator) and 
the calculated contribution due to knockon electrons 
produced in the air by the muons. (See Appendix I. 
This correction is appreciable only for the 3 scintillators 
nearest the spectrometer.) The computed number is 


obtained from a calculation given in Appendix IT, using 
for the muon lateral distribution the function defined in 
Eq. (1) above. 

The sensitivity of the apparatus to showers of dif- 


ferent numbers of electrons, with cores landing at 
different distances from the spectrometer, is indicated 
in Figs. 2 and 3. 

One may well question the uniqueness of the solution 
represented by Eq. (1), since the determination of the 
muon lateral distribution in this experiment is coupled 
to assumptions, based on previous experiments, about 
the shape of the electron distribution and about the 
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Fic. 2. Distribution of recorded coincidences between scintil- 
lator particles and muons, with respect to the distance from the 
muon spectrometer to the axis of the air shower. The curves were 
computed on the basis of the muon lateral distribution given by 
Eq. (1) and the electron ween distribution given in Appendix I 
The curves marked ‘‘2” and “1” refer to scintillator particles re- 
corded in the nearest ‘and ~ counters of the central group: 
“7” refers to a typical counter of the ring at 150 m; and “12” to 
a typical counter in the outer ring. The curve marked “showers” 
refers to coincidences involving more than one scintillator. 





S. BENNETT 





NTERVAL OF WN 


_ 





FREQUENCY PER LOGARITHMK 


| ee ee ce ee 





SHOWER SIZE,N—e 


Fic. 3. Computed distribution of recorded coincidences with 
respect to shower size. The ordinate is (to arbitrary linear scale) 
the contribution to the counting rate per unit of logN, for co- 
incidences between a meson in the spectrometer and one or more 
particles in the scintillator indicated on each curve. 


relation between the number of muons and the total 
number of charged particles in the showers. If these 
assumptions are correct, Eq. (1) gives the muon density 
correctly within about 30% over the range from about 
20 to 500 m from the cores of the showers. If the number 
is more nearly proportional to the total number of 
charged particles, the correct lateral distribution is a 
little steeper than that indicated by Eq. (1); but a 
change of 0.1 (the approximate uncertainty) in the 
exponent of V requires for compensation only an ap- 
proximately equal change in the exponent of r. The 
sensitivity of the conclusions to the precise lateral 
distribution of electrons is not very great, since this 
distribution is steeper than that of the muons. Both of 
these sources of uncertainty are comparable in im- 
portance with the statistical errors. These conclusions 
have been confirmed by repetitions of the calculations 
outlined in Appendix II under a variety of assumptions 
about the lateral distributions and the exponent of NV. 


3. ENERGY DISTRIBUTION 


Recorded coincidences between scintillator disks and 
the spectrometer could be conveniently broken into 4 
groups. Group A consists of events in which more than 
one scintillator disk is struck, whereas groups B, C, and 
D consist of events in which a single scintillator disk is 
struck in the local cluster of 5, the 150-m circle of 5, or 
the 500-m circle of 5 disks, respectively. For each group 
we could calculate the relative probability, as a func- 
tion of distance from the EAS core to the spectrometer, 
that an EAS would produce a coincidence. We found 
that these probabilities peaked fairly sharply for each 
group at some characteristic distance, which was not 
very sensitive to the assumed muon lateral distribution. 
(Figure 2 shows graphically the results of the calcula- 
tion using the muon lateral distribution given above.) 
We could then identify each group with its characteristic 
distance and so investigate the muon energy spectrum 
as a function of distance from the EAS core. 


AND K. 


GREISEN 


Integral energy distributions of the muons in each 
group were drawn, and a function p,y(N,r, >£) was 
sought which fit these data and which reduced to the 
previously adopted p,(V,r) when E=1 Bev. The func- 
tion chosen was 


3 \*7 51 
nr, 28)=0(N0|(—) (—)] @ 
E+2 E+50 


with a(r)=0.149r° 375, 

The factor 51/(£+50) was necessary in order to 
obtain a simple form for a(r), and furthermore was 
suggested by the 2-u decay probability at the atmos- 
pheric depth where most of the muons are produced. 
Figure 4 shows the data for each group, with smooth 
curves drawn according to Eq. (2). 

As a further check on the validity of Eq. (2), we 
evaluated e,(N, >), the total number of muons with 
energy exceeding E in a shower of N charged particles. 
This is given by 

e,(N, 2E)=28 | rp,(N,r, 
0 


> E)dr. 


The integration was performed numerically for values 
of E=1, 10, 100, and 1000 Bev, and the results were 
compared with a previous estimate of the energy spec- 
trum,’ made on the basis of measurements of the number 
of muons in EAS at various depths underground. As 
shown in Fig. 5, agreement with this independent de- 


—_. 


termination of ¢,(NV, > £) is quite good. We find e, to 
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Fic. 4. Integral muon energy spectrum for particles not associ- 
ated with observable air showers (dashed curve) and for shower- 
associated muons at various mean distances from the shower axis. 
The solid curves were drawn according to Eq. (2) given in the text. 
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be well approximated by 


2 1.29 
co, 2 E)= (W094 1.310 — .) | (4) 


E 

According to Eqs. (2) or (4), the mean energy of the 
muons in EAS is 7 Bev, and the muons at sea level in 
an EAS of WN particles carry altogether 0.910" 
(NV /10°)°-75 ev. It should be pointed out that this energy 
is large compared with that carried by any other 
component of the EAS near sea level, and hence one 
could regard the phenomenon as a muon shower 
accompanied by other particles. This is a graphic in- 
dication that most showers observed at sea level are 
well past the maximum in development of the electronic 
and nuclear components. [The average energy in the 
electronic component and that in the nuclear component 
are both found to be about 0.2 10%(N/10°) ev.7]° 


4. POSITIVE EXCESS 


The spectrometer supplied the sense as well as the 
magnitude of trajectory curvature. Hence data were 
obtained on the relative numbers of positively and 
negatively charged muons. If we let the number of 
positive muons be u* and the number of negative muons 
be uw, then we can define 7, the positive excess, by 

n= (ut—p)/(ut+y-). 

Previous measurements® on muons independent of air 
shower observations give n»=0.11. This nonzero value 
can be explained either in terms of the excess of protons 
over neutrons in the primary cosmic rays, or in terms 
of a charge asymmetry in meson creation (owing to 
charge asymmetry in K-meson and hyperon produc- 
tion), or by some combination of these two effects. Our 
measurements may be summarized as follows: For 1647 
events which fell in the 6-usec coincidence resolving 
time but not in the 0.8-usec peak, 7=0.088+0.025, 
consistent with the previous measurements men- 
tioned above. From the events occurring in the 0.8- 
usec peak and involving single scintillators, chance 
coincidence backgrounds were subtracted on the basis 
of this experimental asymmetry. Values of » were then 
computed separately for each scintillator disk (since the 
proportion of background events varied widely from 
one disk to another), and a weighted average of the 
results was computed, yielding »=0.006+0.077. The 
559 coincidences (273u+,286u-) involving more than 
one scintillator disk required no chance coincidence cor- 
rection, and yielded n= —0.023+0.044. The combined 
result for the charge asymmetry of mesons in air showers 
is n= —0.016+0.037, which is consistent with zero but 
not with the value of » for mesons unassociated with 
EAS. 

At energies for which data are available, K+ pro- 


Pine, R. Davisson, and K. Greisen, Nuovo cimento 14, 
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Fic. 5. Total number of muons with energy exceeding E in a 
shower of 10° particles, plotted vs (E+2). The circles were com- 
puted from the data of the present article; the solid curve was 
obtained from reference 7. 


duction dominates over K~ production’; and this asym- 
metry tends to enhance yu* because the production of 
mesons through hyperon decay is relatively very in- 
efficient in energy transfer. We must then conclude that 
in the energy range studied here, K mesons are produced 
an order of magnitude less frequently than pions. The 
muons contributing most heavily to this result have a 
spectrum shown by the uppermost solid curve in Fig. 4, 
with a median energy of about 9 Bev. A corollary of 
this observation is that the muon charge asymmetry 
derived independently of air showers is due to the 
proton excess in the primary cosmic rays and not 
appreciably to charge asymmetry in strange-particle 
processes. 


APPENDIX I 
Coincidences Caused by Knockon Electrons 


We evaluate the probability that a muon will be 
accompanied at ground level by a knockon electron 
with energy >10 Mev, which enters a scintillator disk 
and is detected. 

The probability that a muon of energy £ will, in 
dx gm-cm~ of material, produce a knockon of energy 
E’ in dE’ has been given by Bhabha” as follows: 


o(E,E’)dE'dx 


0.32 dE’ 
=— me —| 


BE’ 17 EB 
(ina) 
(EL Ep! 2\E+me 


®V. Cocconi, T. Fazzini, G. Fidecaro, M. Legros, N. Lipman, 
and A. Merrison, Phys. Rev. Letters 5, 19 (1960). 
10H. J. Bhabha, Proc. Roy. Soc. (London) A164, 257 (1938). 
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where 
p’c* cos*é 


[mac?+ (pc?-+-mict)4 ?— pic? cos’ 





E’=2m.c 


6 is the laboratory angle between muon and knockon, 
and £,,’ is attained when @=0. 

The electrons of concern are in the energy range 10 
to 100 Mev and are generated by muons typically of 
several Bev. Under these conditions the above equations 
can be simplified to 


¢(E'\dE'dx=0.15m.c(dE'/(E’)* dx, 
and 
E'=2m.c cot*#. 


Neglecting multiple scattering, the knockons created 
at a height 4 above ground and arriving at a distance r 
from the path of the muon satisfy cot?@=h/r. By com- 
bining the last three relations, we obtain 


¢(E')\drdh=0.15prdrdh/h’. 


For p, the density of air in the region of interest, we 
assume a constant value of 0.13 g/cm? m. The number 
of knockons per unit area is then 


()=3x104 dh 3X10" 
n(r)= 8 


/ Amin h? Nemin 


The upper limit, which depends on the maximum trans- 
ferrable energy, is immaterial. The lower limit is deter- 
mined by the minimum energy of recorded electrons, 
10 Mev. We assume the electrons lose energy at a uni- 
form rate of 0.33 Mev/m along their path: then if Eo 
is the energy at ground level, 


E'=2m.2 cot’?@= Eo+ (h/3) secd 
> 10+ (h/3) secé, 


from which (with distances expressed in meters) 
hin $rLr+ (360+9°)#). 


This calculation of n(r) is valid only for small r and 
h, when the assumptions of uniform air density and 
constant electron energy loss are fairly accurate; at 
large r (beyond 100 m) the predicted values of n/(r) 
are too large. However, the distribution is so steep about 
the muon track that the number of knockon coinci- 
dences is significant only for the three scintillators lying 
within 20 m of the muon spectrometer. In 2700 hr of 
running time, in which 7.5 10° muons were recorded, 
the numbers of coincidences computed by the above 
formula are 174, 108, 25, 4, and 3 for scintillators 
2, 3, 4, 5, and 1, respectively. 

Multiple scattering of the electrons in the air broadens 
the above distribution and reduces these numbers 
somewhat. An exact calculation is very involved, but in 
first approximation the electrons which without scatter- 
ing would be contained in a circle of radius r are instead 
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contained in a circle of radius (r?+-r,2)4, where 
2m.c*h? 
Ey+h/3’ 

1 = (21)*h? h 


r= h* tan’?@= 


3 Eo(Eo+h/3) 300 


The density reduction at r is therefore approximately 
a factor 


3r? 
= (1+h/2E))"= 
ty 6h+r? 


This may be inserted in the integrand of the equation 
for n(r). Again dropping terms of order imin//max, the 
n(r) =—— 


revised result is 
18/min r° 
| - 2+ n( 1 + ) 
Imin r? Ohimia 


3x1077 3 3) 3 
-———(1- cte—-e+---) 


mia 2 3 4 


3x10- 


r? r 


€= 
i ot (24 360)? 


Accordingly, the revised numbers of knockon coinci- 
dences at scintillators 2, 3, 4, 5, and 1 are 142, 81, 14, 
2, and 1, respectively. 


APPENDIX II 


Predicted Number of Coincidences with a 
Scintillator Disk 


Consider an air shower containing JN scintillator 
particles landing at a position (7,6) where the polar 
coordinates are in a horizontal plane centered at the 
spectrometer. Let g.(r), ga(r), and g(r) represent the 
lateral distributions of scintillator particles, nuclear- 
active particles, and muons, respectively. If then we 
let A,, An, and A,, be the sensitive area of a scintillator 
disk, and of the spectrometer for nuclear-active par- 
ticles and mesons, respectively, and if we describe the 
differential shower size frequency spectrum as f(N)dJN, 
we may write C’, the rate at which coincidences are 
expected with the jth scintillator disk, as 


o= ff [soon gm(r) expl —h(N)A mgm(r) ] 


Xexpl— NVA ngn(r)]{1—expl— VA.g.(r;) ]|rdrdodN, 


where the function (NV) describes the dependence of 
the number of muons on the shower size and where 
Ng.(r;) is the number of scintillator particles per unit 
area at the jth scintillator. (7; is a function of r and 6.) 
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The triple integral was performed numerically, with 
limits of integration 3X10?°<N<3 X10" and O<r 
<700 m. 

The function f(V)dN was obtained by differentiating 
an integral spectrum given by Greisen’ and then in- 
creasing the normalization by 16% to account for the 
net effect-of the altitude above sea level and the ma- 
terial above each scintillator. 

The functional form for g.(r) was that used by the 
air shower group at Cornell, and is 


ge(r)=4.11N r°-75(r+-82)-* 5 (610-+7) particles/m?. 


Values for g,(r) were taken from the work at Sydney.” 

A, was obtained as the mean spectrometer sensitive 
area by calculating from geometry the sensitive area as 
a function of zenith angle and integrating this over 
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zenith angle, weighting with the zenith angle dis- 
tribution of shower arrivals, also obtained by the Cor- 
nell group. It turns out that C’ is very nearly linear in 
A,, so that negligible error is introduced by using a 
mean value. A, was estimated by comparing the 
number of events in which interactions occurred in 
the spectrometer with the number in which no inter- 
action was observed, for showers whose cores landed 
close enough to the spectrometer to make the density 
of muons and nuclear-active particles roughly equal. 
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Interactions of 224-Mev negative pions with protons were investigated using a 15-cm hydrogen bubble 
chamber in a 13-kgauss field. Seventeen hundred elastic scatterings were analyzed yielding a cross section 
of 16.0+0.8 mb for this process. No evidence for powers of cos@ higher than two was observed in the angular 
distribution. The charge-exchange cross section, based on 1200 events was 34.441.9 mb. The results of a 
random-search phase-shift analysis, using these data in conjunction with earlier x*-p elastic scattering 
results and recoil proton polarization measurements (x~-p), are reported. A search for pion production 
yielded three events of the type x-+p — 2~+-2+-+-n corresponding to a cross section of ~30 ub. No events 


of the type x-+p — 2~+7°+-p were observed. 


INTRODUCTION 


HE main features of pion-proton scattering at 
energies less than about 300 Mev are in good 
accord with the results of the Chew-Low-Wick static 
theory and with the forward-scattering dispersion rela- 
tions. Experimental and theoretical knowledge con- 
cerning the finer aspects of the z-p interaction, such as 
s-wave phase shifts, the small p-wave phase shifts, 
d-wave phase shifts, and inelastic scattering processes, 
is in a much less certain state. 
The present experiment was undertaken to obtain 


* This work supported in part by the U. S. Atomic Energy 
Commission. A thesis based on this work has been submitted to 
the Carnegie Institute of Technology by J. Deahl in partial 
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Deahl, M. Derrick, J. Fetkovich, T. Fields, and G. B. Yodh, 
Bull. Am. Phys. Soc. 5, 71 (1960); J. Deahl, M. Derrick, J. 
Fetkovich, T. Fields, and G. B. Yodh, Proceedings of the 1960 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, New York, 1960), p. 185. 

+ Now at International Business Machines Corporation, Silver 
Spring, Maryland. 

t Now at Oxford University, Oxford, England. 

§ Now at University of Maryland, College Park, Maryland. 


further data on some of the latter phenomena. The 
experimental method involved the observation of sev- 
eral thousand interactions of 225-Mev negative pions 
in a hydrogen bubble chamber. It was anticipated that 
this technique would permit a statistical accuracy 
comparable to that of existing counter data, but would 
not be susceptible to systematic errors of the same 
types as with counter techniques. Furthermore, rare 
processes, such as inelastic scattering with the produc- 
tion of an additional pion, can be readily identified 
with the bubble chamber technique. 

In analyzing the data of this experiment, the follow- 
ing reactions were considered : 


(1) r+p—>r +9, 

(2) an, 

(3) — +n, 

(4) 1 +pt+y, 

(5) >a" +a +8, 

(6) — a +a"+9, 
— W+7+n. 


Elastic 

Charge exchange 
Radiative absorption 
Bremsstrahlung 

a* production 

7° production 


(7) 
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Of course, reactions (2), ( 
able in this experiment. 


3), and (7) were indistinguish- 


The elastic and charge exchange interactions have 
been studied earlier in experiments using scintillation 
counters as detectors by Glicksman! at an incident pion 
energy of 217 Mev and by Ashkin et a/.? at 220 Mev. In 
the latter experiment, the elastic scattering differential 
cross section was reported for eight center-of-mass 
— angles in the range —0.95 < cosX¢.m, £0.80 
(162.5°>X_.m.237°) with experimental error on each 
point of about 9%; however, there was an over-all 
uncertainty of 5% in the scale of the cross sections. 
Recent results of further counter experiments have 
been reported by Goodwin ef al.,> Caris et al., and 
Kellman.® 

The threshold for secondary pion production [(5), 
(6), and (7) ] is 170 Mev, and the cross sections for these 
reactions are small at the incident energy of this ex- 
periment. The majority of the experiments to deter- 
mine the production cross sections have been at energies 
considerably above the threshold. Perkins et al.° have 
measured the w+ production cross section at 260 
Mev to be 0.14+0.10 mb. Zinov and Korenchenko’ 
have measured the quantity 20(4-+p— -+27*+n) 
+0.7c(x-+ p— 2 +7°+>p) at several energies down 
to 307 Mev. Combining the measurements of Zinov 
and Korenchenko with the x* production data of 
Perkins,® one finds that the neutral production is 
probably very small near threshold. Calculations based 
on the Chew-Low theory® predict the ratio of neutral 
pion production to positive pion production to be 
greater than 1, and also predict a total pion production 
cross section much too small to account for the results 
of Perkins. Rodberg® and Goebel” have analyzed pion 
production process assuming a #--m interaction, where 
by introducing suitable scattering lengths for the three 
isotopic spin states of the pion-pion system, they have 
succeeded in fitting the data of Perkins. 

To summarize, then, this bubble chamber experiment 
was motivated by the following considerations: (a) 

1M. Glickman, Phys. Rev. 94, 1335 (1954). 

2 J. Ashkin, J. P. Blaser, F. Feiner, and M. O. Stern, 
Rev. 105, 724 (1957). 
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tory Report UCRL-9119, 1960 (unpublished); J. Caris, L. Good- 
win, R. Kenney, and V. Perez- Mendez, Phys. Rev. 122, 262 (1961). 

‘J. C. Caris, University of California Radiation Laboratory 
Report UCRL-9048, 1960 (unpublished); J. Caris, R. Kenney 
and V. Perez-Mendez, Phys. Rev. 122, 655 (1961); J. Caris, R 
Kenney, V. Perez-Mendez, and W. Perkins, ibid. 121, 893 (1961). 

5S. Kellman, thesis, Carnegie Institute of Technology, 1961 
(unpublished ). 

®W. Perkins, University of California Radiation Laboratory 
Report UCRL-8778, 1959 (unpublished); W. Perkins, J. Caris, R. 
Kenney, and V. Perez-Mendez, Phys. Rev. 118, 1364 (1960); W. 
Perkins, J. Caris, R. Kenney, E. Knapp, and V. Perez-Mendez, 
Phys. Rev. Letters 3, 56 (1959). 

7¥. Zinov and S. Korenchenko, Soviet Phys.-JETP 34, 210 
(1958). 

8S. Barshay, Phys. Rev. 103, 1102 (1956); J. Franklin, ibid. 
105, 1101 (1957); E. Kazes, ibid. 106, 1090 (1937). 

*L. S. Rodberg, Phys. Rev. Letters 3, 58 (1959). 

1 C, Goebel, Phys. Rev. Letters 1, 337 (1958). 
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The w--p elastic and charge exchange cross sections 
could be measured by a completeiy different technique 
than the counter methods used previously. (b) The 
elastic differential cross section could be extended to a 
wider range of scattering angles. (c) The ratio of 
charge exchange scattering to elastic scattering, which 
yields information on the isotopic spin state for scatter- 
ing of the m-p system, could be determined inde- 
pendently of separate normalizing factors; only the 
relative scanning efficiencies would affect the result. 
(d) The bremsstrahlung interaction could be observed. 
e) The xt and 7° [reactions (5) and (6) ] production 
reactions could be detected at an energy close to 
threshold, utilizing the advantages of a bubble chamber 
in distinguishing such events. 


EXPERIMENTAL PROCEDURE 
Beam 


A beam of negative gg was produced by the 450- 
Mev proton beam of the Carnegie cyclotron striking 
an internal beryllium target. The pion beam then 
passed through two 4-in. aperture quadrupole focusing 
magnets, through the 12-ft shielding wall, a momentum 
selecting magnet which bent the beam through 40°, 
and the external field of the bubble chamber magnet, 
before entering the chamber. A polyethylene bag filled 
with helium and extending from the cyclotron window 
to the deflecting magnet was used and yielded ~ 15% 
increase in -beam intensity. The beam energy at the 
center of the chamber was determined from an integral 
range curve and from curvature measurements on the 
tracks to be (224+6) Mev. The momentum spectrum 
from curvature measurements on tracks traversing the 
full chamber length is shown in Fig. 1. The main con- 
tributions to the width of the distribution arose from 
multiple Coulomb scattering of the pions and from the 
finite precision of curvature measurements. The 
contamination was estimated from the range curve 
and from a pulse-height analysis using a Cerenkov 
counter in a very similar beam® to be 
and (1+1)% electrons. The 
tensity was used, yielding about 7 tracks per picture. 


beam 


(5+2)% muons 
full cyclotron beam in- 


Chamber 


The pion beam traversed a cylindrical liquid hydro- 
gen bubble chamber of diameter 15.2 
7.6 cm which has been described elsewhere." The 
magnetic field was 13.10+0.06 kgauss at the center 
of the chamber and was spatially constant to within 


cm and depth 


$&% over the volume occupied by the chamber. During 
~100 hr of chamber operation, 
taken, of which 61 000 ultimately were used. 


79 000 pictures were 


" Bubble chamber description—M. Derrick, J. G. Fetkovich, 
T. H. Fields, and J. Deahl, Phys. Rev. 120, 1022 (1960) 
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Fic. 1. The momentum spectrum of the incident 
beam from curvature measurements. 


Scanning 


The photographs were scanned using three distinct 
scanning procedures: (a) an event scan, (b) a track 
count, and (c) a search for charge exchange endings. 


(a) Event Scan 


In the event scanning, three general types of interac- 
tions were sought ; those with zero, one, or two outgoing 
prongs from an incident track of negative curvature. 
The zero-prong events were either genuine interac- 
tions in the liquid or were caused by a beam particle 
entering one of the glass windows of the chamber. The 
one-prong events were small-angle scatterings in which 
the recoil particle was too short to be visible. Two- 
prong events could be elastic scatterings, bremsstrah- 
lung events, pion production [reactions (5) and (6) ], 
or one of the reactions leading to uncharged final state 
where an internal electron pair was created. Occur- 
rences exhibiting unusual features or not falling into 
these categories were reported as “strange.” Each 
event reported as a result of this scan was then ex- 
amined by a physicist in order to eliminate false events 
such as chance coincidences, and to initially classify 
the event for measurement purposes. — - 


(b) Track Count 


A measurement of the incident flux was required in 
order to calculate absolute cross sections. For this 
reason, a track count was carried out as follows: On 
every tenth frame on each roll of film all negative tracks 
falling within 20° of the average incident beam direc- 
tion and satisfying the other entrance area criteria 
(discussed below) were counted, regardless of subse- 
quent interaction. In addition to track counting, every 
frame was examined and classified as acceptable or 
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unscannable (because of none or too many tracks, or 
poor picture quality). In this manner, all scans and 
track counts were made consistent with respect to the 
frames actually used for data. 


(c) Charge Exchange Scan 


Although zero-prong events were recorded during 
the initial event scan, subsequent comparison scans 
indicated that the efficiency of finding endings was 
lower than that for other events. For this reason, a 
separate scan for track endings was performed on 
~40% of the film by two of the best scanners. The 
results of this scan were combined with those endings 
found on the initial event scan for the final analysis. 

Definition of an entrance region was required for 
these three procedures since it was desired to consider 
only incident tracks which had entered through a thin 
copper window in the chamber body. This entrance 
criterion was applied while track counting and on the 
charge endings by the scanners through construction 
of a template using the fiducial marks etched on the 
glass windows for reference. Other events were checked 
against this same entrance criterion by a computer 
calculation. 


Measuring 


A digitized measuring projector”: was used to meas- 
ure the Cartesian coordinates of appropriate points in 
the pictures. Measurements on tracks in this experi- 
ment with this device were found to be reproducible 
to about 7 yu on the film (the chamber to film demag- 
nification was 6). The measurements taken for each 
view of an event included three fiducial marks, three 
evenly spaced points on each track of the interaction, 
and a remeasurement of one fiducial to permit a com- 
puter check for digitizer errors or film slippage during 
measurement. Events which were obviously inelastic 
were measured at five points on each track so as to 
carry out an accurate momentum analysis. 

The coordinates of the vertex and the space angles 
of all 2-prong and 1-prong events were calculated on 
an IBM 650 computer. In addition, for 2-prong in- 
elastic events the momentum of each track was 
calculated. 


DATA PROCESSING 
Useful Chamber Volume 


In order to eliminate scanning inefficiencies caused by 
the difficulty of finding events near a boundary of the 
chamber, each event vertex was required to lie within a 
central volume of depth 5.2 cm and length in the beam 
direction of 10.4 cm. The width of the volume was 


2M. Derrick, T. H. Fields, and R. Findley, Proceedings of the 
International Conference on High-Energy Accelerators and In- 
strumeniation, CERN (European Organization for Nuclear Re- 
search, Geneva, 1959), Session 6. 


18'T. Fields and R. Findley, Rev. Sci. Instr. 31, 1312 (1960). 
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fixed only by the entrance criterion. The distribution 
in depth of elastic scatterings is shown in Fig. 2 


Elastic Events 


Elastic scatterings were identified by using the kine- 
matic correlation between the pion scattering angle and 
the recoil proton angle as well as the degree of copla- 
narity of the events. The kinematic angular correlation 
for 50 typical elastic events is shown in Fig. 3. Events 
which initially failed to satisfy the angular correlation 
within errors were remeasured. Those events which 
lay off the kinematic curve for two measurements were 
then measured and computed as inelastic events. The 
final plot of the deviations from the kinematic line for 
all elastic events showed a standard deviation of 0.9°. 
The coplanarity function was defined as the volume of 
the parallelepiped of unit sides formed by the three 
particle directions. All events classified as elastic satis- 


Fic. 3. The kine 
matic angular corre- 
lation for 50 typical 
elastic events. The 
laboratory angle of 
the scattered pion is 
= against the 

boratory angle of 
the recoil proton. 
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fied the coplanarity criterion within the measurement 
errors. 

The efficiency of finding elastic scatterings was 
checked by comparing scans of the same film by two 
different scanners, and by plotting azimuthal distribu- 
tions of the scattering plane. The film was scanned 
about 2} times, and the comparison of the scans indi- 
cated an elastic event net scanning inefficiency of 
about 1%. The azimuthal distributions for various 
scattering angle intervals (Fig. 4) appeared to be iso- 
tropic except for the extreme backward direction 
(153.0°<X..m.<180°) where a slight loss of steep 
events (75°<#<90°) was indicated. A 14-event effi- 
ciency correction was added in this interval, represent- 
ing a 0.9% correction to the total number of events. 
The final azimuthal distribution including this effi- 
ciency correction is shown in Fig. 5. 
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‘1G. 4. The azimuthal distributions for various angular intervals 
of the c.m. scattering angle of the pion 


Inelastic Events 


All events which were obviously inelastic or which 
failed to meet the criteria for elastic scatterings were 
computed as inelastic. An IBM 650 computer program 
calculated the mass of the unseen neutral particle 
successively assuming the positive outgoing particle 
to be a pion or a proton. Also, the ranges of both out- 
going visible particles were calculated under the two 
assumptions. The results of this calculation were ana- 
lyzed in conjunction with a visual inspection of a print 
of each event. The constraints of energy and momentum 
conservation provided limitations on the available lab 
momentum as a function of laboratory scattering angle 





xp 


for both outgoing pions and the recoil nucleon. Events 
yielding a null mass for the neutral particle were 
classified as bremsstrahlung if the deviation from the 
elastic kinematic fit curve was greater than 5°. 


Track Length Correction 


The distribution in depth of the incident beam was 
assumed to be the same as that of the charge exchange 
events vertices (Fig. 6) since those events were endings, 
and no loss of efficiency near the windows of the 
chamber was anticipated. The depth distribution of 
elastic scatterings was consistent with that of endings, 
indicating no loss of those events within the depth 
cutoff. The fraction of tracks within the depth cutoff 
of +2.54 cm was (93.242.5)%. 
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Fic. 5. The final azimuthal distribution for all events, including 


an efficiency correction of 14 events for loss of steep events 
(see text). 





The reduction in total track length due to interac- 
tions was estimated from the previously determined? 
total cross section, and amounted to 0.7%. 


RESULTS 
Elastic Scatterings 


The azimuthal distribution plots of elastic scatter- 
ings for various scattering angles indicated no loss of 
small-angle events for c.m. angles larger than 25°. The 
angular distribution of the 1570 elastic scattering events 
was corrected for the Coulomb interaction by using 
the Fermi (i) phase shifts of Ashkin? by the method 
described in Ashkin et al.“ and Solmitz.'® The con- 

4 J. Ashkin, J. P. Blaser, F. Feiner, and M. O. Stern, Phys. 
Rev. 101, 1149 (1956). 

16 F. T. Solmitz, Phys. Rev. 94, 1799 (1954). 
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sistency of the procedure is indicated by the fact that 
the final phase shifts found from the present data agree 
within errors with those assumed for the Coulomb 
correction. Table I gives the differential cross section 
of the observed elastic events and the Coulomb inter- 
action corrections. The statistical errors plus a con- 
servative estimate of the error in the efficiency correc- 
tion of the point at cosX..m,.=0.95 are included. A 
least-squares fit to the corrected data was computed 
assuming a form do/dQ= A 9+ A} COSX¢.m, +A 2 COS*Xe.m.. 
This fit is plotted with the corrected data in Fig. 7. The 
coefficients obtained are included in Table II. The 
x” test parameter of this fit was M=7 with expectation 
value 15. Thus, there was no evidence for a cos*x term 
in the angular distribution, within the accuracy of this 
experiment. 

The total elastic cross section was obtained by inte- 
gration of the angular distribution over the entire 
range of the center-of-mass angle, yielding elastic 
= (16.0+0.8) mb, as shown in Table IT. 


TABLE I. Elastic scattering angular distribution results. 


da/dQ 
(corrected ) 
(mb/sr) 


2.00+0.25 
1.67+0.16 
1.39+0.15 
1.12+0.13 
0.89+0.12 
0.95+0.13 
0.71+40.11 
0.62+0.10 
0.74+0.11 
0.67+0.11 
0.71+0.11 
0.59+0.10 
0.91+0.12 
0.94+0.12 
1.30+0.14 
1.36+0.15 
1.50+0.15 
1.94+0.18 
2.04+0.18 





da /dQ 
uncorrected ) 
(mb/sr) 


Coulomb 
correction 
(mb/sr) 


—0.02 
—().02 
—().02 
—0.02 
-0.02 
—0.02 
—0.02 
—(0.02 
0.01 
0.01 
—0.01 


Xe.m 


(deg COSXe.m 





2.02+0.25 
1.69+0.16 
1.41+0.15 
1.14+0.13 
0.91+0.12 
0.97+0.13 
0.73+0.11 
0.64+0.10 
0.75+0.11 
0.68+0.11 
87.1 0.72+0.11 
81.4 0.60+0.10 
73.3 & 0.91+0.12 
69.! 0.94+0.12 
63.2 1.29+0.14 
56.6 1.35+0.15 
49.4 1.48+0.15 
41.4 1.89+0.18 
31.8 1.95+0.18 


—0).95 
—0.85 
—0.75 
—0.65 
—0.55 
—0.45 
—0.35 
—0.25 
—0.15 


161.8 
148.2 
138.6 
130.! 
123.: 
116.8 
110.5 
104.5 
98.6 
92.9 
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Fic. 7. The center-of-mass angu- 
lar distribution for elastic scatter- 
ings. The solid curve is a least- 
squares fit to the data assuming 
an angular distribution of the form 


da/dQ=Ao+A1 COSX¢.m. 
+A 2 COSs*X, m.: 








Charge Exchange 


The charge exchange total cross section was found 
by adding the Dalitz electron-pair events to the end- 
ings in the liquid. Only ~40% of the film was used for 
the charge exchange cross section. The result was 
34.4+1.9 mb, including a 6+2% efficiency correction 
indicated by comparing results from the three scans. 
A 0.6-mb correction for the x-+p — y+n cross section 
was subtracted from the observed result to yield this 


TABLE IT. Results. 





Process Number of events 


r+por+p 16.0+0.8 mb 1570 

0.040 mb (empirical 4 
gamma lab energy 
cutoff = 50 Mev) 

34.4+1.9 mb 

0.6 mb (from de- 
tailed balancing) 


Total cross section 





nr +por +pt+y 


r +p +n 12108 
17* (estimated from 
0.6 mb cross 


section) 


xr +p—-ytn 


x +p—>x-+nx*+n 0.03+40.02 mb 

wr +p—>2-+2+p 0 

Total 50.5+1.9 mb (not 
including x-+ p — 
+ +n cross section) 





Elastic differential cross section (after Coulomb correction) 
da/dQ= (0.70+0.04)+ (0.3340.07) cosXe.m. 
+ (1.69+0.13) cos*Xe.m., 


where the coefficients are in mb/sr; the angular range 25°<Xe.m. < 
+ 180° was used in obtaining this fit. 


Dalitz electron pairs 
a t+p— +n e+e +y+n 


Predicted 44). | on 
Observed 4g fine udes all film scanned 


Dispersion curve 


D_*(0)/Xe= —0.07_0.06*° ~using do/dQ(0)= (2.72+0.15)x 10-27 
cm?, where 4, is the Compton wavelength of the pion. 


_ ® based on 150 000 incident tracks. The other numbers represent 360 000 
incident tracks. 


1 
-08 


cross section. On the basis of this cross section, the 
number of internal electron pairs expected in all of the 
film was 44 which is in satisfactory agreement with the 
40 pairs observed. 

For several hundred of the charge exchange events, 
the curvature of the incident tracks was measured with 
a template, in order to guard against spurious events 
caused by occasional low-energy pions coming to rest 
in the hydrogen. No such spurious events were observed. 


Bremsstrahlung 

Four inelastic events were classified as radiative 
scatterings since the calculated neutral mass value was 
consistent with zero, and inconsistent with alternative 
interpretations of those events. They were separated 
from the elastic events by the kinematic correlation 
criteria. The cutoff in those criteria was required by 
measuring errors and was sufficiently broad to include 
some bremsstrahlung events with the elastic scatter- 
ings. The accuracy of the elastic scattering criteria 
corresponded to a minimum detectable y-ray energy 
of about 50 Mev. For such radiative events a cross 
section of 0.04 mb was obtained. This value is in agree- 
ment within its large uncertainty with the theoretical 
cross section which was calculated by Cutkosky.!® 


Pion Production 


Analysis of all inelastic events yielded 3 events of 
type (5) and none of type (6). Two of these + produc- 
tion events were also identified by the stopping and 
subsequent x+— > w decay of the positive pion in the 
chamber. One event was classified as either an electron 
pair or a w+ production. However, momentum-angle 
considerations excluded the r° production possibility. 
The resulting r+ production cross section was 0.03+-0.02 
mb. 


16 R. E. Cutkosky, Phys. Rev. 113, 727 


(1959); and private 
communication. 
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TABLE III. Summary of various experimental results. 





This 


experiment 


Process Ashkin® Kellman? 


Goodwin® Caris? Zinov® Units 








220-7 
19.5+0.6 


22648 
17.4+0.3 


Energy 
= +p—« +) 
w +p—r°-+n 33.340.7 
OTotal (less Fyn) 53.2+1.5 
Aé 0.86+0.06 
At 0.30+0.08 
A 2.07+0.18 


52.9+1.4 

0.66+0.02 
0.41+0.05 
2.16+0.08 


o (charge exchange) 


1.71+0.06 2.04+0.09 


o (elastic) 


¢ See reference 7. 


* See reference 2. 
{ From data of Pontecorvo. 


» See reference 5. 
® See reference 3. 
4 See reference 4. 


Total Cross Section 


The total cross section was calculated by summing 
the cross sections for each reaction. The result ob- 
tained was 50.5+1.9 mb for the purely nuclear cross 
section which is in excellent agreement with the counter 
transmission experiments of Pontecorvo."” 


DISCUSSION 
Cross Sections 


In Table III are shown the results of several experi- 
ments on w~-p scattering in the energy range 220-240 
Mev. Although the total cross sections are in good 
agreement, the ratio of charge exchange to elastic 
cross sections varied markedly, far outside the quoted 
experimental errors. The present experiment agrees 
well with that of Zinov'’ with respect to this ratio and 
with respect to the angular distribution. The angular 
distribution also agrees fairly well with that reported 
by Ashkin, but the present elastic cross section is 
about 18% smaller. If the scattering is considered in 
terms of the two possible isotopic spin states, T=} 
and T=$, pion-proton scattering amplitudes consist 
of the following combinations: 


rt+p—onrttp, f=fs, 
m+p—>w+n, f= v2(—fit fs), 
* +por +P, f 3 (2 fit fs), 


where for denotes the scattering amplitude for the 
state with total isotopic spin 7." If the T= $ state is 


much more important than the T=4 state for these 
pion energies, then one expects the ratio, 


o(charge exchange) 2|—fit/s|? 


\2fitfal? 


17 B. Pontecorvo, Ninth Annual International Conference on 
High-Energy Physics at Kiev, 1959 (Academy of Science, U.S.S.R., 
1961). Report by B. Pontecorvo on Pion-Nucleon Interaction 

18 V. G. Zinov and S. M. Korenchenko, Soviet Physics—JETP 
36, 428 (1959). 

9 J. D. Jackson, The Physics of Elementary Particles (Princeton 
University Press, Princeton, New Jersey, 1958), p. 12. 


a (elastic) 


224+-10 
16.0+0.8 
34.4+1.9 
50.5+2.1 
0.70+0.04 
0.33+40.07 
1.69+0.13 


2.15+0.09 





240+7 Mev 
16.1+0.6 mb 
32.2+1.4 mb 
48.343.3 mb 
0.81+0.08 mb/sr 
0.23+0.09 mb/sr 
1.41+0.18 mb/sr 


230+8 230+8 


20.8+0.4 


30.4+1.3 


48+2! 
0.95+0.04 
0.55+0.06 
2.10+0.09 


1.31+0.10 2.00+0.11 


8da(x-+p — x~ +p) /dQ =Ao+Ai COSXe.m. +A2 COS*Xe.m.. 


to be approximately 2. The value measured in this 
experiment is 2.15+0.09, and was independent of the 
track count procedure, and of the beam contamination 
of muons and electrons. The last row of Table III 
shows the value of this ratio as measured by different 
experimenters. The values reported by Goodwin et al.,? 
and Caris eé al.4 are much lower than the value meas- 
ured in the present experiment. Regarding this dis- 
agreement we may point out that when Kellman® 
repeated the counter experiment of Ashkin et al.? at 
220 Mev, taking special precautions to account for 
electrons in the counter telescope measuring the scat- 
tered pions, the new value of the total cross section for 
elastic scattering was reduced by ~ 11%. This changed 
their ratio of charge exchange to elastic scattering from 
1.71+0.06 to 2.04+-0.09, bringing it into good agree- 
ment with our value. So it is possible that there was 
some systematic error in the Berkeley** experiments 
due to electrons which could account for this difference. 
The dominance of the T= state in the scattering 
reactions is further indicated by the excellent agree- 
ment of $(do/dQ)(r++p— t+ p) determined by 
Ashkin® and (do/dQ)(x-+p—2-+ )) from this ex- 
periment as shown in Fig. 7. 

The present angular distribution yields a value for 
D_* (the real part of the forward scattering amplitude) 
which is in good agreement with the dispersion curve 
as given by Cronin.” However, the error is large, as 
Fig. 8 shows. 


Phase-Shift Analysis 


The angular distribution of the elastic scattering 
and the charge exchange total cross section were used 
in conjunction with the r*-p elastic scattering differ- 
ential cross section of Ashkin? and the recoil proton 
polarization results of Kunze”! as the data for a phase- 
shift analysis. A program was written for the IBM 650 
to minimize the error function M=)>-> (e;)?, where e¢; 
represents the difference between the experimentally 

20 J. W. Cronin, Phys. Rev. 118, 824 (1960). 

*1 J. Kunze, T. Romanowski, J. Ashkin, and A. Burger, Phys. 
Rev. 117, 859 (1960). 
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TABLE IV. Phase-shift results.* 








Type a a 


a3 a3 a3 





14.843.5 
—10.342.0 
—2.742.0 


Fermi (i) 
Yang (ii) 
Fermi (ii) 


5.9+4.5 
4.6+2.0 
—4.342.5 


recy 
258.444: 
—1543.: 


—15.543.5 
—16.34+3.0 
~16.142.0 


042.0 
9.041.5 
9.8+1.0 





* The 2T, 27 subscript notation is the standard one. Phase shifts are given 


determined value of a quantity and the value computed 
from the phase shifts, as measured in units of the ex- 
perimental errors of the quantity. Nineteen data values 
were used to obtain the six s, » phase shifts yielding an 
expectation value for M of 13. As starting values for 
the phase shifts, the four graphical sets obtained by 
Ashkin,? five variations of these, and five random sets 
were used. The best fit was found in a Fermi (i) set; 
this solution was found several times, including once 
from a random starting set. However, the two other 
sets, a Fermi (ii) and a Yang (ii) type were determined 
with statistically satisfactory fits. The numerical results 
are shown in Table IV. The recoil polarization data of 
Kunze ef al." are thus seen to be inadequate criteria 
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for the exclusion of the Yang (ii) type phase shifts. 
Note that, although there exists a large discrepancy 
between the ratio o(charge exchange)/o(elastic) as 
measured by Ashkin ef al.? and in this experiment, the 
present phase shifts are hardly changed from those 
obtained previously. 


Pion Production Results 


At 220 Mev it is reasonable to assume that the two 
pions are in a relative s state. Then the possible isotopic 
spin of the two-pion system can be 0 or 2. It is clear 
that the (w~#°) state can arise only via T7:,=2. Thus 
the experimental result of production ratio of °/x* 
=(0 events)/(3 events) indicates that production 
process occurs via the 7;,=0 state, and thus from the 

+-p=4 initial state. If it is assumed that production 
takes place from a T,-,= initial state, which yields the 
T2,=2 state of the s-wave 2-pion system, one obtains a 
ratio of x°/x+ =9/2,in rather definite disagreement with 
the observed ratio. This conclusion that the T7.,=0 state 
is dominant if the production process proceeds via m-r 
interaction in a relative s state is in accord with several 
recent experimental and theoretical results®-** but 
the number of events obtained is too small to allow a 
more quantitative analysis. 
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Possible Theoretical Interpretations of the Excited Hyperons* 
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The recently discovered excited hyperons are discussed in terms of four alternative interpretations. These 
appear to be the only possibilities which are not inconsistent with the current experimental and theoretical 
situation. Each possibility is analyzed in terms of theoretical models and their experimental consequences 
summarized, Experiments which would serve to determine which interpretation is correct are discussed. 


INTRODUCTION 


HE experimental evidence currently available 
suggests, in addition to the firmly established 
I=1 excited hyperon state Y,* of mass 1385 Mev and 
as yet undetermined spin and parity,'? the possible 
existence of an isosinglet t— 2 resonance state Jo* 
(T=0) of mass ~1405 Mev and width ['~20 Mev.’ 
Further, there are some indications from the production 
reaction r+) — 2+2+K at 1.97 Bev/c 4 of an excited 
state Z* (x-> resonance)‘ of undetermined isospin at the 
higher mass value ~ 1560 Mev. In this note we wish to 
analyze these resonances in terms of theoretical models 
which can accommodate them. Unfortunately, the lack 
of reliable determinations for the spin and parity of the 
excited states in question [as well as information con- 
cerning (A,z) relative parity] make these interpreta- 
tions ambiguous.* However, they do serve to emphasize 
the experiments which will most readily clarify our 
current understanding. 

The Y,* and Yo* have been given a variety of inter- 
pretations falling into two main classes. Class I would 
explain excited hyperons as generated dynamically by 
the strong pion-hyperon interaction and class II 
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attempts to relate excited hyperons to K—N forces 
and explains Y* as a K—N virtual bound state. In 
what follows, an attempt is made to determine to what 
extent the Y*’s can be explained by the strong r—Y 
interactions alone and to what extent the influences of 
K—N channels are required. This will be done in the 
framework of some simple models of pion-hyperon 
interaction, notably static dispersion relations and an 
extended version of the bound state model recently 
proposed for the = hyperon.’ The influence of the K—N 
system will be treated in the scattering length approxi- 
mation of Dalitz and Tuan.®? 

The various theoretical possibilities can be categorized 
into four alternative explanations of the current experi- 
mental situation. These alternatives are discussed in the 
following section and their experimental consequences 
summarized in Table I. We have included here for 
completeness some which have already been discussed 
in the literature. 


THEORETICAL INTERPRETATIONS 
Case A. Even (A, =) parity; fe~fr~fn 


This case is essentially global symmetry with enough 
globally unsymmetric forces to agree with experiment. 
It has been discussed by Lee and Yang® using group 
theoretical methods and by Amati et al."° using a method 
related to the static Chew-Low model. The theory 
predicts Y ;* in essential agreement with what is known 


TABLE I. Alternative cases for excited hyperons. 


Y,*—2r+2 Dalitz 

Tuan P ing 
Y,*—r-+A solution isospin 

even S; P; ~13% (b—) 2 

(1) even Py P; 0 (+) 2 

2) even Sy Py < 10% (b—) 2 
( odd Py S 
D odd 


(A,Z) 
parity ys" 


>9% (a-) (2) 


Sy (Pj S 0 O or 1 


i (a—) 
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Fic. 1. Im T as a function of center-of-mass momentum |k 

for the region of unphysical K~— > energies. The curves labeled 

b—), +A(b—), and —A(b—) correspond to the mean, maximum, 

and minimum resonance values of Im 7, respectively. Im 77-, 

for the solution (b— ) is also shown as a function of | &!. Yo* marks 
the position of the “‘resonance” observed at 1405 Mev 


from current experiments" and a r—Z resonance, Z*, 


(I= 2, J= 4) at energy ~1540 Mev and half-width I'/2 
of about 100 Mev. The latter presumably could be 
related to the excited state reported by Erwin et al.45 
if the experimental width and isospin assignment should 
be found to be compatible with theory. Global sym- 
metry is inadéquate, however, in that it lacks any 
prediction for Yo*. A convenient solution out of the 
impasse can be obtained by requiring that Vo* be 
generated by the strong S-wave association of the 
K~—p channel through the (6—) solution of Dalitz 
and Tuan.” The (6—) solution’: 


= —1.85+0.15+7(1.10_9.3*°*), 


—0.10+0.20+7(0.65+0.15) (1) 


't The experimental situation is compatible with P; assignment 
for Y,* (see reference 2) if at lower production energies (850 Mev/c 
K~ momenta and below), the reaction K~+p— Y,*+7 is 
S-wave production from a Dy K~— p initial state. on 

12 The validity of such a compromise model which ignores A — NV 
effects in the 7=1 channel and requires them for J =0 rests on the 

juestionable) assumption that there would be little coupling 
between states with different quantum numbers. 'Yo* as a K~—p 
juasi bound state would be similar to x*+p — E*++h*, k*++n 
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is plotted in Fig. 1 for the imaginary part of the K—p 
scattering amplitude T in the unphysical region below 
K-~—p threshold. This produces a resonance in the 
I=0, x—= channel® (which could correspond to the 
Yo* excited state). The curve Im 7;~; shows no indi- 
cation that this type of solution can generate resonant 
effects in the 7=1 channel in the energy region of 
interest above the r— threshold (Im J;., of Fig. 1). 

Several attractive features about the (6—) solution 
are: 

(i) The J=0 resonant energy calculated is 18+3 Mev 
below the K~—p threshold, i.e., at mass value 1414 
(+3) Mev; the full width T for the best (mean) value 
of the (b—) set is 23 Mev. Both facts are not incon- 
sistent with preliminary experimental data on Yo*.' It 
is interesting to note also that the introduction of 
energy dependence into the (6—) scattering length 
from exchange of an /=0, #° particle” (intermediate 
vector boson) between K mesons and nucleon along 
the lines suggested by Dalitz,® gives a new resonance 
position at 1406 Mev (from 1414 Mev) for the best 
value of Ao. The scattering length A» then shows a 
variation from Ao=(—1.85+71.10)f at the K-—p 
threshold to Ao=(—1.68+70.31)f, at lab momentum 
175 Mev/c; this suggests that the energy dependence 
for dp is relatively slight." 

(ii) The rather strong argument of Schult and Capps'® 
that the branching ratios for the A-+d—-2+Y+N 


reactions can best be explained by the presence of an 
a few Mev below 


isospin zero (J=}) r—Z resonance 


the K~+ p threshold. 

(iii) In the context of the (6—) solution, the vector 
theory of strong interactions’ supplies a convenient 
dynamical framework for understanding the qualitative 
features of low-energy K—N and K—N interactions 
Vr (J=0, 1) in terms of the exchange of vector bosons 
with contributions Y, (J=1, J=1) 
resonance’? and Xo (J=0, J the w’ particle. We 


the pion-pion 


k°®+p anomalies which violate global symmetry, but are such 
that the global unsymmetry is quite limited in scope though not 
in magnitude (see reference 5). 

3 A. Abashian, N. E. Booth, and K. M. Crowe, Phys. Rev 
Letters 5, 258 (1960). We ignore here the contribution to energy 
dependence from the vector boson representing a pair of J=1 
J =1 resonating pions at c.m. energy 5.2 m, suggested by recent 
experiments (see reference 17). Such contributions from “distant 
singularities,” even if substantial, are unlikely to affect greatly 
the energy dependence of the scattering length analysis [see 
J. Franklin and S. F. Tuan, Nuovo cimento 20, 1024 (1961) ]. 

44 We should like to point out that this calculation of energy 
dependence is to be taken with some reserve, since we make the 
approximation that bo is small relative to ao in the calculation 
an assumption less satisfactory for the (/—) solution than the 
corresponding situation for (a—) (6;/a1~—}) 

16 R. L. Schult and R. H. Capps, Phys. Rev. 122, 1629 (1961) 

16 J. J. Sakurai, Ann. Phys. 11, 1 (1960 

7 W. D. Walker, H. R. Fechter, R. H 
Satterblom, and A. R. Erwin, Bull. Am. Phys. Soc. 6, 311 (1960) 
J. A. Anderson, V. X. Bang, P. G. Burke, D. D. Carmony, and 
N. Schmitz, Phys. Rev. Letters 6, 365 (1961) and H. Courant 
private communication). 
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have 
Vi(K—N)=Xot+Y.. Vi(K—N)=—Xot-¥,, 
Vo(K—N)=Xo—3¥., Vo(K-—N)=—Xo—3Y.. (2) 


The interactions Vi(K—N) and Vo(K—N) are 
known to be strongly repulsive and strongly attractive 
(with the interpretation of the Yo* resonance as an 
I=0, K—N bound state), respectively, whereas 
Vo(K—N) is weakly repulsive. This picture can be 
fitted with X9>3Y, and requires in addition that 
V,(K—N) be attractive but sufficiently weak to be 
unable to form a bound state. 

At the moment it is not known whether the (—) 
type solution is correct from the study of Coulomb- 
nuclear interference and K~—p elastic scattering at 
low energy.!*-!9 


Case B.?° Even (A, =) parity; fs<fx~fy 


This case emphasizes the fact that the agreement of 
case A with experiments conducted to date does not 
necessarily require global symmetry (fs~ fa). In fact, 
fs<&fx has the attractive consequence that the Yo* 
as well as the Y,* and Z* can be produced from r—Y 
interactions alone. This is then the only case which 
would not require a K—N bound state. 

Amati ef al.” have pointed out that fs<f, would 
lead to an J=O resonance as well as the Y;* and Z*. 
However, the location they predict for the 7=0 
resonance is coincident with the Z*, considerably above 
the Jo* position. A more detailed analysis* of the r— Y 
scattering equations with fs~0O indicates that their 
estimate is not correct and the 7=0 resonance could 
indeed be at a low enough energy to be identified with 
the Vo". 

Experimentally, this case differs from case A in 
predicting P; decay for the Yo*, no r—z decay of the 
V,*, (+) type Dalitz-Tuan K—N solutions (con- 
structive Coulomb-nuclear interference in K~—p scat- 
tering), and the half-width prediction ['/2~10, 25, 70 
Mev for the Yo*, Y1*, and Z*, respectively. 

There is some recent evidence for an J=0, J= 
m— resonance at 1525 Mev.” If this state were asso- 
ciated with the 7=0 resonance discussed here, it could 
be taken as evidence for small fs, but the Vo* would 


then have to be explained as a A—N bound state as 


3 


8 R. C. King, R. E. Lanou, and S. F. Tuan, Phys. Rev. Letters 
6, 500 (1961); Brown University High-Energy Physics Internal 
Report No. 101, 1961 (unpublished). 

8 Detailed reanalysis of Coulomb-nuclear interference data is 
currently under study by the Alvarez group at Berkeley. R. Ross 
and W. Humphrey (private communication). 

20 The probable existence of a resonance in low-energy 2=—N 
singlet scattering (R. H. Dalitz, reference 9) does not necessarily 
rule out the possibility that fs</, because most of the contribu 
tion to the singlet force comes from fourth-order (two-pion 
exchange) diagrams and could be large even for small fs. 

21 J. Franklin (to be published). 

22M. Ferro-Luzzi, R. Tripp, and M. Watson, UCRL Memo 
University of California Radiation Laboratory Report No. 310, 
1961 (unpublished). 
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Fic. 2. Im T;2o as a function of center-of-mass momentum 
k| for region of unphysical K~—p energies. Solid (broken) 
curves correspond to the parity assignment K—Z even (odd). 
All curves are normalized to g=qo and E=Eo at a K~—p 
laboratory momentum of 172 Mev/c; q and E are, respectively, 
c.m. momentum and total energy of the r—Z system, while go 
and /o are their values at K~—p lab momentum 172 Mev/c. 
Curves labeled +A(a—) and —A(a—) are those leading to 
maximum and minimum resonance values of Im T;.20. Yo* marks 
the position of the “resonance” observed at 1405 Mev. 


in case A. A small but nonvanishing fs would have the 
effect of raising the J=0 resonance position above that 
for fs=0 so that it could be at 1525 Mev. 

It should be pointed out, however, that application 
of r—Y dispersion relations to J=0 or 1 resonances 


above the K—N threshold is unreliable. This is because 
K—N states would have to be included in the unitarity 
condition and would change the structure of the equa- 
tions at the resonance energy. The 1525-Mev resonance 
would then have to be considered in terms of coupled 


(through unitarity) s—Y and K—N equations and 
could occur due to the influence of the K—N system 
even if fy were. not small. Establishing J = } for the Yo*, 
however, would be a definite indication that fs~0, 
since the —Y dispersion relations should be reliable 
at predicting resonances below the K—WN threshold. 
If the experimental upper limit on the branching ratio 
(Y,*— S vs A) could be pushed considerably below the 
present 10°% upper limit, this would be independent 
evidence for fsfa. 


Case C. Odd (A, =) parity; (a-) solution of 
Dalitz-Tuan 


It is well known that the (a—) solution predicts a 


},* with a reasonable width ('/2=21+4 Mev) and 
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can be consistent with a fairly low (2/A) ratio at 
resonance (>9%)* for odd (A,Z) parity. Even (A,>) 
parity seems ruled out in this case because of the dif- 
ficulty in obtaining such a low (2/A) ratio. In Fig. 2 
we have plotted Im 7;~» for the (a—) solution including 
the range of errors given by Dalitz,® the curves suggest 
that this solution can accommodate a possible 7=0 
resonance as well, especially for +A(a—).** The pos- 
sibility thus exists that both resonance 11*(S,) and 
Yo*(P;) could be explained as bound K—WN states 
indicated by the (a—) solution. The positions calcu- 
lated [for +A(a—)] are 1370 Mev and 1390 Mev for 
Y,* and ¥o*, respectively ; these locations are somewhat 
lower than the experimental values, but there may well 
be disturbances to the theoretical expectations, arising 
from (KN—r¥) couplings. For example, Duimio and 
Wolters™ find a Y,* likely, using a static model for odd 
(A,=) parity. Their resonance has the same quantum 
numbers as the ¥,*(.S;) which could thus be considered 
as coming from the combined effects of the r—Y and 
K—N systems. 

Qualitatively, therefore, (a—) can be made to explain 
Y,* and Y * in terms of a tighter bound J=1 state and 
a less tightly bound /=0 state, needed for K~-deu- 
terium data.'® Unfortunately, such a set of bound states 
does not seem to give an obvious and simple interpre- 
tation of the character of the observed (K—WN) and 
(K—N) potentials in terms of vector bosons (discussed 
in case A). 


Case D. Odd (A, =) parity— the pion 
binding model 


Several authors have suggested a model of pion- 
hyperon interactions which considers the = as a r—A 
bound S state.’ In particular, Nambu and Sakurai were 
able to obtain a reasonable estimate of the scalar (#DA) 
coupling constant on this basis. They further found 
that the r—A structure would be a loose one, much as 
in the deuteron. Such a model would necessarily include 
further states due to the possible binding of additional 
S-wave pions following Bose statistics (there would be 
no exclusion principle for the pions). In the absence of 
«—r forces, each pion would be expected to add 80 Mev 
(M:z—M,j) and this would lead to the spectrum of states 
in Table II.** 

The states listed are those for which the isospin wave 
function is completely symmetric with respect to all 


*8 The increase of Im T close to the K~—p threshold is due to 


kinematic factors, but a “resonance” effect (in the sense of a 
neatly vanishing denominator) can be seen at lower energy 
{ ~1390 Mev for the +.A(a—) solution] 

*Tt has been suggested [M. Gell-Mann (private communica- 
tion) ] that scattering amplitude sets intermediate between the 
(a—) and (6—) sets may be needed to account satisfactorily for 
Y,* and Y,* as bound state resonances. Detailed fitting of low 
energy scattering parameters are currently underway (cf. reference 
19) 

26 F. Duimio and G. Wolters, Nuovo cimento 20, 359 (1961). 

26 Higher states would also be possible but are not considered 
here 
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TABLE IT. Spectrum of low-energy states in the pion 
binding model. 


With r—7 forces 
Ms—Ma 
(Mev) 


No x—7 forces 
Mz—M a 


State (Mev) 


Model Isospin Isospin 


0 0 0 

(Ar) 1 80 80 

(Arr) a 160 < 130 

(Arrr) 3 240 270 
4 320 290 (380) 


(Arrrr ) 


pions. This permits each pion to be in the same S state 
with respect to the A. 

If the bound-state model is to make sense, it would 
have to be modified’ to agree with the non-observation 
of doubly charged hyperons, stable under strong decay. 
This could be done if the assumption were made that 
the r—- force were repulsive in the /=2 and attractive 
in J=0 state. Although this is in apparent conflict 
with studies of r meson decay, it is not necessarily 
inconsistent with *—7 scattering theory if the J=1 
=—m resonance is taken into account.”’ 

In any event, the = bound state model would be 
inconsistent if the 7=2 pion forces were not sufficiently 
repulsive, so this assumption will be made in what 
follows. 

The spectrum then becomes that listed in the last 
two columns of Table II. The states with 7>1 are 
removed by the /=2 repulsion. An /=0 stable A* 
would remain just above (<50 Mev) the A mass. This 
particle is similar to the. A* suggested by several 
authors,*:?8 except that it has the same parity as the A. 
Its experimental consequences would be the same as 
this previously discussed A*. 

The effect that the pion-pion forces would have to 
contribute to lead to the spectrum in Table II can be 
determined as follows: The /=2 r—-x force would have 
to add at least 60 Mev per pion pair in order that the 
I=2 (Arn) state be unbound with respect to r= decay, 
while the combined effect of the 7=0 and J/=2 r—7r 
forces in the (Arrr) [=1 state would have to add 30 
Mev (10 Mev per r—z pair) to fit the ¥,* position. The 
completely symmetric J=1 isospin wave function for 
3 pions can be written ¥: (32) = 3 [5 ¢0,1(3) +2 ¢2,1(39) J, 
where ¢o,1(3x) [¢2,1(32) ] is the isospin wave function 
obtained by first adding two pions to get /=0 (2) and 
then combining this wave function with the additional 
pion to get J=1. Each pion pair in the completely sym- 
metric state would thus be in the ratio (5/9): (4/9) of 
I=0 to [=2 states. This would require the /=0 r—7 
force to reduce the energy by 30 Mev (this figure is 
based on the 60-Mev /=2 repulsion) per r—7 pair to 
give the desired result of 10 Mev added per pair. This 


27 B. R. Desai, Phys. Rev. Letters 6, 497 (1961). Reference 15 
and 16 of this letter contain references to earlier r decay results 
28 J. Franklin and S. F. Tuan, Nuovo cimento 20, 1024 (1961). 
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leads to the A* energy being less then 130 Mev above 
the A and thus definitely bound. 

Calculated on this same basis the Y9* would come 
out at 380 Mev above the A. This is because the sym- 
metric J=0 (Armrr) state is formed by just adding a 
pion to ¥(3m) to get the four-pion 7=0 state which is 
completely symmetric. Thus one would again expect 
10 Mev to be added to the energy per pion pair and 
the four-pion state has six pion pairs. If this state is 
to be identified with the Yo*, attractive four-body pion 
forces would be required to reduce its-energy to the Yo* 
position. 

The above considerations require the (a—) Dalitz- 
Tuan solution [—A(a—) ] corresponding to a resonance 
in the S;#—A system (Y;*) and no J=0, K—N bound 
state.” If the (A+4z) state is not the Yo* but some 
higher state, then the +A(a—) solution would be 
required to produce the Y* as discussed in case C. 

It should be noted that some other consequences of 
this bound-state model are that fs=0 (neither the A 
nor the pion could emit a pion) and Y\*— +7 is 
forbidden if the decay is through the pion-pion inter- 
action. Also any higher resonances, such as the Z%*, 
would have to be J=0 or 1, J=}. Since the energy 
levels have all been fit to experiment, the only real test 
of this model would be the existence of the scalar A* 
and the S; decay of Y,* and Yo*. 


EXPERIMENTS 


We conclude by summarizing some of the important 
experiments that will help differentiate between the 
various alternatives. The most obvious would be deter- 
minations of the spin-parity assignments for Yo*, Y:*,* 
and Z*, as well as the isospin of Z*. The latter can be 
determined‘ for 7-+)— =+7-+-K at 1.97 Bev/c* from 
the strong decay branching ratio (Z*—>2°+7°/ 
Z* — X*++7), which should be 1, 0, or 4 for J=0, 1, 2, 
respectively, with the further check that the decay 
ratio [(2++2~)/(2-+2+)] should be 1 for a state of 
pure isospin. Of course observation of a Z** or Z***+ 
(this latter can be most conveniently observed from 
the reaction r++ p—> Z*+++ K° and K°+- p> Z*+++42r-, 
at higher energies than have been investigated to date) 
would require /=1 or 2, respectively. 

From the K—N point of view, it is essential to 
establish whether the (—) or (+) type solutions are 

29 The Yo* discussed here would have the decay Yo* — =+-7 
in the Sy state and would not be related to the low-energy AK—N 
ye Alston el al. [Phys. Rev. Letters 5, 557 (1960) ], do find some 
evidence for J= 3 for ¥,* from an apparent anisotropy in its 
decay although their Adair analysis is ambiguous. Further anisot- 


ropy data at 1.15 Bev/c and higher K~—> energy should clear 
up the situation. 
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correct from Coulomb-nuclear interference at low 
energy.” We must point out in this respect that con- 
siderations from an optical model description of K-—p 
scattering have led in all cases **! to the conclusion 
that only (+) solutions are consistent with the ob- 
servation that the K~-nucleus interaction is attractive.” 
However, because of the possible formation of a quasi 
bound state (or even two such bound states in inter- 
ference) for the (—) type solutions, it is really ques- 
tionable whether K--nucleus data at low energy supplies 
a reliable guide for differentiating between (+) and (—) 
solutions.* It is also to be noted that the (a+) solution 
[as opposed to (a—)] is more likely to show marked 
effects of energy dependence from “dynamic singu- 
larities” due to pion forces.®:*.%4 

Experiments on K,°+ scattering and absorption at 
low enough energy allow quite a strong discrimination 
between the (a+) and (a—) K—N amplitudes® as 
well as a very direct measure of the (2/A) ratio in the 
J=1 channel; rapid variation of this ratio with energy 
will favor odd (A,Z) parity** because of the kinematic 
factors involved. On the other hand, the (6—) solution 
predicts a substantially larger A/(Z°+A) 2-/Z* ratio 
over (a—) for K-—p lab momentum interval 100-200 
Mev/c; accurate determination of these quantities at 
low energy is thus of particular interest [current data® 
for the 2~/Z* ratio are in agreement with (a—) but 
do not rule out (6—) j. 
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The scattering amplitude for the electroproduction of pions from nucleons is derived using the Mandelstam 
representation. It is shown that the amplitude consists mainly of two parts which in the framework of the 
Cini-Fubini approximation are simply additive. One part describes the effects of a r—z resonance, while the 
other part describes the }—} resonant nucleon term. The theory is fully relativistic in the sense that no 
expansion in inverse powers of the nucleon mass is made. This means that even though the theory is appli 


3 


) 


cable only in the low-energy region where the }— 


resonance dominates, the momentum transfer variable 


upon which the various form factors depend, may be very large. The meson-current Born term contains 


explicitly the form factor of the pion and can be isolated at high momentum transfers to the electrons 


the resonant nucleon term becomes small. 


INTRODUCTION 


HE method of dispersion relations has been applied 
by Fubini, Nambu, and Wataghin! to the electro- 
production of pions in order to show how this process 
could reveal information on the form factors of the 
nucleons. More recently, it has been shown by Frazer 
that it is also possible to obtain information about the 
pion form factor by carrying out a Chew-Low extra- 
polation on the electroproduction amplitude to a point 
in the unphysical region of the momentum transfer to 
the nucleon, corresponding to the single meson pole. In 
this paper we will show by the use of the Mandelstam 
representation that the electroproduction process is also 
particularly well suited to test further the nature of the 
pion-pion interaction, and that it allows for a direct 
determination of the form factor of the pion. 

Starting from the Mandelstam representation means 
that we are taking into account not only the interaction 
between the outgoing pion and the nucleon core, but 
also the interaction between the outgoing pion and the 
pion cloud of the nucleon. We will assume that this 
latter interaction is mainly due to intermediate states 
of the nucleon-antinucleon channel containing 2 and 3 
pions. It has been shown by Frazer and Fulco’ that the 
existence of a r—7 interaction in the /=J=1 state, 
which has recently received some experimental support,* 
could explain rather well the main features of the iso- 
vector electromagnetic structure of the nucleons. It was 
also shown by Bowcock, Cottingham, and Lurié® that 
such an interaction could throw some light on our 
understanding of the small x-nucleon phase shifts. This 
interaction may also be necessary in order to explain 
the discrepancy between theoretical and experimental 
predictions in the photoproduction of pions. 


1S. Fubini, Y. Nambu, and V. Wataghin, Phys. Rev. 111, 329 
(1958) (quoted as FNW). A relativistic generalization of this 
work has been given by R. Blankenbecler, S. Gartenhaus, R. Huff, 
and Y. Nambu, Nuovo cimento 17, 775 (1960). 

2'W. R. Frazer, Phys. Rev. 115, 1763 (1959). 

37W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960). 

“A. R. Erwin, R. March, W. D. Walker, and E. West, Phys. 
Rev. Letters 6, 628 (1961); also D. Stonehill et al., Phys. Rev. 
Letters 6, 624 (1961). 

5 J. Bowcock, W. N. Cottingham, and D. Lurié, Nuovo cimento 
16, 918 (1960). : 


, where 


Within the framework of the Cini-Fubini approxi- 
mation,® the pion-core and pion-cloud interactiv 
contribute additively to the S matrix. The pion-core 
interaction manifests itself in the S matrix by its 
singularities in the energy variable, whereas the pion- 
cloud interaction shows singularities in the variable 
corresponding to the momentum transfer to the 
nucleons. 

The contribution to the S matrix from the pion-cloud 
interaction depends upon a function of the momentum 
transfer to the electrons, to be determined by experi- 
ments, and upon parameters that are directly obtainable 
from the experimental data on the form factors of the 
nucleons. The Born term due to the meson-current 
depends explicitly upon the electromagnetic form 
factor of the pion. It is important to note that, to the 
extent that the analytic properties of the scattering 
amplitude with respect to the momentum transfer to 
the nucleons are taken into account by the 2- and 3-pion 
exchanges, the meson-current Born term will depend 
upon a function of one variable only, and 1.ot of two as in 
Frazer. This function is identical to the form factor of 
the pion. Therefore, by using the Mandelstam repre- 
sentation, one circumvents the complicated extrapola- 
tion procedure that is needed to obtain the form factor 
of the pion, when a one-dimensional dispersion relation 
is used. 

The contribution from the pion-core interaction is 
related, through the final-state theorem, to the scat- 
tering in the final r-nucleon state. We will consider total 
barycentric energies of the z-nucleon system that are 
in a region where only the $—% resonance dominates. 
Experimentally, this condition can always be met by 
choosing an appropriate incident electron energy. On 
the other hand, the experiments of Hofstadter ef al.,’ 
on the form factors of the nucleons are carried out at a 
high value of the square of the momentum transfer from 
the electrons \*. The most recent experiments achieve 
a momentum transfer squared of the order of 40u?. The 

°M. Cini and S 1 352 

’R. Hofstadter, F. Bumiller, and M. Croissiaux, Phys. Rev. 


Letters, 5, 263 (1960); S. Bergia, A. Stanghellini, S. Fubini, and 
C. Villi, Phys. Rev. Letters 6, 367 (1961). 


52 (1960). 


Fubini, Ann. Phys. 3, 
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kinematics of the electroproduction process show that 
the combination of low total barycentric energy 
together with high momentum transfer from the elec- 
tron favors higher values of the momentum transfer to 
the nucleons. It is therefore clear that the static theory 
of FNW, in which only the first term in an expansion 
of the amplitude in inverse powers of the nucleon mass 
is kept, cannot be expected to be very reliable when 
\| is of the order of a nucleon mass. For this reason, 
we will give a complete relativistic treatment of the 
nucleon term. The separation of the terms into those 
generated by magnetic dipole, electric quadrupole, and 
longitudinal quadrupole radiation will be made in the 
hope that only some of these terms may be important. 
In the static limit, the magnetic dipole term dominates, 
but in the nonstatic case we have of course no way to 
judge beforehand the relative size of these terms. 

In Secs. III and IV it will be shown that the magnetic 
dipole approximation improves as one attains higher 
values of A*. In Sec. I, after some kinematical pre- 
liminaries, we derive a representation for relativistic 
and gauge-invariant amplitudes. In Sec. II we consider 
the contribution to the isoscalar amplitude from the 
pion-pion interaction. We conclude with a discussion of 
our results. 


I. KINEMATICS AND THE MANDELSTAM 
REPRESENTATION 


The scattering amplitude T is related to the S matrix 
by the definition 


mM? ; 
Sp= bi prt n= pe ger) (— Ss ) Tu 


wok, Foeyes 


where €;, /; are the energies of the incident electron 
and nucleon (of 4 momenta P; and 7;, and of masses m 
and M) and ¢€, E2, we are the final energies of the 
electron, nucleon, and meson (of momenta fe, po, q). 

As shown by Dalitz and Yennie,® the electropro- 
duction 7-matrix element, to first order in the electro- 
magnetic coupling constant, is given by 


(p2,g2,r| T | piri)=Leg/ (2)? *'K(b2,9| J | Pie, 


with 
9)" 


« ’ 


€, = ett (re)yyu(ri)/(ri— 


(p2,9,|Ju| pi) is the matrix element for the photopro- 
duction of a pion by a virtual photon of (spacelike) 
4 momentum: 

R= (r—1re)? =r, 


(—A*) is the square of the “photon” mass. It is this 
matrix element which we propose to analyze in detail. 
In spite of the fact that ¢, has both longitudinal and 

timelike components, the Lorentz condition, 
k*e,=0, (1) 


8R.H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1959). 
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is still satisfied. The current J, also obeys the con- 
tinuity equation 

k*J,=0. 
The 7 matrix may be written in terms of a linear com- 
bination of six Lorentz and gauge invariant quantities 
M;,: 

6 
=> AM. 


i=l 


the M,’s will be given below. The amplitudes A; are 
functions of three scalar quantities, 

Si=—(pPitk)?; so=—(po—hk)?; t=—(pi-— ps)’; 
pi, k have been chosen as incoming momenta, p2, g as 
outgoing moments. We will take the “photon” mass to 
be constant. Then there are only two independent 
scalars and we have the relation 

Sitsett= 2M?+y?—d’. (4) 
The above amplitudes may be further decomposed into 
an isoscalar and into an isovector part, these desig- 
nations referring to the character of the photon current. 
For each amplitude we may write 


A,;=A;)+A™, 


Pon 
$[ TayT3 |, 


These amplitudes are in turn related to amplitudes of 
given total isotopic spin 


(S) 


Only the isotopic spin 3 state contributes to A;. 

If one considers the process y+ — V+N, then it 
can be shown from considerations of G invariance that 
intermediate states with an even number of pions con- 
tribute to A;“* only, whereas those with an odd number 
of pions contribute to A,‘"? only. 

The decomposition of the total amplitude as in (3), 
into a linear combination of relativistic and gauge 
invariant quantities is not unique. However, the re- 
quirement that the associated amplitudes A, should 
obey a representation with only those cuts and poles 
that have been conjectured by Mandelstam, places a 
severe limitation on this choice. In order to find the 
appropriate set of invariants we will follow a method 
due to Ball.® 

We first. write the JT matrix in terms of 8 relativistic 


*J. S. Ball, University of California Radiation Laboratory 
Report UCRL-9172, 1960 (unpublished). 
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but not gauge-invariant quantities /;: 


I,=~ys(vykve— eye), 
I2=~5(2piet+he), 
T3=5(2pre— ke), 
I4=5(2ge— ke), 


Is= sve, 
Te=syk(2pietke), 

I7= yevk(2pre— ke), 
Is=ysvk(2ge— ke). 

The amplitudes B; are taken to satisfy the Mandelstam 
representation. The above invariants are suggested by 
the form of the electric charge Born terms. One may 
note that the inhomogeneous electric charge terms are 
not gauge invariant when taken individually, whereas 
the magnetic moment terms are. 

Gauge invariance means that when e is replaced by k 
in (6), T must vanish. This requires that 
— (s;— M*) B2(s;,t) + (s2— M*)B3(s,,t) 

+ (t—p*)B,(s1,t)=0. (7) 
pie 7 
B;(s1,t)+(s:—- M?)B,(s;,t) 
+ (s2— M*) B7(s1,1)+ (t—p*) Bs(si,t) =. 

The kinematic factors which multiply the amplitudes 
B; in (7) are just the denominators of the 3 poles in s;, 
S2, and ¢ which appear in electroproduction. This means 
that no other denominators can appear in the gauge 
invariant amplitudes. We now write 


6 
T=> AM, (8) 


i=l 


and define 
M,=}il\= hiv wv», 
M2=}4iL (t—p*) (T2473) +(si—52) 14] 
= 2iysF wPu(q—3h)», 
M3=—43(I6—T1— (t— 2 +2) 5 ]=5F we udr, 
Mq= —43[Tot+I7+(si—52)Is]—-MM1 
=2ysF wv.P,—MM,, 
My=}il (t—?)(12—13)— (t—-w@ +) ] 
= 175F wh Gr, 
Mo=[Ie—Ip—1s— 1 5 ]=15F woh p>, 


where 
F ys= Cue — Crk, 
and 


P= (pit p2)/2. 


It is to be noted that the invariant M; differs from the 
corresponding one given by FNW. 
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The A, are related to the B; as follows: 
A,=—2i1B,— M(B,+ B;), 
A,=[—i/(t—u?)](B2+Bs), 
A;= B,— Be—2Bs, 
Aq=— (Bs+Bz), 
As=[—i/(t—u’) ](B:— Bs), 
Ag=— Bs. 


Since Ai, A3, Ag, and Ag are related to the B’s by 
numerical coefficients, they will also obey the Mandel- 
stam representation : 


1 1 
Av= RO — ~+—— ) 
M?—-s, M?—s, 


a es i 1 
4— | o(s)( —-+— Jas 
mw J (M+u)? s's—s, s'-3? 


x 


1 " dsy'dt' ay; »(s’,,t’) 
oo [ eer 


Ww” J (M+p)? ~ 


1 2 pe 
pf Seine 
wm SJ omy? J owen)? (51'—51) (Se' — Se) 


1 oa a dso’ dl’ a3 . (s9’,t’) 
eae P . 
/ (M+u)? 


a J au? (Se’— 52) (t'—12) 


4y? (s;’—s1)( F t) 


, f , , 
ds'ds2'ay2“ (51',52’) 


(for i=1,3,4,6). (11) 


To obtain the spectral representations for Az and As, 


we start from the Mandelstam representation and 
combine denominators according to (10). One obtains 


Rw 1 1 Rt 
dues (_.- mae —)+ 
t—p)\Nt—s, Ms) t—w2 


p@® 


11 ait 4 
uns = | oils'(- +— 
t— pra ce)? ee AY 


1 » i ds;'dt' ay; , (s;’,t’) 
OME Rese 
4 


9 , Jf 
Tr (M+p)? 4 2? (sy —S)U —{) 


i. a dsy'dso/ay2 (sy’,s,’) 
ae : 
mw J (M+)? / (M+u)? (S1 — 51) (S2’— 2) 


1; © dso'dt' a3” (s¢’,t’) 
mJ (meu)? J au? (S2’—52)(t’—2) 


(for i=2,5). (12) 


Because of the virtual character of the photon, the cuts 
are the same as in the usual Mandelstam representation. 
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The residues of the poles are as follows: 
RO (Ai) = —}gF,%- 02), 
R(Ag*) = gF "9 (02), 
R“) (Ag+) = ROS)(A4*°) = 3 9F 2S) (2), 
R) (Ast) = +4 gF iS) (2), 
(+ for As, — for Ast), 


(13) 


R“*) (Ag ))= Q, 
R( (Ag) = (2g/d2)LeFs (2) — Fi” (02), 


Fy, 2") are the usual Hofstadter form factors related 
to the proton and neutron form factors as follows": 


F\=e[F,(\*)—F,"(A’) ], 

Fx = py F2?(*)— wn 2”(A*), 
Fy) =e[ FP (2)+F1"()], 

F2\) = py’ F2?(*) + nl’ 2"(d’), 
F,(d?) is the form factor of the pion. 


The Born terms have been made manifestly gauge 
invariant by adding to them the term 


ke 
4 ta,T3 igys—LP i" (A?) —eF ,(A*) ], 
x2 


which is identically zero on account of the Lorentz 
condition (1). As a consequence of crossing symmetry 
(interchange of incoming and outgoing nucleon lines) 
the amplitudes 


A, 0) Ag+. A; ) A, 0) | A; , A«' 'y 


which are even under the interchange s; <> s2 go with 
the positive sign in (11) and (12) whereas the am- 
plitudes 


A, : Ao Fis A; , Ag : A;@ 


6) 0 
A Ag‘t a 


which are odd under s; <> s2 go with the negative sign. 


II. ISOSCALAR AMPLITUDE: THE CHANNEL 
Yt+tx-N+N 


The lowest intermediate state that can contribute to 
the isoscalar amplitude in the process y+x— N+N 
is the 2-pion state. In this case s; and s2 cannot simul- 
taneously reach their lower limits in (11) and (12), 
and therefore one can apply the Cini-Fubini method® 
to reduce the Mandelstam representation to a one- 
dimensional form. One obtains 


Lp? att) 
A; 3 (A,;) Borat | di'+K;,, (14) 
WS 4p? '—t 


K is a constant that lumps together the effects of all 
the distant singularities. It vanishes for those ampli- 
tudes that are odd under crossing. We have omitted a 


term related to the electroproduction channel proper 


0 uy =1.78e/2M, pa= —1.91e/2M, g?/4a~14, €?/4e=1/137. 
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and dependent, through the final state theorem, upon 
the m-nucleon phase shifts. The reason is that for the 
isoscalar amplitude, the w-nucleon system is in an =} 
state, whereas we will be considering energy regions 
dominated by the }—} resonance only. 

The imaginary part a;(t,t’) of A; in the approxi- 
mation of keeping only 2-pion intermediate states, may 
be calculated using unitarity. Alternatively, if one 
assumes that there exists a sharp J/=/=1 pion-pion 
resonance, then a completely equivalent method of 
procedure is to calculate the “bi-pion” graph in which 
the reaction y+x— N+N proceeds in lowest order 
via an intermediate particle of spin 1 and isotopic spin 1. 
The calculation for photoproduction is well known."!:” 
For electroproduction one obtains 


1 eA(A?) 
A,O= (A;) Born + — = trd(ir) 
8 


v2» 


‘a aM, gyb 1 
<x} A,OM,+—_+— 
tr—t M tr-t 


. t—p2-+d? 2Pk 
«(=u —_—_—M,+— us) | (15) 
t—p? t—p? 


In the above ¢(/) and A(A’) are functions associated 
with the yr — mz vertex. A(A?) is to be determined from 
experiment. It reduces of course to a constant for 
photoproduction. We now wish to explain the meaning 
of the constant A,. By going over to the center-of- 
mass frame of the VN system it is possible to see that, 
in relation to the center-of-mass amplitudes, A; has an 
extra energy factor as compared to the other amplitudes. 
It is to be expected therefore, that A, will have a 
dominant high-energy behavior. We have allowed for 
this by carrying out a subtraction in the dispersion 
relation for the amplitude A,. This accounts for the 
constant A, in (15). The constants a, 6 and tr are 
related to the parameters appearing in an empirical 
formula for the isovector form factors of the nucleons’: 


a 
Fi=d (1—a)+ —| 
1—t/tr 


gve b 
FM) = “| (a+ — | 
2M 1—t/tr 


where gy = 3.69. 

Reference 7 gives a= b= 1.2 when tg=22y?. With the 
present value of te at about 30u_?, a and 6b will be 
somewhat modified. 


1M. Gourdin, D. Lurié, and A. Martin, Nuovo cimento 18, 
933 (1960). 

2B. de Tollis, E. Ferrari, and H. Munczek, Nuovo cimento 18, 
198 (1961). 
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III. ISOVECTOR AMPLITUDE: THE NUCLEON TERM 


The isovector amplitude, 
one, 


contrary to the isoscalar 
is not reducible to a one-dimensional form. We 
may, however, follow the analogy with the treatment of 
the isoscalar amplitude and replace the contribution 
from the intermediate 3m state by the contribution from 
an isobar with quantum numbers J = 1, /=0 and neglect 
rescattering corrections. Such a particle was introduced 
by Nambu” and it was shown by Chew" that with the 
above choice for the quantum numbers, all pairs of 
pions in a 3m state would have J=/=1. We are then 
led to the following equation 


+)) Born + ( 


T. 


A ;‘*(s;,) 


eri pion 


Im A, 


Ww here 


and where (A4;‘*?)::;-pion is the same expression as (15) 
with A, a, 6, and tr repll iced by A’, a’, b’, and tp’. The 
constants a’, b’, tr’ are related to the parameters 
appearing in the isoscalar ia factors of the nucleons 
in the same way as 4@, }, tr are related to those appearing 
in the expression for the isovector form factors. The 
reason that the tri-pion contribution is similar to the 
bi-pion contribution is of course that both particles 
have spin 1. 

Due to the explicit separation of the tri-pion singu- 
larities in (17), Im A; has only distant singu- 
larities in ¢ and may therefore be expanded in powers 
of that variable, or equivalently, in states of given 
orbital and total angular momentum (multipole ex- 
pansion). In such a representation the 
theorem! tells us that Im 4, 
scattering. 


final state 
has the phase of 
This means that as long as the 
at sufficie ntl} 
neglect all but the large = 

Im A ;‘*. Therefore we 
we express Im A, 


m-nucleon 
m-nucleon state is y low energies, we may 
resonant phase shift in 
vill proceed in two steps. First 
in terms of the imaginary parts of 
center-of-mass amplitudes ¥;. Second, we expand the 
F,’s in Legendre polynomials where the expansion coef- 
ficients are simply the magnetic dipole, electric quad- 
rupole, and longitudinal quadrupole amplitudes. In this 
expression we shall retain only the J/= # state. The 
calculation is long but introduces no new physical 
concepts and is therefore relegated to Appendix I. The 
result is 

Im A; “J fam +B yy (A?) |M(W * \*) 
)(A7) +8" (A?) JE(W?,A*) 
(A?) +43," (A*) JL(W?,d2) 


TL@L 


8 Y,. Nambu, 
4G. Chew, 


Phys. Rev. 106 
Phys. Rev. 


1366 (1957). 
Letters. 4, 142 (1960). 
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(c) 


Se p?)- 





. (s-s,71 
WA 
wigm 
(f) (g) 


aft, pl? 


Fic. 1. Graphical representation of Eqs. (15), 
Che heavy lines in (1f) and 


(16), and (18). 
(1g) represent particles of spin 3. 


where 


M E L 


Im M,, 


MU(W+ 
“gkW [(Ww+ LM)? 


My'+ T é r*}! 
Im Lis 


Im Fy, 


M,,, Eiu,, Lis are, respectively, the magnetic dipole, the 
electric quadrupole and the longitudinal quadrupole 
amplitudes. The coefficients a‘? and 6“ are given in 
Appendix IT. 

Equations (15), (17), and (18) the essential 
results of the paper and it may be useful at this point 
to discuss briefly their physical Dispersion 
relations together with satay may be viewed as a 
set of of instructions which tells you that some graphs 
with their associated singularities are of greater im- 
portance than others. What we have actually done is 
merely to calculate the contributions to the total 
amplitude from these more important graphs. First 
there are the Born terms with the nucleon propagators 
in the variables s; and s2 (Figs. 1a, 1b). These contain 
the Hofstadter form factors; then there are the peri- 
pheral graphs which include: (a) the current 
Born term with a propagator in ¢ and the form factor 
of the pion (Fig. 1c), (b) the bi-pion and tri-pion terms 
(Figs. 1d, e) with spin 1 propagators in ¢ at the 
of their respective masses, “form factors” 
A(A*) and A’(A?). Finally, there are the direct and 
crossed resonant nucleon terms (Figs. If, g). On the 
resonance the quantities a‘ and 6“ in (18) are pure 
numbers and may be regarded as a relativistic generali- 
zation of the Clebsch-Gordon coefficients which couple 
a photon and a nucleon to a particle of spin 3. The 
functions M, F£, and L refer to the fact that the transi- 
tion to the 3 state may be initiated by 
electric, or longitudinal excitation. These functions will 
also contain certain which characterize 
the transition. 


contain 


content. 


meson 


> square 
and with 


a magnetic, 
“form factors” 


Therefore, the only unknown quantities which appear 
in the expression for the total amplitude are the various 
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form factors which are all functions of \?, and which 
must be determined from experiment. 

It may be thought that the form factors associated 
with the nucleon term would be of a new kind, charac- 
teristic of the resonant state. It will be the task of the 
remaining part of this paper to show that in fact, 
because the resonant state is metastable, that these 
form factors are simply related to the Hofstadter ones. 


IV. INTEGRAL EQUATIONS FOR THE 3-3 AMPLITUDES 


By projection using (If), (17), and (18) we may 
obtain integral equations for the three multipoles. This 
will allow us to determine the functions M, FE and L 
in (18). Let us first discuss the multipole projections of 
Born terms. These may be conveniently separated into 
those proportional to the linear combination of form 
factors: 


wu (2) = Fy (4?2)/2M+ F(X?) to Fy (A?) and 

to F,(A’). 
The work of FNW shows that in the static limit only 
the term proportional to u‘"?(A*) is important. The 


results may be written as follows: 


—pOM,.' 
fila Fi”, Fs) os 
4gk 


ui {M(W+M) 

(Tw f(Et My) (W+M) 
4(E,+M)! 

F e! Me 


Vv). Fi) F 


fs(u 


Yq f(W—M)(E+M)! 


falu (V) FP, ¥). 
4k( Ey +M)! 


LF 


8q( E,+M)! 
ui? f(W+M)(E— 
8 (E:+M)(Ext+M)}} 


fou Fi“ 


fo(u™ Fi” Fe )= 


C “il V) f( (W—M)R(E 


In these relations f? ~0.08. 

A numerical analysis of the Born terms has been 
carried out on a Mercury computer and the results show 
that of the nine Born terms, only M1,8(u‘”), Mi,8(F;) 
and £,,8(F,) are not negligible. Among these terms, 
moreover, M,,3(F,) and £,,8(F,) decrease with »° 
much more rapidly than M,,8(u‘"). Below W=8.9 
and \?=6, M,,8(F,) and £,,8(F,) are at most of the 
order of 10% of M,,®(u‘"). Above these values of ? 
and W, they are negligibly small. 

A further result of the analysis shows that the 3 Born 
ttrms that survive may be very well approximated by 
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M12 (u Fi ,F) 

=N(y) file Fi Fe) +Le(y) fou Fi Fe) 

—I3(y) fu Fi Fe), 

Ex2 (ue Fi” Fs) 

=1(y) fie, Fi Fe) +129) flu Fi, Fe) 

+Is(y) fs(u Fi Fx) 
+($- 29h) fu, Fi, Fe), 

Ly? (u™ Fi Fs) 

=11(y)(fi-—sfstfatfs)— 


(19) 
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2gk 
y= 
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simple aie in W, multiplied by a A-dependent factor. 


We may write 


Mi,® Cu" z. 


(P10) 
ak t(“‘<i«éW A 
Mi,®(Pe)_ efFe(°)Pa 
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where 
P,(\*) =[1— (0.275/40)a?], 
P2(d*) ~0.092(1+0.18\7)—, 
P;(d*) = —0.05(1+0.38\?)" 


We have taken M=6.8. The inclusion of the factor 
(gk) in (20) gives the simple pole-like behavior. The 
representations are accurate to the first decimal place 
in the entire ranges 7.8<W<9.8, 0 ¢d? <70. As can be 
seen, M,,®(F,) and £,,3(F,) vanish when W>8.9 or 
when \?>6. These results imply in particular that the 


Mizu) ful (*)PiQ’) - | 


W-—6.4 T 


_ fF )P2(A?) 1 / 


W-—7.3 | . 


Eu(Ps)_ _efF | (X") Pa(") - {= 
gh F 5 T 


We give in Appendix III the crossed term of (21a). 

In order to solve Eqs. (21), we will first neglect the 
crossed terms which are expected to be small compared 
to the uncrossed terms because of their much larger 
denominators; the consistency of this approximation 
will be checked later. We are then left with equations 
which resemble very much the integral equation of the 
static w-nucleon model without crossing, which may 
be written 


Im h(W Lael 
W '—W q? 


MW) 4 f — 
9W=68 «: 


and whose solution is given by 
h(W)=e*** sind33/q. 


To obtain the solution of (21a), e.g., 
as follows: 
Let 


we may proceed 


Mi(u™) — (W—6.8)h(W) 


ae 1 
gk (W—6.4)¢ 


where C; is a real constant to be determined. Then 


Mi.(u) —0.AC; Re h(6.4) 
lim (W—6.4) Re — = 
w-64 


gk (6. 4) 
= fu () Pi’), 


which gives C,. We may proceed in a similar way for the 

16 G. Chew, M. L. Goldberger, F. Low, and Y. Nambu, Phys. 
Rev. 106, 1337 (1957) and wid. 106, 1345 (1957), quoted as 
CGLN. 
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magnetic dipole approximation of FNW becomes even 
better at high values of \?. 

As a first approximation we will neglect the multipole 
projection of the tri-pion. The reasons are that we are 
uncertain that such a particle actually exists, and that 
we do not know its mass. The present treatment may 
of course be easily extended to include the tri-pion, if 
this turns out to be necessary. 

We may now write the integral equations for the 
multipole amplitudes. If we evaluate the kernel of the 
integral at resonance, i.e., if in the kernel we set W’=W, 
we obtain 


Ww’) dW’ 





—-+-crossed term, 


WW gk’ 


Im M,,(F,; W’) dW’ 





+crossed term, 


W'—-Wea’'k' 


Im £,,(F;; W v’) dW’ 


———+ crossed term. 


WW d'k’ 





other two equations. The results are: 
Mis(u me (W-6. 8)h(W) 
gk ' (W—6.4)¢ 
Mu(F.) __ (W—6.8)h(W) 
qk wee roe. 3)q? 
Ei,(F x) 
a ite * (W-7.8)¢ 


WW —6.8)h(W) 


where 
Ci= —fu” (A*) Pi (A?)¢? (6.4) /0.4 Re (6.4), 
C2= 2efF ,(A*) P2(A*)g?(7.3)/Re h(7.3), 
C3= ef F,(A2)P3(A*)q2(7.5)/0.7 Re h(7.5). 


There is of course the possibility of adding to (22) 
arbitrary solutions of the homogeneous integral equa- 
tions.'* It seems reasonable to require, however, that 
the (unique) solutions to the problem be the same as 
the one obtained by iteration when the z-nucleon 
coupling constant is small. Such a requirement has led 
to satisfactory effective range formulas for w-nucleon 
scattering and to a correct behavior of the photopro- 
duction amplitudes. In the r—z problem, the method 
would not seem to be as trustworthy. But this may be 
due to the fact that in this problem, the inhomogeneous 
term is merely an arbitrary subtraction constant which 
may not have a particular physical meaning. The 
residue of the z-nucleon pole on the other hand is the 
physical x-nucleon coupling constant responsible for 
the existence of the composite resonant state. Analyticity 


1®J thank Dr. M. Gourdin for reminding me of this possibility. 
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arguments with respect to this coupling constant are 
therefore likely to be valid. 

An estimate of the error involved by neglecting the 
crossed term can be made by reinserting (22) into (21) 
and assuming a sharp resonance at W=8.9; it turns out 
that the crossed term is of the order of 7% of the 
uncrossed term at W=9.5. Nearer to resonance, the 
error is even less. 

The total amplitude is now obtained by inserting (22) 
into (17) and (18). 

DISCUSSION 


We have obtained in this paper a theory of electro- 
and photo-pion production which avoids an expansion 
in powers of the inverse nucleon mass. The total am- 
plitude as given in (17), (18), and (22) may be obtained 
by a simple numerical integration. 

The results have shown that especially for photo- 
production, there is in addition to the magnetic dipole 
contribution, a small but non-negligible contribution 
from the electric quadupole term. Aside from this, the 
essential differences with the static theory arise from 
the kinematical factors a“ and 6“ in Eq. (18), from 
the factors P;(A?) in the multipole amplitudes, and from 
the fact that the magnetic dipole amplitude has a pole 
in W that is somewhat displaced from the nucleon mass. 

The inclusion of a r—7 interaction introduces directly 
the pion form factor in the meson current Born term. 
This circumstance is of particular significance because, 
as can be seen from the general form of the semiem- 
pirical formula for uw‘ (A?) [Eq. (16) ] and from the 
available experimental data on the nucleon form factors, 
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the resonant nucleon term becomes very small at 
values of \? of the order of 60y2. This in effect isolates 
the pion form factor and could allow for a rather direct 
determination of it. 

It is not yet clear what roles the bi-pion and tri-pion 
will play in correlating theory with experiment. The 
ratio of positive- to negative-pion production cross 
sections is particularly sensitive to the bi-pion term. A 
change of 1% in the bi-pion term induces a change in 
this ratio approximately equivalent to a 10% change 
in the nucleon term. On the other hand, if the bi-pion 
mass is of the order of (30)!u, it may not contribute to 
any appreciable extent in the resonance region of the 
electroproduction channel. In this respect, the correc- 
tion to the static theory of FNW, which includes using 
the complete relativistic isoscalar Born terms, may be 
more significant. 

The arbitrariness in the problem lies especially with 
the question of subtractions in the dispersion relations 
A preliminary calculation by Ferrari‘? for photopro- 
duction based on the work of CGLN indicates that 
only one subtraction in the amplitude A; may be neces- 
sary. Whether this subtraction constant is of such a 
size as to mask the effect of the bi-pion is still an open 
question. 
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APPENDIX I 
In the center-of-mass frame of the r—N state, the matrix may be written as 


o-qoa-kXa 
F=i0-ad\+ J 
gk gk 
where 
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The coefficients F; are related to the A; as follows: 
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17 E, Ferrari (private communication). 
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where 


2(W?— M?) +22 3(t—p?-+22) 
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Inverting these equations, one obtains 
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The multipole expansion of the §,’s may be obtained briefly as follows: we expand § into a complete set of 
states of the orbital angular momentum /. Among these states, some will refer to states of total angular momentum 
1+4 or ]—}4. Therefore, we introduce the projection operators 

_t+ite- 1, l—e-l, 





> we , 
2l+1 21+1 
where Il, =i-'qX V, is the angular momentum of the meson. A further classification of states pertains to the photon 
variables. Some states will transform as transverse pseudovectors [magnetic radiation, parity —(—1)'], others 
are transverse vectors [electric radiation, parity (—1)'], still others as longitudinal vectors [longitudinal radiation, 
parity (—1)']. Because of (1), there is no scalar radiation. Finally, normalizing the various projection operators 
and noting that the total matrix must be a pseudoscalar, one obtains 


=> [(Mia-L+Ey1,0-q a-kXh4+/Ly1,0-q a-k) Py 
i=0 


+M,a-).+Evi.se-q a-kxX<I1,4+/L, 140°q a: k (224 :)Pi(-k), 
P,(q-k) are the Legendre polynomials. (Id) 


Carrying out the operations implied in (Id) and comparing with (Ia) yields 
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The &,---%, expansions are the same as for photoproduction and have been given by CGLN. 
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The above formulas may be inverted by using the orthogonality properties of the Legendre polynomials. We 
will only need those amplitudes referring to states with total angular momentum /+4. 
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Now we express Im 4, in terms of the §,’s using (Ib) and (Ic). Then, using (Ie) and keeping only the J =3 state 
we obtain an expression for Im 4; in terms of Im M,,, Im £,, Im Li,. The result is 
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The coefficients a‘ and 6“ are given in Appendix ITI. In (Ig) these coefficients may be evaluated at resonance 
and then they are only functions of )’. 


APPENDIX II 


We list here the coefficients a“ which appear in Eq. (18). The 8“ may be read off directly as follows; they 
are simply the coefficient of (A?—y?) in the corresponding a‘ 
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APPENDIX III 
The crossed term of Eq. (21a) for the 3-3 amplitude is: 
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where P2(x)=}$(3x°—1), O;=(5,/F,) [Eq. (Ib)] and A,’=A ;*— (A ¢*)tri-pion, and are given in (17), (18). 
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Coupling Constant for Small Binding Energy in Dispersion Theory 
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The renormalized coupling constant associated with a bound state and its two composite particles is 
investigated as a function of binding energy using the V/D method of Chew and Mandelstam. 


INTRODUCTION 


T has often been suggested that some of the so-called 
elementary particles may be considered as bound 
states of a pair of elementary particles. In particular, 
it has been proposed recently that the renormalized 
coupling constant associated with the vertex of such a 
bound state and its composite particies should be 
related to the binding energy according to the zero 
effective range approximation.' As is well known, this 
is the case with the deuteron-neutron-proton vertex, 
where the coupling constant is the square of the 
asymptotic normalization of the deuteron wave function 
and is approximately determined by the deuteron 
binding energy and the nucleon mass. It has been 
proposed, for instance, that this relation should hold in 
a similar way for the 2-A-w vertex, where the 2 hyperon 
is considered as an S-wave bound state of the A hyperon 
and the pion.?? 

Although the effective range theory was first obtained 
in the framework of nonrelativistic quantum mechanics,* 
it was subsequently shown that it follows also from uni- 
tarity and the analytic properties of the relativistic scat- 
tering matrix near physical thresholds,’ and has been 
widely applied to the analysis of the interactions of ele- 
mentary particles. Using the V/D method of Chew and 
Mandelstam,° we investigate the relation between cou- 
pling constant and binding energy of the zero effective 
range approximation by considering a relativistic S-wave 
elastic scattering amplitude of two particles which have 
a weakly bound state, satisfying unitarity and dispersion 
relations. We assume that the pole in the scattering 
amplitude due to the bound state corresponds to a 
zero in the D function, and study the behavior of the 
residue of the pole as a function of the binding energy. 
In nonrelativistic theory the magnitude of this residue 
is proportional to the square of the asymptotic bound- 
state wave function normalization, while in relativistic 
theory it is proportional -to the square of the renormal- 
ized coupling constant of the vertex consisting of the 
bound state and the two scattering particles. We 

* Present address: Physics Department, Columbia University, 
New York. 

a D. Landau, J. Exptl. Theor. Phys. (U.S.S.R.) 12, 1294 
) . 

2 Y. Nambu and J. J. Sakurai, Phys. Rev. Letters 6, 377 (1961). 

8 J. Bernstein and R. Oehme, Phys. Rev. Letters 6, 639 (1961). 

*R. G. Sachs, Nuclear Theory (Addison Publishing Company, 
Inc., Reading, Massachusetts, 1953), p. 49. 

5G. F. Chew, Dispersion Relations, edited by G. R. Screaton 
(Interscience Publishers Inc., New York), 1961, p. 167. 


restrict ourselves first to scattering without inelastic 
thresholds, but later we take these into account. 


THEORY 


Let A(s) be the relativistic S-wave elastic scattering 
amplitude of two particles of mass M and uy, respec- 
tively, which have a bound state with binding energy 
B&KM-+u. Assume that A(s) satisfies dispersion 
relations and the elastic unitarity condition, 


Im4A (s)=A*(s)[q(s)/s! JA (s) 
for (1) 
5,;= (M+u)’Ss, 


where s is the square of the total center-of-mass energy 
and g(s)={[s— (M+un)? |[s— (M—u)*]/4s}? is the mo- 
mentum of each particle. Then, according to Chew and 
Mandelstam,® A (s) can be written in the form 


A(s)=N(s)D-(s), (2) 


where 
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The function [A(s)] is the discontinuity of A (s) 
across the cut denoted by I, which we assume lies 
entirely in the unphysical region. 

If [A(s)] were known, N(s) and D(s) could be 
determined by solving the nonsingular integral equation 
obtained by substituting Eq. (4) in Eq. (3) or vice 
versa.> We shall assume here only that a solution 
exists, and that D(s) has a zero at sg= (M+yu—B)?<s, 
giving rise to a pole in A (s) corresponding to the bound 
state. The residue I, of this pole is given by 


. IE i 
s1 5S'4(s’—sp)* 


1 1 dD(sz) 1 [ q(s’)N(s’)ds’ 


[', N (sz) dsp Ni(sp)r 
Since N(s) is analytic and g(s)~(s—s,)! near the 
threshold s;, the integral in Eq. (5) diverges as the 
binding energy B approaches zero. For BK(M+ n) 

we obtain 
m 


b 
) +-mr+O(B3), (6) 
2B 
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where m= My/(M-+uy) is the reduced mass and® 


af q(s’)LN (s1)— N (s’) Jas’ 
N (si)r 8] 

Equation (6) is the familiar expression for the pole 
residue in the effective range theory; one can verify by 
direct calculation that r, Eq. (7), is indeed the effective 


range 7, up to terms of order B}, with r, defined con- 
ventionally by 





s'h(s’—s)? 


49.= (d/dq*)[s3/A (s)+ig(s) ]s =s1. (8) 

In nonrelativistic theory, —I'g is proportional to the 
square of the asymptotic bound-state wave function 
normalization, while in relativistic theory it is propor- 
tional to the square of the renormalized coupling 
constant of the vertex consisting of the two scattering 
particles and the bound state. In either case 3 <0, and 
therefore we must have mr<(m/2B)! for a consistent 
interpretation of this pole as a awh state. We cannot 
evaluate the integral in Eq. (7) and hence determine r 
without specifying the discontinuity function [A (s) ] 
and obtaining V(s) on the physical cut by solving the 
coupled equations (3) and (4). However, it seems 
plausible on the basis of simple models that if [A (s) ] 
gives rise to only a single bound state, this integral is 
positive.’ In addition to this integral which depends 
on the dynamics, there are also kinematical contribu- 
tions to r given by the constants in Eq. (7),° which do 
not depend on the discontinuity function [A (s) ] and 
in general will be of a different order of magnitude than 
the integral. If the integral is small we have mr=1, while 
if it gives the main contribution to r, we have 1<mr. 
In either case, the approximation of neglecting the range 
requires that 2B<m. This condition is certainly fulfilled 
by the deuteron, but not, for instance, by the 2 hyperon, 
considered as a bound state of the A and the z, where 
2B=m. 

For completeness we also include here the effective- 
range expansion for the scattering length a, which can be 
readily obtained by evaluating the scattering amplitude 
A(s) at threshold, with one subtraction in the D 
function, Eq. (4), at the position of the bound state 


*A similar expression was obtained in the case of a non- 
relativistic scattering amplitude by J. D. Bjorken (private 
communication). 

7For instance, if [A(s)]=—IoS(s—so), where Ty>0O and 
$o0<s:, N(s) is monotonically decreasing on the physical cut 
s>5,, which is a sufficient condition for this integral to be positive. 
Replacing the left-hand cut by a pole with positive residue is 
equivalent to the Lee model, [T. D. Lee, Phys. Rev. 95, 1329 
(1954) ], where this pole is interpreted as a ghost state. 

* These constants are due to relativistic kinematics and are not 
present for a nonrelativistic scattering amplitude. 
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S=Sp. 
— (2mB)}+mrB+0O(B}). (9) 


We now drop the unphysical requirement of elastic 
unitarity, Eq. (7), at all energies, and assume for 
simplicity, that there are m two-particle channels with 
thresholds at s;= (M;+-y,;)?, i=1---n, where M; and yp 
are the masses of the two particles in the ith channel 
and 5;<5S9:++<s,. The channel i=1 with the lowest 
threshold corresponds to the channel under considera- 
tion. Let A (s) denote the nXn scattering matrix 


(Ai(s) A}0(s) 


Ain(5)) 
An ‘S) . 


| 
| 


A(s)= 
A nl i(s) 


Aauts)) 


where A,;(s) is the S-wave scattering amplitude of 
the particles in channel i into the particles in channel j, 
and satisfies dispersion relations. oo grig (1)—(4) are 
now valid as matrix equations® with V(s) and D(s) as 
nXn matrix functions, and g(s) as a diagonal matrix 
with elements q;(s)@(s—s,), where 


4s 


Bs — +,)? Iis— (Mt, # )? Z) 
qi(s)= 


is the momentum of the particles in channel i, and 
6(x) is the step function 

6(x)=1, 

=(), 


O0<x 
x<Q. 


The bound state now corresponds to a zero in the 
determinant of D(s) at The determinant 
is given by 


S=Sp<S}. 


detD(s)= ¥ 


il--++in 


(— \PD1.ix(s \D2,i2 o(S)° -+Dnin(s), (11) 


where the summation is carried over the m! permutations 
of the indices, with P=0 (1) for even (odd) permu- 
tations. Since each function D,,;(s) is analytic in the 
cut s plane and D,,;(s)—> 1 asymptotically, we have 


i Im detD(s’ il 
detD(s)=1+- (12) 
7 


8] byf=ah 


From Eqs. (4) and (11) we obtain for the imaginary 
part of detD(s): 
n qi(s) 
Im detD(s) = rs On a G;(s)0(s—s,), (13) 
=I 


5 


* J. D. Bjorken, Phys. Rev. Letters 4, 473 (1960) ; J. D. Bjorken 
and M. ee ae Phys. Rev. 121, 1250 (1961); R. Blanken 
becler, ibid. 122, 983 (1961). 
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where 


Gils) = ; > 


i1++-tn 


(—)?D 1,i1(s)D 2,i2(s)---D l—1,ij-1(S) 
XK N1ii(s)Dti+1,i41(s)--+Dtnin, (14) 
and 


D*;;(s)=Di;(stie), si<s. 


The residue of the pole in the elastic scattering 
amplitude A 1:(s) is obtained by evaluating 


uf d 
CE VulsDurt(s) det (y— 
l=1 Ss 


11 
XdetD(s) | : 


Substituting Eqs. (12)—(14), we obtain 


1 n 1 ” ai(s’)Gi(s")ds’ 
=> ——— 7 —— (16 


[Ty &! Gi(sp)x 8] s'i(s’—5s,)? 


The first term in this sum is of the same form as 
Eq. (5) where Gi(s) replaces V(s), and is also analytic 
at the elastic threshold s:= (M-+-y)?, as can be readily 
verified from Eq. (14). The remaining terms approach 
a constant as Sg — S1. Therefore, Eq. (6) remains valid, 
but now the effective range r has a contribution from 


the inelastic thresholds given by 
2(M,+n1)' n 1 [ qu(s’)Gi(s’)ds’ = 
My, 2 Gyi(si)rJa  s'¥(s’—sp)? 


————., (17) 
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in addition to the contributions of the unphysical 
singularities given in Eq. (7), with N(s) replaced by 
G(s). The same is true in the expression for the scatter- 
ing length Eq. (9). 

If the inelastic thresholds s;= (M;+-u,)* are very far 
above the elastic threshold, we can expect the contri- 
bution of Eq. (17) to the effective range to be small, 
and since Gi(s)=Nii(s) for sso, Eq. (7) should 
remain approximately valid. However, if this is not the 
case as, for instance, in w-A scattering, where the 2-2 
and K-N inelastic thresholds are located at a distance 
comparable to that of the nearest unphysical singularity, 
the contribution to the effective range of the inelastic 
threshold, Eq. (17), may not be neglected. 


CONCLUSION 


The main conclusion that we can derive from these 
considerations is that the effective range in a relativistic 
S-wave scattering amplitude of two particles of mass 
M and uy, respectively, which have a weakly bound 
state, i.e., the binding energy B<M-+y, is at least of 
order 1/m where m= Myu/(M-+ nu) is the reduced mass. 
Therefore, according to Eqs. (6) and (9), the effective 
range cannot be neglected in estimating the pole 
residue or renormalized coupling constant and the 
scattering length, unless 2B<wm, a condition which is not 
fulfilled by any of the elementary particle vertices. 
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The Mandelstam representation is applied to the invariant amplitudes for photoproduction. By treating 
gauge invariance as a subsidiary condition, it is shown that the fixed-momentum-transfer dispersion relations 
of Chew, Goldberger, Low, and Nambu (CGLN) are probably valid without subtractions for the (—) 
amplitudes while a three-pion resonance would perhaps require a subtraction in the (+) amplitudes. The 
two-pion resonance will certainly require a subtraction for the (0) amplitudes, but to a good approximation 
the contribution of the two-pion intermediate state is found to produce a simple additive correction to the 
CGLN (0) formula. The strength of this new term is determined by a parameter A, which has been introduced 
elsewhere in treating the photon, three-pion problem. Otherwise, the form of the new term can be expressed 
in terms of nucleon electromagnetic form factors. Finally, the photoproduction amplitudes are calculated 
in the threshold region, and an estimate of the size of A is made. 


I. INTRODUCTION 


ECENTLY Chew and Mandelstam have proposed 

a method for calculating the behavior of systems 
of strongly interacting particles and have applied it to 
the problem of pion-pion scattering.! This method is 
based on Mandelstam’s generalization of dispersion 
relations,? which provides a means of extending scat- 
tering amplitudes into the complex plane for both the 
energy- and momentum-transfer variables. The new 
method has already been applied to the process y+ <> 
rt+arinrtareo N+N, ‘and VN+NON+N;,' in addition 
to w-m scattering. Our purpose here is to extend the 
new approach to pion photoproduction from nucleons 
and in particular to investigate the effect of the pion- 
pion interaction on photoproduction. 

In the case of photoproduction, the invariant ampli- 
tudes satisfying the Mandelstam representation will be 
the scattering amplitudes for the three processes shown 
in Fig. 1(a)-(c) when the variables are in the appro- 
priate physical region for each process. The Mandelstam 
singularities appear in the energy variables for each of 
these processes, Nt+y«o N+r, y+re> N+N, and 
y+N<+x4+N. Their location is determined by the 
masses of intermediate states that have the same 
quantum numbers as the initial and final states for the 
reaction in question. 

In the following section, the invariant amplitudes 
are defined in terms of invariant spin and isotopic-spin 
matrices. The angular-momentum decomposition of the 
invariant amplitudes in terms of multipoles is given for 


* This work was done in part under the auspices of the U. S. 
Atomic Energy Commission while the author was at the Lawrence 
Radiation Laboratory, Berkeley, California. 

1G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 

2S. Mandelstam, Phys. Rev. 112, 1344 (1958); 115, 1741 
(1959) ; 115, 1752 (1959). 

7H. S. Wong, Phys. Rev. Letters 5, 70 (1960) and private 
communication; M. Gourdin and A. Martin, Nuovo cimento 16, 
78 (1960). 

4W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1603 (1960). 

5D. Y. Wong, Phys. Rev. Letters 2, 406 (1959); H. P. Noyes 


and D. Y. Wong, ibid. 3, 191 (1959); and M. L. Goldberger, M. ' 


Grisaru, S. W. MacDowell, and D. Y. Wong, Phys. Rev. 120, 
2250 (1960). 


photoproduction in Sec. III, expressing the connection 
between the invariant amplitudes and the eigenampli- 
tudes for this channel. Section IV deals with the 
angular-mementum decomposition for y+ <> N+N. 

In Sec. V, the invariant amplitudes are expressed in 
the Mandelstam form. A general procedure to obtain 
a complete solution of the photoproduction problem is 
discussed in Secs. VI and VII. Finally Secs. VIII and 
IX deal with a low-energy approximation for the 
photoproduction amplitudes, based on the assumption 
that pion-pion and pion-nucleon interactions are both 
dominated by P-wave resonances. 


Il. THE INVARIANT AMPLITUDE 


Let P; and P: denote the initial and final nucleon 
four-vector momenta and ( and K represent those of 
the pion and the photon, respectively. Since we will 
consider all three processes in Fig. 1, it is convenient 
to define the variables: 


s=—(P,4+K)}*, t=—(Q-—K)*, §=—(P2—K)*, (2.1) 


which are the squares of the total energy in the bary- 

centric system for the three processes in Fig. 1. The 

amplitudes satisfying the Mandelstam representation 

will have singularities in s, ¢, and 8, corresponding to 

the possible intermediate states for each channel. 
Conservation of energy-momentum, 


Pi+K=P;+0, 


Fic. 1. The three channels of the pion, photon, 
two-nucleon problem. 
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and the mass-shell restrictions, P= P.2=—M?, (0? 
= —1,°* and K?=0, lead to 


sti+s=2M?4+1. (2.3) 


The most general form of the photomeson transition 
matrix element has been shown by Chew, Goldberger, 
Low, and Nambu® (hereafter CGLN) to be 


4 
T=D[A stget+A mge-+A ge Mi, 


i=l 


(2.4) 


where the A’s are scalar functions of s, §, and ¢. The 
four gauge-invariant spin matrices introduced by 
CGLN are 


(2.5a) 
(2.5b) 
(2.5c) 
(2.5d) 


M ,=iysy-ey:K, 
M2=2iy;s(P:-Q-K—P-KQ-.), 
M;=7(y'0:-K—y-KQ-e), 

M 4= 2y5(y-eP:K—y-KP-«—iMy-ey-K), 


where ¢ is the photon polarization and P=}$(P,+ P2). 
The isotopic-spin matrices have the following form: 


(2.6a) 
(2.6b) 
(2.6c) 


gat =de3, 
gs =3L72,73], 
ga°= TB, 


8 being the isotopic-spin index of the pion. 

The crossing relations obtained by CGLN give the 
symmetry of the A’s under exchange of s and §. The 
symmetric functions are A,%, A+, A;-, and 
At, while Ai, As, As, and A, are anti- 
symmetric. 


Ill. KINEMATICS FOR THE PHOTOPRODUCTION 
CHANNEL 


For the photoproduction channel we have 
s= (E,+k)?= (E2+o)’, 
t= 1—2wk+2gk cos, 


(3.1a) 


(3.1b) 
and 


s= M*?—2E.k—2gk cosé. (3.1c) 


With reference to the barycentric system, g and k are 
the magnitudes of the meson and photon momenta, 
E,= (#?+M?)! and E,=(¢+M?)! are the initial and 
final nucleon energies, w= (q?+1)! is the meson energy, 
and cos#= (Q- K)/gk defines the production angle. 

The differential cross section for meson production 
in the barycentric system was written by CGLN in 
the form 

da/dQ= (q/k)| xsFx;|2, (3.2) 
58 The units employed throughout are h=c=pion mass=1 and 
the metric used is g;=1 for i=1, 2, or 3 and go= —1. 


*G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1345 (1957). 
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where 
q= {Cs—(M+1)*][s— (M—1)*]/4s}4, 
k= (s—M?)/2/s, 


and x,y, x; are the final, initial Pauli spinor for the 
nucleon. The amplitude § is given by 


F=io-e5:+ (o-Qe- KX e/gk) Fe 
+i(o-KQ-e/gk)F3+i(o-QQ-e/g)Fs, (3.3) 
where the $’s are functions of A;, Ao, Az, and Ay. 
Still following CGLN we define F,, F2, F3, and Fy, as 
follows: 
2wW Fy 


"W—M [(E:+M)(E:+M)} 


t—1 
= A,+(W—M)A,-——_(A; 
2(W—M) 


3— Ay), 


2W E.+M ; Fo 
F.=4e —(——) = 
W—-M\E,4+M/ 4g 


t—1 
a Art (W+M) A ————(4.- Add), 
2(W+M) 
2W F 
—te—— — _—_____— 
W-M [(E2+M)(Ei+M)}¥q 
= (W—M)A2+(A3—A,), 


2W /E.4+M\! S,4 
Pinte — (=) 
W-M\E\+M/ ¢ 
= —(W+M)A2+(A3—Ay). (3.7) 
It is well known that, for photoproduction, the 
unitarity condition requires the phase of an amplitude 
leading to an outgoing pion-nucleon state of definite 
angular-momentum, isotopic spin, and parity to be 
the same as the phase of the pion-nucleon scattering 
amplitude leading to the same final state.” To use the 
unitarity condition we must decompose the §’s into 
definite parity eigenamplitudes. This angular-momen- 
tum decomposition has been carried out by CGLN; 
they obtain 
Fi:= > [IMi,.+ Ex |Pu1' (x) 
l=0 


+((+1)Mi+E,]Pi1'(2), 
F.=L[(+1)MytlM_]Py' (x), 
l=1 


(3.8) 
(3.9) 


53= CL En — My JP” (x) 
l=] 
+[E_+Mi_]Pi1"(x), (3.10) 


F,.= YL CMu —_ Eu- M,—- E._|P7'"(x), (3.1 1) 
where x=cos@. The energy-dependent amplitudes M), 
and Fi, refer to transitions initiated by magnetic and 


7K. M. Watson, Phys. Rev. 95, 228 (1954). 
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electric radiation, respectively, leading to final states 
of orbital angular momentum / and total angular 
momentum /+3. 

These expressions can be inverted, yielding 


1 pl 
My= aes | ds] $Pu(2)— FePreals 
2(1+1) J-1 
Py_1(x)— Pus(x) 
-$-——— =| (3.12) 
2/+1 
for />0, 


P, i(x)— Pu (x) 

—— ad (3.14) 
2/+1 

for />0, and 


1 


=— asl 5sP. r)— FP, 14x) 
>) 
“!. 1 


Py_i(x)— Pui) 


—F (1+1) - 
21+1 


21-1 


Py_2(x)— Pi(x) 
- | (3.15) 


for />1. 
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Superscripts (+,—,0) may be added to each 
quantity in Eqs. (3.2) to (3.15) to designate its isotopic 
spin dependence. 


IV. ANGULAR-MOMENTUM DECOMPOSITION OF 
THE SCATTERING AMPLITUDE FOR 
THE PROCESS ~+2—N+N 


In a discussion of the kinematics of the process 
y+x—N+WN depicted in Fig. 1(b), it is useful to 
introduce the four vectors P,’ and Q’ representing the 
energy-momentum of the antinucleon and pion. We 
can write 

P,'=—P,, (4.1a) 
and 
(4.1b) 


Then Eq. (2.2) becomes 


O'+K = P.+Py. (4.2) 
Again, expressing s, ¢, and § in terms of P;’ and Q’, 
we have 


s= — (K—P,')?= M?—2Ek’—2pk’ cos’, (4.3a) 


iis ons (O’+ K)*= (2E)?, (4.3b) 
and 


$= — (P,—K)*=M?—2Ek’+2pk' cos6’, (4.3c) 


where p and k’ are the magnitudes of the nucleon and 
photon momenta, £ is the nucleon energy, and cos@’ 
= P,-K/pk’, all in the barycentric system. We can 
write p and k’ as 

k’= (t—1)/2+ft, 


p=4(t—4M?)!. 
The S matrix for r+y — N+N is 


(4.4a) 
(4.4b) 


i (P+ P;'—K—’)a(P2)T(— Py’, P2, —Q’, K)v(Py’) 
“— - 





(Qe)? 


where E;, E2, w, and k’ are the energies of the four 
particles in whatever reference system is employed. 

The differential cross section for y+*— N+N in 
the barycentric system is 


(da/dQ) = (p/k’)|xnGyn|?, (4.6) 
where 
G= (po: #/p)Git (io: poX e/p)Ge 

+ (ie: pope: KX e/p*k’)G3+ (ie- KX e/k’)G,, (4.7) 
and xy, yy are the nucleon and antinucleon Pauli 
spinors. The G’s are the following functions of Ai, A», 
A3, and Ag: 


G= (k'p/16rE)[A1+#A2], 

G2= — (k’p/4m) Az, 
G3:=((M—E)k’/8rE](Ait (Ag), 
Gy= (k’/16rE)[2M A1—1Ag]. 


(4.8) 

(4.9) 
(4.10) 
(4.11) 


(4E; Exk’)) 


a (4.5) 


The angular-momentum decomposition of the G’s 
is now obtained by using the helicity amplitudes 
treated by Jacob and Wick.*® The resulting expansion is 
Gi=—LsJ+3)8r Ps’ (x), (4.12) 
G2= —3¥ clas (JP 34” (x) + (J+ 1)Py1"(x’)] 


+(2I3+1)as+Py"(x)}, (4.13) 


Gs= +3 LD sfast LJ Pay” (x’)+ (J4+1) Py" (x’)] 
—(2F+1)as-Py""(x’)— (2I-+1)8 + P,y'(x’)}, (4.14) 


Ga= — 4D ast LJ Par” (x’)+ (J+ Pr" (x’)] 


—(2J+1)as-P s(x’), (4.15) 


* M. Jacob and G. C. Wick, Ann. phys. 7, 404 (1959). 
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where 
T3(+, —, 1)4Ts(-, +, 1) 


—T(T+1) (2pk')! 
TH+, +, 1)4T(-, —;1) 
Cy (J +1) }(2pe")! 


, (4.16a) 


By‘ = , (4.16b) 


and 7;(+,-+,1) are the T7-matrix elements for 
transitions initiated by a photon of helicity +1 pro- 
ducing a nucleon of helicity +3 and an antinucleon of 
helicity +3 with total angular momentum J. The first 
argument refers to nucleon and the second to the 
antinucleon. The photon phase has been adjusted to 
make the A,’s real when the 7y’s are real. 

The energy-dependent amplitudes ay*+ and 8,* 
represent transitions initiated by magnetic radiation 
leading to triplet nucleon-antinucleon final states of 
parity (—1)/ and total angular momentum J. Electric 
transitions leading to a triplet final state of parity 
(—1)’* are represented by a,~, while 8y~ represents 
an electric transition to a singlet final state of angular 
momentum J. 

Again one may add superscripts to each term of Eqs. 
(4.7) to (4.16) to denote the term’s isotopic spin charac- 
ter. Some physical meaning of g°, and g*, and g~ for this 
channel is obtained by noticing that the isotopic-spin 
projection operators for the process r+2°— N+N 
given by Frazer and Fulco,‘ 


Po(8,3) =63//6, 
P,(8,3)=4L 7,73] (4.18) 


are just proportional to gt and g~ while g® leads only 
to the 7=1 amplitude. 


(4.17) 
and 


V. THE MANDELSTAM REPRESENTATION 


According to Mandelstam’s postulate, each element 
of the transition matrix is an analytic function of the 
momenta except for the dynarnical singularities corre- 
sponding to the three physical processes which this 
matrix represents. By taking appropriate traces over 
the nucleon and photon spin indices, scalars can be 
constructed which are analytic functions of the mo- 
menta, and thus by the Hall-Wightman theorem? are 
analytic functions of the scalar products of the mo- 
menta. These scalars are then assumed to satisfy the 
Mandelstam representation. 

The analytic scalars will be linear combinations of 
the scalar amplitudes defined in terms of the spin 
matrices. If the transformation between these two sets 
of amplitudes introduces no kinematic singularities, 
both sets will satisfy the Mandelstam representation. 
Since the Dirac equation has been used to reduce the 
number of independent amplitudes we must remove 
that portion of the general 7 matrix which vanishes 


®D. Hall and A. S. Wightman, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 31, No. 5 (1957). 
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between nucleon spinors. This is easily done by use of 
projection operators. The fact that gauge invariance 
has also been used in constructing the A,’s is more 
serious as the nongauge invariant terms in the general 
T matrix cannot be removed by projection in the case 
of physical photons. To avoid this difficulty and also 
to see the effect of the gauge condition on the analytic- 
ity, gauge invariance will be considered as a subsidiary 
condition to be imposed after the analyticity properties 
of the non-gauge invariant amplitudes have been 
investigated. In this case the most general form of T is 


8 
T=>. B,(s,t,8)N,(P1,P2,K,¢7), (5.1) 
i=l 


where the N,’s are all of the independent Lorentz- 
invariant matrices that can be formed containing y and 
e, and the B,’s are scalar functions of s, ¢, and §. A 
suitable set of N’s is 

Ns= wy" € 

Ne=yov KP -e, 
N3=2iy;0-e, Ni= sy 'KK-e, 
N4=217;K -e, Ns=‘sv:KQ-e, 


Ni=1ys7y- ey: K, 


Nyx te? 
ss (5.2) 


by which we will define our B’s. Gauge invariance 
requires that the B’s satisfy the following equations: 
(s—8)Bo=2(t—1)Bs, (5.3) 
If these conditions are imposed on T, then the A’s 
and B’s have the following connection: 
A,=B,—MB,, A3 — Bs, 
Ao= 2B./(t—1), As= —i Bg. 


> 


(5.4) 


In the Appendix it is shown that B’s contain no 
kinematical singularities due to the choice of invariant 
spin matrices, and therefore will satisfy the spectral 
representation proposed by Mandelstam. 

We may now express the B’s as 


p(t’) 1 pa'(3’) 
1t'—— +- | ds'— 


s—§ 


wT J (M+1)? 
byo*(s’,t’) 


s/—s)('—2) 
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The one-dimensional! spectral functions in Eq. (5.5) 
represent reducible Feynman diagrams which have the 
same form as the diagrams that produce the poles. 
Thus on the basis of perturbation theory, an amplitude 
that has a pole in a particular variable will in general 
also have a one-dimensioni spectral function in that 
variable. The possibility of an over-all subtraction 
constant (independent of s, ¢, and 8) or of polynomials 
multiplying the one-dimensional terms is removed by 
the unitary requirements on the asymptotic behavior 
of the eigenamplitudes in each channel. 

Since A,, A3, and A, contain no kinematic factors in 
their relation to the B’s, they have the same represen- 
tation as the B’s [Eq. (5.5) ]; furthermore, since they 
have no pole in the ¢ variable, they will have no one- 
dimensional spectral function in that variable. 

The gauge condition, Eq. (5.3), is now applied to B, 
and B;. We see that if B; is to remain finite as s ap- 
proaches infinity then R,® and p? must be zero. If 
Eq. (5.3) is evaluated at t= 1, we obtain 

(s—M?)B2(s,1)=R,., (5.6) 


where R, is a known constant. We can take advantage 
of this relation by making a subtraction at ‘=1, 
obtaining a spectral representation for 


B,/(t—1)= —}A; 


The resulting form for A: is 


rr 1 1 
“Moles 
t—1\s—M? s8—M?’ 


a ro) 


A 19°) + — (s’,t’) 


1 
+— as [ df —_—___—_— 
mw J ost? 4 (s’—s)(’—4) 
304+ am 0) (s’,3’) 
+f oe 1 ir (s’—s)(8’—8) 
Sleuth 
M+1)? 4 





Ao3°) + — 9 (5’ #) 


—a)('—1) 
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2. The boundary curve for a;2+-, The dashed lines are 
the asymptotes of the curve. 
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It should be noted that this subtraction procedure has 
removed all one-dimensional spectral terms. 
The crossing condition now requires 


y2(+. (5! t!) = +a 93((+. (5! ¢’) (5.8) 
and 
3°). (5? 8’) = a3. (8’,5’) 


(5.9) 


for i=1, 2, 3, 4. The upper sign in Eqs. (5.7) through 
(5.9) is to be used with the even A’s, while the lower 
goes with the odd functions. 
The double spectral functions a).“, a3, and des 
are real and nonzero within the regions discussed below. 
The I,’s, the residues of the poles in the A,’s, have 
been given by CGLN: 


T+ = e,¢,/2, 
T,Y=7T,2= —4g,(up,’—pnr), 


Tr; _ Tr, a 40,(upr +unr), 


(5.10a) 
(5.10b) 
(5.10c) 


where pp,’ and yn, are the rationalized anomalous static 
nucleon moments and e, and g, are the rationalized and 
renormalized electronic charge and pion-nucleon cou- 
pling constant, respectively. These have the following 
values: 


e2/4=1/137, g,2/4r~14. 


Mandelstam has given a general method for deter- 
mining the regions in which the spectral functions @., 
@33, and d23 are nonzero.2 These boundaries result from 
considering the lowest mass intermediate states possible 
in any pair of the variables s, ¢, and §. 

Examining first the ¢ spectrum, we must consider the 
processes y+ — nm. Conservation of G parity requires 
n to be odd for the isotopic-scalar part. Thus the (+, —) 
spectra will have intermediate states containing odd 
numbers of pions, starting with the three-pion state, 
while the 0 spectrum will contain only intermediate 
states with even numbers of pions, starting with the 
two pion state. The s and § spectra both start with the 
pion and nucleon intermediate state ; with no differences 
for the various isotopic combinations. 

Following Mandelstam’s method, we find that the 
region in which the functions a,.‘°*— are nonzero is 
bounded by the following curve (see Fig. 2), 

[s— (M+1)*[s— (M—1)"(t—9) 
—8(3s—M?+1)=0. (5.11) 

The spectral functions a;,“°° are bounded by the two 
curves (see Fig. 3), 
[s—(M+2)?][s— (M —2)?}t(t—4) 

— 2t(9s+31M?—28)—(4M?—1)=0, (5.12a) 
and 
[s—(M+1)*][s— (M—1)*]t(t—16) 


—81(9s+M?—1)—16(M?—1)=0. (5.12b) 


and 423° can be 


The curves bounding a2; 
obtained from Eqs. (5.11), (5.12a), and (5.12b) by 
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Fic. 3. The boundary curve for a,2“. The dashed lines are the 
asymptotes of the curve. 


changing s to §. The spectral functions a,3°° 
bounded by the curve (see Fig. 4) 
[s—(M+1)* ]L[s— (M—1)* ][s— (M+1)?] 
X[s— (M—1)*]— (4M?—1)[2s8 
—2(M?—1)(s+8)+2M‘—1]=0. 


(5.13) 


VI. ONE-DIMENSIONAL DISPERSION RELATIONS 


It is now possible to obtain one-dimensional disper- 
sion relations with either s, /, or § held fixed. We define 
the following functions: 


Q13' ¥ (s,3’) 


1 ak 
Im)A ;(s,t) =pi(s)+— | ds’ - _— - 
§’+it+s—2M?-1 


Ww J (M+1)? 


re a3. (s,t’) 
fe 


(6.1a) 
t'—t 


x 


1 
Imy1A ;(s,t) =— [ ds’ 
Ww J (M+1)? 


1 D 
a 
wJimyy? 8’ +s+t—2M?—1 


ay (s’,8) 
, 


1 
ImynA ;(s,8) = +p;(8)+ | ds 


, 
Ww J (M+1)2 7 "2 


1 0 
+= a 
Wwl4 


It can be seen from Eqs. (5.5) and (5.7) that Im; A; 
is the imaginary part of A; when the variables are in 
the physical region for process I, y+N—2+N, and 
represents the analytic continuation of Im A; outside 
of this region. Functions Imy A; and Imyy A; have 
the same meaning for process II, y+2— N+N, and 
process III, y+N — +N, respectively. 

The dispersion relations with one variable held fixed 


23°" (8,0’) 


. (6.1c) 
t’+s+s—2M?-1 
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are now obtained from Eqs. (5.5), (5.7), and (6.1): 
Fixed s: 


1 
A,(s,t,8) = Poles+— 


r© ImyA,(s,t’) 
-| dt’ 


'—t 


Imyr1A ;(s,8’) 
ds’ : —, (6.2) 
: s/—3 
Fixed /: 


ak 


1 
A,(s,t,3) = Poles+-— | ds’ 
(M+1)? 


W 


XImrA (6's) 
S 
Fixed §: 

i p:i(8’) 
A,(s,t,8)= Poles+- ds’ - 


® . 44)2 3 —Ss 


Im,1A ;(8,?’) 
, 


Imq114 ;(8,s’) 
’ 


(6.4) 


sas 
The crossing symmetry has been employed to produce 
Eqs. (6.3) and (6.4). These are, of course, simply 
different ways to representing the same functions. 

In previous work on pion-nucleon scattering and on 
photoproduction, only the fixed momentum-transfer 
dispersion relation, Eq. (6.3), has been employed. It is 
noteworthy that, according to the above considerations, 
this is the only one of the three for which a subtraction 
is not required by elementary perturbation-theory 
arguments. In practice, however, a strongly interacting 
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lic. 4. The boundary curve for a:;. The boundary lines are 
the asymptotes of the curve. 





2020 


Fic. 5. A typical dia- 

gram representing a two- 

* pion state_ connecting 
y+ to NN. 


intermediate state connecting (yr) to NN may necessi- 
tate a subtraction. To illustrate this point, we consider 
for example a resonant 27 intermediate state. This can 
be represented schematically by the diagram in Fig. 5. 
As the -m interaction becomes stronger, the lifetime 
of the 2x state becomes longer, and more pion pairs are 
exchanged between the resonating pions. This can be 
represented in Fig. 5 by adding more pairs to ladder of 
pions representing the intermediate state. If we now 
look at the singularities produced in s by this diagram, 
we see that as more pairs are added, the contribution 
of this diagram comes from higher values of s’. Finally 
as the interaction becomes strong enough to produce a 
bound state, the contribution to the s spectrum moves 
to infinity, requiring a subtraction. Another way to 
understand this effect is to recall that if there were a 
2x bound state, we should certainly have to add a new 
pole in ¢ together with the associated p;. Thus if one 
wants to treat only the lower intermediate states in 
the s spectrum, approximating Im, A; in Eq. (6.3) by 
the first few terms of a polynomial expansion, a reso- 
nance in an intermediate state of the ¢ spectrum may 
necessitate a subtraction. The approximation of re- 
placing Im; A; in Eq. (6.3) by its polynomial expansion 
in the physical region, will be discussed in a later 
section. 

The fixed-s dispersion relation, Eq. (6.2), is useful for 
the photoproduction channel in that the cosé depend- 
ence of A; is given explicitly. This allows the use of 
projection operators to obtain an integral representation 
for the eigenamplitudes. 


VII. THE APPROACH THROUGH 
EIGENAMPLITUDES 


Before we use the basic machinery developed in the 
preceding sections, it is useful to examine the type of 
information provided by the unitarity conditions for 
photoproduc tion and y+7— N+N. For photoproduc- 
tion below the threshold for production of two pions, 
unitarity gives the phase of each eigenamplitude in 
terms of the corresponding pion-nucleon phase. Of 
course, the pion-nucleon phase must be supplied as 
starting information. 

The unitarity condition for a particular angular- 
momentum state of the process y+ — N+N is 

2Im(NN | ry)s=X..(NN|n)a(n|ry)s, (7.1) 
where the sum » runs over all physical intermediate 
states having the same quantum numbers as the NN 
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and wy states. Mandelstam has shown that Eq. (7.1) 
is valid in the nonphysical region 4M?>/>4." We see 
that only for ‘>4M? does the right of Eq. (7.1) contain 
(NN |ry). Thus, for 4M?>t>4 the imaginary part of 
the A,’s will be a function that must be supplied by 
solutions of other scattering problems. At present, the 
only information available is for y+a—>2+m and 
a+ax— N+N, therefore we are restricted to treating 
only the 2m intermediate state. It should be noted, 
however, that in the treatment of y+r—2+7 by 
Wong, it has been necessary to introduce a new coupling 
constant, which if large enough would make the 27 
intermediate state an important singularity.® A further 
enhancement of this state would arise from the pion- 
pion p-wave resonance proposed by Chew and Mandel- 
stam. 

In order to make use of all the information obtained 
from the unitarity conditions, it is convenient to 
develop dispersions relations for the individual eigen- 
amplitudes. The first step toward this end is to insert 
Eqs. (3.4) to (3.7) into Eqs. (3.12) to (3.15), obtaining 
projection operators to be applied to the A,’s. These 
projection operators are then applied to the fixed-s 
representation of the 4A,’s, Eq. (6.2), yielding an 
integral representation for each eigenamplitude. By 
examining these expressions we can obtain the ana- 
lyticity properties of the eigenamplitudes. 

In general, the eigenamplitudes will have the singu- 
larities present in the A,’s plus kinematical singularities 
arising from the relation between the S’s and the A,’s, 
and from expressing § and ¢ as functions of s and cos@. 
It is possible, however, to construct a function from 
each eigenamplitude that is free from kinematic 
singularities in the y/s or W plane. 

A simple reflection property in W for the eigen- 
amplitudes can be obtained by noting that 5,(—W) 
=—§.(W) and 5;(—W)=35,4(W), and using these 
relations in Eqs. (3.12) to (3.15). The resulting relation 
for the eigenamplitudes is 


1 
M1,(—W)=—[(4-2)Mayy_(W) 
1+1 


+Evwsy-(W)], 


2a) 
and 


1 
Ey (—W)=—{M apy-—lEaay—-(W)]. (7.2b) 
+1 


If Eqs. (7.2a) and (7.2b) are used together with the 
analyticity properties of the eigenamplitudes, the 
following dispersion relation results: 

p—(M Im F,'(W’) 
dW’ - 
“ W’—-W 


eg Im F,'(W’) 
+ 2 | dw’ . 
7 J (M+1) W’'—W 


10S. Mandelstam, Phys. Rev. Letters 4, 84 (1960). 


FSW) =Gi(W)+— | 
T 


(7.3) 
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where the eigenamplitudes F/(W) and F?(W) differ 
from M;, and E:,, respectively, by factors that remove 
the kinematical singularities. The function G,'(W) 
contains all the singularities arising from the ¢ and & 
spectra and may be obtained from Eq. (6.2) if Imy A; 
and Imy1 A; are replaced by their appropriate poly- 
nomial expansions in the physical regions for channels 
II and III, respectively. When the projection operation 
is applied to Eq. (6.2) after the above replacement has 
been made, G,'(W) will now result. 

It is now possible to write a solution to Eq. (7.3) 
imposing the unitarity requirement on F;' in the 
physical region for photoproduction. The reflection 
law in the W plane for the pion-nucleon eigenampli- 
tudes has been given by MacDowell to be" f71,(W) 
= fiyn—-(—W), where fiz=sind:4 exp(i6i,)/g. Thus it 
is seen that the function fi,(W) that has the same 
phase as F,(W) for W>0 will also have the correct 
phase for W<0. We will now assume that the pion- 
nucleon problem has been solved by use of the V/D 
technique employed by Chew and Mandelstam in the 
pion-pion problem. 

The function NV; will be a real analytic function of W 
for W>M+1 and W<—(M-+1), while D, will have 
two branch cuts running from (M+1) to and from 
—(M-+1) to —© and will be analytic elsewhere. The 
function N,/D, will be the eigenamplitude for pion- 
nucleon scattering that is free of kinematical singu- 
larities. The relation of N;/D; to the pion-nucleon 
phase shifts will be 


N,/D,=Ri(W) sind;; exp (762;) for 
= Ri(W) siné y1)— exp (74 (24-1)-) 
for W<—(M-+1). 


W>M+1 


(7.4) 
where R,(W) is the factor needed to remove the kine- 
matical singularities. The phase requirements on F; 
will now be satisfied by a solution to Eq. (7.3) of the 
type employed by Chew and Low”: 


Fyi(W)=Gi'(W) 


1 fi On G(W)N,(W’) 

+] - f dw’ seth 

D(W)L x J_. (W'—W)R(W’) 
2 GK(W)N AW’) 


1 
-+- dv 


w J M+i1 


<% 75) 
(W’—W)RAW’) | 


This approach to the photoproduction problem is 
based on the assumption, discussed by Chew, that 
nearby singularities in the complex plane dominate the 
behavior of amplitudes in the low-energy region.'® The 
solution given by Eq.°(7.5) includes the lowest singu- 
larities and must be considered the first step in a series 
of approximations that will include successively higher 
singularities. 

11S. W. MacDowell, Phys. Rev. 116, 774 (1959). 

12 G, F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 

13 G. F. Chew, Ann. Rev. Nuclear Sci. 9, 29 (1959). 
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The main obstacle preventing the use of Eq. (7.5) at 
present is the lack of information about the pion- 
nucleon problem. The only pion-nucleon eigenamplitude 
that has been studied by the V/D method so far is the 
resonant [= 3, J= 3, p wave." If only the 3-3 amplitude 
and the pole terms are to be treated, Eq. (7.5) repre- 
sents little improvement over the fixed-t dispersion- 
relation approach which has beer used by CGLN. 
Since they included the 3-3 amplitude, we must con- 
clude that, with the pion-nucleon information presently 
available, no significant improvement can be made in 
the treatment of the s or § spectra. However, the 2x 
branch cut in the ¢ spectrum can now be included, 
which will be the first modification to the pole terms 
for the (0) amplitudes. 


VIII. PHOTOPRODUCTION NEAR THRESHOLD 


The threshold region provides us with a situation in 
which the contribution of the 27 intermediate state is 
maximized, first by virtue of a small denominator in 
Eq. (6.2) and second because the measurable cross 
sections will not be dominated by the 3-3 resonance 
of the pion-nucleon system. 

The approximation now employed is to assume that 
the J=} phases for pion-nucleon scattering are negli- 
gible, meaning that the s and § branch cuts may be 
ignored for the (0) amplitudes. The amplitude F;* will 
then just be given by its projection from the poles and 
from the ¢ spectrum. For this reason we can do the sum 
over the F;’s, undoing the projection and allowing us to 
work directly with A;. The resulting functions A; 
will just, be given by Eq. (7.2) in which the polynomial 
expansion is used for Imy A,°, with Imm A,°=0. 

We will now employ unitarity for process II to 
obtain Imy A,’. The unitarity condition resulting from 
the 27 intermediate state is 


2 Im TPM AMA (1) = 7 PHAM (He PO (2), 


(8.1) 


where 7y*")\%)(¢) is the helicity eigenamplitudes for 
a+n—N+WN and t,*(#) is the helicity eigenampli- 
tudes for y+ax—2a-+7. This relation is exact for 
4<t<16 and will be assumed to be approximately true 
for larger ¢. 

As the process y+r—2+7 contains only odd 
angular-momentum states, we will neglect F-wave and 
higher states, keeping only the p-wave state. We are 
concerned only with photon helicity \(y)=-+1, because 
Eqs. (4.12) to (4.15) are expressed for this photon 
state. Equation (8.1) becomes 


Im 7, +4 = $7,++)"=Im T,-4, 


(8.2) 
and 
Im 7+ = $7,7-4""=Im T,-*, 


(8.3) 


14 W.R. Frazer and J. R. Fulco, Lawrence Radiation Laboratory 
(private communication); and S. Frautschi and D. Walecka, 
Department of Physics, University of California (private com- 
munication). 
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where we denote +4 helicity as + and —} as —. The 
relation between 7,*+*! and 7,~—~, and between 7+ 
and T,~*? arises from the fact that only the odd-parity 
part of the J=1 nucleon-antinucleon system con- 
tributes. 

The amplitudes r,+* and 7, *~ have been treated by 
Frazer and Fulco.* They defined 


T,!= (2q'/p)'r1**, 
and 
T_!= (2q'/p)'r1+-, 


where g’ and p are the magnitude of the initial meson 
and final nucleon momenta in the barycentric system. 
If we now define 

ty'/k’ = (2q'/k’)§M', (8.6) 
where g’ and k’ are the magnitudes of initial photon 
and final meson momenta in the barycentric system 
for the process y+ — +7, the following expressions 
for the imaginary parts of the A’s are obtained: 


6rkE MT_! 
Im A;= | er, - jee, (8.7) 
pk’ v2 
: MT_ 
Im A2;= — ET,'-— — - pe, (8.8) 
2p7k’E v2 


Im / (8.9) 


3x ts 
Im Ay=— [ ur.—E - [ae (8.10) 
pk’ v2 


It is now convenient to introduce the notation of 
Frazer and Fulco (hereafter denoted FF)": 
eF ,*(t)(t—4)*- ET_'(t) 
gi" (t)= +——_ ~|— —ur() | (8.11) 
4p° y) 


v2 
_ eF,*(t)(t—4)3 
£:7(}=—_— 


SpE 


where F,(t) is the pion form factor. If we now use the 
factor that the P-wave y+ar—>2+7 amplitude will 
have the phase of r—7 scattering, then M'*(t) may 
be written 


M}*(t)= ek’ (t) (t—4) *h(O)F,* (t)/122, 


(8.12) 


(8.13) 


where A(t) is a real function and the factors k’(t), 
(t—4)*, e, and 12x are included for convenience in 
subsequent calculations. 
Expressing the Im A4,°’s in this notation, we obtain 
Im A 1°(t)= —th(t)go" (0), (8.14) 
Im A2°(t)= +A(t)g2" (2), (8.15) 
Pe Im A(t) = +h(t)g." (2). (8.16) 
16 W.R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960). 
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The final expressions for the A,°’s are then: 
1 1 7? Uh(t’)go" (t’) 
——+-— | dt'—_——_—_ 
s—M? s—M*/ «J, 


, (8.17) 
'—t 

€rGr 1 [" h(t’) ge" (t’) 
(s—M*)(8—M*) -wJg '—t 


1 1 


A,~j=- beelun' +a) ; 
s— M? 


1 1 
aan) 
s—M? 8s—M? 


1 ( h(t’)g.¥(t’) 
T 


s— M? 


dt (8.20) 


J4 t—t 


’ 


where the factor (—1) arises from the sign of ze that 
appears in the ¢ denominators when s is given a small 
imaginary part and § is held fixed. 

It is now possible to take advantage of the appearance 
of the functions g2" and g," in these integrals. From 


FF we observe that 


1 aD 
G," (i)= dt’ 


WTJ4 


1 
G." (t)= | 
T 


gi’ (t’) 
(8.21a) 


and 


Ps) 


(8.21b) 


where G," and G2" are. the nucleon form factors. The 
function h(t) has been shown by Wong to be well 
represented by the form® 


’ 3A 1+a 
h(t)= ), 
8v2F,(1)e\i+a 


where, if FF’s solution of the F, is used, we have a=5, 
F,(1)=1.08, and A is the arbitrary constant previously 
mentioned. Knowing the form of A(t), we can by 
forming subtracted forms of Eqs. (8.21a) and (8.21b) 
express the integrals in Eqs. (8.17) to (8.20) directly in 
terms of G," (t) and G," (t). 

The resulting expressions for A,°, A", 


€rgrf 1 1 
oe 
2 \s—-M? 3—M? 


a 
+n| G"()- 


+a 


(8.22) 


A;°, and A,’ are 


[ G2" (t)—G,"(—a) I} (8.23) 


G." (t)—G,' (—@) 
, 


’ 


Cr¥r 
,0- a! 


* (s—M?)(s— M2) 


1 1 
s—-M? 3—M? 


t+a 
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and 


1 
A c= —Agelund tun) +—) 
3— MM? 
G," (t)-G," (—a) 
xr’——_— ——, (8.26) 
t+a 


\! 3A ( i+a ) 
8v2e\F,(1) 

In order to compare the above results with experi- 
mental data, we must know the (+) and (—) ampli- 
tudes in the threshold region. These amplitudes have 
been given by CGLN, but because of a 1/M expansion 
used within their dispersion integrals, they were forced 
to introduce undetermined correction terms V“™ and 
N©@ into each of these amplitudes. Since the effect of 
our new A-dependent terms will be fairly sensitive to 
the values of N+ and N-, we will recalculate the (+, —) 
amplitudes avoiding any expansions in 1/M. The fixed 
—1? dispersion relation without subtractions as given in 
Eq. (6.3) will be used. It should be noted that a strongly 
interacting 3m state as has been proposed by Chew'® 
would necessitate the use of a subtracted form of Eq. 
(6.3), but only for the (+) amplitude, as this 3 state 
would have J=0. However, the (+) amplitude does 
not contribute to charged-pion photoproduction, which 
will prove to be most sensitive to the value of A. 

A polynomial expansion in cosé for Im; A, in 
Eq. (6.3) will now converge for cos@ within an ellipse 
with foci at +1 and —1 and semimajor axis given by 
the value of cos# at the nearest singularity in ¢. Thus 
for a maximum value of ¢ allowed for convergence, 
there is also a minimum corresponding to the negative 
limit of the ellipse. The relation between these limits is 


tmaxttmin= 2—4wk. (8.27) 


s— MM 


where 


If we now express tmax aS given by the boundary of 
a,2°-—, we obtain 


tmin= —4w(s)k(s)—7 
8(3s—M?+1) 
— ——___________——, (8.28) 
[s—(M+1)*][s— (M—1)?] 

Since Im A; will be used in the integral in Eq. 
(6.3), the region of convergence is determined by the 
maximum value of tmin and is found to be 9>t> — 19.3. 
For comparison, we state the result rigorously proved 
by Oehme and Taylor that the polynomial expansion 
converges, at least for ¢, in the range O>t>tg¢~—12." 
The smallest value of ¢ corresponding to physical cos@ 
will be larger than —10 in the energy region we are 
considering; therefore the expansion for Im A,*~ 
should converge rapidly, making it plausible to neg- 
16 G. F. Chew, Phys. Rev. Letters 4, 142 (1960). 
17R. Oehme and J. G. Taylor, Phys. Rev. 113, 371 (1959). 
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lect the high-angular-momentum contributions to 
Im A,‘+(s’,t). A general feature of pion-nucleon 
scattering below 400 Mev is that the only large phase 
shift is in the J=3, 7=%, state. Thus a reasonable 
first approximation is obtained by including in 
Im A;*~(s’t) only the parts containing this large 
pion-nucleon phase. 

We must now calculate the absorptive parts of the 
A,’s for photoproduction [s>(M-+-1)?] including only 
the 33 part. Since, in the previous treatment by CGLN, 
the M,, amplitude was found to be much more im- 
portant than the £,,, the imaginary part of Ej, is 
neglected in the following. 

The resulting expressions for the A,’s are 


€r£r 1 1 
a 
2 \s—M? 3—M? 


na 
+( a | ds'C(s’)[w(s’)(s"§+-M) 
1/ 3m J (uy? 


| 1 
+/+1] Im M89 i ), (8.29) 
s=—¢ 


, ~ 
$—$ 


rr 1 1 ni 
Sn tl a 
t—1\s—M? 3s—M? V/m J (sy? 


1 
<C(s’) Im M3 °( 


s—=s 


1 
— ), (8.30) 
s—8 


1 1 
—Agelan!—un)( ae ) 
s—M? §—M? 


2\ 1 . 3/ t-1 
+( )— [ asics] ( )+a(s) 
1 3n / (M+1)? 2 st+M 


1 
_ ea) | Im M,, Te oF 
s’—s 


and 


1 1 
A a or ee = ) 


\s—M? §—M? 


> 


‘a i 3f/ t-1 
“( ) | as c(s)] (. ~ 
1 3r , V+1 z 5 4+ 


1 
{ 266-43) | Im Ms M(0)( i. 
s’—s § 


where 


4dr 
C(s)=———{[ s+ MP1). 
q(s)k(s) 

These integrals can be carried out numerically if the 
CGLN expression for M,,! is used with an effective 
range formula to represent the 33 amplitude for pion- 
nucleon scattering. It should be noted that expressions 
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TaBLe I. Matrix elements of g‘*- for the four 
possible charge configurations. 


yt?~P— ytn 





(8.29) to (8.32) are identical to those of CGLN except 
that no 1/M expansion has been made and only Mi, 
has been kept in the imaginary parts of the amplitudes. 


X. EVALUATION OF THE PHOTOPRODUCTION 
AMPLITUDES 


Evaluation of the integrals in Eq. (9.53) to Eq. (9.56) 
is accomplished by using the CGLN solution for M,,!: 


Mi,5(s) wp—un fas 
baa Mn seal (0.1) 
q(s)k(s) 2f ¢(s) 


A relativistic effective-range formula suggested by 
Chew and Wong,!® 


Im f33=— ictal —__—__—., (9.2) 
g°+I'(s—s,)?(s— M?)? 


is used to represent the 33 amplitude, where I and s, 
are parameters which have been adjusted to fit the 
Chiu and Lomon"® 63; at 150 and 220 Mev and to the 
low-energy behavior of 633; as given by Barnes ef al.” 
The resulting parameters are [= 3.5 10~‘ and s,= 76.6. 
In performing the integrations, we expanded the 
denominators in powers of cos#, keeping only the first 
two terms because the expansion converges quite 
rapidly since cos@ is always multiplied by the nucleon 
velocity. 

The Re M;,(s) produced by the integrals in Eqs. 
(8.29) to (8.32) must be considered an iterative solution 
for M,,(s). As there seems to be no guarantee that such 
a procedure will converge, we projected this contri- 
bution from the &’s by means of Eq. (3.12) and replaced 
it by the value given by Eq. (9.1). It was noted, 


TABLE II. Values of the scattering amplitude 


however, that this correction was not large, indicating 
that the solution given by Eq. (9.1) is reasonably good. 

To form the scattering amplitude for any of the 
charge states of interest, we must know the matrix 
element of gst, gs~, and gg° for each of these states. 
These matrix elements as evaluated by CGLN are 
given in Table I. The scattering amplitudes for y+ p —> 
w+p, denoted S(x°), and y+p—7*t-+n, denoted 
§(x*), are formed as 


F (9°) = F++ F°, (9.3a) 
and 
$ (xt) /V2= F-+ F. (9.3b) 


In Table II the calculated values of ¥(x°) for A=0 
are given, again with only the first two terms in x=cos@ 
retained. (The values M=6.7 and f?=0.08 have been 
employed throughout.) Only the pole terms for the (0) 
amplitude have been included. We define w*=s'!—M. 
The photon laboratory energy can be obtained from 


K1= (s—M?)/2M=0*+w"/2M. (9.4) 


In the case of charged-pion production, an expansion 
of the meson-current pole term is not possible. We 
separate these terms as follows: 


(xt) = $'+5®/(1—ox), (9.5) 


where 2 is the velocity of the final meson. 

It is now possible to expand $’(x*), and the resulting 
expressions for A=0 are given in Table III. Values of 
F,®, FF, v, Im M,,*+, and Im M,,~ are given in 
Table IV, and $,* and §2* are zero. 

The imaginary part of any of the &’s may be obtained 
with the aid of Eqs. (3.8) to (3.11). The pole terms for 
§° are given in Table V. 

The differential cross section for unpolarized photons 
and nucleons is 


da/dQ= (q/k) | M |?= (q/k){ | Fi |?+ | F2|? 
+43] Fs|?+3| F.|?+Re F:*F.+Re F2* Fs 
+cosé[Re 53*5,—2 Re F:*F: | 
—cos*6[4| F3|2-+4] F|2+Re Fi*F, 
+Re $2*F3 ]—cos*? Re F3*F4}. 


s, §, for photoproduction of x° with A=0. 
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— 2.780 0 

—2.682+ 6.865x 3.424—0.064x 
—2.556+-10.159x 5.199 —0.128x 
—2.398+-13.046x 6.844—0.193x 
—2.204+-15.828x 8.504—0.257x 
— 1.969+-18.632x 10.243 —0.321x 
—1.690+-21.531x 12.099 —0.384x 
—0.986+-27.796x 16.263 —0.503x 
—0.078+-34.784x 21.077 —0.609x 


SRIASAS 


~~ 


nh he eh eh fh fh ek 
w 

+ 

CoO 


0 , 0 

—7.104+0.123x 0.360+-0.016x 
— 10.563+0.250x 0.704+-0.045x 
— 13.631+0.380x 1.033+-0.081x 
—16.619+0.513x — 1.350+-0.124x 
— 19.659+-0.648.x — 1.654+0.170x 
— 22.831+0.787x — 1.949+-0.223x 
—29.765+-1.073x ~—2.510+-0.334x 
—37.6£024+-1.368x —3,040+-0.458x 








18 G. F. Chew and D. Y. Wong, Lawrence Radiation Laboratory (p 
#9 H. Y. Chiu and E. L. Lomon, Ann. phys. 6, 50 (1959). 


rivate communication). 


*S. W. Barnes, B. Rose, G. Giacomelli, J. Ring, K. Miyake, and K. Kinsey, Phys. Rev: 117, 238 (1960). 
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i > 4 


enor 
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19.679 
19.403 — 
19.116— 
18.818 — 
18.507 — 
18.180 — 
17.836— 
17.090—1 


2.824x 
4.219x 
5.471x 
6.702x 
7.964x 
9.288x 
2.203x 


SATION OF MANDELST 


0 


Fo’ K 108/v2 


—2.773+0.036x 
—4.082+0.072x 
—5.217-+0.108x 


—6.300+0.142x 
—7.383+-0.175x 
—8.496+-0.207x 


— 10.886+-0.264x 


AM 


REPRESED 


$3’ 103 v2 


0 


TATION 


2.899 —0.083x 
4.353 —0.168x 
5.670 —0.254x 
6.979 —0.343x 


8.334- 


0.433x 


9.767 —0.525x 


12.959 —0.713x 


the meson-current term for — uction of 


+ with A=0. 


F 4’ XK 108/v2 


0 
0.049 —0.002x 
0.099 —0.006x 
0.151—0.011x 
0.205—0.017x 
0.262 —0.024x 
0.319—0.032x 
0.439 —0.052x 


Se 


Al 
=~ 


16.260 —15.512x 


The differential cross section for y+p— p+7° 
the threshold region may be expressed as 

da/dQ= (q/k)[A+B cos@+C cos’*#+D cos*6]. 

In Figs. 6—9 the values of A, B, C, and D calculated 
from the &’s in Table II are given together with 
experimental data.”! The fact that D has been set equal 
to zero in the analysis of the experimental data, while 


(9.7) 


TaBLe IV. Values of F", the meson velocity, 
Im M,,*, and Im M,,". 


F3% F,% Meson 
x 103/ X 103/ velocity, 
v2 v2 V 


ImM,,*+ Im MM, 
x 1 _& 10° 


0 0 0 0 0 
5.947 — 1.818 0.2854 6.012 —0.006 
8.098 — 3.382 0.3911 0.053 —0.027 
9.565 —4.735 0.4649 0.130 —0.065 
10.667 —5.910 0.5217 0.252 —0.126 
11.532 — 6.936 0.5676 0.433 —0.217 
12.232 —7.834 0.6058 0.691 —0.346 
13.284 —9.318 0.6661 1.537 —0.769 
14.023 —10.475 0.7118 3.090 — 1.5451 
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| 
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the calculated value of D is comparable to B, makes a 
quantitative comparison between our values of B and 
C and those from experiment unreliable. 

In Fig. 10, |M|? at 90 deg for y+p—n+ 7? as 
calculated from Tables III and IV is given, together 
with experimental data.” Also included in Fig. 10 are 


— 13.539+0.310x 


TABLE V. 


.330+0.439x 
—1.371+-0.623x 
-1.410+-0.766x 


The pole terms 


0.030 —0.010x 
0.043 —0.020x 
0.055 —0.030x 
0.066 —0.040x 


“16.628 —0.907. 0.566 —0.076x 


the results of a theoretical calculation by Robinson 
based on the results of CGLN with Nt= N-=0.8 

In obtaining these cross sections a correction has 
been made for the mass difference between a* and 7° 
by using as a unit the mass of the pion in question. 
[The conversion factors used are yu,=135 Mev, 
urt=140 Mev, (1/u,°)?=18.66 mb, and (1/u,+)? 
=19.96 mb. ] This means that, in effect, the value of 
the nucleon mass used in the calculation for the 7° 
amplitude was too small, being 6.7 instead of 6.9. 
Since all energies are expressed relative to the nucleon 
mass, no serious error will be introduced by this 
procedure. 

It is now possible to estimate how large a A would be 
allowed on the basis of present experimental infor- 
mation. First we will take G,” and G,." to be linear 
functions of ¢t for 0>t>—5, and will use 


(0)/G2" (0) =a, 
We may express G,"(¢) and G2" (é) as 


G," (t)= G1" (( )\[1+at]= re [i+at], (9.9) 


G,"’ (0)/G," (0) ~0.08~G,"’ (9.8) 


as given by FF. 


and 


G2" (t)=G2" (0) [1+a] un)L1+<at ]. 


The quantities most sensitive to A are the threshold 
values of (k/g)(do/dQ) for r+ and do(x~)/do(x*). This 
can be seen by noticing that the correction to A is 
several times the correction to the other amplitudes 


(up — (9.10) 


for the (0) amplitude. 





-0.403 +-0.018x 
0.570+0.036x 
0.699 -+-0.055x 


—0.162+-0.007x 
—0.316+-0.020x 
—0.462+-0.036x 


448 +0.887x 


—0.808+-0.073. 


—0.602+-0.055x 


-485+-0.995. 
.521+1.093x 
590+ 1.269x 
.655+-1.425x 


0.076—0.051% 
0.086 —0.062x 
0.106 —0.084« 
0.124—0.107x 


0.903 +0.092.x 
0.990 +-0.112x 
1.143+0.151« 
—1.277+0.191x 


—0.735+-0.075x 
0.863 +0.097 x 
-1.106+0.146x 
— 1.332+0.199x 





21V. I. Goldansky, B. B. Govorkov, and R. G. Vassikov, Soviet Phys.—JETP 7, 37 (1960). 
22,4, Barbaro, E. L. Goldwasser, and D. Carlson-Lee, Bull. Am. Phys. Soc. 4, 273 (1959); 
D. Carlson-Lee, G. Stoppini, and L. Tau, Nuovo cimento 4, 323 (1956). 
28C. S. Robinson, “Tables of cross sections for r+ production from hydrogen, 


and Nambu,” University of Illinois Report, May 3D. 1959 (unpublished). 
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Fic. 6. The coefficient A for x® photoproduction. Solid line: 
prediction with A=0; dashed lines: predictions with A=1.8e and 
A= —1.8¢e. The experimental points are those of Goldansky e¢ al.”! 











a ae a 
170 80 90 200 210 220 230 240 
Photon loborctory kinetic energy (Mev) 





Fic. 7. The coefficient B for x® photoproduction. Solid line: 
prediction with A=0; dashed lines: predictions with A=1.8¢ 
and A=—1.8e. The experimental points are those of Goldansky 


et al. 











| | i | ! L 4 1 4 } 
45 15so 160 170 180 90 20 210 220 230 240 
Photon laboratory kinetic energy (Mev) 





Fic. 8. The coefficient C for x° photoproduction. Solid line: 
prediction with A=0; dashed lines: predictions with A=1.8e and 
A= —1.8e. The experimental points are those of Goldansky et al.” 


causing a large correction to ;. Also, since 5, is larger 
for charged-pion production, | ¥,|? will be sensitive to 
small changes in &,°. 
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Fic. 9. The coefficient D for x® photoproduction as 
I I 
predicted for A=0. 
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Fic. 10. The matrix element squared at @=90 deg for x* 
photoproduction. Solid line: prediction for A=0; dashed lines: 
predictions for A=1.8e and A= —1.8e; dot-dash line: prediction 
of CGLN as calculated by Rosinson.* The experimental points 
are those of Barbaro et al. and Beneventano et al.” 


At threshold, the correction to be added to §,° is 


AS,°=6.8X 10-1A/e, (9.11) 


whic produces a fractional change of 1+ (0.074A/e) 
in | M |? for x+ production. Since ¥° enters with opposite 
signs into x~ production, R= do(x~)/do(x*) at threshold 
will be even more sensitive to A. Including the correction 


given by Eq. (9.11) in R, we obtain 


1— (0.031A/e) |" 
R=1.28| | ~1.281— (0.14A/e)]. (9.12) 
1+ (0.037A/e) } 


The quantities A, B, and C for 7° production and 
|M|? at 6=90 deg for x* production have been calcu- 
lated for A= +1.8¢ (see Figs. 6-10) 


XI. CONCLUSIONS 


The results we have obtained in this work may be 
summarized by saying that after a more careful analysis 





APPLICATION OF MANDELSTAM 


of photoproduction based on the Mandelstam repre- 
sentation, the work of CGLN survives almost un- 
changed from: a practical point of view. The only 
modification is an additive term to correct the (0) 
amplitude in terms of the parameter A. However, it 
should be remembered that a change in the treatment 
of CGLN may also be required in the (+) amplitude 
if there is a resonant three-pion intermediate state in 
the ¢ spectrum. 

The evaluation of the dispersion integrals in their 
relativistic form for the (+) and (—) amplitudes did 
not produce any significant change from CGLN. The 
values V+= —0.062 and N-=4.5X 10-3 were obtained, 
indicating that the often used procedure of setting 
\V+= N~=0 does not cause an important error. 

To investigate what limit the various experimental 
data place on the size of A, consider first the coefficients 
A, B, and C giving the angular distribution for 7° 
production. The value of A, which is the most accu- 
rately determined by experiment, proves to be quite 
insensitive to the values of A. The calculated values 
of A for |A| <1.8e are all in good agreement with the 
experimental data. While the coefficients B and C are 
more sensitive to A, the difficulty encountered in 
comparing the theoretical values of these coefficients 
with those from experiment make these data a poor 
test for A. A further uncertainty in the theoretical 
values of A, B, and C arises from the possibility of a 
strongly interacting three-pion intermediate state, 
which would require a subtraction in the (+) amplitude. 

The threshold r+ data provide a better test of the 
magnitude of A. As can be seen from Fig. 10, with 
f?=0.08 the experimental data constrain A to lie 
between 1.8¢ and —1.8e. Changing f? by +0.01, which 
is perhaps the maximum allowed by other consider- 
ations, can be compensated in the threshold 2+ cross 
section by giving A a value 1.75e. (This compensating 
effect will not remain at higher energies, as the energy 
dependence of the A term is different from that of the 
other terms.) 

The value of R=do(r~)/do(x*) at threshold given 
by formula (9.12) provides a measure of A which is 
insensitive to small variations in f*. However, the 
corrections and extrapolation necessary to obtain R 
cast some doubt as to its exact value. The range 
—1.8e<A<1.8e corresponds to 1.0<R<1.6, which is 
roughly the current uncertainty in the (—/+) ratio. 

An estimate of A based on the 7° lifetime has been 
made by Wong.’ His results are |A|2>e; however, the 
possibility :of a resonant three-pion state produces 
some uncertainty in this estimate. 

As the theoretical understanding of pion-nucleon 
scattering improves, an approach to photoproduction 
through multipole amplitudes as outlined in Sec. VIII 
should be carried through. Such a procedure could 
extend the description of photoproduction to the region 
in which phases other than the 3-3 become important. 
It could also improve the crude CGLN formula for the 
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magnetic-dipole amplitude which has been accepted 
here as the basis for many of our calculations. 
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APPENDIX 


The first step in showing that the B’s are free from 
kinematical singularities is the construction of a set of 
analytic scalar amplitudes (analytic here means ana- 
lytic except for the appropriate Mandelstam singu- 
larities). After multiplying the general T matrix by 
the positive energy nucleon projection operators, we 
then write 


(—iy:P2+M)T-e(—iy:Pi+M) 


S 
= (—iy-P2+M)[D BiNi](—iy-Pi+M). (Al) 


i=l 


Since this equation holds for all photon polarization 
and nucleon spins, we may multiply each side of this 
equation by the N,’s which are functions of nucleon 
and photon spin indices. If traces over the spin indices 
are now taken, each of these products will yield a scalar 
equation, and since the quantity on the left is still an 
analytic function of the components, the Hall-Wight- 
man theorem can be used to show that these eight 
quantities are analytic function of the scalars. We will 
denote these scalars as follows: 


T,=TrLNw#(—iy-Pet+M)T*:(—iy-P:+M)]. (A2) 


By taking the same traces on the right-hand side of 
Eq. (A1) the 7;,’s can be related to the B,’s. These 
T,’s are related to the B,’s by a linear transformation 
as follows: 


T;=R;;B;. (A3) 


The elements of R are polynomials in s, ¢, and §. Thus 
the only singularities in the B’s will be poles at the 
positions of the zeros of the determinant of R. However, 
since the determinant of R will be a very high order 
polynomial in s, 8, and /, it is somewhat simpler to 
consider a series of transformation between sets of 
amplitudes and then show at each step that the zeros 
in the determinants produce no singularities. The total 
transformation will then be just a product of these 
individual transformations. 

Let us first consider the transformation from the T’s 
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to a set of amplitudes X; where these are defined as 
follows: 


X,=}(M?—s)B,+4 (t—4M?)B.+4(8—s)(Bs+B,), 
X2=MB,+}(t—4M*)B,+3(8—s)(B:+Bs), 

X3= (M*—s)B,+4(8—s)B2—2Bs+ (t—1)Bi+ 2M Bs, 
X,= B;+}(8—s)Be+4(t—1)B;—Bs, 

X5=4(8—s)B2+ (t—1)Bs, (A4) 
X¢= Bs+3(8—s)Bet+3(t—1)Bs, 

X;=T), 

X3=Ts. 


Six of the 7,’s are then given by a linear combination 
of two of the X,’s and the coefficients of this matrix 
are again polynomials in s and ¢. These six form three 
pairs of equations and each of these pairs contains 
only two X’s and two T’s and thus can be solved 
independently. Since the coefficients of each pair of 
coupled equations are identical, the first six X,’s are of 
the following two forms: 


M (t—1)T,— (s— M*)(s—M?)T, 


2D 
M (t—1)T2—iT, 


2D 


where 4D=M?(t—1)?—t(s—M?*)(8—M?) and is of 
course just the determinant of each pair of these 
equations. If D is evaluated in the physical fphoto- 
production channel, it can be written —16k*q’s(sin*@), 
and its two zeros for s as a function of ¢ are in the 
forward and backward directions. We now use the fact 
that A for forward (backward) scattering can be 
expressed in terms of P; and P2, and therefore y-K 
can be expressed in terms of scalars, by use of the 
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Dirac equation. The results of this are that for the 
forward and backward directions the T7’s satisfy the 
following 3 equations: 


t—I i—1 
r= Jr Ts= u( rs 
t t 
nal. 
T; u( re 
t 


These sets of equations cause the numerators in Eq. 
(AS) to vanish and since they are analytic they must 
vanish as a power of s just cancelling the zero in D for 
the forward (backward) direction, proving that the 
X’s have the same analyticity as the T’s. 

The next step is to express the B’s in terms of the 
X’s, by inverting Eq. (A4). In this case the determinant 
of the transformation matrix is just D*. It can now be 
seen that this result is a natural one and implies that 
the B’s are free from kinematical singularities. The 
three zeros in the determinant for each the forward 
and backward direction simply reflect the fact that 
there are three equations relating the various X’s in 
each of these directions. The fact that in either of these 
directions P, Q, and K are not independent relates 
T2, T3, Ts, and Ts, T7, Ts yielding relations between 
X,1, X3, Xs and Xo, X4, Xs. The fact that K can be 
expressed in terms of P; and P2 relates X; and Xs. 
Since each of these equations would cause a first-order 
zero to appear in the determinant, we see that the 
third-order zero is produced by the set of three equa- 
tions. This means that the set of equations relating 
the B’s to the X’s is consistent and that the numerator 
in each equation giving B; in terms of the X;,’s will 
vanish with the proper power in the forward (backward) 
direction to keep the B’s regular. 

We have now shown that no singularities have been 
introduced into the B amplitudes by the particular 
choice of spin functions used to define them. 


(A6) 
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Electromagnetic Production of Pion Pairs* 
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The Pauli-Weisskopf theory of pion pair production by photons was modified to include the strong pion 
nucleus interaction in the form of a complex optical potential, and the matrix element was obtained by 
using “exact” distorted plane waves which were expanded into angular momentum eigenstates. Numerical 
calculations were performed for lead to examine the effect of a nuclear charge distribution and nuclear 
optical potential on the cross section in the energy region just above threshold. The calculations show that 
when the charge distribution and nuclear potential are included, the cross section for lead which leaves 
the nucleus in an unexcited state increases slowly just above threshold until approximately 295 Mev, where 
it starts to increase almost linearly, attaining a value of 1.07 10-* cm? at 310 Mev. 


I, INTRODUCTION 


ECENTLY the Pauli-Weisskopf' theory of pion 

pair production by photons has been modified by 
Pomeranchuk? and Vdovin* to include the strong pion- 
nucleus interaction in the form of an optical model. 
Whereas Pomeranchuk simply treated the nucleus as a 
black sphere, Vdovin permitted nuclear transparency 
and used the optical model of Fernbach et al.4 In both 
cases the problem was restricted to photon energies 
well above threshold and the electrostatic interaction 
was neglected. 

The purpose of this work was to calculate the cross 
section for pion pair production by photons in the 
energy region just above threshold which is presently 
attainable, and to perform the calculations as accur- 
ately as pr ssible. To achieve this objective it was neces- 
sary to represent the nucleus as a complex potential 
(optical model) in the equations of motion of the pions 
together with the modified Coulomb potential of the 
nucleus. In this case the interaction between the pion 
and radiation field was treated as the only perturbation 
and the field variables of the pion field were expanded in 
a series of “‘exact” distorted plane waves. 

Some care had to be taken when the complex poten- 
tial was introduced into the field-theoretical equations 
since it introduces dissipation into a theory whose 
framework is essentially nondissipative (dissipation as 
used here is meant to refer to the absorption of particles 
and energy in a continuous, unquantized manner). The 
problem is particularly acute in the case of pair pro- 
duction by photons since one must be assured that the 
optical potential enters the equations in such a way as to 
obtain dissipation (absorption) of both w* and z 
mesons, since they enter the theory in a symmetric way. 

* Submitted to the University of Tennessee in partial fulfillment 
of the degree of Doctor of Philosophy. 

t Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 
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In Sec. 
tial into the field equations is discussed and it is shown 
that if the real part of the potential is treated as a world 
scalar and the imaginary part as the time component 
of a four-vector, it leads, in a consistent manner, to the 
scattering and absorption of the pions. The imaginary 
part of the potential leads to absorption and is intended 
to include, in a phenomenological way, all inelastic 
events that leave the nucleus in an excited state. It 
acts to remove pions that have been produced within 
the nucleus, which in effect reduces the cross section, 
in addition to facilitating the momentum transfer to 
the nucleus. 

The presence of the complex potential in the equa- 


II the method of introducing the optical poten- 


tions of motion of the pion field leads to an ambiguity 
in the form of the final-state functions appearing in the 
matrix element. The usual requirement that the final- 
state function having the asymptotic form of a plane 
6 can actually be 
satisfied by two alternate solutions of the equations of 
motion. The choice between them had to be made on 
ITI. 


As a convenient means of calculating the cross section 


wave plus spherical converging wave® 


physical grounds as discussed in Sec. 


in the energy region just above threshold, the wave 
functions appearing in the matrix element were ex- 
panded into angular momentum eigenstates and the 
cross section expressed in this formalism. This develop- 
ment is shown in Sec. IV. 

Finally, calculations for lead are presented in Sec. V 
which show the effects of introducing an optical poten- 
tial and the modified Coulomb potential that results 
from assuming a charge distribution for the nucleus. 
The consideration of the charge distribution for the 
nucleus in this theory is necessitated by the fact that 
the pion pair production by photons takes place pre- 
dominantly within the bounds of the nucleus in the 
energy region just above threshold. 


II. INTRODUCTION OF THE OPTICAL POTENTIAL 


For the purposes of discussing the proper form of 
the complex potential in the field equations, it is appro- 

®N. F. Mott and H. S. W. Massey, Tie Theory of 
lisions (Oxford University Press, New York, 
111 and 353. 

6G. Breit and H. A. Bethe, Phys. Rev. 93, 888 


{tomic Col 
1949), 2nd ed., pp. 
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priate to introduce two real world scalars, P and P,, 
and the complex time component of a four-vector Vo. 
At first, to display the covariance of the equations, all 
components of the four-vector will be shown; however, 
the space components will be taken to have the value 
zero when necessary. The natural units #=c=1 are 
used except where noted to the contrary. 

With the potentials present, the variation of the 
action can be patterned after the equation that appears 
in classical mechanics when nonconservative forces are 
present? : 

81=5 | ed'xt | (Q86-+0%#*)d'x=0, (2.1) 
where 


1 0A, OA* 
L£=--— 
2 Ox, Ox’ 


—L(ut+P)?— Pi? p* 


0 re) 
+ (- —1eA )o*(— +ieA “\s (2.2) 
re) 


Ox? 


Kip 


7) 7) 
——ieA . V*e+ v.(—- ieA ) 
Ox" OX, 


— Vit 2ilw +P): oe (2.3) 


and 


Q = 


Certain terms in (2.3) can logically be included in the 
Lagrangian density and will lead to the same results 
below; however, for simplicity, because of the con- 
venient notation, these terms are retained in the 
expression for Q. 

Performing the variation indicated in (2.1) leads to 
the usual expression for the four-current® and the follow- 
ing equation of motion for the pion field: 

dL/ dd— (0/Ax*)(OL/IG,)+O0=0. (2.4) 

With the aid of (2.2) and (2.3), (2.4) reduces to the 
equation satisSed by that field variable ¢(r,t). However, 
in order to display the equations that apply to the r 
and * mesons, the equation satisfied by the Fourier 
transform ¥(r,w’) of the field variable is obtained first, 
and a new frequency w, is defined so that w,=|w’! 
This results in the two equations, 


[ (we —eAg—iVo)?+V? 
— (ut P+1P 1)? We (Pex) =0, (2.5) 


+eAotiVo)?+V? 


(re 
L\Wk 


— (ut+P+iP,)* We-(r, —w,)=0, (2.6) 
7H. Goldstein, Classical Mechanics (Addison-Wesley Publishing 
Company, Inc., Reading, Massachusetts, 1953), p. 38. 
8S. S. Schweber, H. A. Bethe, and F. deHoffmann, Mesons and 
Fields (Row, Peterson and Company, Evanston, Illinois, 1955), 
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which apply to the r~ and r+ mesons, respectively, and 
where, in general, w,?=k?+’. 

Examination of (2.5) and (2.6) shows that the 
imaginary part of Vo does not introduce a complex 
factor into the equations and therefore cannot introduce 
absorption. It can represent the real part of the optical 
potential however, although it enters the equations 
with opposite sign and will be an attractive potential 
for one of the pair of pions and repulsive for the other. 
In contrast to this, the potential P can represent the 
real part of the potential and appears in both equations 
with the same sign. Since experiments indicate that the 
real part of the potential should have the same sign 
and approximately the same magnitude for both 2* 
and a~, it can be assumed that the imaginary part of 
Vo is very much smaller than P and, for simplicity, the 
imaginary part of Vy will be set to zero in the subsequent 
development. 

To proceed in the determination of whether Vo (which 
is now real) or P; should represent the imaginary part’ 
of the potential, it should be noted that the Lagrangian 
density (2.2) is invariant to the transformation ¢— ¢e™ 
—(1+7A)¢, where X is a real infinitesimal constant. 
Therefore, under this transformation, the variation of 
£ must be zero.® Performing the variation and using 
5¢= id¢@ leads to the expression 


—ie(Qo—Q*9*) = 0)"/dx4*=V j+ Op/ dt, 


V -j—2V p—4e(ut P)P16¢*4+ 0p/dt=0. (2.7) 


than Vo since it introduces an absorptive term which is 
not proportional to the charge density. That is, if the 
charge and current density change sign, then the term 
containing Vo maintains its absorptive properties 
whereas the term containing ?; changes from an absorp- 
tion to a production term. If P; is assumed to be zero, 
as is done in the subsequent work, then (2.7) reduces 
to the continuity equation which can be derived from 
the Schrédinger equation when a complex potential is 
present.” 

Thus we find that when the imaginary part of the 
optical potential is treated as the time component of a 
four-vector and the real part as a world scalar, results 
are achieved which are consistent with elementary 
intuition as to the way in which positive and negative 
pions are treated by the nucleus. 


III. FORM OF THE FINAL-STATE FUNCTION 


The matrix element for pair production by photons 
is given by' 


M= ~ie | Alber * Whi — be * Wr * |dex, (3.1) 


7s. &: Schweber, H.A Bethe, and F. deHoffmann, Mesons and 
Fields (Row, Peterson and Company, Evanston, Illinois, 1955), 
Vol. I, Appendix B. 

1 N. F. Mott and H. S. W. Massey, The Theory {tomic Col- 
listons (Oxford University Press, New York, 1949), 2nd ed., p. 12. 
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and it is assumed here, as it was by Vdovin,' that this 
form applies when the imaginary part of the optical 
potential is introduced into the theory. The functions 
vx and yy that appear in (3.1) satisfy (2.5) and (2.6) 
where P;=0 and Vo is real. 

It has been shown previously®* that the final-state 
continuum functions appearing in a matrix element 
should have the asymptotic form of a plane wave plus 
a spherical converging wave, ¥x~. Usually this form is 
related to the function having the asymptotic form of 
a plane wave plus spherically diverging wave, ¥x*, by 
the relation ¥.-=y_x**. This occurs because of the 
assumption that the radial part of yx and the phase 
shifts are real. In the present case, however, the complex 
coefficients occurring in the wave equation leads to 
complex radial functions and phase shifts, and the 
equality does not hold, so that a closer examination of 
the form of the final-state wave function is required. 

In the following, the wave equation for the 7~ meson 
will be examined explicitly and no generality will be 
lost if it is assumed that Ao is zero. With the aid of 
(2.5) the equation satisfied by the radial function 
Ri(r)=1rxi(r) can be obtained from 


| 1(I+1) 
| +] #—2uP— Vo Pe > | 


dr? r? 


(3.2) 


—21V ww, bal) ==), 


where x:(0)=0 and x,(r)~sin(kr—}la+7n,), the term 
ni being the complex phase shift. Thus the wave function 
yy can be expanded as 


xi(r) sin (kr— 314+) 
———~} AP (uy) 


=> A;P,(u)- — 
Ve u iP i(u) a kr (2)! 


kr(2w,)t l 
(3.3) 


where k is directed along the z axis and u is the cosine 
of the polar angle. The factor (2w,)~! has been intro- 
duced in (3.3) for proper normalization. By selecting 
A ,= (21+1)i' exp(—in:), Yx has the form ¥.- Whereas, 
if A,=(2/+1)i' exp(in,), then y, has the form yx 
(reference 11). To obtain ~_, from (3.3) it is only 
necessary to make the transformation 4 — —y and to 
note that P;(—p)= (—1)'Pi(u). 

Instead of examining the two possible forms of the 
final state functions, ¥,- and y_,** to resolve the 
problem as to which is correct, it is more appropriate 
to examine their complex conjugates since this is the 
form in which they would appear in the matrix element. 


uf. D. Landau and E. M. Lifshitz, Quantum Mechanics 
(Addison-Wesley Publishing Company, Inc., Reading, Massa 
chusetts, 1958), p. 397. 
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Thus we must consider the two alternate forms, 


(2/+-1)(—1)'Pi(u) 


vie *~D 


Qikr (u,)? 
X[Lexp(2ini*)e*@r-t) — tert) 
(2/+-1)(—1)'Pi(u) 


2ikr(2w;)! 


v ee * 


XLexp(2iniettr-t) — e-itkr-tle)], (3.5) 


which differ only in the way the phase shift enters the 
expressions. The one required will be the expression in 
which the square modulus of the amplitude of the 
outgoing spherical wave is less than that of the incom- 
ing spherical wave. 

In (3.2) the imaginary part of the coefficient is 
positive since Vo is a negative quantity. This leads to 
a phase shift which has a positive imaginary part and 
indicates |exp2in,|2<1 and |exp2in,*|?>1. Therefore, 
it is clear that y_,** is the desired form of the final- 
state function for s~ mesons. A similar analysis based 
on (2.6) shows that ¥y~ is the proper form for the a+ 
mesons. 

In the development of the two equations of motion 
for the m~ and a* mesons, the sign of the electronic 
charge e determines which equation applies to the a* 
or m~ meson. There is no @ priori method of choosing 
the sign, since the equations are invariant to charge 
conjugation. Thus we have an additional check on 
the final waveforms by testing the invariance of the 
theory under the simultaneous transformation e— —e, 
m+ —+ a, and -— a", and indeed the choice of final 
waveforms meet the requirements. 


IV. DEVELOPMENT OF THE CROSS SECTION IN 
ANGULAR MOMENTUM EIGENSTATES 


The matrix element given in (3.1) was obtained with 
the use of the solenoidal gauge, ¥-A=0. This condition 
allows simplification of the matrix element since one 
of the terms in (3.1) can be converted into a surface 
integral over the infinite sphere plus a volume integral 
identical to the remaining term. The surface integral is 
easily shown to be zero and the matrix element becomes 


M = —2ie | Ag (vir *0p_«'t dex, 


(4.1) 


where 
_ 4(—7)" exp(im) 
ig. 
m1 k’r(Qe,)4 
XViy.m*(k')¥n.m (Pf), 
and 
4 (—1)"* exp(inis*) 
ia OE secustakiimigcebdes lcs eae: X13* 
R''r(Qex)4 


x Vis,m3(k’’) Viz,m3*(¥). 
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Fic. 1. Comparison of the Born approximation pion pair pro- 
duction cross section at a photon energy of 310 Mev for a point- 
charge and distributed-charge lead nucleus. 


Equations (4.2) and (4.3) were obtained using the 
addition theorem for the Legendre polynomials so that 
k has an arbitrary direction with respect to the axis of 
quantization. 

The radial functions X% and X1;* in Eqs. (4.2) and 
(4.3) are obtained from the differential equations 


| d? 
dr? 


+| w-2 €A p— 2uP— Vo? — P?+e7Ao? 


7,(1; +1) 
“spat [aire +eA 9) 


i on ) 


x = 0, 


(4.4) 


2i4€A gp — 2upP— Ve?— P?+e7A,* 


2tV o(wer— eA) le#=0, (4.5) 


with the boundary conditions such that at r=0 they 
have the value zero and asymptotically they have the 


form 
wy. Za 
i~ sin( Rr tlia— - In(2k’r) tm), (4.6) 
b’ 
and 
wer Za 
X13*~ sin( "7 31a + —— In(2H"2) +"), (4.7) 
i 


In (4.1) there is considerable simplification if circu- 
larly polarized incident photons directed along the axis 
of quantization are used. With these conditions and the 
Rayleigh expansion of the plane wave, exp(igz), the 
following expression is obtained”: 


dr 
A,= — pEp— © 72(2]2+1) 8 je(gr)Vino(F), (4.8) 
(2 )t 2 
12M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957), p. 60. 
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where the factor (42/2w,)! is required for proper 
normalization. In (4.8) &, is a spherical basis vector, 
and p=+1 and p=-—1 corresponds to left and right 
circular polarization, respectively. 

For unpolarized incident photons the differential 
cross section is given by 


do= 2r(3 z. 


p=il 


M |*)(24)-*k''w, (4.9) 


’ eee er 
ke, dQ dQ dar,:. 


In order to obtain a workable expression for (4.9), it 
is necessary to reduce the expression for the matrix 
element. When (4.2) and (4.3) are inserted into (4.1) 
and the gradient formula™ is used, the matrix element 
becomes 


— 2iep(4r)* , . 
— F Vin.my*(R’) V'tg,m3(k”) 
RR" (Roxy)? 


> lian 


XT (hlelsL)J (lilelsLpmym;), (4.10) 
where the sum is over all possible values of the indicated 
quantum numbers. The functions J and J in (4.10) are 
given by 


I (LylelgL) =i? (— i) "+4 (2].+1)3C (1,1 L; 00) 


at 


Xexpli(an+m,*) | | Ji2(gr)Xi3* 


dXi 
oe hg | 


—+3[h(4+1)-—L 
i dr 


Fic. 2. Comparison of the Born approximation and exact wave 
pion pair produc tion cross section for lead at a photon energy of 
290 Mev. The nuclear potential was neglected 

13M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957), p. 124 





ELECTROMAGNETIC PRODUCTION OF 


and 


HalssLpmme)= | Viem*(AV oy Teatmdd, 
(4.12) 


where C(J,1L; 00) is a Clebsch-Gordan coefficient’ and 
T zm, is an irreducible tensor of rank L given by 


Tytm= > m, C(LAL; my— me, m2) 


b 4 VL,my —mo(F)Eme. (4.13) 


After inserting (4.13) into (4.12) and noting that 
Ep* Em2= (—1)?5(—mz,p), the remaining integral over 
the product of three spherical harmonics can be readily 
performed” yielding 


(2L+1)(2/.+1)7} 
J=(-1 - ——_——— Jeanim-te, —p) 
4m (213+1) 
XC (Las; m,+p, 0) 


The expression for the differential cross section (4.9) 
can now be put in a more desirable form by transforming 
to the variable v= (wy-—p)(w,—2u)-! and inserting 
(4.10), (4.11), and (4.14) into (4.9) to get 


e?\F8(1—2y/w,)y?S 
do=( = - ~ fica aa (4.15) 
Mm kk’ e? 


da/dv 
akR* 
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Fic. 3. Comparison of the Born approximation and exact wave 
pion pair production cross section for lead at a photon energy of 
310 Mev. The nuclear potential was neglected. 

4 The notation for the Clebsch-Gordan coefficient used here is 
that of M. E. Rose, Elementary Theory of Angular Momentum 
(John Wiley & Sons, Inc., New York, 1957). 

1° M. E. Rose, Elementary Theory of Angular Momentum (John 

Wiley & Sons, Inc., New York, 1957), p. 62. 
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Fic. 4. Ratio of exact wave to Born approximation pion pair 
production cross section for lead as a function of photon energy. 
The nuclear potential was neglected. 


The function S in (4.15) is given by 


S=D0 C(L1h; m+), — p)C(Lhels; mit p, 0) 
XC(L'1, 5 my'+ p, — p)C(L'li'ls’ 5 my'+ p. 0) 
KT (Lbs L)1* (ly'L'1 /L)Y yy my*( k')y 1'.™my (R’ 
x V i3.my + o(k’’)¥ tg’ mj'+ v* (k'’), 
where 
(2L+1)(2l2+1)73 
(2/;+1) 


For purposes of the present problem the integration 
of S over all possible directions of k” and k’ is required, 
hence, we want to find the integral 


| | Sdo’"da’. 


The integrals over the product of spherical harmonics 
appearing in (4.16) yields the product of four Kronecker 
delta symbols, 5 (t;,:')6 (1 ,m11')6 (13,3")6 (my +p, mit p), 
because of the orthogonality property of the functions, 
which permits the sum over 1/;’, /;’, and mj’ to be 
performed. Equation (4.16), therefore, reduces to 


K= (4.16) 


K=>0 V(LL lobe bils)T (dibelsL)1* (dbl gL’), (4.17) 
where 


V (LL 'lele'hyls) 
a * 


m1, (p=+1) 


XC(L'1L'; m+ p, — p)C(L'ls'ls; mi+p, 0). (4.18) 


C(L1,; m+), — p)C(Llel;; m+4, 0) 


It is possible to perform the sum in (4.18) by re- 
coupling of the angular momenta. This is facilitated by 
noting that Z+L’ and /:+/:’ must be even. The 
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Fic. 5. Ratio of exact wave to Born approximation differential 


cross section as a function of Z for photon energy of 290 Mev 
recoupling yields 
V (LLIolo'13) 


2 (21,+1)( 


2/;+1) 
= —— 5(L,L’ 
3 (2/2+1)(2L+1 


+ (2,41) (21 


l 


+-1)(—1)!2(¢ iC 
XW (L1L'1;1,2)0 


where W is a Racah coefficient. 


14122; 0O 
211;'1;; L' (4.19) 

An additional simplification can be obtained by 
examining the product /,/,;* in (4.17). 
it is found that 


tne 
I,J,* x 


In that factor 


(—1)5*4 (7) 
(pL—i(mn*+13) ], (4.20) 
so, if the real and imaginary parts of the phase shift 
are separated by letting 7:=a,; 


I,I,* x exp — 261 


<exp[i(a+15*) | ex 


+-76,, then (4.20) becomes 


(4.21) 


and it is seen that there is no need to obtain the real 
part of the phase shifts." 


+26 


1) exp( 


With this development in 
mind and noting that A is a real quantity and that V 
is invariant to the simultaneous exchange of J. and L 
with /,’ and L’, respectively, then K can be written as 
K= > O(bebhe’ LL’)V (LL'bele' hil 

Re [G(hblsL)G* (hbe'sL’) J, 


(4.22) 


4.4)-(4.7) it can that 61, >0 and 61; <0, so both 
factors on the right of (4.21) are less than unity. 


} 


be seen 


16 From 
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where 
Q(lel2’ LL’) 


=3 


if j.’=i. and L’=L 
if Jo’=1,and L'<L 
=2 ifl.’>I, 


=0 otherwise. 


} 
| (2/.+1)C(1,1L; 00) 


MCU 


and 


(2L+1) 
(2/;+-1 


G(IlelsL) =i" 


13; O00) F(LlelsL), 


in which 


x. 


F (leds) = exp[—(6n—6 I] jte(qr) Xs 


dX iy 
+10 ],(] 
| dr 7 


Using (4.22), the final expression for the differential 


cross section becomes 


r 


da= (e u)*| 8(1—2p wy) wh 


2 


which was programmed for computation ot 
tronic computer. 


V. CALCULATIONS OF THE CROSS SECTION 


Since there is some interest in the effect on the valu: 
of the cross section as one goes from a point charge to 
distributed charge nucleus, this effect will be discussed 
first.'7 To investigate this point it is advantageous to 
use the Born approximation differential cross section 
given by Pauli and Weisskopf'*: 


re’ ®(p) *P,P_ sin6_ sind, d6_dé,.d¢dI 


da HW 5.1 


h®c Fy3(2 


7 


Fic. 6. Values of the real part of a square-well optical potential as 
determined from pion-nucleus scattering data. 


17Tn this section the equations will be given in ordinary units, 
where P is the momentum and E£ is the energy. The subscript + 
and — on a quantity indicates it is a variable for the 7, and x 
mesons, respectively. 

18 Equation (5.1) has been corrected by a factor of } missing in 
the equation given in reference 1. 
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F 


Fic. 7. Values of the imaginary part of a square-well optical 
potential as determined from pion-nucleus scattering data. 


where 


~*P,? sin’, E,?P_? sin’ 


#,—cP, cosd,)? (E_—cP_ cos6_)? 


2E,E_P.,P_ sin, siné_ cosp 


(Ek,—cP, cosé,) (EF —cP cos@ y’ 
&(p)= | Ao(a)et rate, 


In (5.1), ko= Fy+E_ and hp=P—P_+P,, where Ap 
is the momentum transmitted to the nucleus and P is 
the momentum of the photon. 

For a point charge, ®(p)= —4meZ/p*, in which case 
(5.1) can be integrated to give 


E,E 
da aZ*($R?) L—1 )dk_, 
P crs 
where a= e?//ic is the fine-structure constant, R= e?/mc* 
is the classical pion radius, and 
P.cP_ct+k,E_+m’*c! 
In _—_—-—-—- - 
— PicPct+E,E_+m'*c4 
PicP_ct+E,E_+m’*c! 
2 In| ———___—_——_ : 


Eyme? 


lor the case of a distributed charge density, Zp(r), 


4dr 

&(p) = —— 

p* 

and (5.1) has to be integrated numerically. 


The cross section for lead (Z=82) was obtained from 
(5.1) for a charge density 


(5.2) 


ze Tf 
- | p(x)e'” Ader. 


p 
p(r) ’ 
1+exp[(r—6)/a } 
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which is reasonably close to the actual charge distribu- 
tion for medium and heavy nuclei as obtained for 
electron scattering experiments.'® The constant po is for 
normalization, and the constants @ and 6 for best fit 
to experimental data are a=0.54610-" cm and 
b=1.07A*X10-" cm. 

A comparison of the cross section with the charge 
distribution with that for a point-charge nucleus is 
shown in Fig. 1 for a photon energy of 310 Mev. The 
7.762X 10-* cm. 
The two curves have similar shapes, but the point- 
charge cross section is approximately a factor of 104 
larger than that for the distributed charge. This factor 
persists in the energy range below 310 Mev. 

A comparison of the cross section obtained with the 
exact wave calculation (4.23) with the Born approxi- 
mation solution for a distributed charge is shown in 
Figs. 2 and 3. At the photon energies of 290 and 310 
Mev, shown in the figures, a striking difference in the 
spectral shapes obtained from the two calculations will 
be noticed. The enhancement of the cross section for 
well known and occurs 
because of the repulsive Coulomb potential. The ratio 


cross section is given in units of aR? 


higher energy mt mesons is 
of the total cross section obtained by the exact wave 
and Born approximation calculations is shown in Fig. 4. 

The difference between the two calculations can be 


Fic. 8. The differential pion pair production cross section (by 
photons) for lead including the Coulomb and nuclear optical poten- 
tial (P 16Meyv, | 5 Mey 


> R. Hofstadter, Revs. Modern Phys 28, 214 (1956) 
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Fic. 9. The pion pair production cross section for lead including 
the Coulomb and nuclear optical potential (P=—16 Mev, 
V =—S5 Mev) as a function of photon energy. 


expected in the case just cited since the conditions for 
the Born approximation to hold, Zak,/P,C and 
ZaE_/P_C<\, are certainly not obtained. It is of some 


interest then to see how the spectral shape of the exact 
wave solution approaches that of the Born approxi- 
mation as Z—+0. This also provides a badly needed 


check on the computational procedure. Figure 5 shows 
the ratio of the cross section for the exact wave solution 
to that of the Born approximation as a function of Z 
for »=0.5 and 0.1 at a photon energy of 290 Mev. In 
this comparison the extent of the charge distribution 
in (5.3) was kept constant; so the numbers refer to 
fictitious nuclei for Z<82. 

For the calculations with the nuclear optical potential 
the parameters for the well depths were obtained from 
pion scattering experiments”—* and are shown in Figs. 
6 and 7. The depth parameters for the real part of the 
potential shown in Fig. 6 had to be adjusted by the 
factor E/mc* to make them applicable to the present 
calculation, since it has been customary to introduce 
both the real and imaginary part of the potential as a 
time component of a four-vector in the analysis of pion 
scattering experiments (in contrast to. the method 
discussed in Sec. II). 

The potential parameters in the range 0-30 Mev 
pion energy were required in this calculation. The 
values selected were —16 Mev and —5 Mev for the 
real and imaginary part of the potential, respectively, 


*» DPD. H. Stork, Phys. Rev. 93, 868 (1954). 

#1 A. M. Shapiro, Phys. Rev. 84, 1063 (1951) and H. A. Bethe 
and R. R. Wilson, ibid. 83, 690 (1951). 

22 A. Pevsner ef al., Phys. Rev. 100, 1419 (1955). 

%H. Byfield, J. Kessler, and L. M. Lederman, Phys. Rev. 86, 
17 (1952) 

* G. Saphir, Phys. Rev. 104, 535 (1956). 
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and they were assumed to be constant.”® The potential 
was taken as a square well with radius 1.4 4'X10-" 
cm and is typical of the value selected for analysis of 
pion scattering experiments. 

The calculated differential cross section including 
the modified Coulomb potential and the nuclear optical 
potential are shown in Fig. 8. These data still show the 
effects of the Coulomb potential which tends to make 
the spectra unsymmetric about »=0.5, although the 
cross section has been considerably increased from the 
corresponding case without the optical potential. The 
data at 310 Mev shows a hump which can be accounted 
for on the basis that within the nuclear well the effec- 
tive momentum of the pions is increased and the 
spectrum should be expected to tend towards the 
symmetric shape given by the Born approximation. 
Figure 9 presents the total cross section as a function 
of incident energy and indicates a sharp increase in the 
cross section about 15 Mev above threshold. 


VI. DISCUSSION 


Although the present calculation maintained at 
least 1% numerical accuracy throughout, a larger error 
no doubt occurred because of the uncertainty in the 
applicability of an optical potential which is inde- 
pendent of energy and in the optical potential param- 
eters selected from the spread of experimental data. 
More data from pion-nucleus scattering experiments 
with improved methods of analysis would establish the 
potential parameters more accurately and ultimately 
lead to greater accuracy in calculations of the type 
described in this paper. 

The strong pion-nucleus interaction, as characterized 
by the optical potential, is obviously very important to 
pion pair production by photons. Although the cross sec- 
tion is remarkedly reduced in the energy region just 
above threshold as one considers the distributed charge 
nucleus in comparison with the point charge nucleus, 
this loss is fully regained by including the consideration 
of the optical potential. The increase in the cross section 
is very significant, putting the values in an experi- 
mentally interesting region especially for photon ener- 
gies above 295 Mev. 

Since the present calculation made no attempt to 
take the w—z interaction into account, the experi- 
mental data might be expected to deviate from the 
spectral data presented in Fig. 8 beyond the obvious 
inaccuracies of the calculation. The onset of the inter- 
action should be observed first at »=0.5 as the photon 
energy increases, since the pions have their greatest 
center-of-mass energy at this point. At the energies 
considered in this study, however, the c.m. energy of 
the pion pair is relatively low and well below the energy 
of the proposed resonance in the isotopic spin /=1 

*5 The constancy of the potential parameters in the low-energy 
region is based on the multiple scattering analysis of R. M. Frank, 


J. L. Gammel, and K. M. Watson, Phys. Rev. 101, 891 (1956), in 
which they took the nucleon motion into account. 
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state." At these lower energies the ‘=O interaction 
might be expected to dominate as pointed out by 
Carruthers and Bethe?’ and be observed first as the 
photon energy increases. In this connection, it should 
be noted that the produced pair of pions, as calculated 
here, is a mixture of /=0, 1, and 2 isotopic spin states 
and is not restricted on the basis of charge parity 
arguments since all orders of interaction with the 

26 W.R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 (1959). 

27 P. Carruthers and H. A. Bethe, Phys. Rev. Letters 4, 536 
(1960). 
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Coulomb field of the 


sideration. 


nucleus were taken into con- 
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The gamma-ray spectra for the decays K 


>yuvy and K — evry 
as well as r 


are calculated in full: Terms in 
the spectra proportional to lepton mass are retained so that the 
results are applicable to the muon decay mode, and the calcula- 
tions take into account both inner bremsstrahlung radiation and 
radiation arising from structure in the meson vertex. The latter 
contributions are expressed in terms of two form factors. 

The modes K — wry and K — evy can be used to test the va- 
lidity of Wigner time-reversal invariance. Two ways of doing 
this are given, one based on measurements of the gamma spectra 


>uvy and r—> ery 


I. INTRODUCTION 


N this paper, differential rates are calculated for the 
decay modes 

K+ — p*-+-9--y, 

B*— = +r+7, 


as well as for the decays in which the K meson is re- 
placed by a pion. These results extend the calculations 
of earlier workers'; in particular, the present calcula- 
tions are applicable to the muon mode in (1.1) because 
all terms proportional to lepton mass are retained. The 
rates depend on photon energy, on the angle between 
photon and charged lepton (alternatively, on the 
kinetic energy of the charged lepton), on the known 
nonradiative decay lifetimes, and on two unknown func- 
tions of photon energy. Rates integrated over the angle 
are also given. 

Electromagnetic and weak couplings are treated to 
first order in perturbation theory, while the effects of 
strong interactions are given without approximation in 
terms of form factors 4, and ho. 


AED) 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t National Science Foundation Predoctoral Fellow. 

'S. A. Bludman and J. A. Young, Phys. Rev. 118, 602 (1960) ; 
V. G. Vaks and B. L. Ioffe, Nuovo cimento 10, 342 (1958). These 
papers contain further references. 


and the other on measurements of the transverse polarization of 
the muons from the K — pry decay. 

Calculations have been carried out on the effect of a possible 
intermediate vector boson on the decay K — evy. The calculations 
are in substantial agreement with those of Kanazawa, Sugawara, 
and Tanaka (KST). Contributions from internal bremsstrahlung 
radiation, not calculated in KST, are given in the present paper. 
The strongly interacting intermediate states which give rise to 
structure-dependent radiation are listed, and a discussion of possi 
ble ambiguities in the KST test, arising from these states, is given. 


Besides Lorentz and gauge invariance, it is assumed 
that the leptons couple to K mesons via the V and A 
variants (i.e., vector coupling with the two-component 
neutrino). This assumption seems reasonable because in 


the related Ay2 processes (/= muon or electron), 


a (1.2) 
K 
the muon mode of decay predominates. Just as in m2 
decay, such a result points to vector coupling. 

The leptons are taken to couple “‘locally,” with no 
particles mediating between the emission of the v and 
charged lepton. As a consequence the form factors /, 
and /» for muon and electron modes in (1.1) are the 
same ; therefore, such an assumption can be checked by 
measuring the /4;(u) and /;(e) in turn and comparing 
results. In this manner several authors? have verified 
a local coupling hypothesis for the decays m — (2 leptons). 

The complete expressions for the photon spectra of 
(1.1) are given in Sec. II, Eqs. (2.7) through (2.15), 
and the Appendix. Magnitudes of the various terms of 
the decay rates are discussed in Sec. III in connec- 


2 T. Fazzini, G. Fidecaro, A. W. Merrison, H. Paul, and A. V. 
Tollestrup, Phys. Rev. Letters 1, 247 (1958); G. Impeduglia, 
R. Plano, A. Prodell, N. Samios, M. Schwartz, and J. Steinberger, 
ibid. 1, 249 (1958). 
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tion with the first test of Wigner time-reversal (7) 
invariance. 

If T invariance holds for the processes (1.1), they are 
restricted in two ways. Firstly, 4; and /2 must be real; 
their phases are restricted to be 0 or w. Secondly, the 
rate cannot depend on scalar triple products of the 
momentum, spin, and polarization vectors characteriz- 
ing the initial and final states since such scalars change 
sign under time reversal. Because these scalars occur 
only in interference terms, this second test measures 
phases indirectly. Both types of restriction are con- 
sidered in this paper. 

The first test of T invariance, discussed in Sec. III, 
involves a determination of the quantities Im|/,+/2., 
where Im denotes the imaginary part. The possibility 
measurement of Im'/,+/2 depends upon an 
interesting feature of the decays (1.1). The terms which 
predominate in the expressions for the decay to muons 
are different from those which predominate in the ex- 
pressions for the decay to electrons, due to the great 
difference in electron and muon masses. This circum- 


of a 


stance helps in obtaining a sufficient number of inde- 
pendent equations to solve for Im/, and Im/fy, since 
measurement of the same rate using a different mode 
can result in two equations for /, and hy» instead of one. 

The second test, discussed in Sec. IV, involves a 
measurement of the three vectors o, k, and Il. a is the 
muon polarization, and k and I are the gamma and 
muon 3-momenta. The scalar triple product is o- kX. 
Thus if the muons possess any net polarization per- 
pendicular to the production plane (i.e., if the dis- 
tribution of electrons from the subsequent decays of 
the muons is asymmetric with respect to that plane), 
T invariance does not apply to the process. 

As an aid to understanding the physical significance 
of h, and hp, it is helpful to list the intermediate states 
(structure) which contribute to the weight functions of 
a dispersion relation for /; and fy. In Sec. V it is shown 
that such states must have total angular momentum 
J=1, and that the lowest mass states contributing to 
h, and h, are K+2n and K+1, respectively. This last 
result is interesting in view of the report by Alston‘ of 
a resonance, called the A*, at 885 Mev in the Kx system. 
If the K* were J=0, it would have no effect on either 
form factor; if the K* were J=1, it would have no 
effect on /; and would contribute to 42, the term given 
in Eq. (5.2). 

Recently® the decay K — evy has been considered as 
a possible test of the intermediate vector boson hy- 
pothesis.® We verify the formulas (6) through (12) of 

> Since e, the photon polarization, is harder to measure than a, 
we ignore triple products involving the former. 

*M. Alston and M. Ferro-Luzzi, Proceedings of the Conference 
on Strong Interactions, Berkeley, 1960 [Revs. Modern Phys. 33, 
416 (1961) | 

§ A. Kanazawa, M. Sugawara, and K. Tanaka, Phys. Rev. 122, 
341 (1961). This paper will be referred to as KST. The form 
factors M*h/[M?—(k—q)*] and M?h./[M?—(k—gq)*] of these 
authors should be identified with the 4; and he of this report. 

®T. D. Lee and C. N. Yang, Phys. Rev. 119, 1410 (1960 
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KST and in addition calculate the corrections to them 
arising from terms of higher order in the electron mass 
[see Eqs. (2.16) and (2.17) ]. 

To facilitate comparison of the present results with 
those in KST, we note that in this paper a Feynman- 
Dyson approach is used, rather than the Low technique 
which is used in KST. The present approach leads 
immediately to a separation of the total amplitude into 
two parts, an inner bremsstrahlung amplitude and a 
structure-dependent amplitude. The separation ex- 
hibits the gauge invariance of the theory explicitly. It 
is essential to a full understanding of the structure 
terms, since each part represents a contribution from a 
different class of intermediate states (cf. Sec. V). In 
KST the separation is obtained by means of their 
definitions (5) and (7), although 
not explained. 


its significance is 


In the present paper the structure-dependent ampli- 
tude is further separated into the contribution from the 
intermediate vector boson [Eq. (2.5)] and the con- 
tribution from other intermediate states. 

Even if there were no weak interaction boson, an 
energy dependence of /; and /» arising from the strongly 
interacting intermediate could conceivably 
counterfeit the effects of one. Accordingly in KST two 
tests are proposed to check that no such energy de- 
pendences are present. In Sec. VI of the present paper 
the sensitivity of these tests is examined, and the possi- 
bility of ambiguities, arising from the strongly inter- 
acting intermediate states, is discussed. 

Section VII is an application of the formulas of this 
paper to the pion decay modes, + 


states 


>uvy and r#—> ery. 


Il. CALCULATION OF THE PHOTON SPECTRUM 


The amplitude for K — lvy decay (/= charged lepton) 
is the sum of two terms Mz and Ms. Mz is due to inner 
bremsstrahlung processes, while Ms is the structure 
amplitude. Their forms, which are known,' are given 
here for completeness. The form of Ms follows from 
Lorentz and gauge invariance and the (V,A) law: 


Ciege’ mx |e hy 


MM (4goko) , 
he 


+. LE. upo'YrYu€ pho | (1-44 
Mr 


(e-q)k-y ] 


L(q-k)e-y 


" 2 
mr 


y5)U,. (2.1) 


matrices are anti-Hermitian; yo and y5 
are Hermitian. mx is the mass of the K meson; the dot 
refers to the four-dimensional scalar product (e.g., 
g* €=qo€o— Qiér***) 3 Quy Ru, and €, are the four-momen- 
tum of the AK meson and the four-momentum and 
polarization of the gamma; €\up- is a 4-dimensional 
antisymmetric unit tensor; / 


The spatial + 


and Ul’, are the charged 
lepton and neutrino spinors ; /, and /, are two arbitrary 
functions of gamma energy ky; the coupling constants 


e= (4r/137)) and ge’/M? are explicitly factored out of 
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(b) 


Ss 


' 

1 \ 

(d) (e) 
_ Fic. 1. Diagrams contributing to K — evy decay, assuming an 
intermediate vector boson B. The circle indicates possible struc- 
ture due to strong interactions. Diagrams (a)-(d) give the inner 
bremsstrahlung terms and the contribution of the vector boson 


to i,. Diagram (e) indicates contributions to 4; and he from struc- 
ture other than the intermediate boson. 


h; and hp for reasons of symmetry between Mg and Mz 
[cf. expression (2.2) and the discussion following Eq. 
(2.3) ]. 

The amplitude Mz can be obtained from a perturba- 
tion approach. The calculation is made so that it also 
applies when an intermediate vector boson is present. 
One first writes down the Lagrangian for the free fields 
(electron, neutrino, intermediate boson,’ and K meson) 
as well as the weak interaction Lagrangian for a point 
interaction [Eq. (2.2)] and then obtains the electro- 
magnetic interaction Lagrangian by means of the re- 
placement 0/dx,—,0/0x,+ieA,. The Feynman dia- 
grams contributing to Mz, are indicated in Fig. 1. 
Diagram (d) is obtained from the derivative in the 
point interaction® that would be assumed for K — e+ 
decay if there were no “structure” other than the 
vector_boson : 


gemxi(dpt/dx,)W +g’ bevel t+ys)vWet 
+Hermitian conjugate; (2.2) 


@ is the A-meson field, W, is the intermediate boson 
field, and y., ¥, are the lepton fields. 

Diagrams (a), (b), and that part of (d) which does 
not vanish with M — o for the vector boson mass M, 
form a gauge-invariant sum, the “internal brems- 


? The spin-one electromagnetic interaction Lagrangian used is 
that given in G. Wentzel, Quantum Theory of Fields (Interscience 
Publishers, Inc., New York, 1949), p. 90. The vector boson was 
assumed to have no anomalous magnetic moment. 

8 It is possible to derive the form of the inner bremsstrahlung 
terms without writing down any specific kaon-lepton coupling. 
For such a derivation, which uses a generalization of Ward’s 
identity, see H. Chew, Phys. Rev. 123, 377 (1961). A further 
interesting result of the derivation is that, in the limit of small ko, 
Eq. (2.3) gives the complete amplitude correct to all orders of the 
coupling constant e. 


K-MESON 


REPTONIC DECAY 


strahlung” term: 


gg) MK : 
Me ic camazenee ot l 
M? (4qoko)} 


l-e gre (e-y)k-y 
x| — $ c 
l:k q:k 2-k 


The quotient gg’/M? is known in terms of the inverse 
lifetime W,,, calculated from expression (2.2) for the 


process K 1+ : 


W = (ge’/M*)?(mxm?/4r)(1—m?/mx*)*. (2.4) 


In the limit of no vector boson, M*— ~, the product 
ge’ is to increase so that gg’/M? remains constant. 

The rest of diagram (d) plus diagram (c) is sepa- 
rately gauge-invariant and vanished as M — ~. This 
sum is the vector boson term. Since it is merely one 
kind of structure term, it will have the form given in 
formula (2.1). 64; and 6/2, the contributions to /, and 
hs from the intermediate vector boson, are 


5h, = mx?/[M?— (k—g)* | 
= mx?/(M?—mx+2komx); 


bhi2=0. 


(2.5) 


In addition, all other contributions to 4; and fy will 
contain a factor M?/[M*—(k—g)*], which arises from 
the propagator corresponding to the vector boson line 
in diagram 1(e). This line is present because of the 
assumption that the boson is an intermediary in all 
weak interactions. In contrast, the term (2.5) is due to 
electromagnetic, rather than weak interactions of the 
boson. No factor M?/[M?—(k—g)*] is present in the 
inner bremsstrahlung terms, since the denominator of 
the vector boson propagator is always canceled by 
terms arising from the numerator. 

From Mg+Msg one may calculate the differential 
rates Rinaxd?W/dkpdQ and RmaxdW /dko. Q refers to the 
angle @ between gamma and charged lepton, while 
Rinax= (mMx2—mP)/2mxK, the maximum allowed gamma 
energy, is a convenient unit of energy for this process. 
m, is the lepton mass. Integrating over the four- 
dimensional 6 function of energy-momentum conserva- 
tion, 6, in the formula 


PLB kd v 


dW = (2r)! > Mzpt+Ms 6 ‘ 2.6) 


(27)9 


one obtains, for a stationary K meson, the differential 
rate of decay 


vw dLWra 1 
Rn _. (0,Ro) — + eee —[SotSi +So], 
dQdko dQ 4m Rinax 


(2.7) 


where 


1 
So= Fl sin?@(2mxkmax/1-k)+2v-k |, 
-k 
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—4 Ro 


S,;=—[P sin*@ Ref,+v-k Re(h1— hz) }—, (2.9) 
l-k Mr 


-v—F* sin’@ |( | ty |?+ | he|*) 


l-k vk 
+D4 - ¥. | 
loko voRo 

ko 


(2! hr} | he cos(.-63)]| 
” K: 
en {i ko 


9 


(2.10) 


(2.11) 


dQ 2x l(mx—ko)+loko cos 


lis the magnitude of the electron (muon) 3-momentum; 
l, and y, are the electron (muon) and neutrino 4- 
momentum ; Wx; is the rate for K — /+-», where / may 
be e or u; 6 is the angle between electron (muon) and 
gamma; ¢; and @2 are the phases of /,; and fo. 

If the differential rate Rmax’d?W/dkwdL is needed 
(L=lo>—m;=lepton kinetic energy), replace dL/dQ in 
(2.7) by i 


If (2.7) is integrated over angles, one obtains 


dW aWr: 1 

Rnax— ices : = —[Ro+Rit+Re], (2.12) 
dko Se Bien 

where 

Ro= In mx(mx—2x)/m? \[4(mx—1)/x—44+2x] 


—4(1—x)[x/(mg—2x)+2/x], (2.13) 


R= In mx (mg—2x)/m;? | 
[4m Px Rehy/mx?+ (—4x*) Re(/ty— he) /mx | 
+[42(1—x)/mx(mx— 2x) ] 


X[2ko Re(Ay— hz) +2(1—mx+2x) Reh], (2.14) 
82 (1—<x)? 
R.= Se es [3(mx—2x)—2(1—x) ] 
ImPmK (mK— 2x)" 
(Ay 2+ | h2\*), (2.15) 
*=Ro/Rmax, and masses are expressed in units of kmax. 

The Appendix gives Eq. (2.7) integrated over all 
angles @ greater than an arbitrary angle 0. 

Ro and So» are inner bremsstrahlung terms, propor- 
tional to Mg!|?; R; and S; arise from interference be- 
tween Mg and Ms and therefore are linear in the h,, 
while Rz and S2 are proportional to |Ms\* and are 
quadratic in the hj. 

For the electron decay mode the dominant term in 


Eq. (2.12) could well be R».° Inner bremsstrahlung cor- 


* That terms quadratic in 4, 42 are more likely to dominate in 
the electron mode can be seen by examining the dependence on 
lepton mass m; of Eqs. (2.12) through (2.15). The nonradiative 
decay rate W x: varies roughly as m/?, so that, in going from muon 
to electron mode, Ry and R; terms decrease as m? In(1/m?). The 
quadratic terms, on the other hand, are almost the same for the 
two modes. [Electron inner bremsstrahlung can be large in angular 
distributions, however, near @=0, 1/(/-k) + O(1/m2).] 
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rections to that mode may be obtained from Ro: 


dWsg alWkx, i 
—=——}[13.14+In(1—~) | —f He 
x 


dko 4dr 
x 2 
eeataf 47] 
2(i—x) x 


where += ko/Rmax. Interference terms due to R; are even 
smaller and may be neglected. As an example of the 
magnitude of the correction due to (2.16): For ko 
=0.4Rmax, 4; and h2 real with h,=} (M=7 pion masses 
if there were no /; structure other than the boson) and, 
say, h;?=h,*, the correction is 5% (with /.2=0 the cor- 
rection is 10%). Since inner bremsstrahlung varies as 
1/x, while the contribution to /,;? from the vector boson 
varies as x°(1—x)/M‘, the correction for other values 
of ko and M can readily be estimated. 

The formula for RinaxdW/dko (8022/2), (see reference 
5 and the Appendix) i.e., the rate for events in which 
the electron falls in the backward cone, also needs a 
correction arising from inner bremsstrahlung: 


dWs T 
kmax” ag (0 2 “) 
k 


0 2 


aW x. 2-x 4 ™ 
Seas ea 
dor l-—-x v XA -2) 


Ill. MEASUREMENT OF THE FORM FACTORS 


, 
> « 
max 


(2.16) 


(2.37) 


Using the rates of the preceding section, we give a 
procedure for measuring /, and /. In particular, the 
quantities Im|/,;+/2, are of interest, since they should 
vanish if J invariance holds. It is clear that if the 
following quantities were known, 

H,=Re(h,— hz) 
= |hy| cosdi— | he 
y= |i +he 
hy 7+ | hye ? 
Hi; | fy \?+ hy A 


then Im hy— he 


COS@2, 


would also be known since 


2H;—H.—H?=([Im(h,—/) F. (3.2) 


Further, if Ref; were known, then Im /,+/ 
follow, since 


H.— (2 Reh, — i, )- 


would 


[Im(hy+hz) . (3.3) 


Reh; and the quantities (3.1) occur as unknowns in 
rate expressions derived from Eqs. (2.7) and (2.12) and 
listed in Table I. The four expressions determine the 
four unknowns. It is necessary to specify for which 
particle, muon or electron, the rate is to be calculated, 
since only for the muon mode is the inner brems- 
strahlung amplitude Mg expected to be sufficiently 
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TaBLeE I. Form factors occurring in the rate expressions. 
Column 3 gives the combinations of form factors which occur in 
the theoretical expressions for each of the quantities in column 1. 
The symbols e and yu of column 2 indicate for which mode, K — evy 
or K — pry, the expression is calculated; in expressions intended 
for the e mode, some terms proportional to lepton mass can be 
neglected. @ is the angle between gamma and neutrino; © refers 
to the angle between gamma and e or y; &p is the gamma energy. 


Measurement Form factors 


hy+he|? 
Re(hy— he), | dy —he\? 
hy |2+ | ha? 
Reh;, Re(Ay—he), 


Mode 


Rinax®?W /dkypdQ (6 =0) eor pu 
Rmaxd?W /dkodQ (6 =7)* yu 
RmaxdW /dky” e€ 
kmaxdW /dko* hy |? | hol? 


* Inner bremsstrahlung terms dominate. 
> Inner bremsstrahlung terms are a small correction; Rehi and Re(hi —h2) 
terms are negligible. 


large that terms linear in the /,, arising from the inter- 
ference between Mz and Msg, must also be included. 

The first two rates of the table apply to events in 
which the momenta of all three final particles lie in a 
straight line. There are two kinds of such events, de- 
pending on whether the angle ¢ between neutrino and 
gamma is 0 or w. The two types of events are dis- 
tinguished experimentally by observation of the kinetic 
energy L=/)—m;, of the massive lepton. If gamma ray 
and neutrino emerge in the same direction (¢=0), then 
from kinematics L must have the value 


L= | 


= (mx—m))*/2mx 


(@=0). 
The rate for such events is 


aw 
Rinex— 7 


dkpdQ 


(Ro, 6= 1) 


o=0 

aW xi | ae ; 

a ea ki He 
Qn? mrK°m? 
= 4.29 10-*W x,2°H» (muon) (3. 
=4.72X10—“W K,*He (electron), (3.7) 
x=ko/Rmax. The rates are given in terms of the inverse 
lifetime Wx, for the process K—p+yv; the appro- 
» ] 

priate Rmax is to be used in each case. 

If gamma and neutrino emerge in opposite directions 
(¢=7), then LZ can have a spectrum of values 


L=(mx—m,—2ko)?/2(mx—2ko) (=). (3.8) 
The rate for these events is 

aw | 
dhl! gar 
aW x1 (Rmax— ko) dL 


-_ 


Rinax 


mer dQ 
ke? 
x| ma — 2k " hy— ho . 


MK 


(3.9) 
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(2.10—2x) 
X [4.40—4.20Hix+-27 | ti—he|*]x (muon), 


(2.10—2x)*— 0.2072 
= 1.0710 Wel | 


(3.10) 


where 


—(=7)= 


dQ 2r 


dL he Ma ns 
2(mx—2ko) 
t 1 
a 3.11) 


mk (Rmax— Ro) 


For these events the angle @ between charged lepton 
and gamma will be z or 0, according as ko is greater or 
lesser than (mx—m;)/2 (=0.82Rmax for the muon mode, 
=Rmax for the electron mode). Because the events at 
@=0, Eq. (3.5), can have only the one value of L, 
Eq. (3.4), the measurement of LZ to distinguish ¢=0 
from @=7 events, does not have to be accurate unless 
L is very large (Lmax=150 Mev for muons, 247 Mev 
for electrons). 

Measurement of (3.9) is not possible in the electron 
case. Except at the very highest gamma energies, the 
electron emerges at 6=0; consequently the inner brems- 
strahlung, which is generally not a problem for this 
mode, becomes large. The full effects of inner brems- 
strahlung are not apparent from (3.9) because exactly 
at @=0 such effects are small: (3.9) is the constant 
term in an expansion of the rate in powers of 6. For 
ky<(mx—m))/2 (@~0) the following term should be 
added to the bracket in (3.9): 


2mkkimax | (mx—2ko)?—m? }? 


mk? 


a ko) 


2m Kkmax? ( 1 haan x) 
catenin ; — fi, 


(3.12) 


mr? “ 
For the electron mode this term is very large. For the 
muon mode at x=} and 6=10°, the half-angle of a 
cone subtending 0.1 sr, this term is ~mx«/2r. 

Using the calculation of Eq. (2.5) with an inter- 
mediate vector boson of mass M=seven pion masses 
(this mass is taken to be typical of the masses of the 
particles involved in intermediate states) as a rough 
guide, one can estimate /, to be approximately }. Bar- 
ring fortuitous cancellations, the H, and inner brems- 
strahlung terms in (3.9) would then be in the ratio 
«/4 to 1. 

The third and fourth entries of the table come from 
Eq. (2.12) specialized for the e and uw decay modes, re- 
spectively. As was mentioned previously, the Re terms 
are comparable in magnitude for u and e modes, but 
the other two are much suppressed in the electron case>:* 
since Mg becomes small. Neglecting terms of higher 
order in m./mx, one gets for the electron spectrum 


RimaxdW /dko = 4.61 x 10- SW Kx yx? ( 1 = x)A3. (3.13) 





2042 


For (3.13) to be a valid approximation, /, must be of 
order +; then corrections due to Ro will be small. Such 
corrections were given in Sec. IT, Eq. (2.16). 

In the muon case, on the other hand, all terms in 
(2.12) must be retained and inner bremsstrahlung 
radiation dominates. Again using the vector boson 
calculations as a guide, with 2=0 and kp» in the range 
ko>kmax/2, R; plus Re terms may be expected to con- 
tribute from 10 to 15% to the total rate, with R; and 
R» terms contributing in the ratio 8-9 to 1. R,; has a 
zero in this range of ky at approximately Ref.=4 Reh, 
but due to (3.5) and (3.9) such a zero cannot be taken 
to mean 4;=/.=0. 


IV. MUON POLARIZATION 


We compute the differential transition rate ?W/ 
, dk@Q for production of muons with spin along +n 
+k XI/kl sin@ in terms of a quantity P: 


PW ./dkdQ= (@W /dkodQ)[3(14P)]. (4.1) 


P is ‘the net polarization along n. For negative muons P 
is given by 


4kol sind | Mk Mrlo 
Pé= - |" _s =—1] Im/, 
mam, \|Lk l-k 


MKVO 


eee Imhs (4.2) 
l-k 


£=So+Si14+So. 


The detailed expression for & is given by Eqs. (2.8) 
through (2.10). For positive muons P has opposite sign. 


V. INTERMEDIATE STATES 


In this section we consider the intermediate states 
contributing to the weight functions of a dispersion rela 
tion for h, and he. By virtue of the locality hypothesis, 
the lepton momenta occur in expressions for structure 
terms only in the combination (/+ v). The reaction 
K — y+/+- thus has the analytic properties of a three- 
particle vertex function, the third “particle” being /+ » 
with (mass)*=(/-++y)*. It is convenient to write the 
dispersion relations for the process K+ — 1+» which 
is physical for s=(/+v)?2m,*, and then obtain the 
matrix element for the decay process by continuing 
analytically in s to mx*2s2m/?. We assume, as is 
reasonable from perturbation theory applied to the 
three-particle vertex function,” that the matrix element 
is analytic in s except perhaps for a pole at s=m x? and 
a cut for s> (mx-+m,)’. In this region of s the weight 
functions can be obtained from unitarity. 

Im(vl| T| Ky) 
=4 > n(vl T n)i(E,—E)(n\Tt| Ky). (5.1) 

Im(vl| T | Ky) contains more than is wanted, however, 

since it contains contributions from inner brems- 


R. Oehme, Phys. Rev. 111, 1430 (1958). 
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strahlung radiation, while what is desired is a dispersion 
relation for the structure terms only. For example, 
when n= K the matrix element (K|7'| Ky) represents 
absorption by the K meson of a photon of zero energy 
(in virtue of the conservation of energy). At zero 
photon energy the form of this matrix element is 
known exactly: It diverges as 1/(qg-k) and therefore 
cannot contribute to the structure matrix element. A 
similar consideration rules out contributions from 
n=vly. It follows that the separation of the amplitude 
into Mg and Ms corresponds to a separation of inter- 
mediate states into K or vly and all others. 

States ” contributing to Ms contain no leptons, if 
terms of higher order in the weak and electromagnetic 
couplings are dropped. The factor (vl/T'n) must 
represent the weak step, therefore, while (x Tt Ky) is 
electromagnetic and conserves parity and strangeness. 
The states m accordingly have the same strangeness 
and charge as the K meson and have baryon number 
zero: n=K+n, K+2r, ---2K+K, NY or NY 
(where Y =hyperon), etc. 

In the frame in which the center of mass of the two 
leptons is at rest, the photon wave functions obtained 
from the /, and fA, amplitudes in Eq. (2.1) transform as 
e and eXk, respectively, i.e., as £1 and M1 photons. 
Consequently, the states » have J/=1; furthermore, 
states contributing to 42 have the same parity as the 
K meson, while those contributing to 4; have opposite 
parity. It now follows from parity conservation applied 
to (n,| Tt| Ky) that the state n= Kz contributes only 
to fz. Contributions to /, start from the cut at s 
= (mx+2m,)" [or from the pole at s= M?, Eq. (3.3), 
if M<mx+2m, |. A J=1,n=Kz resonance of narrow 
width centered at s=(m*)? would contribute to #; and 
h, an amount 


h,* = ( ), 
Gm,’ M? 


h.* = = : 
(m*)?— (k—q)? M*@—(k—q)? 


where G is a dimensionless coupling constant depending 
on the strengths of the couplings Ky to K* and K* to 
the vector boson. 

Because of final state and initial state strong inter- 
actions, the matrix elements (v/|T |) and (n\ Tt! Ky) 
can exhibit an energy behavior which comes from a 
strong process such as (7 T|\m). As a consequence, the 
energy behavior of matrix elements such as (Ka! T| Km) 
is relevant to the present discussion, even though they 
are not explicitly present in the sum (5.1). 


VI. THE RATIO h,/h, 


In this section the test proposed in KST for the 
existence of the intermediate vector boson is discussed. 
We first summarize the proposal. Any such test must 
start from the one effect which the boson has on the 
matrix element for K — lvy: The boson requires hy and 
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Fic. 2. The functions P and Q, Eqs. (6.3) and (6.4), plotted 
against A;/h2. They vary slowly near the points 4;/h2= +1. 


hy to have the form 
hy= (mx?+ M°d,)/[M?— (k—q)?], 


(6.1 
hy= M*ds/[M2— (k—9)*}, - 


where d,; and d2 represent the (incalculable) effects of 
strongly interacting intermediate particles. The test in 
KST, which applies only if d; and dz are constants or 
very nearly so, is to show, by a measurement of dW/dko 
for K — evry, that h; and hz have the energy. dependence 
given by the denominator of (6.1). 

Even in the limit M?— «, d; and dz could possess an 
energy dependence simulating a boson if they were not 
constants. The test for the boson therefore involves an 
auxiliary test of the behavior of d, and d2. This test is 
in essence a measurement of the ratio 


hy/ho= (mx?+ M*d,)/ Md. 


(6.2) 


The denominators of (6.1) conveniently cancel out of 
(6.2), and any residual energy dependence would be 
due to strong interactions only. 

Actually, the suggestion in KST is to measure the 
energy dependence of either of the two ratios 


P = (Ay +h)? (h?+h.?) 
= (1+h,/he)?/[1+ (n/he)*], (6.3) 
Q=hyho/ (hy? +h:") 


= (hy/he)/[1+ (hi/h2)* ], (6.4) 


whichever is experimentally the more convenient, 
rather than to measure the energy dependence of the 
ratio 4,/h» directly. P and Q, rather than h,//», are the 
quantities obtainable directly from experiment since the 
spectrum of K — ery is quadratic in the Aj. 

It is argued that /, and fz are not simply related in 
any way (the states contributing to d; and dz have 
opposite parities), so that if the ratio (6.2) is a con- 
stant, then d; and dz separately must be constants. 

If the result P ~constant, constant were obtained 
experimentally, some care would be needed in its 
interpretation. The functions P and Q are plotted 
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against /,/h2 in Fig. 2. P and QO are seen to have zero 
derivative at /,/h.= +1. The functions P and Q there- 
fore would be nearly constant in the region h,/h.~1, 
even though h,/h» itself were not. 

An implicit assumption of the argument in KST is 
that, barring resonances, the probability that d; and 
dy be rapidly varying is small. Then the probability of 
rapid variation in d,; and dz simultaneously would be 
even smaller, and the most probable interpretation of 
the result, 4,;/h2~constant, would be d; and d» indi- 
vidually constants. The alternative interpretation, that 
no weak boson exists and both d; and d» vary rapidly 
but in the same way, would be much less probable. 

However, the alternative should be considered as a 
serious one, because it is possible to give fh, and he 
rapid energy behavior without invoking resonances or 
improbable mechanisms. In fact, if the weight func- 
tions in the dispersion treatment of the #; simply 
changed sign, the resulting energy dependence could 
be quite rapid. 

To understand how this dependence would arise, one 
can study dispersion relations which the /; satisfy: 


x 


[ pi(s’)ds’ 
“ F s—S 


I 


(6.5) 


where sr; and sro are (mx-+m,)? and (mx+2z)?; 
s=(k—g)*; and p; and p» are given, apart from kine- 
matical factors, by the quantity (5.1) evaluated for 
transitions of £1 and M1 photons, respectively. dj, 
rather than /;, is written in Eq. (6.5); it is taken to 
apply in the limit M?-—+ » [cf. Eq. (6.1) ]. We investi- 
gate what types of energy dependence are allowed for 
the d; by the relations (6.5) when M?—> « and compare 
the results to the energy dependence expected for the 
case M? finite and d,; constant. 

To facilitate the comparison, one can expand the 
denominator of Eq. (6.5) in powers of s/s’: 


i 1 s s 
d;= / p.(s’ a ( + a f-- +) (6.6) 
WJ) svi ee Od ee Co 


' Aif s Aof §s 2 
=A 1+ ( ) + ( ) bef (6.7) 
Ay\mx? Ay\mR? 


The corresponding expansion in the case M? finite and 
d; constant yields 


Mr/ Ss 
h,= (const | + ( ) 
VM? \m x? 
mar\*/ s \? 
+( )( J++] (6.8) 
M? Mr 


‘ ave e 
Large A,,n>O, in (6.7) therefore correspond to a 
boson of low mass. These expansions can be understood 
=ko/Rmax, about 


as expansions in the photon energy, x 
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its maximum value, x=1, since s/mx*?~(1—.x) (lepton 
mass neglected). 

One now studies the magnitudes of the quantities 
A,/ Ao. The case n=1 will be discussed in detail; the 
discussion for m>1 is similar. The quantities A» and A, 
are expressible in terms of the weight function p, 


1 -* p(s’)ds’ 


A= | ' 
./ 
WS) *T A) 


mx r® p(s’)ds’ 
A= | . 


(6.9) 


(6.10) 


Ww J 387 (s’)? 


First suppose p(s’) did not change sign. Then Aj/ Ao is 
a weighted average of the quantity mx?/s’ with nor- 
malized weight function p(s’)/s’. A,/ Ao would be greater 
than mx?/sr, and its exact magnitude would depend on 
how rapidly p(s’)/s’ fell off to zero. If p(s’) fell off 
slowly, A,/Ao would be very small, and expression 
(6.7) would simulate (6.8) only if M? were taken very 
large. 

Now suppose p(s’) changed sign. Then as one inte- 
grated away from threshold, | Ao| and | A;| would first 
increase, then decrease, but | A;| less so than Ao| be- 
cause larger values of (s’) contribute less to | Ay| than 
to |Ay\. The ratio A,/A» would therefore increase; and 
the equivalent M®? in expression (6.8) could even be 
below sr. 

The ratios A,/A» with n>1 would be enhanced also, 
although in general each succeeding A,/Ao would not 
be exactly mx?/M? smaller than the preceding A »-1/ Ao, 
as is the case for the coefficients in (6.8). In principle, 
therefore, a measurement of the higher coefficients 
would distinguish between the series (6.7) and (6.8); 
in practice, however, it would be surprising to find that 
the measured values of the higher coefficients agreed 
with the ideal values given in Eq. (6.8), even for the 
case of finite M?: Small deviations are to be expected, 
due to departures of d; and d2 from rigorous constancy. 


VII. PlION MODES 


In this section the magnitude of the various terms in 
the r— evy and r— wry rates will be estimated using 
the vector boson calculation as a guide. 

The general formulas of the preceding sections and 
the Appendix also apply to the pion case, if the K- 
meson lifetimes and mass are replaced by the corre- 
sponding pion quantities. As in the K-meson case, the 
general conclusion is that terms quadratic in /, hz pre- 
dominate in the electron mode, while inner brems- 
strahlung and terms linear in /;, 42 predominate in 
the muon mode.!* 

In Eq. (2.5) with mx replaced by the pion mass m,, 
we take M=3m,, a mass not allowed for the boson but 
consistent with the order of magnitude of masses of 
intermediate states allowed by symmetry principles. 
With this mass the inner bremsstrahlung still dominates 


E. 
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in the muon mode. At ko=4kmax, the Ri terms of Eq. 
(2.12) are a 2% correction (taking Rek,=0). To indi- 
cate how the rates (3.5) and (3.9) are affected in mag- 
nitude, we quote the pion analog of Eq. (3.6): 


’w 
kmax——|  =1.3X10-°W, ,x° Ho. 
Ak pdQ o=0 


For the electron mode, with M=4m, (approximately 
the lowest mass allowed for the intermediate vector 
boson), A2?=0," and ko=0.9Rnax, the ratio of /,? terms 
to inner bremsstrahlung terms in kmnaxdW/dko is 2.4 to 
1, while the absolute rate for the inner bremsstrahlung 
iS RmaxdW p/dkyp=2.23X10-"W ,,. 


VIII. CONCLUSION 


For the decay K — ury, inner bremsstrahlung pre- 
dominates over structure radiation. With strong inner 
bremsstrahlung, however, the interference terms be- 
tween the inner bremsstrahlung amplitude and the 
structure-dependent amplitudes become quite measur- 
able. With the aid of additional information from the 
spectrum of K — ery, it is then possible to determine 
Reh, and Refz completely, while Im(4;+/.) can be 
determined up to sign. 

Two measurements, one a measurement of the form 
factors of the processes K — uvy and K — ery, and the 
other a measurement of the transverse polarization of 
the muons from K — pry, have been proposed as a test 
of the validity of time-reversal invariance. 

From measurements on the total number of gamma 
rays emitted at a given energy, together with the 
number of such events in which the three final particles 
emerge collinearly, it is possible to determine Im | /4,—/hy» 
and Im! ,+/2|. These quantities will not vanish if T 
invariance is violated. Data from both modes K — evy 
and K — pry is to be combined, under the assumption 
that, if the muon is a “heavy electron,” the two sets of 
form factors h;(u) and A/;(e) will be identical. Since the 
quantity | 4,+/2\* can be measured equally well using 
either mode [see Eqs. (3.6) and (3.7) ], this assumption 
of equivalence of e and uw can be checked. 

The muon polarization normal to the production 
plane has been calculated on the assumption that the 
leptons couple by the vector variants only. The po- 
larization test is not sensitive to this assumption, how- 
ever. Tensor or scalar” variants containing phase fac- 
tors forbidden by time-reversal invariance would also 
give rise to normal polarization. 

The spark chamber would be the best device for carry- 

1 ? can be calculated! in terms of the 7° lifetime ro using the 
conserved vector current hypothesis. In the notation of the 
present paper, /2* is given by /?=1 )=3x10~* for 
To=1X10-"* sec. 

® The scalar term violates the assumption of local coupling of 
the leptons, since this principle requires that in structure terms 
the lepton momenta occur only in the combination (/+),. 


(37m ,oer 
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ing out the second test (as well as the first). If the 
chamber were lined with lead to convert the gamma, 
then two particles from the K decay, as well as the 
electron from the muon decay, would be visible. The 
chamber can distinguish between electron and muon 
mode in (1.1) and can separate both these modes from 
2y events: 

K+ w++v+10(2y), - 

K+ — et+0+7°(2y). ma 

It should be noted that the muon mode of the decay 
(8.1) can also be used as a test of T invariance; the 
literature is in error regarding this point. It is not 
true that the transverse polarization of the muons from 
(8.1) vanishes independently of whether /, and fz are 
real, simply because the coupling is assumed to be V 
and A only. On the contrary, a test utilizing polariza- 
tion measurements is possible for the muon mode of 
(8.1) just as for the muon mode of (1.1). A correct 
calculation of the polarization to be expected in the 
decays (8.1) for V and A as well as other couplings is 
given by Ivanter." 

The two tests suggested in KST for monitoring the 
strong-interaction background in connection with the 
search for the intermediate vector boson must be 
applied with care, as they are insensitive when /,; and 
he are similar in magnitude. 

It is impossible to predict exactly what energy de- 
pendence will be imparted to 4; and hz by the strongly 
interacting intermediate states; but, in view of its 
relevance to the proposed search for the intermediate 
vector boson, a less ambitious question has been dis- 
cussed: What energy dependence could conceivably be 
imparted? Of course, it is conceivable that there be a 
resonance in a strongly interacting intermediate state ; 
this resonance would impart rapid energy variation to 
the appropriate 4;. The point to be stressed, however, 
is that even in the absence of resonances, rapid energy 
variation is a priori as likely as slow variation, since 
zeros as well as peaks in the weight functions can give 
rise to rapid energy behavior. Such zeros could arise if 
contributions from successive cuts had opposite sign ; 
there is no need to invoke any behavior more unusual 
than this. Accordingly, the proposed test for the weak 
boson is ambiguous. 
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APPENDIX 


In this Appendix we calculate the probability 
RmaxdW /dko (60,ko) that the lepton e or » will make an 
angle 4 or greater with a photon of energy ko; that is, we 
integrate Rknaxd*W/dkodQ over a cone of half-angle 
(r—Oo). 

The integrations are simpler if done with L=J>—m, 
= L(6,ko) rather than 6 as variable of integration, and 
the results will be given in terms of RmaxdW/dko (Lo,ko), 
the probability that the lepton e or u will have kinetic 
energy 2 Lo when the photon has energy ko: 

dW aW x; 
Rix Ax (Lo, ko) alii ee —(To+ Ti+ T2), 


dko dor 


(A1) 
where 

x 4(mx—1) 2A 
Ty=In( }I — —4420]+ - 

x—A x x?(x— A) 

X [Lm cA— 2x(Lmax+mi +A) +2x7]— 2A, 

4x Rehy\ ( m? x 

no) 

MK | mx x—A 


ArAmx | 
——| —- “—#(a+2—ms) 
? 


Bed 


4x [ x 
+|— Re(hi—hs) A-x nf —} | (A3) 
Mr L x—A 


4Hy xd? xA(1+A) x#A 
r= | 


(A2) 


m? 2 Mr MK 


(A4) 


) 


4H) A° A? A*(1+2A 3) | 
snes aay 


m? 3 Mk 


Linax = (Me—m))?/2mK; x=ko/Rmax and all masses are 
in units of Rmax; A= Lmax— Lo. 

To calculate dW /dx(6o,«) one determines what range 
of L corresponds to the range 026) and then applies 
Eq. (Al). The analytic relationship between L and @ is 
obtained from a quadratic equation 

A= Limax— L= [—cot (c2—4e 3)} ] 2c, (A5) 
where 
(= 2" sin’?é-+ mr (mrx—2x), 
—¢2=2(Limax+m))x* sin’?@+2xmxK(1—+x), 


C3= 2 sin’6. 


(A6) 


The relationship between ZL and @ can also be seen 
graphically. If LZ is plotted against 6 in polar coordinates, 
the result is a lobe symmetric about the horizontal axis 
(@=0, r). The position of the lobe depends on ko; for 


x<mxk/(me+m)) =x’. (A7) 
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The lobe encloses the origin, while for x>x’ the lobe 


lies in the backward cone 


6>0' =arcsin[ mx (1—x)/mpx }>w/2. (A8) 


As x approaches unity, the cone gradually narrows down 
about 6=. For x><’, a ray from the origin at an angle 
6>0’ intersects the lobe twice: Two values of L, corre- 
sponding to the two roots of (A5), are allowed at every 
value of 6>06’. If x>.’, the largest and smallest values 
of LZ are both at 6=7; and if in addition 6)>6’, some 
intermediate values of L lie outside the cone >. 

From the foregoing discussion it is clear that the 
procedure for obtaining dW /dx(60,ko) from dW/dx 
(Lo,ko) depends on ky and @. Accordingly, the rates 
will be given subscripts a, 6, or ¢ to indicate in which 
region they apply: 


(a) x<mx/(mx+m)) and all 4, 


(b) mx/(mxe+m)) <x<mxk/(ma+mz_sindy) 


and 69>7/2, 
‘ (A9) 
mx/(mx-+mz7sinOy) <x and 6)>7/2; 


(c) 


or 
mx/(mx+m)) <x and 69< 2/2. 
For K — evy, the rates (a) apply at all but the highest 
energies ; for K — pry the rates (b) or (c) apply when 
0.82<x. 
We list the results in one place and then summarize 
the procedure used for each case. 


NEVILLE 


The results are 


dW, dw 
Bae (60,ko) _ —[Lo(00,ko),ko J, 


x ax 


(A10) 


dW, 


dw faa 
a [ 
| dx 


6, Ro, = 


dx dx 


dW, dw 
a (00,k0) =— 


' (A12) 
dx dx 


In case (a) the range of integration is Lo(@0,ko) 
<L<Lmax; the Lo to be used in (A10) comes from the 
positive (negative) root of (A5) when @, 
(greater than) 2/2. 

Case (b) corresponds to 6)>6’; i.e., the cone 020, 
cuts the lobe. Some intermediate values of L fall out- 
side the cone 0260; accordingly, the bracket in (A11) 
subtracts the events in the range Lo, < L<Lo~ from 
the total number of events, dW /dx, Eq. (2.12). Los 
comes from the + root of (A5). 

Case (c) corresponds to 09<6’, i.e., ko so large that 
all leptons are constrained to fall within @p. 

The case 6)>=2/2 is particularly simple: in region 
(a) the discriminant in (A5) vanishes giving A(2/2,x) 
=x/(mx—x), while region (b) exist for 
6=7/2 (or in fact for any @< 7/2). 


is less than 


does not 
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Limit on High-Energy Cross Section from Analyticity in Lehmann Ellipses* 


O. W. GREENBERGTI AND F. E. Low 
Department of Physics, and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received August 7, 1961 


High-energy limits on the scattering amplitude and the total cross section follow from that analyticity 
of the scattering amplitude in ellipses in cos@..m. which has been proved rigorously by Lehmann, together 


with unitarity. The limits for the scattering amplitude are |T 


(const)W*4 In?W, for the forward and 


backward directions, and | 7 | <(const)W? In!W for other fixed directions, where W is the total center-of 


mass (c.m.) energy. For the total cross section the limit is ¢ 


ROISSART' has obtained bounds on the high- 
energy behavior of the scattering amplitude T and 
the cross section o for an amplitude which is given by 
the Mandelstam representation? by using two ideas. 
First, analyticity of T(W’,z) in z, where W is the center- 
of-mass (c.m.) energy, and z=cos@, where @ is the c.m. 
scattering angle, leads to a geometric decrease of the 
partial wave amplitudes, ‘«,(IV), with increasing 1. 
Secondly, unitarity requires |a,(W)| <1 for all /, W. 
In this note we use Froissart’s ideas to obtain bounds 
on the high-energy behavior of T and o which follow 
from that analyticity of T(W,z) in ellipses in the z plane 
which has been proved rigorously by Lehmann.’ 
Lehmann’s result is that the real and imaginary parts 
of the elastic scattering amplitude T(W,z) are analytic 
functions of z in ellipses with center at the origin and 
major and minor axes 2, (%o?— 1)! for the real part and 
2xy2—1, 2xo(a?—1)! for the imaginary part. Here 


| (m,2— 2) (mz2—m?) (' 
xo(W)= 5 1+—— =f 
( = K°*LW?—(m,— mz)? , 


and : 
K= (1/2W)[(W2— (m+n)? }[W?2— (m—p)?}! 


is the magnitude of the c.m. momentum of either 
particle, ~ and m are the masses of the particles, and 
m, and mz are the lowest masses of states |) for which 
(O| j\n)(n| f\ p+k,y)¥0 and (0! f\n\Xn\ 7j|pt+k, y)¥0, 
respectively. [The operators j and f are the currents 
associated with the particles of masses wu and m, respec- 
tively, and | p+, 7) is a state of total momentum p++, 
internal quantum numbers y, and total mass squared 
not less than (m+ )?. ] 

We will show that Lehmann’s analyticity leads to 
geometric decrease of a,(W) with / by using Cauchy’s 
theorem. To treat both ReT and ImT together we 
choose as Cauchy contour the ellipse E with center at 


* This work is supported in part through an AEC contract by 
funds provided by the U. S. Atomic Energy Commission, the 
Office of Naval Research, and the Air Force Office of Scientific 
Research. 

+ National Science Foundation Post-Doctoral Fellow. 

t Now at Physics Department, University of Maryland, College 
Park, Maryland. 

1M. Froissart, Phys. Rev. 123, 1053 (1961). We thank Dr. 
Froissart for sending us a copy of his paper prior to publication. 

2S. Mandelstam, Phys. Rev. 112, 1344 (1958). 

3H. Lehmann, Nuovo cimento 10, 579 (1958). 


const) W? In?W. 


the origin and major and minor axes a, (a2—1)! where 


(m,?— 2) (m2—m?*) 7} 
a=| 1+——_—_—_—_—__ |. 
2K°[ W?2— (m,— my»)? | 


This ellipse / is always inside both Lehmann ellipses. 
Using this ellipse, Cauchy’s theorem states 


1 T(W,2’) 
T(W,z)= g dz’, 
2nri JE lg 


Using the expansion of 
nomials,* 


zin &. 


(2’—s)' in Legendre poly- 


20 
> (2/+1)Pi(z)Qr(2’), 


l= 


and the expansion of T in terms of partial wave ampli- 
tudes ay\ W), 
1W »@ 
T(W,s)=— — & (2/+1)a,(W) Pils), (1) 


9 


K l=0 
we find 


1W 1 
a,(W) = ¢ T(W,2')Qx(s’)ds’. (2) 
weK 2riJEeE 


From Eq. (2) we can bound a,(W): 
je i 

|a,(W)| <— 
2n* K 


T (W,z) max | Q:(z) | maxL, (3) 


where the maxima are taken for z on £, and L is the 

arc length of the ellipse. We now state upper bounds 

for the right-hand side of Eq. (3): 
T(W,z)\ max Q Ri(W), (4a) 


where R,(W) is a fixed polynomial, 


Ola] 


a+ (a?—1)}, 


where 
and 
L< 2[ + (a2a—1 3 1. 


4E. T. Whittaker and G. N. Watson, Modern Analysts (Cam- 
bridge University Press, New York, 1927), 4th ed., p. 322. 
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Equation (4a) follows from the temperateness of the 
(Jost-Lehmann)-Dyson-Lehmann representation for 
T, which we assume. Equation (4b) follows from a stand- 
ard bound® on Q,(z), and the fact that |z+(z?—1)!| 
=u on E. Equation (4c) states that the arc length of 
the ellipse is less than the perimeter of the circumscribed 
rectangle. We have thus obtained the bound 


.ip) 17° Ww RCW) 
ja) <> -|1-—] 
x |} wjJK ws! 


or, sufficient for our present purposes, 


(Sa) 


a,(W)| <R(W)/Thu', (Sb) 
where inessential factors have been absorbed in R(W). 
Equation (5a) or (5b) exhibits the geometric decrease of 
a,(W) with 1. 

Following Froissart, we now choose J) so that for 
1>1o, \a,(W)|<1 follows from Eq. (5b); we use the 
unitarity bound |a;(W)| <1 for /<Jlo. Then using the 
partial wave expansion, Eq. (1), we find 


1 We « 2/+1 R(W) 
IT(W,1)| <— SOY 2414+ 5 ed 
r KL 


10 l=io (J! u! 


The two sums in Eq. (6) are bonded by 


lo=1 


E (+1)=h?, 


l=0 


and 


. 1R(W) sw» 2+ 
x (2-+1)— ——<R(W) © — 


l=lo u! l=lo 4! 
~~ 2u? (2lop—1)u 
Pie nc. eee ne test 
u’ L(u—1)? u—1 
We choose 
Io=([InR(W) }/ (Inu), 


which leads to the bound 


'T(W,1)| <(const)W* In'W, 


SE. W. Hobson, Theory of Spherical and Ellipsoidal Harmonics 
(Cambridge University Press, New York, 1931), pp. 61 and 309. 
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LOW 


where we have used the approximations 


a(W)=1+c¢/W', | 


W large, 
u~1+(2c)!/W2,) c= (m:2—p?)(m2—m?). 
In terms of g, the laboratory momentum of the incident 
particle, this bound is 
T (q,1) | < (const)g? Ing. 


Using the optical theorem, the total cross section a is 
bounded by 
o(W)< (const) W? In?W, 
or 
a(q)< (const)g In’g. 


In a similar way, using the standard bound® on 
P(cos@), 60 or zx, 
| P:(cos8) | <2/ (lr sin6)}, 
we find 
(const) 


| T(W, cosé) | <—— 
(sin)! 


WeintW, 0<é<z, 


(const) 
| T (gq, cos@) | <<—— 
(sin)! 


gi lnig, O0<0<z. 


We have obtained our bounds using analyticity in 
the small Lehmann ellipse. The bound obtained depends 
on the rate with which the major axis approaches the 
value one for high energies. Since for both Lehmann 
ellipses, a(W)~1+(const)/W* for large W, use of the 
larger ellipse would not improve the result. For the 
same reason, the somewhat larger domain of analyticity 
obtained rigorously by Mandelstam® would not lead 
to a stronger result. Froissart assumes the validity of the 
Mandelstam representation, in which the intersection 
of the boundary of analyticity and the real axis goes as 
1+(const)/W? for large W, and obtains a correspond- 
ingly stronger result. It is interesting that analyticity 
in an ellipse with this larger major axis would yield the 
same high-energy bound as the Mandelstam analyticity 
in the cut plane. 

Finally we remark that the bound on T which we 
have obtained is not strong enough to guarantee the 
validity of dispersion relations with one subtraction. 


6S. Mandelstam, Nuovo cimento 15, 658 (1960). 
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If the difference ¢,(£)—o_(£) of particle and antiparticle total cross sections changes sign at most at 
a finite number of energies, then the odd part f,(/)—/_(£) of the forward scattering amplitude has a 
very useful representation, as a rational times a ‘‘Herglotz”’ function. The representation implies a correlation 
between the high-energy asymptotic behavior of ¢,(/)—o_(/) and f,(£)—/f_ (2). For example, if { f,(2) 
— f_(E)}/E\n"E is bounded, and m<}# then we have the Pomeranchuk result that o,(£)—o_(£) > 0. 
Even if m>} it seems likely that although the difference of o,(/) and o_(£) may not tend to zero, their 


ratio does tend to one. 


OMERANCHUK! has remarked that the total 

cross sections o,(/) for a particle and its anti- 
particle incident on any target should approach each 
other as E— ~. In order to use his method of proof, 
it is necessary to assume that 


(A) the difference o,(/)—o_(E) approaches a con- 
stant Ao very rapidly as E— ~ ; 
(B) the odd part of the forward scattering amplitude 
h(D-f(E/) fi(/)-fi(-b 
F?)=— ——— = (1) 
2E 2E 
satisfies a once-subtracted dispersion relation, where 
f,(E) are the particle and antiparticle forward scat- 
tering amplitudes for lab energy £; and 
(C) as E—> ~, g(E*) remains bounded. Since the 
spectral function of g(£) is 


1 (2—m?*)} 
p(E*)=—- Img(E)= ——[o,(E)—o_(E)] (2) 


T 4r° 


(except perhaps for a finite range of £), assumptions 
(A) and (B) would lead to g(£*)~ (Ac) InE, violating 
(C) unless Ao=0. 


One naturally wonders what would happen if o,(£) 
—o_(E) were to oscillate or grow as E— ©, or if 
g(/*) were not bounded. Actually, it is hard to justify 
(A) and (C). If partial waves higher than /=kRs may 
be neglected for large F, then | g(/?)| $3(R2+R2). 
If absorption is a maximum for the other partial waves, 
then o4(£) > 27rR,”. With constant Ry, assumptions 
(A), (B), and (C) would be justified, although one 
could still question whether o,(/) approach constants 
fast enough to justify the method of proof. 

However, Froissart’s recent work? suggests strongly 
that Ry, may be functions of /, growing perhaps as 
fast as InZ. Whether or not this is the case, it seems 


* This work was supported in part by the U. S. Air Force 
under a contract monitored by the Air Force office of Scientific 
Research of the Air Development Command and the Office of 
Naval Research. 

1T. Ia. Pomeranchuk, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 
725 (1958) [Soviet Phys.—JETP 34(7), 499 (1958). 

2M. Froissart, Phys. Rev. 123, 1053 (1961). 


worthwhile to spell out precisely what assumptions are 
needed to prove the asymptotic equality of o,(£). 

We shall present here a rigorous generalization of 
Pomeranchuk’s theorem that has the advantages of 
virtually doing away with assumptions (A) and (B), 
and of giving information on the behavior of o4(£) 
—o_(E) even if assumption (C) is relaxed. It is at 
least part of our motivation to demonstrate here some 
mathematical methods which may prove generally 
useful in dispersion theory. 

The assumption we make in place of (A) is that the 
difference o,(£)—o_(£) does not change sign an 
infinite number of times. This certainly follows from 
(A) (unless Ao=0) and hence is a far weaker starting 
point for proving Ac=0. 

Our work is based on the fact that if a function 
g(z)=g*(z*) is analytic except for a cut on the real 
axis, with spectral function mp(w)=Img(w+ie), and if 
p(w) changes sign at most a finite number of times, 
then g(z) may be written 


g(s)=R(z)H(z), (3) 


where R(z) is rational, and H(z) is a “Herglotz func- 
tion,” i.e., InH(z)20 for Imz=0. [This follows im- 
mediately from a recent theorem of Symanzik,* who 
showed that if a function g;(z) satisfies the above postu- 
lates, but also has spectral function p;(w)20, then g;(z) 
= P(z)H(z), where P(z) is a polynomial (containing all 
“non-CDD zeroes”). If p(w) changes sign a finite 
number of times we can find a polynomial Q(z) such 
that pi(w)=Q(w)p(w)20, and hence g:(z)=Q(z)g(z) 
= P(z)H(z), so g(z)= P(z)H(z)/Q(z). ] 

The usefulness of this way of writing g(z) stems from 
the fact that any such H(z) has the representation‘ 


- a 


(w 
~ ie, (4) 


_» w(w—sz) 


H(z)= H(0)-+5| A+ 


where H(0), A, p(w) are real with A20, p(w)20. 


3K. Symanzik, J. Math. Phys. 1, 249 (1960), Appendix B and 
private communication. The theorem presented here was originally 
proven without using Symanzik’s results, but the proof while 
more straightforward was much longer and inelegant. 

4J. A. Shohat and J. D. Tamarkin, The Problem of Moments 
(American ,Mathematical Society, 1943), p. 23. A little trivial 
rewriting is needed to put their Eq. (2.3) into the form of Eq. (3). 
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Furthermore, since H=—1/H is also a Herglotz 
function, it has the corresponding representation 


+f ae 
A- —_——dw }. 5 
‘ 2 w(w—s) 


These formulas provide a direct and rigorous way of 
relating the asymptotic behavior of g(z) as z—> @, the 
number of subtractions needed in g(z), and the asymp- 
totic behavior of p(w) and A(w). 

Clearly p(w) and /(w) are nice enough at infinity to 
make both /(p/w)dw and /'(f/u*)dw convergent. 
What we will be making use of here is the less obvious 
property that /(p/w)dw and {(f/w)dw cannot both 
diverge, assuming p=0 for w<wo. [For if «>0 


Al(s)=H(0)+: 


—H(-—x)2 —H(0) +4 f p(w)wtdw, (6) 


wo 


and so if {(p/w)dw diverges then —H(—x)— ~ 
y Likewise, if $(f/w)dw diverges then 
—A(-x)—. But if H+-—« then H-0. A 
similar result holds even if is not restricted to vanish 
below some wo. | 

We are now in a position to prove our main theorem: 
One of the two integrals 


as <-> @., 


£ 


p(w) 
jaf ree i 
g(wtie) |? 


[= f p(w)w dw 


. 


must converge. 
[Note that 


p(w) = p(w) R(w), (9) 


p(w) = p(w H (wie) 


Since R is rational, R(w)— Cw" as w— ©, where 
C + 0 and » is an integer. If n<—1 then the con- 
vergence of {(p/w*)dw implies that J converges. If 
n=1, then the convergence of § (f/w*)dw implies that 
I converges. If n=0 then the convergence of f (p/w)dw 
or {(p/w)dw implies, respectively, that J or J con- 
verges. | 


If we now make Pomeranchuk’s assumption that 
g(E)!| is bounded (say, by M), then JS JM?, so I must 
converge. Using (2), this shows that [o,(£)—o_(E) ] 
XInE— 0 in the mean as E-—> ~. This is the form of 
Pomeranchuk’s theorem proposed by Amati, Fierz, and 
Glaser’ [and needed if g(/*) is to be written without 
subtractions, as is suggested® by the low energy *p 

*D. Amati, M. Fierz, and V. Glaser, Phys. Rev. Letters 4, 89 
(1960). 

8 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 
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data]. However, their method of proof has been 
questioned,’ and at any rate their assumptions were 
certainly as strong as Pomeranchuk’s. This result was 
also obtained by Sugawara and Kanazawa,’ who 
assumed that the amplitudes f,(£)/# approach con- 
stants at infinity. We have not assumed that anything 
approaches a constant at infinity. 

If |g| — © as E— o, then our theorem yields the 
weaker result that J is convergent, and thus correlates 
the asymptotic behavior of ¢,(£)—o_(£) with that of 

g(E*)|. Suppose for example that | f,(£)|~#In"£ 
as E— ~. Then |g(E*)| =O(In"£), so that 


* [o,(E)—o_(E) ] 
f ——__—___—__—_—_dE< «a, 
E \n?"E 


and hence for mS} we still have 0, -—o_— 0. 

The optical theorem would allow co ,(£) in this 
example to grow as fast as In"/, and with maximum 
absorption in partial waves with /Sk#Rx(w), ox, would 
actually be given by Cy ln"£ as E— &. Then Eq. 
(11) implies that C,=C_ for m1. Hence, though 
may not tend to zero, the ratio o,/¢ 
tend to one. 


o.—o does 

This result may be much more general than indicated 
by the restriction m<1. For if we assume that o4(£) 
actually become equal to C, In" for E large enough, 
then direct calculation of the once-subtracted dispersion 
integral for g(F*) gives g— (C,—C_)In™'E, so 
C,=C_, and hence o,/o_ — 1. 

Pomeranchuk has also given a different sort of 
justification for the equality of o(«) for m*p and 
wp, which is capable of a very broad extension. A 
generalized version of his remark is as follows: If 
two sets A,, and B,, of particles (e.g., r*, r°, and p,n) 
form two irreducible representations of any symmetry 
group (e.g., isospin), and if all individual inelastic 
processes An+B,— Aw+B, (for mA#m’ or n¥n’) 
have vanishing cross sections as E—@, then the 
symmetry implies the equality of all total cross sections 
for any of the A,, striking any of the B,. Of course, 
there is no reason to suppose that global symmetry or 
the “eight-fold way” should become exact for high 
energy total cross sections,* so the most we can hope 
for in this direction is that some approximate equalities 
may become apparent in the high-energy 7.V, A.V or 
NN, YN total cross sections. 
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Range-Energy Relations for Protons in Be, C, 
Al, Cu, Pb, and Air, R. M. StERNHEIMER [ Phys. 
Rev. 115, 137 (1959)]. In the calculation of 
—(1/p) (dE/dx) for Cu and Pb, the L-shell correc- 
tion at low energies was calculated incorrectly. 
Moreover, M-shell corrections should be included 
for Cu and Pb, as was recently pointed out by 
Bichsel.' The effect of these errors is to tend to make 
the range values for Cu and Pb somewhat too small 
at low energies (7,100 Mev) for a given value of 
the mean excitation potential J. In addition, we 
note that the range energy relations for Cu and Pb 
were calculated using the following J values: 
Icy=371 ev and Jp, = 1070 ev, which were the best 
available values of Jc, and Jp, at the time when 
these calculations were carried out (in 1957). How- 
ever, recent high-energy experiments by Barkas 
and Von Friesen? indicate that the values of J for Cu 
and Pb are appreciably lower, namely Jc, =323 ev 
and Jp,=826 ev. A recalculation of the range- 
energy relations for Cu and Pb using these lower 
values of J is in progress. The effect of the decrease 
of J is numerically more important than that pro- 
duced by the change of the shell corrections. As a 
result, the range values for Cu and Pb given in the 
paper are somewhat too large at all energies, e.g., 
by ~2% for Cu and ~4% for Pb at T,=200 Mev. 

It should be emphasized that the error in the 
L-shell correction does not affect the values of 
—(1/p) (dE/dx) and the range-energy relations for 
Be, C, Al, and air which are given correctly (with 
an estimated uncertainty of <1%) in the Article. 
Moreover, for the light elements (Z=13), the 
values of J from recent high-energy experiments 
are in good agreement with the values used in the 
paper, so that the corresponding range-energy rela- 
tions for Be, C, Al, and air are applicable, and can 
be used to determine the energy from the measured 
range. 

In a subsequent paper,’ the above-mentioned 
range-energy relations for Cu and Pb were used to 
derive the constants G; in an interpolation formula 
for R(T,,/) valid for all J values in the range from 
~60 to 1100 ev. The constants G; are therefore 
slightly in error at low energies. It is planned to 
recalculate the G,; using the results of the revised 
range-energy relations for Cu and Pb. 

1H. Bichsel, University of Southern California Linear Ac- 
celerator Technical Report No. 2, 1961 (unpublished). 

2 W. H. Barkas and S. Von Friesen, Suppl. Nuovo cimento 
19, 41 (1961). 


*R. M. Sternheimer, Phys. Rev. 118, 1045 (1960). 


Lifetime of the 2S State of Atomic Hydrogen, WApE 
L. Fire, R. T. BRACKMANN, Davin G. HUMMER 


124, 
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AND R. F. SteBBINGS [ Phys. Rev. 116, 363 (1959) ]. 
Recently, Lichten' pointed out that under the ex- 
perimental conditions used in our study of the life- 
time of hydrogen atoms in the metastable 2.S; state, 
the angular distribution of the radiation produced 
by the electrostatic quenching of the metastable 
atoms was isotropic, rather than that of a dipole 
oriented parallel to the applied electric field, as had 
been taken in the analysis of the experimental data. 
Using the correct angular distribution alters some of 
the results stated in our paper as follows: 
In Eqs. (5), (6), and (9), the factor 3 should be 
replaced by 1. 
The right-hand side of Eqs. (10) and (11) should 
read 
1.5 10°C(0)/C(10) 
instead of 
9.8 10'C(0)/C(10). 


The approximate values of cross sections for 
collision, quenching listed in Table I should be in- 
creased by 50%. 

The apparent natural lifetime, or the lower limit 
of the true natural lifetime of the 2. atoms, should 
be diminished from 2.4 msec +50% to 1.6 msec 
+50%. 

1W. Lichten, Phys. Rev. Letters 6, 12 (1961). 

Higher Resonances in Pion-Nucleon Interactions, 
RONALD F. Peters [ Phys. Rev. 118, 325 (1960) ]. 
There are the following errors in Table | of this 
paper : 


(i) In the expressions for the cross sections there 
should be a change of sign for all interference terms 
between an electric and a magnetic amplitude 
except for e1m1 and e1M1. 

(ii) The cross-section contributions from the 
interference terms e1m2, e1.M2, ¢3m3, and mim3 
are wrong and should be (1—3x?), (3x?—1), 
2x(5x®—1)(11—15x?), and 4(3x?—1), respectively. 

(iii) The polarization contribution from e2m1 in- 
terference has the wrong sign. 

These changes do not affect any of the conclu- 
sions of the paper. I am indebted to Professor G. 
Salvini and colleagues for pointing out some of 
these errors and instigating a recalculation of the 
table. 


Collisions of Electrons with Hydrogen Atoms. V. 
Excitation of Metastable 2S Hydrogen Atoms, R. 
F. STEBBINGS, WADE L. Fite, DAvip G. HUMMER, 
AND R. T. BRACKMANN [Phys. Rev. 119, 1939 
(1960) ]. Recently, Lichten' pointed out that under 
the experimental conditions used in our studies of 
excitation of hydrogen atoms to the metastable 
2S; state, the angular distribution of the Lyman 
alpha radiation produced by the electrostatic 
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quenching of the metastable atoms was isotropic, 
rather than that of a dipole oriented parallel to the 
applied field, as had been taken in the analysis of 
the experimental data. It therefore becomes neces- 
sary to amend the results for the cross section for 
total production of 2S atoms on electron impact 
by increasing the values by 50%. 
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Fic. 1. Cross section for production atoms in the 2.5; state 
in collisions of electrons and ground-state hydrogen atoms 
(open circles Ihe closed circles indicate the cross section for 
direct excitation from the 1S to the 2S state, obtained by 
subtracting from the open-circle results the estimated contri- 
butions of cascade processes of the type 1S-nP-2S. 


Figure 1 shows the amended results. The open 
circles indicate the total cross section for production 
of 2S atoms by both direct excitation and cascade 
processes. The solid circles indicate the most prob- 
able values for the direct excitation process, Qis_2s, 
obtained after subtracting the estimated contri- 
butions of cascade processes from the open-circle 
results. The probable errors in Q:s_2s are at least 
as large as those indicated on the total cross- 
section points. The information in this figure super- 


sedes that of Figs. 2 and 3 of our original paper. 


1W. Lichten, Phys. Rev. Letters 6, 12 (1961). 


ERRATA 


Range of Proton-Antiproton Annihilation Near 1.0 
Bev, Osamu Hara [Phys. Rev. 122, 669 (1961) ]. 
The statement at the beginning of the added note 
(p. 671) should be corrected as follows: 

Recently, the total cross section for pp collision 
was measured to about 13 Bev at CERN. 


Size Effects in Thin Superconducting Indium Films, 
A. M. ToxeEn [Phys. Rev. 123, 442 (1961) ]. In the 
calculation of minimum uniaxial stress from Eq. (4), 
it was incorrectly assumed that the (101) planes of 
the face-centered tetragonal cells were parallel to 
the substrate. Instead, it is the (101) planes of the 
body-centered tetragonal cells or the (111) planes 
of the face-centered tetragonal cells which are 
parallel to the substrate. The confusion arises 
because the structure of indium may be described 
either in terms of a face-centered tetragonal cell 
with c/a=1.08 at helium temperatures, which is a 
slightly distorted face-centered cubic, or in terms 
of a body-centered tetragonal cell with c/a=1.53 
and with one-half of the volume of the face- 
centered cell. As a consequence of the above cor- 
rection, the quantity (cos@ cos\)~ is 2.1 instead of 
2.5; Eq. (5) should be Pmin=5.3X105/d; and Eq. 
(6b) should read 67°, = (46/d) — (574/d?). However, 
because of the many approximations made in the 
calculation of 67, this numerical change is not 
significant and does not alter any of the conclusions 
of the paper. 


Diffusion of Zinc and Tin in Indium Antimonide, 
StmMon M. SZeE AND LinG Y. Wer [ Phys. Rev. 124, 
84 (1961) ]. The heading ‘““ERRORS” at the top of 
the first column on p. 89 is misplaced. It belongs 
at the top of the right-hand column on p. 88. 





R. Huizenga, Re Vanaiabench, ‘nd H. Warhanek 
eel Polarization from W--p Beattering nes, = 
2 teal...) Peter B, Shines 


~'S. N. Biswas and V. Gupta 
. George H. Rawitscher 


y Air ghowills : ; 
ace Bennett — Henmeth Grelsed 


aa Franklin, Rc King. and &. F. Tuan 


Philippe Dennery 
. Michae! Nauenterg 


James ‘Sita Ball 
Clayton D, Zerby 
Donaid E, Neville 


Yeas Ellipees 


.O. w. Gieenberz ond Ff. E. Low 
Steven Weinberg 




















Wist-> = 
os tps a 


Silat Conn 





: Madrice Clkioman 
-, Michae! E. Fisher 
itz and J. K. Percus 
_-« Ryoichi Kikuchi 
Fand Peter Gottlieb 


san . H. NN. Olsen 
Nilson, and M, Basso 


Rebecca A. Parkes: 


+ Reberea A, Parker 


James G.. Mullen 
: Metre of ine Recombine 


and Herbert B. Callec 
S. Ham and B. Segall 
*.. Benjamin Segall 


Bier, ont W. L. Bond 


. David Redfield: 


William P. Dumke 


hand James C. Phillips 


. Joseph Callaway 
iieack H. Rosolowski 


-L. Hate and f. M. Miller 


Palk and Lawrence Wilets 


, and G. M, Temmer: 
and Joseph Winocur 
Otto K. Harling 


1641 
1646 


inc., LANCASTER, PA, 

































2 a > oe ¥: , . oF : 
. : : ; 
— —~ ~ acter Saal | . | | 
ia ~ a ot te tenn ene : ; 
; * : + o : 
| + 
. ” 7 7 7 : - : . . 
> : : : . 
: 7 : 
: j 
. . ‘ 7 ; | 
: ; | 
” : : - voy ' : : v : i 
; F) oe f. #° ¢ : rer % * a ae ae © it : - 1 7 io , : re ; 
. © . ‘ $ A : ° . i a 
7 | | . . : : : : : ial a . oe 7 7 ‘ 
- * - . U 7 - : : . 
7 = by : . - - : | 
= : : : 7 - 7 . | | | - 
; | . 7 . a -_ 7 a : . 3 
. | : . : : ‘ : : ¥ - "% . i . ” 
” oe . a _ ; ; : . | 
. ~ 7 - : . | : 
- . a 7 
; : : . * o . od : 
” a 7 : : ; 
. « 7 : . . | | 
ny ’ : : | | | : 
’ ; 
. . * oe . = 7 / : . . . 
. 5 7 - : ‘ 7 - | | | . 
- - - « VF * - . . . 
: : : : . 
7 . : . : | 
a . . : | 7 | . 
7 : : - 7 2 * ” Mie : a : é, , 
* - - 7 7 ; : : 
m , i . | | . | | 
| : ‘i 
* . Fs ‘ . . . 
. 4 i ’ ° : : \ 
a : * e. - | | 
| | | : seme > . 7 
. 7 
* . ‘ s : : : ; : . . | 
. - 7 : : ; . | 
. ’ . 
. - _ ' . . | 
: . | 
7 A bd - : 
. . ° a - 7 ; — | 
. . . 
. : ; | 
. : . fe sad = : 
> 7 - ~~ - 
A . . : 7 — 
: ; | | 
o we rn 
at 1 ¥ a - : . . 
. , | | 
. hd 
7 « °. : : ; | | 
7 ; : 
. = - - ° 
. o : - 
: ;: 
. ¢ . : 
. 














